
Sp-adic L-functions for P-ordinary Hida
families on unitary groups
--

History :

Given 12, 4 mis Ex(z) us constant teme
& (l -k)/2

East After "p-depletion" Em El
all g-expansion confficients satisfy
certain "mod p congruences

I

Conclusion : - "p-adic measure" di on,
S

.
t . S x d = E

= compose w/taking constant term midpe s .

t.

Sd = ( - pk-(3) - k)

Notedurbagainstanta
a homomorphism "A ->p" c Spec (#p)

In fact : - finto-order char X on*

& x
*
x(x)di = (1-X(p)p* ) ((1 - 6 ; X)

This led to a long story of finding "nodp
congruence" for L-fets as the "automorphic
datum" varies predically



Our setup : K = quadratic imaginary /
V = Herm .

K-o. ep u G : GU(V)" = Gula
,
b)
"

of din
Fix p

= pp in K (Very convenient fe structua
To be

Goal : Study L ; in , 1) as define
-

1) ic =

crep AR on G/A) warves prodically
2) X = 1 ./ Xu = Hecke char

- of K of cond . p"
varies p-adically (Sameasbefore(p)

How ? Doubling method :

Oncanconstructfell
am Eisene sit

SEx,(g , (2) /g . ) (g)dg ,daz(( ; i , X)

ThisS generalizes "taking constant term" above.

Q1 : Given in
,
which I (6) to choose to

make thisI rigorous ?

Q2 : How to construct Ex
,
i

?

Q3 : How to vary this p-odically ,

i
. e.

get a "p-adi measure" from this

family E .,?



to very is p-adically , we restrict own
attention :

1) Too is holo
.
Lize

.
Series of most a

2)Tap is (PE ordinary
For a moment , forget "P" . Then, "ordinary"
generalizes the notion
"a modular form f is ordinary (at p)
if ap(f) is a poodic unit

"

Work of Eischen- Harris - Li-Skinner :

1) Built on the work of Hide to construct
& study Ordinary Hida families

Answer : 7 (localized) orelinary Hecke algebra
ord

T = (linTn)
S .

t
. it has on associated X: T

*&R (come
p-adic sing) , i.

. e. ic Espec TT(R)

=D The other "classical" points of Three
other cusp AR of GLA) that are

1) Ordinary

2) congruent to it mad p, i. e.
ord

:
are =

(This mimics the nation of 2 casp forms fof')
whose g-exp cruff we congruent mod p



and

2) For all in SpecTT(R) ,
singled-out the "correct" = ic (ii)

Idea : T =oo TpQ 100
· To has cost a D doo = holo

.

Vector ofat
·

lp is ordinary In its "ordinary" part
+ordctp is 1-dim't. In fact , t is a

character to of T(x1) = maxl tores of G(Qp)
· #poo is "Standard" choice of how

~D 6 = 60 dp@$R,
00

3) Construct Ex
,

= Ex
,
a
,
t

+ compute Fourier coff to verify mod p
congruences

( = 5 p-adic measure dEis)

IM (EHLS
,
2020) Assuming certain technical hypotheses,

52peT81 s
.

t
.

V(i
,
X) = (ic

,
1 .* Xn) "critical"

[p(i , x)" = <S(X, 2 . 4) dEis
,
au)

"

= (x)Ep(;i , X)Eoi , X) (p0(b ; in, X)
↑ algebraic term + some minor details

Fact : "Ordinary" is hard to satisfy
Q : Is there a way

to extend this result to

more AR's ?

A : Yes by going from "ordinary" us "P-orlinary"
Note : The "Pord" setting was done by him-Rosso

for GSp instead of GH



Main difficulty:odcKp is not 1-dim'l
Q : How to replace io?

SP-ordinary ARs & families
Fact G(Qp) = Qp" + GLn(Qp]

Consider Pab = (E) *s] < GLCQp)
Y

"Hodge parabolic"

Whe choose P to be y (standard) parabolic
subgroup of GCQp) contained in Pay

E
. g. 1) P = Pa = accos) (Matalu

2) B = (upper-triangular) Bosel
= T . Bu

max'l toreT I wipotent upper -A

In general , P= LP" where L=TGL(ni)
"block diagonal"

Q : What to do with P :

1) Level subgroup :[pr = Egmodpr = p"(7/13
(compare not P

. (p") < GL . (Ep)
2) Hecke operator up = Iprtp Ipo , where

tpZ(L(Qp)) is "regular"

(compare m/ P
. (p) tpP. (p)



Note : Need to normalize up (depends on cost a)

but let's ignore this

Fact :

up Grpp(p)
Better : up & Tp (h)
Let's break*P into (generalizzel) eigenspaces
= Bord = S-enga cle3
DEF An AR it is Rod if Ford + 0
① What lossPod look like ?

IHM (M
.,
2024) If is is P-ord

,
then

1)T
of L([p) - repon

3) F some smooth irred . repin i of LCDp)
sit

. Home) (i, iord) = 0 . [v],

i
.
e. I has multiplicity 1

(1) is "easy" , 2) is hard ,
3) is an easy consequence

of 2) using "Schrido-Zink types")

Conclusion :I replaces to (even though =
is not unique us just fix one



In
my thesiz

:

· Given iT =o T
p
#00 of weight a & Proed

~=ordT =Mop1

To rary this predically =D view in as a point of
some Hecke algebra.

Startc) Trit" = [Te (ltpN), up,p)" of feel K

acting on Sp(Kr; ) = Hi Shri
Then

,
is Contributes

,
i . e.

some"big enough"

↓ pradic ring

Hom,S
↑

a $ ,00

for some Heave character
(E = R["p])

↑
in

:TrTr
FordIns R

up is <> 7. Spec Tr
%
(R)

EtTattoo ema TanThe
where or = her (T = R -> R()



Long Given 2, 0' EXP(T), if x-x' <X
* (2)

,
then

-Prord
"ke, 5 , in ThiPodei

FACT This is known in the P-B case.

- Prove
= Let [x] = 2 + X

* (L) -D 129e]
,
i
,
in

Variation of [0/[t] : = [
***) HiL is zarizon :

Pord - Prord
~D T := lat

,
in def'd as above but replace

Salku, () / Salkr , [] ; 6)=Salk ,, e)

· Construct & study "P-ordinary families" :

= (localized) Prordinary Hecke Algebra T
Pond

whose spection "looks like" :

C : SpecTT
Prod

↓ ·
Weightareali) (e)

- P-ord
i
. e. "classical" points of I we

1) ic = curp Prod AR "congement to in world"
2) Re (2] and [i]

(condition 2 was not "apparent" in the Bord case)



· Construct family of Eisenstein series
Ex,

= Ex
,
+
,
2

that is "compatible" withC Li
.
e
. "good" for

doubling method S)
+ Fourier coff's satisfy nice "mod p congruence"
=> J p-odic measure dEis[i] s .

t.

S(X
,
(2 +p) . (tm) dEisS = Ex

,
i' ,2

"

IM (M
.,
2024) Assuming tech . hyp,

= 2ProdPod ↑ St .
V (ic, X) "critical",

2 Prord(i 4)" = [S(X, :Wild EisEi),FordGod
= (x) Ep( ... ) Eo( ... ) (P( ; in , X)


