
Hilbert Modular Varieties .

F totally real field FFQ . discriminant DIF )

p unratified in F .
D= OF

A =

Resoyz Gla , 9 ,
= Resoyz Slz , Pg = gad = Resoyzpollz

T torus of diagonals in q ,

I = Home F. E)

✗(T) = 211 ]

GCQ) -1
= GCQ)

-1
= { at GCQ) / dot Loa) > 0 , to c- 2)

ACF lattice , at =/ ✗ c- F / try@ ax C Z }

8
"
= O*

g-- IF:o)



AVRM /g ( A , X ,
L )

• Als abelian scheme

• L : 0 → End (A)

• a o - linear polarization of A s-t- Rosati involution

arts trivially on 0

• Lie A = 0 -012,0s as 0-02,0s - mod

⇒ ✗ c- 0
,
a arts on Lien over Os has chw . poly .

1T¢ - Ola) )
o

h : A →
"
A ⇒ Kern = Acc

"

) ,
C
"

integral ideal

N is called C- polarization .

Poop.

If N invertible on 5
, ACN] I @ /NO I etale locally

2g shred of char p , Als ordinary then etat locally

Acp
"]° = 0*-01

, Upn , Acp
" ]et I 0/ pno



Level structure .

f integral ideal .

MCC , MN)) :
Sch/zen ] → sets

s -7 { ( A. die , 4N ) }/=

• ( A. A , L) (s AVRM , A C- polar.

• low : @
*

④z.mn > ④ ( O ④① ÑZ/z ) =3 ACN]

0 - linear s -t. the Weil pairing

en : ACN] ✗
+
ACN] → Mn

compose with R identifies 4N With

< >n ; ④④Mn ) -1010×0 ÑZIZ ) → µn

( a -103) ④ ( b ④ my ,→ eztitrfkeab 3m



Assume No, 3 , MCC ,
MN) ) 13 rep'l by quasi

-

pooj .

scheme / ZEN ] and smooth over Zina, , ] ,
c- Rnc

.

N nonzero ideal of 0
,

N = NNQ .

Un locally free group scheme

MNCR)= } ✗ c- GIMCR) -02,0*1 nx=o }

e- g. N= ( N ) , An = an ④z0*

MCC , rich )) :
Sch / ZEN ] → sets

s → ILA .in ' } /=

in : Mn → ACN]

MCC , rf (n)) reple if n deep enough .



FI C F the group of totally positive elements
.

OI = Fino
"

Er.cn) ,c : SM / Zen) → sets

s -7 { ( A. i. 0-ia.int } /=

We can always find c- C- OF
,

C- =L mod n

⇒ c- gives nontrivial auto .

Er.cn] , c B not rep'l by schemes .

for r above
, the coarse moduli scheme M( E , r )

always exists
.



Complex analytic Hilbert modular forms .

Over ①
,

Riemann - Poincare - Lefschetz

( A , X , L
, § ( il ) ~ ( L , X , flit )

I 0 - lattice in 0×02,6 = ¢2

a : ero e = c*

4 : Ñ/0*-1 01h → Fell

i : milo" → FHL

(L , N , fli ) ) → eye

CA ,
- --7 '→ In. -_ { frw c- 0×02,6 , REHILA , -617

I



2- = H2 c ¢2

identify an = N'212 ⇒ Men, = IN 7*10
"

un = n*/o*

Choose a. To prime to NS.t. ab
"
= [

2- EZ , Iz = 2ti(Bz - a*)

Az ( 217T (AZ
-b)
,
2-115 (CZ - d )) = ad - be C- [

*

iz : line N*/O* → Eyez
[a] 1-3 - Lilia -1 Lz

4m ,z : 7*10*-1 01h → Eyez

a b → [ Ztil - atbz) )



Define congruence sabgrps of Gta)-1

MCM ; a , b) = } ( Yb, )e(
0 lab >

*

nabs ☐
) / ad-bcc-0-i.a-ic.nl

r
,

'

(n ; a. b) = r
,
In ; a. b) n sLz(F)

rln ; a.b) = { ( Tba ) c- rich ; a.b) / be Nabi }

( Iz , "z , iz )~_ ( Iw .
Aw

, iw ) WE rich ; a.b) z

⇒ mic , rich> (e) = ricnia.tn/Z

fait . (a. D) s - t . ab-1--1 are bijective to

cusps of rco ; 0 , c-1) , i. e. p 1B¥

VESLRCF ) . r(F* ) =/
°*

a)

rich :O , E) 1£ ⇒ rich ; a. b)1£



✗ (T) I 212]

idk over Me be the auto. v. b. of we K c- ✗ ( T )

( IT : AM
"

→ m , w_ = -11*1 13 T= Rescyzasm
- mod

⇒ w_ = ④ b-
°

.

JEZ

KEZLZ] , w_
"

= ④ two )④
"

)

Gale . N ; R) = H°(MCC , D) In , Ik )
R/ ZINKE) ]

Gull , rim ;R) = n°1 MIC , rim ) ,r , Wi )

Gull , MN) ; R) = y°( MCC , MN) )/n .

Week )

ft Grell ,Ni G) , f : -2 → e nolo.

f-(2) = f- (Lz , Of Nz , iz )

fcrz)= ( 4- +d)
"

flz ) ,
VE r, ( C , N)

At cusp ( a. b) f- (2) = I ac}) et
" " }£

{Eats



Toroidal compactification .

Let [ a. b) be a cusp for MCC , ra) )

it 13 fixed by fool 0 ; a.b) = r(0 ; a. b) n BIQ)

B upper triangular Borel of G

cusps of MCC , MN )) are (a.b- %) / ry(0; a. b)

study toroidal compactification of MCC , MN)) at cusp

(a ,b , Pw ) .

c= [ 3£ Fool 03>0 ltoez } cone

a simplicial cone 0 in C of chm M 13 an

open spas 0 = < vi. - --
,

Vm > ☒+ for { Vi } linear

independent



Cone decomposition e : C. = ¥0

Choose e= Ela ,b , low ) s -t .

Pcl r open simplicial cone

PC 2 cones in e are permuted under multiplication

by É ,
E E T( 2) (N) = { C- c- 0

"

/ c- =/ mod N }
There are finitely many orbits and

c- (o) no =/ 4 ⇒ c- =/

PC 3 0 Smooth i. e. generated by part of

z - basis of Cats )*

PC 4 e good enough to make toroidal compact.

projective .



minimal compactification mtcc , RCN)) is characterized by

it 13 covered by any smooth compactification of M( c. rlm)

The formal stalk of M* at cusp ( a. b. low) is

H°( 1-(2) (N ) , Ñg (N ))

ÑGCN)={ ao t E a }G
}

/ a} C- ZE.MN ] }
}tÑahnc

c- c- TCZ) (N) arts by q
}
→ qÉ }

-1hm . Let e = { es } , collection of cone decompositions with

PC 1-4 indexed by equiv. classes of cusps of Mcc, Mn)

then there is a snooty pry
: toroidal compactification

Melfi MN)) se .

(1) the semi- abelian scheme ge extends AM
"

over

MLC , rlm) and



degenerates into Gim ④ a* over cuspidor divisor Ds for

s=(a ,B , low ) and coincide with Tates (8) on the

formal completion ing CC ,
MN)) of Me along Ds

.

m= MCC , MN)) , MCC , rich)) - mll.nl/ZC'-n ]

e ⇒ m / ZEN , Un ] . 91m semi- AV with level

strut. canonically determined by e.

IT : 9 → Me ,

= -11×1 locally free over Me

Kocher principle : H°(Me , detlw ) =H°(M ,
detlw )④J )

JEZ

0m = ④ Holme , detlef
"

) . m*= prog ( Om )
KZO

= Mu { cnsps }



Fix Ñ → Ep , W pullback of Ép

W④0 I WZ , w = W^P

Assume [ prime to p .

91m over 21m¥ . Mn ]

IT : 9 → M , w_ = -11*52 has 1- = Resoyz am cutin

coming from cutin of 0

⇒ w_ = ⑦ er
JEZ

V-k.cz -12 ] , I
"= ④ Ceo )⑦

"

line bundle / M

R W - alg . of char p

CA , w) semi- abelian scheme / R of rel . chm g

A I 9×wR

w base of NAIR over R



Fans : Air → AIR

of dual base of W for Tala

D derivation of 0A , , , DPCXY > = ✗ ☐Py + yDPx

⇒ Ft : D → ☐

P
'3 Fans - knew endo. of TAIR

Define HLA ,w ) ER by F* g) = HIA ,w)Hy )

HCA ,w)=o ⇐) A not ordinary

Cp-172

)HE H°( (Png ④ wt ) -0mF ,
I

REZEZ]

as ④
Rez,, ,
I
"

rep's the functor R → (A.wyz

and for as> 0

acp-172 acp-172

yn°(M* , I 7%1=1 = til m*E , I



So we have a lift of Ha

acp-172
)E Eric m* , w_

"P" >2) = film ,

Walp
-172

)= HIM
,
I

s*= ME ] B affine and in. as E 13 a section

of an ample line bundle
.

SE = 5- ✗www..SI = ly SE affine formal scheme

s= ME ] . Sm
,
So

My formal completion of M along M ,
= MXWW ,

then so C Mis 13 ordinary locus



Let

Tm.in/wm--2somolO-0Mpn,g-pn5)~-2somo(gepnT,0/pnO
)

I g[p - U gTpÑ-n]
pn 4- n

ther Tmm / Sm etale covering . Gal = Tlzlpnz )=④pÑ

called Hilbert modular Zgnsa tower over Sm

K
. A. Ribe-1 : Tm ,n 13 in .

⇒ q - exp . principle
.

Define In C WI invertible subsheaf vanishing over arspidal

divisors ,
called sheaf of cusp forms of wt k

.



p - adic Hilbert modular forms of level 1- CN)

fix N prime to p

the proof of VCT extends to our case except

it) 11015 . w→)⑦wWm = H°( Sm , w_r④wWm )

where in elliptic modular form case Sm is affine .

Write IT : S→ 5* . Hols , 1) = Holst , -11*1) as

St affine .

ETS Tltlwk)④wWm = -11*1 In ④wwm )

as then

N°15 , Iu ) ④www. = Holst , T*w_a) ④ Wm

= Holst'm
, (-11*4)×0 Won) É affine

= M°( 5¥ , T*( Ive Wm))

= H° ( Sm , W_r④Wm )



Check Ct ) stalk by stalk
.

Outside cusps true .

At cusp ✗ = ( a. b)

Tl*(W_Yr = 4°C TCZ>(N) , RE Tv lab >so B)

= } I ans
'

/ ace's>= c-

"

al}] }
BE ⇐b)zo

Cab )>o = I } Eats / } totally positive } v10 }

c- C- 1-(2)CN) arts on RAF Cats>so I by

-K

c- - ( Eg al })8
} ) = Eg c- ALE }> 8

}

N°1712) (N) . Re ) commutes with - ④wwm if

1-1
'
( NZ) (N) , 2) =o

For w_n
,
the g- expansion has no constant term so



R B Bom- to product of copies of Homlz-103, R ) = R°

So H
' vanishes .

Set Um ,n= 4°C -1mn , 0 )

D= ⇒ vm.is . V= E-mvm.is

Re = ④ HIM ,
WI )

K>l

"P
= +1° ( Tm,n , ☐ C- Dcusp ))Umm

Vcusp = Is

vm.JP/Vusp--lEVm?jPnenP---Qei-ilm.w-a7De=pcRe)-'-p3n
V
, Dear = pLRe"P) (f-In Uucp

where Dcusp = (M-M )×mTm.n

BC Eefr> = Ee Refn

( frfr > ( A , R , Op ) = fn( A , X , Qp . Wear )



Pa sends classical modular forms to p-adic ones

where way inclined by ¥ ④ 1 on ¢9m ☒ 0* .

We shall define Heike operators

Ucp)

outing on cusp forms of level
ohvisibll by

prime to
P

1-( Iip)

e= by Ocp)
""

, e°= by Tcp)
" "

ord
= e° -

.C) ord
= e- ,

C- )



7hm .

M= MCC , 1-CN) ) . S= ME ]

Suppose V33 , p prime to Ndlf) C . Then

(1) DIP dense in Vcusp

ord it(2)
Vcusp = Homw ( Voigt ,

W) 13 PM
'
' WTLTCZPID -mod

of f. t.

ord
,
☒

(3) Vamp ④
wqyzpyy.ie

W = Hmw( Hindu , Ir ) -
W )

if K2 32
. Ki WETLZP > I → w

✗ → Tf on>
"o

(4) Zf R2 32 ,
e induces

HId( s, w→ ) = Hird ( M , w→ )

" "

etas , wie) é Him, Ku)



Hecke operators .

R 13 called p-adic if it is p-adic complete .

q prime ideal of F
,

we shall define ucqr) and

1-(G) = Tcl , 8) .

UCP > = Fptp UCP) , TCP> = Tp,p
TIP)

.

A subgroup C of Als is cyclic of order qr

if CZ 0/5 or [ = floor etat locally .

(etat cyclic)

consider r! (N ) - level .

• Classical modular forms .

c) Assume Nlf) invertible in base R
.



Let c
'

etat cyclic sabgrp of Als of order qr

IT :
A → A' = A /C 13 etoile

.

C-polar. R induces CÉ - polar . T*N
.

28 81N , Moo Cun ,
C= illlq ) .

C
'

13 disjoint from c if Cnc
'

reduced to do }

⇒ to i gives 1- ICN) - level on A
'

.

For g- c- Grccqr , rfcn ) ; R )

(Ulf) f) ( A. d. i. w )= ⇒ ¥ f- (Ald , -11*-1 , Toi, # Iw)

where c
'

runs over all etale cyclic svtgrps of order

fit that disjoint from C
.



If 8th , for f- c- Gal Cfr , rich) ; R )

⇐( I.F) f) (A.d. i. w)=⇒ E. FLAK
'

, -11*11 , -1101
'

, Iw)

Where c
'

runs over all etale cyclic snbgps of

order fr .

Check Ucqr > f- , TCI / F) f c- Grell , rich) ; R )
.

2) Zf Nlf) may not be invertible M R
.

consider RC⇒ ] flat over R , by flat base

charge Gale , 1- ; RCNTQ, ] )
R2

= filmic >
r )

. I /Reg ] )
Rt

=H°(Mlc,r) . I ,r ) ⑦r
Rt %)

= quo ,riR)④rRwq, ]



The operators are defined over RENT ] and

check they preserve R - integral structure .

Serre - Tate deformation theory / q - expansion principle

⇒ UCF ) always integral

TCI.gr ) integral if K DO
.

• p-adic modular forms

Over p-adic base ring R
,

consider

CA , N , ip : Mps ④ OF → Acpo] , 4) Is

where 4 13 prime to p structure of level r .

If q prime to p , Ncq ) invertible , define

Ulqr) 181N ) , Tll , fr ) ( 8th )

replace .mg 51W by to ip .



Let Plp .

So /w formal completion of MLC,r]CÉ ] along

p - fibre .

( XM
"

,
huh
"

, 01M
"

) (m,, , ,,
universal object .

é c XMNEP ]/go etale cyclic of order p

⇒ e
'

can be defined only over Sis / So

locally free covering of rank Nlp) .

Given LA , d. 4) (R ,

7- ! 4 : Speer → Scs

4*1 univ. ) = ( A , N , P) .



4*55 = Speer
'

, R
'

locally free R- alg . of rank

Nlp > , tr : R
'
→ R

.

4*e
'
= c

'

etat cyclic subgop of A /ri of order

P
.

The operator

( Lrcp) Ocp) >f) (A.d. ip , f) = trl FLA/C
'

, THA , to ip , -11001)

= §, f-
LA/C

'

, THX , Tloip , -11001 )

where c
'

cyclic subgrp of order P - generically

different from ACP]°/r .

Again use g- expansion or Serre - Tate to check

divisibility by Nlp).



Ucqr ) = u(q5
.

A → 3-
'

n

20 3£ FI ther Gala , rlnir ) -7 gala}) ,rIn;R)

⇒ Ucp> . Tip> outing on GNC , rim ;R ) .

In summary

Ulqr) .TL/iqr)fCA ,
- . - )

= ¥ f- ( Alc
'
, 11-01--7 )

where c
'

runs over all etak cyclic subgps of

order qrs.to .

icMq) 81N

1) ( UCF )) disjoint from C ,
C =

Acp} PIP

2) ( TLI.fr )) no condition


