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SETUP

e K =quadratic imaginary field, V,,x = Hermitian vector space.
e G = GU(V) of signature (a,b) = (a,n— a).

@ p = puhw = prime that splits in K.

@ Our goal is to study special values of standard L-function

L (kg 1 ;W,XU) , k > 0 critical,

for 7 = cuspidal P-ordinary (at p) automorphic repr'n for G,
Xuv = unitary Hecke character of K of conductor dividing p°.

@ BASIC CASE : 7 is a analogue of a Hecke eigencusp form f on
GL(2) of level I'1(p"). Also, (P-)ordinary <= ap(f) = p-adic unit.

@ Remark : We can add a tame level p1 N but let's omit this here.

£ FOR P-ORDINARY FAMILIES OCTOBER19,2024  2/19



OUTLINE OF THE TALK

e Step 0 : Setup some notation.

e Step 1:Whatis a P-ordinary automorphic representation? A
P-ordinary family?

Local property about m,. Can be "glued” using Hecke algebras.
e Step 2: Statement of the main result

Function over a family with some interpolation property
e Step 3: Outline of the proof/construction

Eisenstein series and then more Eisenstein series
@ Step 4 : Quick conclusion

Our p-adic L-function = Eisenstein series + how to pair them with 7
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STEP 0) NOTATION

e Because p splits = nice basis of V over K ® Qp, i.e.

G(Qp) = @} % GLn(Kw)
@ It contains the “Hodge parabolic”

S o GL( Ky *
@p X Pa,b(QP) = @P X ( (() ) GLb(KW)>

e Let P be any standard parabolicin P, = P =(Levi) - (unipotent
radical) =L - PY.

Here L = Hf’:1 GL(n;) is "d blocks".
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STEP 0) NOTATION (CONT.)

e Let 7 be an automorphic representation (AR) of G. Write
T = Qg = Moo @ Tp @ T

e For this talk : mostly ignore 7P-°,
e For m,, = only care about its weight

/{/:(/{17,,,7/€a;/€a+17...7/{n)EX*(T),

where T is the maximal torus of GL(n). Note that T C L.

e DEFINITION : We say a weight p of T is P-parallel if it extends to
a character of L, i.e. X*(L) c X*(T) is the set of P-parallel
weights.

o Let [k] =k + X*(L) ={x+p:pis P-parallel}.
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STEP 1) p-ADIC FAMILIES

e Recall : We want to study L (kzi T, X)-

o IDEA :vary r and y = | - |7%/2x, inside p-adic families = p-adic
L-function Lp.

@ Question : How to vary x?

e Answer : x is essentially an Oc,-point of an lwasawa algebra A.

@ Question : What about «?

@ Answer : more complicated

@ BASIC CASE : Replace ordinary modular form f with a system of
Hecke eigenvalues A : T — R (some p-adic ring R). Then, fis an
R point of T.

e m, = ker(T — R — R/p) = Hida family is completed ring T,,_.

e “classical” points of Ty, «+»> ordinary Hecke eigencusp forms g
of level I'1(p™) such that a4(g) = aq(f) mod p, for all primes gq.
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STEP 1) P-ORDINARY AUTOMORPHIC REPR’NS

e Discussed 7o ~ x and P> briefly earlier. What about 7?
e Choice of P ~» Hecke operator U, = Up .
@ BASIC CASE : For GL(2), we have

0
Up =T1(p") (g 1) r1(p")
e OURCASE: Up := Ip /tplp r, Wwhere

Ipr={gmodp" € P*(Zp/p"Zp)}

and f, € Z(L) = center of L is a regular element (i.e. “decreasing
powers of p"). In reality, need to normalize up = k(t,) "' Up.

DEFINITION

7 is P-ordinary (at p) «» dp € 7r,’5 such that upp = cp with ¢ = p-adic
integral unit.

(P—ord,r) .— ' P—ord ._ |; (P—ord,r)
3 .= {all such ¢'s} and = = lim .
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STEP 1) STRUCTURE THEOREM

LEMMA (JACQUET)

If 7y is P-ordinary, then m, — Indg((@p) o for some admissible
representation o of L(Qp).

THEOREM (M., 2024)

If mp is P-ordinary, o is supercuspidal, and « is “very regular”, then

_ G f—f(1
775 Ord%ﬂp<—> IndP(Qp)J—>() o

is an isomorphism of L(Zy)-representations.

\.

o Fix Schneider-Zink type i, : 7 — oz, (multiplicity 1).
@ BASIC CASE : 7 replaces the role of nebentypus of f.
o Takeaway : Homyz (7, %) = C.{c;)
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STEP 1) P-ORDINARY FAMILIES

o [k] = k+ X*(L). Let [7] = {r @ ¥ | ¢ : L(Zp) — Q, smooth}

P-ord 3nd a character

[%,7]

@ To this ~» some Hecke algebra T
Ar 1 TP~9 5 R (some p-adic ring R) associated to .

[%,7]

o Letm, := ker(TF -9 R — R/p) (a non-Eisenstein ideal) and

[r,7]

T := (Tf-9),. =a P-ordinary Hida family containing .

[,7]
e Note : T implicitly depends on our choice of 7 = could be
referred to as a (P, 7)-ordinary Hida family containing .

e |Idea: “classical” points of T «» cuspidal P-ordinary
automorphic representations ©’ on G, of some weight
k' = k+ p € [k] and some type 7' = 7 ® ¢ € [7], that are
“congruent to = modulo p”
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STEP 1) GEOMETRY (P-ORDINARY HIDA THEORY)

e T

Fiute

Free.

N
“;_]‘ﬁ’z Y (200)
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STEP 2) MAIN RESULT

THEOREM (M., 2024)
Assuming certain technical hypothesis, given a P-ordinary family C of

ARs on G, there exists a (d + 1)-variable p-adic L-function
Eg_ord e A®T whose value at “critical” points (| - |~%/2xy, 7) is

K+ 1 K+ 1 (k41
(*)Ep,P—ord ( 5 ;7T>Xu> Eoo ( 5 ;7T7XU> LSaP> ( 5 ;7T7XU> IS

Here, k% is critical, S = set of “bad” primes, and Ep p_ora(- -+ ) &

E.(---) are modified Euler factors at p and oo respectively. )

e Next: Explain where E, p_,,q cOMes from + brief comments
about the other factors.
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STEP 2) COMPARISON

e If P = Bis“minimal” = recovers the result of Eischen, Harris, Li
and Skinner (2020) for (B—)ordinary Hida families.
e In fact, my results are deeply related to/inspired by [EHLS]

e Difference: P-ordinary is far more general but
(d + 1)-variables < (n+ 1)-variables

o If G= GU(1) = we recover Katz's p-adic L-function for CM
fields (1978).

@ Liu-Rosso (2020) have a similar result over symplectic groups

e Difference : They deal with non-cuspidal families but their
notion of "P-ordinary” is weaker (they only allow dim = = 1).
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STEP 3) STRATEGY

e G=Gy=GU(V)=GU(a,b)and G> = GU(-V) = GU(b, a)
o G, =GU(V®(-V)) =GU(n,n)and

Gz = {(91,92) € G1 x G2 : v1(91) = v2(92)},

where v; is similitude character.

e IDEA: Gy and G, ~ small Shimura varieties. G4 ~~ big Shimura
variety. Gz ~» middle man

e Everything that "happens” for = on Gy ~~ also "happens” for 7V
for Gs. (Technically, need to work with a twist 7” of 7 but we
ignore this here)

e Doubling method : By carefully choosing an Eisenstein series
Exn 0N Gy, ¢ € w(and ¢¥ € ), we have

1

<= / Exn(91,92) - d(gh) - 07 (92) = L(s + 57, x)
M 2
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STEP 3) STRATEGY (CONT.)

e Idea:go 1 primeatatime & 7=y ® mp @ T,
X = Xoo @ Xp @ XPX & Z =2 x Zp x ZP™

@ There are “standard” test vectors ¢, € T and P> e 7P,

o NEW: v E T~ (V) = gpy € mp "~ by 1= doo @ ppy ® PP
(small issue : depends on v. Fixed later.)

e Similarly, Eisenstein series is built 1 prime at a time.

@ At oo : all choices mostly depends on « and built with certain
differential operators.

e Away from p, oo : standard unramified choices + pretty much
ignore set S of bad primes

e NEW : construct the factor at p out of 7 (key idea : build a
Schwartz function on a “big” compact open subset of G(Qp) out
of matrix coefficients of 7)
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STEP 3) CONSEQUENCES OF OUR CHOICES

@ At oo, from work of Eischen-Liu (2024) :

, K+ 1
Z, = (algebraic term) - E, (% Toos Xoo>

and E. is a long product of Gamma factors.
e Away from p and oo, from [Jacquet79], [GPSR87] and [Li92]

7P — | Sipioo (kg 1 ;mx) Is

is "almost” a standard L-factor away from p and oo
@ At p, inspired by [EHLS], | obtain

Zp = (%) -

(!5 ma @ xw) LA, 7Y @ xi )L mp © x5 )
LY 72 @ xw)e(B5F mp @ X2 L5, 7Y © xw)

where xp = xw ® xw and m,, is “built out” of 753 ® mp.
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STEP 3) P-ORDINARY EISENSTEIN MEASURE

@ The Eisenstein series &, » = &, « - IS essentially a family of
(p-adic) Eisenstein series &q o o-
e This is a well-defined p-adic object, i.e. a p-adic measure.

e More precisely, by using p-adic differential operators and
computing a Fourier coefficients, we can p-adically interpolate

the whole family into a measure dEis s.t.
/ (x,x-7)dEis = &, . -
AxZ(L)

e ADVANTAGE : dEis makes sense over all of A @ W(Z(L)) but is
uniquely determined by its evaluation at "classical” points

(X?T ' ’%)

16 /19
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STEP 4) DOUBLING METHOD VS. dEis

e dFEis "evaluated” at "critical” (7, x) = &y k.7

e &, - isap-adic modular form on Gs... P-ordinary Hida theory
+ localization at m, = becomes classical € H(Sh(G3))

e Our choice of ¢y = Ppo ® Py ® PP € 7 is equiv. to some
O, € S.(K: R) = H(Sh(G1): wy.)

o Betteryet! ¢ ;== ¢poo ® 17 ® ¢P>° € Homy 7 (7, ) IS equiv. to
some R
&, € So(Kr, 7 R) = HP(Sh(Gy); we.7)

e Serre duality pairing is equiv. to doubling method integral
H°(Sh(Gs)) @ (H'P(Sh(Gy)) ® H'P(Sh(G))) — R

and pairs Eisenstein series with ¢, @ ¢ (advantage : doesn't
need to choose v € 7).
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STEP 4) CONCLUSION
e dEis + the knowledge of pairing it with . ® Y is equivalent to

an element
ﬁg—ord cT® A

e Roughly :
/ go,o,o ’ Qbo ) Cb:/ < Lg_ord eT &) Al
[H']

e LHS : plugin & RHS : map through Ay ® x : T® A = Oc,
e Evaluation Eg_ord at (X', 7)) ~ (X, k', 7)) =k + p, T @) S

2

X EOO (k—2|_ 1 ;7T/7X/) LS,p,OO (k—2|_ 1 ;7T/7X/) /S
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, K+ 1
(algebraic factor) - Ep p_ora (L; g X’)




The End

Questions? Comments?
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