
Classicality mod p .

setup .

v73 integer , p prime , cp , N ) =\ .

✗ → Spee Zp compoutified modular curve of level rich)

proper

smooth

E → ✗ semi - abelian scheme extending universal elliptic curve

I

w = e*ÑE1x
.

Xolp) compartified modular curve of level r.cn) n rocp)

classifying CE , ie , E → F deg P Bogery )
.

1T : PFE → PEE
Pi , Pz : Xocp) → ✗

part of universal object
(E.IE , E → f)

above Xolp) .
Pi/ ] Pz

(Erie) ( F. ip )



Recall Tp .

Fn
,

Tn :
PEW

"
-- - - - -7 PFWK deduced from putting back on

differentials IT : PEE → PEE
.

④ with top , : Oxocp, → Pi Ox

name

⇒ Tpm : PEEK - - -→ PIER

naive- ing } ' 'M

Tp,R
.

Normalization : Tp,R = P

Prop . Tp,r :
PEW

"
→ pick

.

Sketch of proof .

Localize at generic points } of special fibre .

① }=V .
(trip

,
)} :( R*O× ) } → Plpiox )

} and

naive

differential Bom
. ⇒ ftp.n ) } :( PEW

"

) } → pcpiw " ) }

② 5=8 . differential map (PEW)
}
→~ PCPFW )

} and

naive

( trp ,)} Bom
. ⇒ ftp.n ) } ,

( PEW
"

)
}
→ Ñ(Piw

"

)
} .



Mod p theory : geometry of modular curves
.

✗
,
→ spa Fp special fibre , ✗Td ordinary

loan
.

Xocp) ,
= ✗☐ cp) ? U Xocp) ,

"

Xocp) ,

"

J# CÉP
'

. II. EYE )

i.
'

l

l
Xocp)?

' I '

CE.ie , E F→E
"
)

i. i. b.

ness
: sapesengulw

if : Xocp) ? → Xocp) , , PF = Pio if
.

1-
✓

: Xocp) ,

"

-7 Xocp) , , P,
! = Pio i

"

I

pi : Xocp>i ~→ ×
, , pi :X,

→ xocp)? X
,

E 1-7 (EM
,
E →E)→ ECP)

( É
"

.

Em ⇒E) → E

pi is F ( Fob of X , )
.



pit : Xocp)? I × , , pzf :
×
,
→ xocp)? ¥ × ,

LEE# E ) → E E → ( E , E -9 for
'

) → E
9)

P? 13 F
.

Xocp) ,F
picture
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p? Bom .

/
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Mod p theory : analysis of Tp .

Lemma . Y ✗
i closed immersion

9, f finite flat
Itg=f
z

JE Cohl 2)

⇒ i*g
'
-

g = I
>
f-

"

F

subsheaf of sections

killed by Rer ( 0×-75*0, )
.

Proof . g
!
= (fi )

"
= it f

"

.

µ,



Lemma .

If RIZ , we have factorization

pEw
" -7s piw

"

tI
i¥pz"

*

w

"

→ i¥pY"wk

If Reo
,

we have factorization

PEW
" TP-yp.tw "

I T
i:p! '*w^ → i:p?" wk

R7Z

Proof . jv : Xolp) , / Xocp)i -3 Xocp) ,

o → ji ,-
" * pz*wR → PEW

"

→ if iv.
*

PEW
"

→ o

÷
pz"*ETS Tp vanish on j? g-

" *

PEW
"

.

Then Tp : PEW
"
→ if pz"*w

"
→ piwk

9→ ras image killed by
- *app

Piw" = if Pi
' "w"

.

kerloxocpi-iY-Oxoq.li ) .



As Xolp) , regular , enough to check (Tp )} at generic

point } of ✗☐ cp) , where } 13 of type F
.

Since k ? 2 , ftp.T
"

)
} : (PEW" )} → pkcpiw

"

) }

and ftp.n ) } :( PEW
"
)
}
→ p
"

( P.tw
"

)}

k -171 so Tp.rs vanish at }
.

Similar for Reo
. %

Prop .

For RIZ , Tp thanks

pE(wR( fnptk-275s )) → P,
!
( wklnss ) )

for Reo
, Tp induces

picnic -nss )) → pilwklfnptr )ss ) )
.

Proof . Assume R 72 .



By the lemma above
, Tp is supported on ✗☐ up)i

.

The map Pi can be viewed as F : X
,
→ ✗

,

FCS ) : X , ( s) → × , (s )

(Erie ) -7 ( EM, i? )

F B totally ramified of deg p ⇒ FESS)= pss

Then

Pz"*O×,(npss) = Oxocp,:( npss) = Oxocpilnftss ) = Pi'*O×,(nss)

tensor with Pi '*wk → pi '
!

wk

get pz"*wk(npss ) → p
,

" "
w

"

( nss )

hence Tp : Pztwklnpss ) → i¥Pz"*w"(npss )

d

if p,
" "
wklnss )

d

pi' W' lnss )
.



For K2 3
,
we can do more

.

pi'*w " → pi
' "

w

"

B tensor product of

pi# w
'

→ p,
" "

w

'

with pz"*w
" -2

→ p, "*wk
-2

The map pz"*w → Pi >
*

w comes from pullback of differentials

of V : Pz"*E =p,"*E → pi'*E

here by definition 13 the Horse nrnaiant , which has zero

locus at 55 and simple zeros at SS
.

v.*

Here we get pz"*w( SS ) → P, W
.

i. e. A C- til Pz"*wP
"

C - Sss )
.

Together we get

pz*( w" ( (nptr -2)SS )) → pi' ( wrelnss ))
.

Similar for KEO
.
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Cor .

(1) Tp arts on RRCX , ,
WRCNSS ) )

, V-n70 , R 32

and the maps Rrcx
, ,
wklnsss) → Rrcx , , wTn'ssD are

equivariant for O en en
'

.

(2) We have commutative diagram for RZO
,
n 32

Rrlx , , wk( lnptk -2) Ss) ) ¥ Rrlx , , wk( lnptk -2) Ss) )

T
Rrlxi . wklnss ) )

T
Rrlx, ,

wklnss ) )

(3) Tp arts on RRCX , , wklnss ) ) . torso , Keo

and the maps Rrcx, , w"(nss ) ) → Rrlx, , wklnlss )) are

equivariant for men 's 0
.



(4) We have commutative diagrams for all neo
, Keo

Rrlx , ,
wktnss ) ) %-) Rrlx , ,

wktnss ) )

T T\
.

Rrlx , , wkltnptk > ss )) ¥ Rrlx , , wkltnptk > ss ))

for any k , let Hit xp" , w
"

) = hmm Hicx , , wktnss ) )

and Hilxird ,
w
"

) = Conlin Hill , , w
"

(nss ) )
.

Hi cxird , wk ) poofinite Ep - vector spare

nil ✗Fd
,
Wth) cohn of finite Ep - vector spare

Fait .
V finite Tfp - vector spare , TE Endqpv

then { Tnt } converges to a projector ECT )
.

Also true for propria Fp - vector spare

and colour of finite Ep - vector spare .



Cor .

(1) k> 2
, Tp arts on Hilxird , WK) and { 7pm } converges

to a projector elTp)
.

REO
, Tp cuts on HÉ ( Xirdiwk ) and }Tp^

"

} converges

to a projector ectp) .

(2) k 23
. ectp) Hilxird , w

"

) = eCTp ) Hill , , w
"

)

k = 2
, eup) Hilyard , w

'

) = eCTp) Hit , , WZCSS ) ) .

(3) Re -1
, ectp) HÉ ( ✗ ird , w

"

) = e( Tp) Hill , , WR )

R=o , eCTp) Heil Xird , Ox, ) = ectp ) H
" ( x, , wkl - SS ) )

.

Proof . R73.tn > 0
,
-70 Even 5. E. ne Np -1k -2 then

Hilx, , wklnss )) → Hit , , WRC (Nptr-275s ) )

d Tp

hi ( × , ,
wk ( WSS ) )

.

%


