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Setup
Notation

p prime, N prime to p
X = X1(N) — SpecZjp
X = p-adic completion
Xn — SpecZ/p"Z
° Xord xord Xord
1 1 n [
N=Zpl[Z )], k: Zy — N
w = line bundle arising from universal elliptic curve as in
previous talks
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Setup
lgusa tower

lg — X classifies E € X9, trivialization v : Z, — T,(E)*.

Hodge-Tate map T,(E)® — w induces TH(E)** ® Oxod — w
induces
l|g —— {trivializations of w}

\

:,Eord
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Setup
The sheaf w"

Set w" = ((9|g<§>/\)zf§ with the diagonal action. For each k € Z,
x = xk on Z, extends to k : N — Zp.

As a sheaf of N ©® Oxoa-modules, w"™ is invertible, and for each k

k

we (canonically) recover w* >~ w" @ k Zp.

Proof: compare sections and use the above diagram
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Cohomology

o HO(x°d w") - space of sections

o H(xerd, wr) = lim, HX(XC, w"/mR) where
mp = ker(A — F,[[F1])

e Choose a coherent extension .#, of w”/m} to X, and let .¥
be the ideal of X, \ X°d

o HY(XZd, wr/mR) = limm HY(X,, £ ™F,) (independent of
Fn by results of Hartshorne)
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Frobenius

Frobenius F : X°9 — X9, E s E/p, via pp <= E[p]
Lift to F : Ilg — lg by composition:

(E,¢:7Zp = Tp(E)ét) = (E/pp, 1) = Tp(E)ét = To(E/pp))

Pullback F*O)g — Oyg, trace tr : F,Og — Oy
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The image of tr : F,O\g — O\g is in pOg.

Proof.
We have tr(FiOxod) € pOxod, and lg is the fiber product

Ig%lg

L

xord F xord

so by commutativity tr(F.Og) also has image divisible by p. [

By equivariance define F : F*w" — w" and U, : F,w"™ — w" by
tensoring F*O)g — O)g and %tr with A and taking ZJ-invariants.
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Relationship to the universal isogeny

The universal isogeny 7w : E — E/pu, induces 7* : F*w — w, and
similarly the dual induces 7* : w — F*w.

Lemma 3

1
The maps p~k(7*)k and F.w FF*wk —> wk are the
specializations of F and U, respectively.

k(ﬂ)

Proof
We have a commutative diagram

| \

TP(E)ét B— Tp(E/Mp)ét

I,

— T s Frw

so F : F*wk — wk is given by (7*)~% = p~%(7*)k, and similarly
for Up. O

v
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As cohomological correspondences

Xo — Spa(Zp, Qp) adic modular curve of level I'o(p) N T1(N), with
projections p1, p2 : Xo — X

Xo, %8“’, etc.
ord __ acord,F ord,V
x9rd = x04F 1 %9

OI’d,F . . . ord,V .
On X, , p1 is an isomorphism and p, = F, on X p2 is an

isomorphism and p; = F. Therefore on %grd’F

|
F: F'w" ~pyw — w" ~ pjw”
and on x5
!
Up : Fw" >~ prappw™ = w™ s Uy ppw™ — piw”

so we can view F and U, as cohomological correspondences

supported on fgrd’F, %grd’v.
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Frobenius, Up, and T)p
Comparison with T,

Similarly let TF, T be the projections onto P, xgrV

specialize all the operators to wk.

, and

Lemma 4

If k > 1, we have TF—pk_lF TV Up, and T, = pk-1F + U,;
ifk <1, WehaveTF FTV—p:l kU,andT—F-l—pl kU

Proof

Toaver, 723 are given by pullback by 7 and #, so the claim

follows from Lemma 3 by comparing normalizations. OJ

v
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Main theorem

Theorem 5

There are locally finite actions of F and U, on H(X°, w") and
HO(x°rd, w") respectively, and e(F)HX(%°9, w") and
e(U,)HO(X°d, wr) are finite projective A-modules. Further for
k < —1 we have

e(F)HL(X, w") @pk Zp = e(Tp)H (X, wk)
and for k > 3

e(Up)HO (X%, W) @ k Zp = e(Tp)HO (X, w").

The cases are similar, so we'll look at the statement for F.
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Action on cohomology

First: define action of F on H}(X%, w") = lim, H}(X,,w"/m7).

We have X§"d = Xg"o" LU Xg"Y, and Xgie" < Xgd x X9 is the
graph of Frobenius F : X,‘,jrd — X,‘,"d, so pi is an isomorphism and
p> = F; thus we can view F as a cohomological correspondence
pw" /mp — pjw"/mR on Xg'Y which is F on X&f’F and 0 on
XV

We can extend to Xy , by choosing an extension .# and taking
(co)limits over . ~™.Z. As in Hung's talk this yields an
endomorphism F : H1(X,,w"/m%), and taking the limit gives the
desired action.
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Finiteness: base case

Look at the case n =1, i.e. mod p: sections of
w” [mp = (O1g@N)%° /mp are Z-invariant functions valued in [,
on pairs (E, v : F, — E[p]), which decompose as

-1
w“/m/\ = @ wj,

Jj=—p+1
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-1
HE(XP wh/mp) = @D He(XP, o).

Jj=—p+1



Main theorem

Finiteness: base case

Look at the case n =1, i.e. mod p: sections of
w” [mp = (O1g@N)%° /mp are Z-invariant functions valued in [,
on pairs (E, v : F, — E[p]), which decompose as

-1
w“/m/\ = @ wj,
j=—p+1
so
-1
HE(XP wh/mp) = @D He(XP, o).
Jj=—p+1
By Lemma 4, the action of F on the left is given by T, on the
right (since j < —1) so it follows from the mod p case that the
action is locally finite and after applying projectors both sides are
finite IF,-vector spaces.
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Finiteness: induction

0 — W @ (my/mpt) — w/mitt — W /mi — 0

induces
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Main theorem

Finiteness: induction

0> w'® (m}’\/mf\H) — w'*/m}’\Jr:l — w"/mi — 0

induces

0~ HEA(XZE, " @ (mR /mit ) — HE(XSY, o /my )
7 — HY XS W fmf) = 0

Il
HE(X, o /)

so the result follows by induction plus a lemma for local finiteness.
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Main theorem
Equalities

Finally,
e(F)Hcl(%ord,wH) Onk Lp = e(F)Hcl(%ord’wk%

and X — X induces HX(X°, wk) — HY(X,wk). Applying
projectors,

e(F)HX (%, wk) — e(T,)HY (X, w¥)

is a map of finite free Zy-algebras and is an isomorphism modulo p
for k < —1 by Haodong's talk, so is an isomorphism.
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