
Recall
,
we have

PIN ) → Classifier basis of ACN]
F- (M ) → Classiques point of ACN] of adorer1-

% (M ) → Classifier point of AIN]/ t'Î la ombrer)
Po Ch ) u x subg

'

p of ACN] of cordon

→ À (n)
,
FHM )

,
À (M) , F. (N ) c GLA

"")

→ SÎC - ) = ( " ,
)
"

FÎH l' i )
,
DÔNF =D

⇒ Gl# (A)KNICK) ( ☐

=

[¥,; /µ,
TMLÇTYN)) (E )

In fact, Shaw >
(GX)/☒µ,

= ¥, ;ÙMK ,MND

Pictures : DMK
,
PCN )) < Shaw, /G, X) / ④ lien)

t
5h' ÇG, ×) / 7-(phan )

GÎTE
1) Compatibilité 5h = ¥y shes.cn?EalsdH'

""="

ç j
"!Ê*ï,

2) coke À wah

str À> sk i Yg c- Adn > =D
,

✗ D
'"

3) Ta
,±µ

: Holstein
, wÊ , ) → H

• (Shû, WÊ, )

W = pullback vice Lp
: È» È of

GCK W K/④pmaxunzanéd



scape : à Î^Ê1_ (
" www.)
W= E=YpuW
Fix W ↳ CI

Easy : ah ② SCN):t
JM

,
( [
,
PIN)) Shaw, ( ×, G)

By pullback
: TI
Shu

,
G)

Lte-a : WI on 5h "» (much harders

Problem is that we vait quite relate
/
compact, open

5h
"" (some ki GUA""))K In

to (intégral) modelé problema MK, T)/w

⇒ We have to week with (A
,
J
, J
'") esh !",

where Ass is am ab
. var . ca/ RM by Fas usual

& I is an isogeny class of polarisation &

J'P ' is a Ëorbit of ison
.

ylp ' : U(Alto» ) => V4
"

(A)

⇒ Constructives ce? au SHË
'

amounts to

chaosing lfunctorially ) a section Wk of eh,
for any we Holt

, Rais ) , that onlg depends
on the image of CA

,
7
, y"

') in 5h'È .



The truck is to "normalise
" the polarisation I

& the prime -to - p level K structure J
'"

.

In fact, in the construction of Sh "Ê , i. e .

the prob of representability of the modulé

problem Eii" , Hida proues that
c-✗A , -7,7M]

bien LA
,
7,7"

'
)
,
7 determines a polarisation

ideale [ tunique ya To same terms)
,
i. e.

[ c- CLLK ) = #Ê
"
)
"

/ 5-¥ dette) ,

and there exists uniques

1) À A lu/ VCA ) -- VCAY)

2) [ - pal . À on A
'

3) y
'" (E) = T'PYÀ ) ( [ = J' ⑦ [" c V )

Therefore, using this
"

normalisent
"

LA ', 7
'

, y
'" )
,
Hida

constricta the denied à over 5k¥ .

Sketch : Given wc-HYA.ru
.
)
,
tatie (4) "À}

where x : A → À cames from abou

HOWEVER
,
tunnels some assomptions "

1) Kp ' G (7-p ) & KG
)
< G

,
(#pas)

⇒ dit (K
'") - t

2) K
'"
is small ( i. e .

K
'" estm

'"

, ptN»)



Steph It will be couvaient to weak wl

Kc G (A)

instead of just k c GVA
'"') .

Lt G (xp ✗#
"""Y : = G (Ip ) × G (# "

°") ✗ G (IR) +

Then
, Step 2 gave us a welt defined à on

5h¥ : = 5h"
"

/µ» (i. e. URY aut)trivialis

for 1) Amg k > 1

2) K c G ( Ip) ✗ G. ( IA"
") ✗ GARY small ewougk

Not that by pullback we finally have coton 5h
""

Stef Obviously , we want ce ! over SHE for any
K C G (Ip ×#P"))

-1

Hc its to restrictive To alg have dit /K "") =L
when trying To define Hecke operators

Icha : Lt K as aboue & K
,
= (ka Gf# "

"")) × GURI.

k
We have W-kp.sk , =D Define ou action by G (Ipx#"

"J'

& et WÈ be the K - invariant sections



Stapes First geass for an action of Gtkpx#
"

Y

Really , we can oh do it forge Dock) but
this will suffise

Jake (A
,
J
, T

'") → LA
,
7
, y
'") → (A '

,
}
'

, y
"')

nosmclized as above .

Actually , consider (A, 7. y "
"

og
" ) (Aj ?! , y

'

? )

Given ge Dolan ) and we
HÎA

,
Rais )

, define

g-
'

• à" e- = (g-
'
w)
"
= ( (✗j'Y wjk

(Again, this "somehow
"

only depends ou isogeny classes
,

i. e. images in 5h4» )

WkWe have :
_ * × , È(xp ✗ £, ) SK -_ 8kg "

tu
gh"

' À
> ooh

Kp ✗ K, - G (kpxk, )

Now
, we want to do descent

k

② Kpxk,
- - - > ② Î

t i
( p )

"
kik,
→ Shii

"

lztakig t'✗µ
,
*

, >
± K "

"

/×
,

invariants



✓ (?
??)

Apparently , the issue is that the center 210ns
doesn't net triviales .

So for , we have descent to *Ê if
tu c G (7-

p
) ✗ G. (IA ""

") ✗ GURY

but now
,
we want it for all Kc Gtxpx#

"""Y
,

i. e
. all fr4» C G (t'P

' )
"
:-. G VA "") x G (IR ) -1

.

[
think the issue is that we know

☒
h ËËh
←W-hkpxkilpuuba.kz but Kk# ce!

)as of I to
Sh '" → Shii:*,

now
3ha" → 5k¥

2¥32 Define two
"

normalisée
"

actions
that fix all of our probleme .

There are many wage to do that .

Chasse w c- 7-[I] = ✗ (T) -- character group of
torus T-- Res! Gu inside Gi

Choon E : To (Î ) → W
"

, continuons char . of TÊT
"

⇒ Indices a
"

central
"
{
+
: Z ( Î) → N' as
{+ (z ) = { , (z ) {, (z )

( { ( "d) = E. (a) Edd))



Define E- : T (Î ) → W
''

by E-(z ) -_ [j' (a) E. (z )

ble assume that

1
.
Et (E) = Eh

-2"

,
tfwils c- in O

" Gw "
→E)

previously

2
. Et entends ta 2- (A) / 2-(a) → ex

Fi"'

It is possible to extend the
"Neben character "

E = ( E
, ,
Ez , Et )

ç complétion of W

to 1. Es : b. ( (p ) nm ) → W
"

2. Es : 7- (A) 5. ( (p ) nm) → W
"

3. Such that Ea & Es agree on So ((p ) nm)

(Not worth the details ,
see (exo ) - (ex } ) on p. 169-120

)
=D We define gg

c- Il#15dm)

go.su
④ h

e. = Es (g)
"

det(g)Ï (g.à
" )

j' laik ) : = ↳ (g) dit (g) À ( j' • ↳
④ h )

FINALLY : ↳ £""

✓
K
'"
- action is gwi

here

Ho ( Shi ce !.ae#):--H0( K '", tilsh"
"

kikp /
Kkk

,
✗ Kp ) )



Steph Combine the info from week to
ce single weight x of To .

Lt x = (x
, ,
x
.
) c- 7- [I]

"
= ✗ (To ) est .

1) Ra - R ,
+ I = h

2) R
,

+ R
,

= h . zw +
É

= "
'
" '

'
"

Remote W-wh.ge by ÉE
,
x from now on

.

THEOREME
) If K is maximal at p

and 5k¥ is

smooth
,
then ce ?

,
k
(& w-x.a.hr ) is well

defined over W

(2) Analogue /4

(3) Analogue for IgWiz (D= ring of char . p )
or D=

while
now have

WIN = ceci ④ww & w-i.ie?-0wG

at the same time .



PARTI
hh finally have our Hecke operators
[Kgk

'] : H
.

( she , Eur ) → H
•

(5h µ , ce:* )

when K
,
K

'

c Do (M ) as urinducedfrang
"

loft (g) |#
' T2

µ/(µ , µ,
° [ g) ° Prest/GensxD

We write Tp ( l, y ) for [ K l' g) K]

NOTE : Our construction of g
"
& go.ee implicite

depend or the fact that we worked 1W

Technicals
, if we were washing IQ we would

have a slightly different action . We write

Tp ( l, y ) :
-

_ [Kl'g)
p

& Todt, y ) : -- [KL
'g)K]»

to differential the two . In general, we have

Tp ( l, y ) = g-Î Tas ( l, y )

If 5,
'

( (p ) nn ) c Kc Sdlp) nm) & y
"" =\ , we

write
U
,
( y )

: = T.LI, y ) ( v =p or 00 )

=L> e-- TI e
,

w/ ey
: = ftp.o.llplw-p )

" !
ftp.ollplw-p)

" !

plp
= ftp.ollpcpjr

!



THEORET Unda certain technicals conditions :

If yp
-

-
I
,
T
,>
( l
, y )

= Tao ( l, y ) is W- Integral .

We can also sagsomcthingabol-W-itegral.ly
of Tpc I, cool & Up (y ) typ -41 ) in a lot of cases

( Lee THM 4.28 on p
. 178 <- Compute affecting -exp.)

Define Gn ( K, s ; R) : = H°( Shun , ce:* /r )
J

W- algebras I
Sack

,
e ; R ) : -- Ho(SHEIR , Ex, çk/r ) ,

where Ko GIÀ"')
,
mail at

p ,
& À -

- 24A"")K
.

For 2- c- 2-LÀ")
,
tt Lz)

.
e. = IZIIÎ [KHEL ( v :poral .

If ze 7- (#""') , i. e. Zp
-

- I
, then

{z ) : -- {⇒p -

_ {⇒
• delà via Et (Z)

on both .

THI If x is dominant (x
.
> xD , then

Galt
,
a :B ) & Salk, s ; R)

are both finite - type R-module ( Kp -- GIGS )



PARTI
""

in F1@

tut ha ( K, E , R ) be the Hecke algebra gaid by
the image of To ( I

, utg )
(goth) & Uoo (coq ) (q th)

in

End (Salk , E ; R ) )

Lt 5ÈME, a ; R ) = {esx
'KE : R )

, if pin
e.Salk, s ; R), if pth

Here si (M ) c Kc So (M ), e-- him Upcp }
!

e. = lintafpl
"

Similarly , hahaha /K
,
E ; R) = {ehxlki : R) , plue.hr (Ki : R)

, p
th

THIS ,
(pi ) ns ,

'

ler ) aka Sdp
'M
, ptm .

The pairing It, f) : -- a- plt , flt ) !
"

we

get perfect dnalilz Hw
[ "

Adelia q
-

exp .

"

1) hdk.ci ; R ) & Salk, s ; R)

a) hjïdlt, i, R ) & Siidlk, s ; R)
3) p

- acte analogue,

each unchr their ouin set of conditions .


