p-ADIC ZETA INTEGRALS ON UNITARY GROUPS VIA
BUSHNELL-KUTZKO TYPES

DAVID MARCIL

ABSTRACT. In this paper, we compute certain p-adic zeta integrals appearing in
the doubling method of Garrett and Piatetski-Shapiro—Rallis for unitary group.
Using structure theorems in [Mar23] for P-(anti-)ordinary automorphic represen-
tations involving Bushnell-Kutzko types, we associate local Siegel-Weil sections
at p to such Bushnell-Kutzko types. Then, fixing compatible choices of P-anti-
ordinary vectors, we find explicit formulae relating the corresponding p-adic zeta
integral to modified p-Euler factors and volumes of P-Iwahoric subgroups. Our
results extend the ones of [EHLS20, Section 4.3] by allowing automorphic repre-
sentations with nontrivial supercuspidal support at p.
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2 D. MARCIL

INTRODUCTION

In recent years, the so-called doubling method of Garrett and Piatetski-Shapiro—
Rallis [Gar84, GPSR87] has been used in several situations to compute special values
of L-functions and construct p-adic L-functions, see [Liul9, Liu21, LR20, EL20,
EHLS20].

One of the major accomplishment of [EHLS20] is the explicit computation of the
local p-adic zeta integral provided by the doubling method when working with ordi-
nary automorphic representation on a unitary group G over a CM field K. They use
this result, together with many other technical considerations, to construct a p-adic
L-functions of Hida families of such representations. The goal of this paper is to ex-
tend the results of [EHLS20, Section 4.3] by considering P-ordinary representations
instead, where P is some parabolic subgroup of Gz, . We recover the formulae of
loc. cit. when P is essentially a product B of upper triangular Borel subgroups. In
other words, ordinary representations are equivalently B-ordinary and our results
agree with known formulae when P = B.

This completes crucial computations in an ongoing project of the author to con-
struct p-adic L-functions for P-ordinary families on G. If the center of a Levi factor
of P has rank d, then these are (d + 1)-variable p-adic L-functions. The underly-
ing goal is again to extend the main result of [EHLS20]. However, the author also
hopes to use general techniques developed here to deal with p-adic integrals in other
projects.

Main result. In general, if 7 is an ordinary cuspidal automorphic representation of
G, then its local p-factor m, has trivial supercuspidal support and this leads to the
existence of an ordinary nebentypus character p associated to w. This character pu,
as well as existence of ordinary vectors of m, on which Iwahori subgroups act via p,
play key roles in the computations of [EHLS20]. However, if 7 is instead P-ordinary
for some parabolic subgroup P of G, then 7, no longer has trivial supercuspidal
support. Furthermore, the analogous P-Iwahori subgroups now act on spaces of P-
ordinary vectors via smooth finite-dimensional representations of Lp, a Levi factor of
P. In [Mar23], the author associates canonically such a representation 7 to m,, using
the theory of Bushnell-Kutzko types [BK98] and results of [Pas05], and construct
P-ordinary vectors of type 7.

Therefore, our approach generalizes the construction of [EHLS20] by replacing u
with a general type 7. In the process, we deal with the several challenges related
to the dimension of the latter. In particular, one novelty of this paper is the con-
struction of local Siegel-Weil sections (involved in the doubling method) associated
to such types. Then, the main accomplishment of this paper is the computation of
p-adic zeta integrals corresponding to such Siegel-Weil sections and the P-ordinary
vectors of type 7 mentioned above.

When 7 is a character, we recover results of [EHLS20]. However, the author hopes
that some of the techniques used here, using the point of view of Bushnell-Kutzko
types and covers in the sense of [BK98, BK99], help to simplify and motivate various
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definitions that may seem ad hoc in the ordinary setting. Our main result is Theorem
4.6, which roughly says the following :

Theorem (Main Local Theorem). Let ¢, € 7, and ¢, € T, be the P-anti-ordinary
test vectors, of type T and T respectively, defined in (39). Let x be a unitary Hecke
character of K, xp = ®u|pXw, and let s € C. Let f:; € Ip(xp,s) be the local
Siegel-Weil section defined in Section 3.2.4.

Then, the p-adic local zeta integral I,(yp, @p, f:;; Xp; 8) defined in (32) is equal
to

Vol(Ip,,) Vol('If,)
Vol(Ip, N'Ip,)

1
(1) E, <s—|— §,P—ord, Wp,Xp> .

where E, is a modified Euler factor at p, defined in Section 4.2.

Additional comments. As the statement of our main theorem eludes, our result ac-
tually involves P-anti-ordinary vectors as opposed to P-ordinary vectors. This is
simply due to the duality relations between Eisenstein series and automorphic rep-
resentations in the doubling method. Relevant comparisons for these two notions
are considered in [Mar23].

Our approach is actually formulated using vectors ¢, and ¢, whose behavior
under P-Iwahori subgroups are similar to the ones of P-anti-ordinary vectors, see
[Mar23, Theorem 4.3, Lemma 4.6]. However, we never explicitly assume that either
of these vectors is P-(anti-)ordinary. The author hopes that by proceeding this way,
our treatment is general enough to also be applied in other settings not considered
in [Mar23].

For instance, throughout this paper, we assume a certain splitting condition on
the prime p. However, when removing this condition, one works with the analogous
notion of p-ordinary representations, in the sense of [EM21]. We hope that our
approach may be adapted in the future to this setting by replacing the theory of
types and covers for general linear groups over local fields by the analogous theory
for other classical groups (perhaps using results of [MS14]).

Furthermore, as explained in [EHLS20, Remark 9.3.4], the analogous computation
in the literature of local zeta integrals at finite places away from p over which 7w
ramifies is still unsatisfactory. The current approach is to choose local Siegel-Weil
sections and test vectors at such primes so that the corresponding integral yields a
constant volume factor. However, one could potentially use techniques developped
in this paper to replace those non-optimal choices and use the doubling method to
obtain better local zeta integrals related to Euler factors at these finite places of
L-functions.

Structure of this paper. In Section 1, we first set some notation and introduce un-
derlying assumptions for our work. We also review the theory of Bushnell-Kutzko
types relevant for us.
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In Section 2, we introduce the similitude unitary group G on which we work and
a certain parabolic subgroup P of G. We then define level subgroups of G(Z,) that
are P-Twahoric (of some level ). These two sections share many similarities with the
set up of [Mar23]. We then conclude Section 2 by constructing specific vectors ¢,
and ¢, in p-factors of automorphic representations whose action under P-Iwahoric
subgroups are described by certain types 7 and 7. Our choices are inspired by the
structure theorems for P-(anti-)ordinary representations proved in [Mar23].

In Section 3, we recall the set up of the doubling method for unitary groups and
introduce the relevant local zeta integral. We then focus on the factor at p and
construct the local Siegel-Weil section fj; mentioned in the main theorem above.
In doing so, one novelty of this paper is to extend matrix coefficients related to 7
and 7 (defined as locally constant functions of Lp(Z,)) to locally constant functions
supported on much larger open compact subsets of G(Z,). This necessary step is
already present in [EHLS20, Section 4.3.1] and plays a crucial role to obtain the
volume factors in (1). To do so, they introduce a certain “telescoping” product (see
[EHLS20, p.56]). Although the formula is not complicated, it crucially relies on the
fact the the analogue of 7 is a character. Our approach generalizes their extension
for 7 of any dimension. We hope that our treatment, from the point of view of
Bushnell-Kutzko types and covers, simplifies and motivates this step (see Equations
(34) and (36) below).

In Section 4, we finally write down the expression for the p-adic zeta integral
associated to ¢, ¢, and f:;. We then proceed to simplify it by obtaining as many
cancellations as possible until we can finally use the Godement-Jacquet functional
equation of [Jac79].

Acknowledgments. This paper contains the core computations necessary in the sec-
ond third of the author’s thesis supervised by Michael Harris. I am profoundly
grateful for his many insightful comments to approach this problem and the neces-
sary computations. In particular, I wish to thank Harris for his suggestions to look
at the theory of Bushnell-Kutzko types and attempt to expose their usefulness to
compute local zeta integrals.

I also wish to thank both Ellen Eischen and Christopher Skinner for helpful dis-
cussions where they provided encouragements and answers to my questions.

Lastly, many steps in the argument of Sections 2.3, 3.2 and 4.1 rely upon ideas
found in the ordinary settings, most notably in [EHLS20]. It would have been far
more difficult for me to carry out the simplifications in my calculations without the
precise details provided by the four authors of this papers.

1. NOTATION AND CONVENTIONS.

Let Q C C be the algebraic closure of Q in C. For any number field F C Q, let
Y r denote its set of complex embedding Hom(F, C) = Hom(F, Q).

Throughout this article, we fix a CM field KX C Q with ring of integers O =
Ox. Let KT be the maximal real subfield of K and denote its ring of integers as
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OF = O+. Let ¢ € Gal(K/K™) denote complex conjugation, the unique nontrivial
automorphism. Given a place v of K, we usually denote c¢(v) as v.

1.1. CM types and local places. Fix an integer prime p that is unramified in .
Throughout this paper, we assume the following :

HYPOTHESIS 1.1. Each place v of Kt above p totally split as v = vv in K.
Fix an algebraic closure @p of Q, and an embedding incl,, : Q= @p. Define

Zpy = {z € Q: vp(incly(z)) > 0} ,

where v, is the canonical extension to @, of the normalized p-adic valuation on Q.

Let C, be the completion of @p. The map incl, yields an isomorphism between
its valuation ring Oc, and the completion of Z(p) which extends to an isomorphism
L:C = C,.

Fix an embedding ts : Q < C such that incl, = ¢ 0 15 and identify Q with its
image in both C and C,.

Given o € Y, the embedding incl, o o determines a prime ideal p, of Xx. There
may be several embeddings inducing the same prime ideal. Similarly, given a place
w of K, let p,, denote the corresponding prime ideal of O.

Under Hypotesis 1.1, for each place of KT above p, there are exactly two primes
of O are both above it. Fix a set X, containing exactly one of these prime ideals for
each place of Kt above p. Moreover, let ¥ = {c € X¢ | p, € Z,}, a CM type of K
(see [Kat78, p.202]).

1.2. Bushnell-Kutzko Types. To discuss the local theory of P-ordinary repre-
sentations in later sections, let us recall the theory of Bushnell-Kutzko types and
covers, adapting the notions of [BK98] and [Lat21, Section 3] to our setting.

Let F = K, for some place w of Ok and write Op for Ok, . Let G = GL,,(F) for
some integer n.

1.2.1. Parabolic inductions. For any parabolic subgroup P of GG, let L and P" be
a Levi factor and its unipotent radical, respectively. Let dp : P — C* denote its
modulus character.

Recall that ép factors through L. Moreover, if P is the standard parabolic sub-
group associated to the partition n = n; + ... + ng, one has

(2) 5P(l) = H |det(lk)|_2i<kni+2j>kn]'
k=1,...,s
for any I = (I1,...,15) in L =[[;_; GLy, (F).
Given a smooth representation o of L, we often consider o as a representation of

P without comments. Let Ind% o denote the classical parabolic induction functor
from P to G. Similarly, the normalized parabolic induction functor is

G o =IInd%(c® 5};/2)
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In Sections 3 and 4, we prefer to work with the normalized version but the main
computations can entirely be done with unnormalized parabolic induction as well.

1.2.2. Supercuspidal support. A theorem of Jacquet (see [Cas95, Theorem 5.1.2])
implies that given any irreducible representation 7 of GG, one may find a parabolic
subgroup P of G with Levi subgroup L and a supercuspidal representation o of L
such that m C LIG;. o. .

The pair (L, o) is uniquely determined by 7, up to G-conjugacy and one refers to
this conjugacy class as the supercuspidal support of .

Consider two pairs (L,o) and (L', ¢’) consisting of a Levi subgroup of G and one
of its supercuspidal representation. One says that they are G-inertially equivalent
if there exists some g € G such that L' = g~'Lg and some unramified character
x of L’ such that 90 = ¢’ ® x, where 90(z) = o(grg™'). We write [L,o]g for the
G-inertial equivalence class of (L, o).

For such a class s, let Rep®(G) denote the full subcategory of Rep(G) whose
objects are the representations such that all their irreducible subquotients have
inertial equivalence class 6. The Bernstein-Zelevinsky geometric lemma (see [Renl0,
Section VI.5.1]) implies that (% o € Rep®(G), where s = [L, o]¢.

Definition 1.2 ([BK98]). Let J be a compact open subgroup of G and 7 be an
irreducible represention of J. Let Rep,(G) denote the full subcategory of Rep(G)
whose objects are the representations generated over G by their 7-isotypic subspace.
We say that (J,7) is an s-type if Rep,(G) = Rep®(G).

Let s, = [L,o]r. It follows from [Pas05, Theorem 1.3] that there exists a unique
(up to isomorphism) representation 7 of K = G(Op) such that (K, 7) is an s-type.
We refer to this unique “maximal” type of s;, as the BK-type of .

1.2.3. Cowvers of types. Fix a Levi subgroup L of G as well as an irreducible super-
cuspidal representation o of L. Let s; = [L, o]z denote its inertial support and let
(J,7) be an sp-type.

Definition 1.3 ([BK98]). Let J be a compact open subgroup of G and T be an
irreducible representation of 7. We say that (7, T) is a G-cover (or a cover to G)
of (J,7) if all of the following properties are satisfied :
(i) JNnL=J
(ii) t|; = 7. In particular, both T and 7 act on the same vector space.
(iii) Let P be any parabolic of G with Levi factor L. Write P" for its unipotent
radical and P! for the opposite of P*. Let J'=7nPand 7%= J N Pv
Then, J = J'JJ%.
(iv) The kernel of T contains both J Land JY.
(v) For any smooth representation (II,V) of G, the natural L-homomorphism
prp : V — Vp restricts to an injection on the T-isotypic subspace of II.

The main result of [Mar23, Theorem 3.10] is concerned with the construction of
a canonical cover of the BK-type 7 of 7w inside the vector space associated to ,
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see [Mar23, Remark 3.12]. Such covers are constructed in various settings of P-
(anti-)ordinary representations. Their properties guide our choice of test vectors in
Section 2.3.

2. P-IWAHORIC LEVEL SUBGROUPS OF UNITARY GROUPS.

2.1. Unitary Groups. Let V be a finite-dimensional K-vector space, equipped with
a pairing (-,-)y that is Hermitian with respect to the quadratic extension K/KT.
Write n = dimg V.

2.1.1. PEL datum of unitary type. Let § € O be totally imaginary and prime to p
and define (-,-) = trx/g(d(-,-)v). This choice of § and our Hypothesis (1.1) ensure
the existence of an O-lattice L C V such that the restriction of (-,-) to L is integral
and yields a perfect pairing on L ® Z,.

For each 0 € ¥, let V; denote V®x »C. It has a C-basis diagonalizing the pairing
(,+). The only eigenvalues must be +1, say that 1 (resp. —1) has multiplicity r,
(resp. s,). We order the basis so that the +1-eigenvectors appear first. Fixing such
a basis, let h, : C — Endgr(V,) be h, = diag(z1,,, 215, ).

Let h = [[,ex ho : C = Endg+gr(V ® R), using the canonical identification

[] Ende(V,) = Endic+gr(V @ R)
cEX
provided by our fixed choice of CM type ¥ of K.
The tuple P = (K, ¢, O, L,2my/—1(-,-),h) is a PEL datum of unitary type, as
defined in [EHLS20, Section 2.1-2.2]. It has an associate group scheme G = G'p over
7 whose R-points are

(3) G(R) ={(9,v) € GLogr(L ® R) x R | (gz, gy) = v(z,y),Yz,y € L ® R},

for any commutative ring R. In particular, G g is a reductive group. Moreover, the
assumptions on p imply that Gz, is smooth and G(Zy) is a hyperspecial maximal
compact of G(Qy).

2.1.2. Ordinary hypothesis on signature. The homomorphism h determines a pure
Hodge structure of weight —1 on Vg = L® C, i.e. V = V=10 @ V9=l and h(2)
acts as z on V10 and as Z on VO, In particular, the © @ C-submodule V° Cc V
defined as the degree 0 piece of the corresponding Hodge filtration is simply ¥V ~0.

For each o € Y, let a, = dimqj(VO ®ogc,e C) and by = n — a,. The signature
of h is defined as the collection of pairs {(as,bs)oexy }- In fact, (a5, bs) = (70, o) if
o € X. Otherwise, one has (as,b5) = (S5, 70).

HYPOTHESIS 2.1 (Ordinary hypothesis). For all embeddings 0,0’ € Y, if
Po = Po’, then a, = ay.

Throughout this paper, we assume Hypothesis 2.1. Therefore, given a place w of
K above p, one can define (ay, by) := (ag, bs), where o € Y is any embedding such
that p, = pow.
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2.2. Structure of G over Z,.

2.2.1. Comparison to general linear groups. The factorization O ® Z, = Hw‘p Ouw,s

over primes w of IC above p, yields a decomposition L&Z, = Hw‘ pLw- Tt corresponds
to

(4) GLogz, (L ® Zy) = | [ GLo, (Lw), g+ (gw)
wlp
a canonical Zy-isomorphism. From the above, one obtains the identification
(5) Gz, = Gux ] GLo,(Lw),  (9,7) = (v, (90)) -
weX,

Furthermore, our assumption above about the pairing (-,-) implies that for each
w | p, there is an O,-decomposition of L,, = L} & L, such that

(1) rankp,, L} = ay and ranke,, Ly, = by;
(2) Upon restricting (,-) to Ly, X Lg, the annihilator of L is L. Hence, one
has a perfect pairing L, ® Ly — Z,(1), again denoted (-, ).

Fix dual O,-bases (with respect to the perfect pairing above) for L} and L.
They yield identifications

(6)  GLo, (L)) — GLa,(Ow) GLi, (On) — GLo, (Ly)
as well as an isomorphism GL,, (L) = GL,,(O,) such that the obvious map
GLo, (Ly;) x GLo, (Ly) = GLo,, (Luw)

is simply the diagonal embedding of block matrices.
Let L* = [T LE and set H := GLogz,(L). Then, the identification (6) above
induces a canonical isomorphism

(7) H =[] GLa, (0Ow) = [] GLa,(Ow) x GLs, (Ow)

w|p weXy
2.2.2. Parabolic subgroups of G over Z,. For w | p, let

dw = (nw,h cee 7nw,tw)

be a partition of a,, = bg. Let Pg, C GL,,(Oy) denote the standard parabolic
subgroup corresponding to d,,. Define Py C H as the Z,-parabolic that corresponds
to the products of all the Pg,, via the isomorphism (7). We denote the unipotent
radical of Py by Pj.

We identify the elements of the Levi factor Ly = Py /Pj; of Py with collections
of block-diagonal matrices, with respect to the partitions d,,, via (7).

Let Pt C G /z,, be the parabolic subgroup that stabilizes LT and such that

(8) Pt = Gy xPy C Gy xH
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where the map to the first factor is the similitude character v and the map to the
second factor is projection to H.
For w € ¥, let P, be the parabolic subgroup of GLp,, (L) given by

A B
(9) sz{(o D) € GLn(Ow) !AePdw,Depé’f,} ;

via the isomorphism (6).
We identify P = [],ex, Puw as a subgroup of Gz, via (5).

Remark 2.2. The trivial partition of a,, is (1,...,1) (of length ¢, = ay). If the
partitions d,, and dg are both trivial, we write B,, instead of P,,. In that case, Lpg
is the maximal torus subgroup of GL,(O,).

Our choices of bases above imply that under the isomorphisms (5) and (6), P*
corresponds to

(10) Pt 5 G x P

In particular, this induces a natural isomorphism Ly = Lp := P/P", where P"
is the unipotent radical of P.

Definition 2.3. We define the P-Iwahori subgroup of G of level » > 0 as
1) =1}, :={g€G(Z) | gmod p" € PT(Z,/p"Zy)}
and the pro-p P-Iwahori subgroup I, = Ip, of G of level r as
I, =Ip, :={g € G(Zy) | gmod p" € (Zyp/p" Zp)* x P*(Zy/p"ZLyp)} .

Remark 2.4. We refrain from referring to I® as a parahoric subgroup of G. This
terminology is usually reserved for stabilizers of points in Bruhat-Tits building. We
make no attempt here to introduce our construction from the point of view of these
combinatorial and geometric structures.

The inclusion of Lp(Z,) in I? yields a canonical isomorphism
(11) Lp(Z,/p"Zy) = I9/1, .

For each w € ¥, one similarly defines 18)77, and I, by replacing P* by P, and
working in GL,(0O,,) instead of G(Z,). Let

ISL = H Iy, and Ig’GL: H ISJ,T?

wENy wWEDp

so that I, and I? correspond to Ly X I]g;]; and Z, X I%SL respectively, via the
isomorphisms (5) and (6).
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2.2.3. Opposite unitary groups. In Section 2.3 below, we work with automorphic
representations of G(A) as well as automorphic representations on the opposite uni-
tary group. We recall this notion and the notation of [EHLS20, Section 3| relevant
for our purpose.

Let P1 := P = (K,c,0, L,2my/—1(-,-),h) be the PEL datum constructed in
Section 2.1.1 and define Py := (K,c,O, L, —2my/—1(-,-),h(?)). In particular, the
signature at w € X, of Py is (by,aw) = (aw, by). We typically write G; for the
unitary group corresponding to P; when we want to distinguish the underlying PEL
datum.

Although there is a canonical identification G1(A) = G2(A), we distinguish their
level structure at p. Namely, if L; is the lattice associated to P;, we always fix
an O ® Zpy-decomposition L; @ Z, = L;r ® L;. For ¢ = 1, we choose L% = L%,
using the notation of Section 2.2.1. For ¢ = 2, we instead set LQi = LT. We have
a corresponding factorization Lz?t = Hw|p L;tw. Effectively, for each w € ,, this
provides two distinct identifications of GLo,, (L;w) with GL,(Oy) via (6).

However, we prefer to only work with this identification for ¢ = 1. In other
words, for ¢ = 1,2, let P;,, be the local parabolic subgroup of GLe,, (L;,,) defined
in Equation (9). Then, via the identification (6) for i = 1, the parabolic subgroup
Py, of GL,(O,) corresponds to tPLw. Therefore, in what follows we always work
with P, := P;,, when consider G (or equivalently, the PEL datum P;) and with
'P,, when considering Gs.

Similarly, the local Iwahori subgroups of level r defined below Definition 2.3 are
I, C I%T when working with G1 and their transpose when working with G.

2.3. Conventions on test vectors. In this section, we make several choices of
compatible P-anti-ordinary vectors in automorphic representations, using the theory
of Bushnell-Kutzko types [BK98] and the main results of [Mar23].

2.3.1. Local representations over CM type at p. Let m be a cuspidal (irreducible)
automorphic representation of G(A). By this, we mean an irreducible (g,Us) X
G(Af)-submodule of the space of cuspidal automorphic forms on G(A), where g =
Lie(G(R))c and Uss C G(R) is the stabilizer of the morphism A provided in the PEL
datum P associated to G.

For each rational prime [, write G; := G(Q;). Consider the restricted products
G(Ay) =[[;G; and G(A) = Goo x [[; Gy, and let m; be the l-constituent of .

Let S be a finite set of places of Q containing all primes such that m; is ramified
and assume that p ¢ S. For each | ¢ S U {p}, fix a nonzero unramified vector
@10 € m. Correspondingly, fix isomorphisms

(12) 7r1>7roo®7rf : 7Tf:>7TS’p®7rp®7TS,

BE@®m i e @ m

les 1¢SU{p}

where
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and the second factorization is a restricted tensor products with respect to our choice
of unramified vectors ¢y .
Let Gy, := GL,(Ky). The isomorphisms (5) and (6) induce an identification

(13) = ® [ Q) T |

weNy

for some character p, of Q, and irreducible admissible representation m,, of Gy,.

Now, assume there exists an integer r > 0 such that Tr;P’T # 0. Equivalently,
assume [, is unramified and

Ip, ~ Iy,
Wpr:®7rw“”"7é0.

wWEXp

Let 7 denote the contragredient of 7. Since it is a twist of the complex conju-
gate of 7, it is also a cuspidal automorphic representation of G(A). We fix similar
conventions for 7. In particular, we have

(14) T2yt @ [ (X T
wEDy

and (%w)tlw” # 0 for each w € 3,. Here, () is again used to denote contragredient
representations. We keep this convention throughout the rest of this article.

In what follows, we choose specific “test” vectors in 7, and 7, using notions and
results from [Mar23]. Then, in Section 3.2, we construct a local Siegel-Weil section
so that particular p-adic zeta integrals defined in Section 3.1.4 can be related to
p-Euler factors of standard automorphic L-functions.

2.3.2. Compatibility of parabolic subgroups. For each w € ¥, and integer d > 1, let
Gy (d) denote the algebraic group GL(d) over O, = Ok,,. However, when d = n, we
still write G, instead of G,,(n). Let (ay, by) be the signature associated to w € X,
L; and (-,-)1, as in Section 2.1.2.

Proceeding as in Section 2.2.2, let P,, C Gy(aw), Py, C Gu(by) and Py, b, C Gy
be the standard upper triangular parabolic subgroups associated to partitions

daw = (nw,la cee 7nw,tw) ; dbw = (nw,thrl, s 7nw,rw) ;o dy = (aum bw)

of ay, by and n, respectively. We also work with the parabolic subgroup P, C G,
constructed in Section 2.2.2. Note that P, C P, 4, C Gu.

For any one of these parabolic subgroup P,, let Lo denote its standard Levi
subgroup consisting of block-diagonal matrices (corresponding to the decomposition
defining P, ). Similarly, consider the pro-p Iwahori subgroup I, , of level r associated
to P, consisting of invertible matrices g (of the appropriate size) over O,, such that
g mod p” is in Py (Oy/p"Oy).



12 D. MARCIL

Let Ko = Lo(Oy) and 10, = KoI, . Setting Ky j = GLy, ;(Oy), we have

tw Tw
Koy =][Ew; ;3 Kon= [] Kvj : Kv=EKa, xKp,
j:1 j:tw“l‘l

where the products take place in Gy (ay), Gw(by) and G, respectively.

2.3.3. Compatibility of local representations. Assume there exists an admissible ir-
reducible representation o, of L., such that m,, is the unique irreducible quotient of
Lgu”j ow-. Equivalently, m,, is the unique irreducible subrepresentation of Lgs’ Ow-
Remark 2.5. As explained in [Mar23, Section 4.1.1], an easy application of a
theorem of Jacquet (see [Mar23, Lemma 3.6] or [Cas95, Theorem 5.1.2]) implies
that if m, is P-anti-ordinary, such admissible representations exist.

Write o, = &;ilawd and consider the representations

w

_ qtw . X" .
Oap =2 005 5 0Op, =B2, 0w,

]:
of Ly, and Ly,. Let m,, and mp,, be the unique irreducible quotients

Guw(aw) Guw(bw)
(15) vpe " 0a, > Ma,, and ¢ PP by = Ty

and set 7, p, = g, X mp, . Under the canonical isomorphism

Gy ~ Guw Gw (aw) X Gw (bw)
(16) Ly Ow = LpY (Lpawxpsp Oay X op, |
w

given by ¢ +— (g +— (h +— ¢(hg)), my, is the unique irreducible quotient
<17) Lg;uw,bw (Trawybw) — Ty -

2.3.4. Conventions on pairings. In this section, we set conventions on pairings be-
tween pairs of contragredient representations, as in [EHLS20, Section 4.3.3].
Let ("), , be the tautological pairing between 7, ; and its contragredient G, ;.

Then, define (-, )q, = @2, (-,-) so that

Tw,j
(Van (LIGD;uw(aw)an> X (Lgfjaw)gaw) - C

(02 Blaw = /K (p(k), F(k) o, dk

is the perfect G, (ay, )-invariant pairing that identify the above pair as contragredient
representations. A similar logic applies for (-, -)p, = ®;%; (") and

<.7 >bw : (Lgéup(bw) O_bw) X <[/1Cjéup(bw) a’bw> N (C

Tw,j

bw bw

(02 Pt = / (k). B k)b
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Taking the dual of the surjections in Equation (15) yields injections
(18) Tay, < L]Gj(a“’) Oa, and Tp, <> nglff”) Oby,
aw baw
and restricting the second argument of (-,-),, to 7,, makes the first argument
of the pairing factor through m,,. It is identified with the tautological pairing
(s Vay * Taw X Ta,, — C. Again, a similar logic applies for (-, )z, :m, x @, — C.
Let (4, )w = (" )0y @ (' )my,, - As above, it determines a pairing

Guw G ~
() Vo - g, (T bw) X vl (T bw) = C

as well as a pairing (-, )y @ Ty X Ty — C, using the dual 7, — LIGD;” o (Tau bw)
induced from Equation (17).
For any ¢ € my, ¢ € Ty, if @ is a lift of ¢ and ¢ is the image of ¢, then

(19) (6, G = /G o (£ B0,

2.3.5. Compatibility of test vectors. Fix two characters xu1,Xwz2 : Ki — C*.
Choose any integer r such that

(20) r > max(1, ordy (cond(Xw,1)), ordy (cond(xw,2)))

In what follows, we consider x,,1 and x.,2 as characters of general linear groups
of any rank via composition with the determinant without comment.

Furthermore, for each 1 < j < 7y, let 7,; be a smooth (finite-dimensional)
irreducible representation of K, ;. We assume that r is large enough so that 7, ;
factors through GLy,, ;(Ow/py,Ow). Assume there exists an embedding o, j of 7
in the restriction of o, ; as a representation of K, ;.

Let o, : Ta,, — 0a,, and oy, : 7, — 0p, be the corresponding embeddings over
K,, and K3, respectively, where

Tay = &;filﬂyﬁ- ;o Thy = @;’;thTwJ :

Remark 2.6. Implicitly, we think of 7,, as a Bushnell-Kutzko type for the o,
in the sense of [BK98]. In [Mar23, Section 1.2.2], we canonically associate such a
representation 7., to m,, (called the BK-type of m,, ), assuming that o,, is super-
cuspidal, using a uniqueness result of [Pas05]. In that case, there exists a unique
such an embedding o, ; (up to scalar) and [Mar23] is concerned about constructing
canonical lifts of oy, to an embedding of 7,,, into 74, . In later projects, the author
plans to associated such BK-types to any m,, without assuming that o, is super-
cuspidal, using the theory of covers developed in [BK98, BK99|. Note that similar
statements can be made about 7, and 7, := 7, X7, .

For each j =1,..., 7y, fix a vector ¢,, ; in the image of o, ; and consider

tw Tw

0 ._ . 0 ._

Son = Qbwi i b= Q) buy
j=1

j=tw+1
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as vectors in the image of oy, and oy, respectively.

Let ¢4, € LIGD“’(G”) 04, be the unique function fixed by I, , that has support
Py, 14, r and
(21) $a, (1) = 00, (M), = Tau (10, -

for all v € ng,r. Denote its image in m,, by ¢q,,-

Remark 2.7. Here, we implicitly identify 7,, with its image in o4, and as a
representation of 19 . that factors through I9 /1o, = La, (Ow/pyOw). In what
follows, we similarly identify 7, (resp. Ta,, T,) With its cover as a representation

t70 . t70 0 : : =~
of 'I . (vesp. "I, ., Iy ) contained in oy, (resp. da,, Ob,)-

Let ¢y, € gop(b“’) op, be the unique function whose support is P;P I, , such
bw w
that
(22) Py (V) = To, (7)1,

for all v € tT 8111 .- Let ¢y, denote its image in m,, .

Lastly, consider the unique function ¢, € Lg: ow fixed by I, whose support is
PyIy, and

(23) vw(7) = Tw() (¢, ® b, ,
forall y €I w - where 7, = 74, X 7. Here, we identify 7, with its cover from K,
to 19 s as in Remark 2.7.

For our purposes, it is more convenient to work with the image of ¢,, via the
map Lg Ow — Lg Taw b induced by the maps in (15) and (16). We denote this
image by @, agam Wthh should not cause any confusion since we will only ever
work with ¢, in LIGD T a,by IO NOW ON.

One easily checks that the support of ¢, is Py, p,Lw,r and

for all v € I?U,T. Let ¢ be the image of ¢, in .

Remark 2.8. If 7 is P-anti-ordinary of level » > 0 at p as a representation of
G1(A), or equivalently 7, is P,-anti-ordinary, then ¢4, (resp. ¢, , ¢w) is a Py, -
anti-ordinary (resp. Py, -anti-ordinary, P,-anti-ordinary) vector of level  and type
Tay (T€SDP. Tp,, Tw) as in [Mar23, Theorem 4.3]. The precise definitions of these
notions will not play a role in the rest of this article, so we omit them. See [Mar23,
Section 4.1] for more details.

The following lemma is trivial since Iy, , is normalized by G (aw) X Gu(by) (the
product taking place in G,,) but we include it here since it is used several times
implicitly in the computations of Section 4.

Lemma 2.9. For any g € Gy(aw) X Gy(by), mw(9)ew is fixed by L .
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We now proceed similarly by constructing explicit vectors related to 7. Since
Ow,j is admissible, for j = 1,...,ry, we also have an embedding o, : Tw,j — Ow,j Of
K, j-representations. We identify the natural contragredient pairing on 7, ; X Ty j
with the restriction of (-, ) via their fixed embedding in oy, j X 0y, ;.

Ow,j

Remark 2.10. If 7, ; is the BK-type of 0y, ; as in Remark 2.6, then 7, ; is also
the BK-type of 0, ;. In that case, such maps &, ; again exist and are unique up to
scalar.

=1 and

Fix a vector &m € 0y, in the image of o, ; such that (¢ ;, $w7j>gw

define

tw Tw
~ ~ ~o ~
Pa,, = ®¢w,j P Db, = ® Pw,j
j=1 J=tw+1
as vectors in o4, and oy, respectively.
Assume there exists a vector ¢, in 7, fixed by *I,, , such that the support of
(aw)

it ] ~ . Guw -
its image ¢q,, in ¢p’ Oq

(24) Paw(V) = Tau (M, ¥y €S,

Similarly, assume there exists a vector 5% in 7, fixed by I, , such that the

support of its image @3, in Lg;u(bw)

(25) Bbu (V) = T (VPN Wy ETL

Lastly, assume there exists a vector 511, in 7, fixed by ‘I w,r such that the support

contains Py, tr aw,r and that

op,, contains Py I, . and that

of its image @, in L]Cj;‘:u o Taw by CONtAINS Py, tr w,r and that

(26) Pw(V) = 7w (V) (Paw ® db,) , V7 €IS, .

Remark 2.11. Asin Remark 2.8, assume that 7 is P-anti-ordinary of level r > 0
at p as a representation of G1(A), omitting the precise definition of this notions.
Most importantly, if this holds 7, is a P,-anti-ordinary of level r > 0 (as a local
factor of an automorphic representation of G3(A)) and [Mar23, Lemma 4.6 (ii)],
proves the existence and uniqueness of vectors $aw, &;w and &U. In the last case,
one needs to use the isomorphism (16) to compare loc. cit. with our notation here.

In particular, in that case qgaw (resp. g;bw, aw) is ' P, -anti-ordinary (resp. P, -
anti-ordinary, ' P,,-anti-ordinary) of type 7,, (resp. T, , Tw) in the sense of [Mar23,
Sections 3.2 and 4.1].

2.3.6. Inner products between test vectors. Observe that the intersection of the sup-
port of ¢y, with GL,(Oy) is Py, by Lw,r N GL,(Oy) = Igw b,.r- Lherefore,

Gudum = [ (ol BulDosn k.

aw,bw,r
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Write any k € I?

wsbw,T as

(D6 HEY

where A € GL,,, (Ow), D € GLy, (Oy), B € My, b, (Ow) and C € pl, My, xa,, (Ow).
Since (é j}f) is in P, , and (é (1)> is in both I, , and tlw,r, we see that

et =0 (3 D)) = Ton (D 970, (D)o,
. 2= (3 D)) = Foe D © 70, (D),

so we obtain

(27) (Gus Guw)my = VOUI, ) (G P ), (Bbuss ),
Similar arguments yield
(28) (Gau: Pas)my, = VOUTR, )(00, 00, )a = VOU(I}, )
and
(29) (Gbus O )my,, = VOUIR,  )(00,. 05, )b, = VOLUIR, ),
using the fact that ( ?y,p ~8},j) =1 for each 1 < j < r,. Ultimately, we obtain
(30) (bus uw)m, = VOI(IY, 4, ) VOl(Ip, ) Vol(Ip, ) = Vol(Iy,,) ,

which in particular is nonzero.

3. LocAL SIEGEL-WEIL SECTIONS ASSOCIATED TO TYPES.

Fori=1,2,let P; = (K, ¢, O, Li, {-,")i, hi), Li®Z, = L} ® L; be the PEL datum
described in Section 2.2.3. Furthermore, for ¢ = 3,4, define similar PEL datum
P = (K,¢,0,Li, {-,-)i,hi), Li ® Z,, = L & L7, again of unitary type in the sense
of [EHLS20, Section 2.2], where

Py = (KxK,exc,0xO,Ly & Lo, (-, )1 ® (-, )2, hy @ ha), LT := LT @ L7
7)4 = (IC7 C, O? L37 <'7 '>37 h3)7 LA:lt = Lét

Let G; denote the similitude unitary group in (3) associated to P;. Similarly, let

v; be the similitude character of G; and U; = ker v;. Using this notation, we recall

the doubling method of [Gar84, GPSR&7] on unitary groups, following standard
approach described in [EHLS20, Section 4.1].

3.1. Siegel Eisenstein series and the doubling method. Given any number
field F/Q, we write |- for the standard absolute value on A (instead of |-, ).
Moreover, in this section, we write A for Ag and we write G for Gjy.
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3.1.1. Siegel parabolic. Let W =V @V, equipped with (-, )y := (-, )y & (=(,)v),
be the Hermitian vector space associated to G4. Consider the subspaces V¢ =
{(z,z) e W : 2 € V} and Vg = {(z,—x) € W : x € V}. We identify each of
them with V via projection on the first factor. The direct sum W = V; ® V¢ is a
polarization of (-,-)w.

Let Psg) C G denote the stabilizer of V< under the right-action of G, a maximal
Q-parabolic subgroup. Let M C Psg denote the Levi subgroup that also stabilizes
V4. The unipotent radical of Pgg) is the subgroup N that fixes both Ve and W/V¢
and clearly, Psg/N = M. Furthermore, there is a canonical identification M =
GLk (V) x Gy, via m — (A(m),v(m)), where A is the projection

Psg — GLi (V) = GLk (V) ,
whose inverse is given by (4, ) — diag(A(A*)71, A), where A* ="A°.

3.1.2. Induced Representations. Let x : K*\Ag — C* be a unitary Hecke character.

It factors as x = ) xw, where w runs over all places of K.
w

For convenience, define the character V of Psgi(A) as
-n -n/2
V(=) = [Nmyjcr odet oA (=), - [v(=)[ck = |det oA (=) - (=)™

where Nmy,  is the usual norm homomorphism Ax — Ag. One readily checks that
G1(A), via its natural diagonal inclusion in G4(A), is in the kernel of V. Moreover,
the modulus character dgg1 of Psg1(Ag) equals V™.

Let s € C, and define the smooth and normalized induction

I(x,5) = (54 (x (det oA (<)) - V(=) ™%) .

This degenerate principal series is identical to the one in [EHLS20, Section 4.1.2].
It is also equal to the smooth, unnormalized parabolic induction

T0x5) = Tnd5 ), (x (detoA(-)) - ¥(-)5 %)

Sgl

and factors as a restricted tensor product of local induced representations
I(X, 5) = ® Iv(Xva 5) )
v

where v runs over all places of Q and x, = &) Yw-

wlv
3.1.3. Siegel Eisenstein series. Given a section f = f, s of I(x,s), one constructs
the standard (nonnormalized) Eisenstein series

(31) Erg)= Y.  flv)

YeP(Q\G(Q)
as a function on G(A). It converges on the half-plane Re(s) > n/2 and if f is right-
K-finite, for some maximal compact open subgroup K C G, it admits a meromorphic
continuation on C.
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3.1.4. Zeta integrals. Let f = f, s € I(x,s). Fix any ¢ € m and ¢ € 7 and consider
the corresponding Rankin-Selberg zeta integral

I(p, 2, fix,8) 12/ Ef(g1, 92)¢(g1)3(g2)x " (det g2)d(g1, g2)
Z3(A)G3(Q)\G3(A)

The arguments of [GPSR87] show that for Re(s) large enough,
I8 05 = [ Fealus Din(u)p, §)rdu
Ui (4A)

Assume that f = ®, f,, as the product runs over all places v of Q, for some local
Siegel-Weil sections f, = fy,s.0 € Iv(Xv,s). Furthermore, assume ¢ and ¢ are “pure
tensors”, i.e. ¢ = ®,p, and @ = ®,@, according to the factorization (12).

Then

I(‘Pv@vf%Xvs) = HIU(()DMCO/U? fU;va 8) : <907 6>

where

~ fU fX757U(u7 1)<7Tv(u)90v76v>7rvdu
(32) Iv((pv’wvva;vaS) = = —
<(10U7 S0v>7rv

for any place v of Q. Let Z, denote the numerator of the fraction above. In Section 4,
we compute the p-adic zeta integral Z, associated to a specific choice of Siegel-Weil
section constructed in the next section and specific test vectors ¢, ©p.

3.2. Choice of Siegel-Weil sections at p. For each places w € ¥, of K, fix an
isomorphism K, = K. Then, the identification (5) for G4 induces an identifica-
tion of Psgi(Qp) with Q) x [[,ex, Pn(Kw), where P, C GLi(W) is the parabolic
subgroup stabilizing V.

Let xp = ®ujpXw and, given s € C, view x; - ||, as a character of Psg(Qp).
One readily checks that the restriction to Hwezp P, (Ky) corresponds to the product
over w € ¥, of the characters 1, s : P,,(K,y) — C* defined as

Vs ((‘g g)) = Xuw(det D)xw(det A1) - [det A"'D| |

by writing element of P, according to the direct sum decomposition W = V; @ V<.
Let Wy, = W®x Ky, and choose any fy, s € Lgf(%w(;/v w) Yu,s, for each w € . Then,
it is clear that the section

33)  £o(9) = Fos(@) = WISTEE T fuslow) s 9= (s (gu)) € G(Qy)

weXp
is in I,(xp, s)-

Remark 3.1. The strategy below is to construct such f,, s (and hence f,) from
specific Schwartz functions. This approach is already used in [Eisl5, Section 2.2.8]
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and [EHLS20, Section 4.3.1]. In fact, our argument owes a great deal to their work
and the details they carefully provide.

The novelty here is that we associate Schwartz functions to finite dimensional
representations (implicitly viewed as Bushnell-Kutzko types), instead of characters.
This generalization is necessary when working with an automorphic representation
7, as in Section 2.3, with non-trivial supercuspidal support. This is the case when
7 is P-ordinary (or P-anti-ordinary) but not ordinary (or anti-ordinary).

3.2.1. Locally Constant Matriz Coefficients. Let the characters x.,,1 and X2 of
Section 2.3 be x,, and X%l respectively. For the remainder of this section, we use
the notation of Section 2.3, where in particular G = G, freely.

Let M2u7 ; + Kyj — C be the matrix coefficient defined as

MI (X) — <¢w,ja7/\:w7j(X)%w7j>gw’j’ 1f] = 1’ L. ’tw’
w,J <Tw,j(X)¢w,j’ ¢w7j>aw,j7 lfj =ty +1,...,1p.

The products p;, = ®§’;1 foj and py = @5, 4y, ; on K, and Kp,, re-
spectively, are the matrix coefficients

Mo (X) = (00,700 (X)B0 Jaw 3 Hby (X) = (10, (X)00,, 00, Do,

of 74, and 7, respectively.
We now consider p, ~as a locally constant function on Mg, (KCy) supported on

8 ).ty 2“),7" z(z)w,r' More precisely, one readily verifies that given X € %Sj ) and any
tv1,v2 € Igw,r such that X = 7172, then
(34) l’l’/aw (X) = (Taw (71_1)(2521” ) ?aw (72)(25271, )aw
is well-defined. Similarly, we extend Mgw to a locally constant function on Mp,, (Ky)
supported on x&‘) = tlgwm[l?w,r via
(35) P (X) = (T, (12) B0, > o (V1) P b

where X € %gl) and vy, € I,?w , are any elements such that X = vy17s.

Remark 3.2. Note here that we are extending 7,, (resp. Tp,, Tay, Tb,) 1O &
representation of ‘19 . (resp. t[gw S . Il())w ,). Although this is the opposite of
what is done in Remark 2.7, this is exactly the necessary step to obtain the correct

cancellation at the end of the proof of Theorem 4.5.
Let g, (A) = Xgﬂlwuflw and pp, = Xl,w%w- Let X, € M,(O,) be the set of

matrices (é g) such that A € .’{S), B e M, xp,(0y), C € My, xa,(Oy) and

DExz(;l).
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We define a locally constant function p,, on M, (K, ) supported on X via

(36) we (& 5)) = pow (D)

for all (é g) € Xyp.

Observe that the set X,, contains the subgroup &,, = &,,(r) C GL,,(O,,) consist-
ing of matrices whose terms below the (n,, ; X 1y ;)-blocks along the diagonal are
in p" and such that the upper right (a, x by)-block is also in p”.

In particular, there is an obvious decomposition &, = &;(I? . x I,())mr)@u. By
abuse of notation, given B € M, xp,, (Kw) or C € My, x4, (Kyw), we sometimes write
B e &, or C € & when we mean

1 B 1 0
(0 1)€Q5u or (C 1)661.

3.2.2. Choice of Schwartz functions. Let @1, : My (K,y) — C be the locally constant
function supported on &,, such that

<I>1,w(X) = i (X)

for all X € &,,. Furthermore, define the locally constant functions

Ve(2) = X;}1Xw,2/1/0(z) P Bu(2) = ve(—2) ,

where o denotes a,,, b, or w and z is in the appropriate domain.
Let @2, : M, (Q,) — C be

Do) = (1) () = /M o el

Remark 3.3. The definition of p,, and its twist v, on X,, allows us to generalize
the function denoted ¢,, in [EHLS20, Section 4.3.1]. In loc. cit., the BK-types are
all characters, in which case 7, is equal to pu,. The “telescoping product” in the
definition of ¢,, is simply a formula that expresses the extension of these charac-
ters to I and 'I9 simultaneously. Our alternative is to use extensions of (matrix
coefficients of) BK-types such as in Equations (34) and (36).

Remark 3.4. This Fourier transform in the definition of ®5,, is slightly different
than the one in [Eis15, Section 2.2.8] and [EHLS20, Section 4.3.1]. It is the same as
the one involved in the Godement-Jacquet functional equation [Jac79].

Lemma 3.5. Given X = <é, g) with A € My, xa, (Kw), B,'C € My, xp, (Kuw)

and D € M, «p,, (Ky), one can write

Dy (X) = ) (A)2P (B)2P (C)2() (D)
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with
<I>1(3) = charMawxbw (Ow) @g’) = charMwaaw (Ow)>
supp(®L)) € " Ma,, xan (Ow), supp(®4)) C p” Mp,, xb, (Ow),

where r is as in Inequality (20).

Proof. The definitions of ¢, , ¢y, —and ¢, immediately imply

Dy (X) = / bu, <<: g)) ew(tr(aA + BB 4+ ~C + dD))dadBdyds

= [ P @) eulir(o)do /3€ (o B (D)eu(ir(aD))ds

x chary, ., (0,)(B)chary, . (0,)(C)

Then, we may conclude as in the proof of [EHLS20, Lemma 4.3.2 (ii)] by observing
3 (A) = /  Dra,, (@) eu(tr(aA))da
X

= Vol(py,Ma,(Ow)) Y 6w, (@) ew(trad)char, o (A),
aexS) mod p7,

and

oW (D) := - by, (6) ew(tr(6D))do

= Vol(p, My, (Ou)) Y. ¢y, (6)ew(trdD) char, vy (0, (D) -
56%7(;1) mod p”

Define the Schwartz function @, : M, x2,(Qp) — C as
(dim 7, )?

Vol(&,,)

3.2.3. Construction of fy . For each w € X, write V,, = V ®x K,, and use similar
notation for V., and VUCJI. Consider the decomposition

Homy,, (Viy, Woy) = Hompge,, (Vig, Vip.a) @ Homye,, (Va, V4), X = (X1, X2)
and its subspace
X := {X € Homg, (Viy, Wa) | X(Viy) = V& = {(0, X) | X : V,, = V9.

In fact, any X € X can be viewed as an automorphism of V,, (by composing with
the identification of V¢ with V) and hence, we identify X with GLg,, (V). Let d* X
be the Haar measure on the latter.

(37) Dy (X) =Dy (X1, Xo) = Dy (—X1)Po(X2) .
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Furthermore, recall that we fixed an O,-basis of L1, in Section 2.2.1. This
provides a Ky-basis of V,, and, via their identification to V, a KCy-basis of V;,, and
of Vg. Hence, it also induces a Ky-basis of Wy, = Vg, ® V;f.

It identifies Isom(V,4, Vi,) with Isom (Vi 4, Vi), GLi,, (Vi) with GL,,(Ky), GLic,, (W)
with GLay, (Ky), P (Ky) with the subgroup of GLay, (KCyy) consisting of upper-triangular
n x n-block matrices, and Homy,, (Viy, W) with M, x2,(Qp)

Therefore, we now view the Schwartz function ®,, : M, x2,(Q,) — C constructed

above as a function on Homy, (Vi, W,,). We define the section fy, ¢ = ,fffg = fOuw

Gl (Ku
of 17, " Vs by

24 -
(38) 1% (g) = xo.w(det g) [det g5 " /X By (X 9) X3 v (det X)|det X[2F2507 X |
as in [EHLS20, Equation (55)].

3.2.4. Construction of fJ’S. Let f, be the corresponding local Siegel-Weil section at
p, as in Equation (33). Ahead of our computations in the next section, we write
down an explicit expression for fy,(u,1) for any u € U;(Qp).

Firstly, the restriction of the isomorphsim (5) to Uy yields an identification U (Q,) =
Hwezp Ut,w, where Uy, = GLi,, (Viw) = GL,(Ky). We write u = (uy)wes, accord-
ingly. One can then consider the identity (38) for g = (u, 1), where the latter is with
respect to the embedding G; x Go — G3. To simplify the expression, it is therefore
more convenient to replace the decomposition Wy, = V,, 4 ® sz,l with W, = V,, & V.
In that case, an element X € GL,(K,) = GLk,, (Vi) corresponds to an element
(X, X) in X instead of (0, X).

Secondly, using the decomposition W,, = V,, & V,, again and the corresponding
identification W, = V,, ® V,,, consider the element

l, 0 0 0
0 0 0 1,
0 0 1, O
0 1,, 0 0

Sw =

Remark 3.6. As explained in [HLS06, Section 2.1.11] and [EHLS20, Remark
3.1.4], the natural inclusion of Shimura varieties associated to Gz and G4 does not
induce the natural inclusion on Igusa tower. In fact, one needs to twist the former
by the matrix S, to induce the latter. This point of view will not play a role for us
but we include this remark as motivation for introducing S,,.

Lastly, replace each fy, s by its translation f, via g — ¢Sy, and let f1 be the

corresponding local Siegel-Weil section at p defined by Equation (33). In that case,
for g = (u,1), we obtain that f (u,1) is equal to a product over w € ¥, of

X2,w(d6t Uy ) |det Uw|§+s / D, (Xt X)Sw)qulle,Q(det X)|det X|:zu+2sd><X
GLp (Kw) ?
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and we denote the above expression by f}  (uw,1) = fi (uw,1), as a function of
Uy € GLy, (KCy).

4. MAIN CALCULATIONS.

4.1. Local integrals at places above p. We keep the same notation as in Sections
2.3 and 3.2. In particular, for each w € ¥, consider the vector ¢,, € T, and ¢,, € Ty,
defined in Section 2.3.5. We now compute the p-adic local zeta integral Z,, defined
in (32) for the local section f,I" constructed above and the test vectors

(39) =10 QR du| i Hm=19 ) du

wEp wEp

In particular, Z, is equal to the product over w € ¥, of

Zw 1_/ ijjr,s(gv 1)<7Tw(g)¢w7 $w>7rwd><g
GLn (Kw)

_ / Xzaw(det g) [det g 5+ / B, ((Xg, X))
GLn(Kuw) GLn (Kuw)

X X1 Xw2(det X)| det X[ (m(9) bus, G,y 0 X d* g

According to the decomposition M, xn(Kw) = Myxa, (Kw) X Mpxs,, write Z; =
Xg = [21,Z]] and Zy := X = [Z}, Z})], where Z} and Z) (resp. Z{ and ZI) are
n X a-matrices (resp. n X b-matrices). Then,

(XgaX)Sw = ([ZL Zé/]v [Zé7 Zi/])
and
<Ww(9)¢w,$w>ww = (Ww(Xg)¢wa%w(X)§gw>Trw = <7rw(Zl)¢wa%w(Z2)§gw>7rw'
Therefore, using (37), we obtain

(dimTw)2 / _1 .
Zw = sy Xw,2(Z1)Xw1(Z2)" " |det Z1Zs]y 2
Vol(®) Jow, (Z1)Xw1(Z2)"" | |

X cbl,w(Zia Zél)q)Q,w(Zé7 Zil) <7Tw(Zl)¢wa %w(22)$w>7rwdled><22 .

We take the integrals over the following open subsets of full measure. We take
the integral in Z; over

1 0 A 0 1 B
{(Cl 1> < 01 D1> <O 11> | Blatcl € Mawxbw (’Cw)aAl S GLaw(Kw)7D1 S Gwa (K:w)} )
with the measure

‘det All’w det Dy

dCyd* Ayd* D1dBy .
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Similarly, we take the integral in Zs over
1 B Ay 0 1 0
{6 B) (5 5,) (6 0) 1821 € Mason (), A2 € GLou (), D € G ()}

with the measure

‘det A% det Dy

dCad* Aad™ Dod By .

Therefore, one has

A By D
R (e )

Ao + By Dy C A1B
Co.u(Zy, Z1) = o (( 2 Dzéz o ClAlél j— D1>>

and both can be simplified by considering their support.

Lemma 4.1. The product

> A1 BoDo o Az + BaDoCo A1By
Lwi\C14, Dy 2w D>Cy ChA1B1 + D,

is zero unless all of the following conditions are met:
A€l . Diely . 3 Cie® ; Bye®,
By € Mawxbw(ow) 5 02 € Mwaaw (Ow)
A2 € piTManaw (Ow) 5 Dl € PiTMwabw (Ow)
Moreover, in this case, the product is equal to fiq,, (Al)m,w(D2)<I>Sj)(A2)q>§,f‘)(D1).

Proof. Using Lemma 3.5 and the definition of ®,, 1, it is clear that the product above
is nonzero if and only if the conditions above are satisfied. Moreover, if they are
satisfied, one has

A BoD
D1 4y ((01;11 12)22>> = Hay, (A1) i, (D2)

by definition of u,,. One also obtains

Ao + BoDyCo A1 By G (4)
P20 <( DyCs C1A1By + Dl)) = Oy’ (A2) @, (D1)

as in the proof of Lemma 3.5. U

Lemma 4.2. Under the conditions of Lemma 4.1, one has

20w Z0Bn) = o (5 1)) i (52 pip,) ) Bt
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Proof. We write
(1 0\ (/A O 1 B (1 By (A2 O0\/(1 O
(e D 2) 6 7)) w2 ) 5) ()

under the conditions of Lemma 4.1. As <(1) Bll> € I, and (le (1)> € thW fix
2

¢ and %w respectively, the pairing
<7rw(Zl>¢wa %w(22)$w>7rw

is equal to

(o e p)) = (8 2)eeme (5 5,)) 0

Furthermore, write
1 —B 10\ (1 0\/fA O 1 B
0 1 Ci, D) \C 1 0 D)\0 1

A=1-ByCi e 1+p2M,, (0),
CA = Cy € plyMy, xa, (Ow),
AB = —ByD; € My, xp,(0Ow)
Dy =D+ CAB € p;" M, (Ou) .
Note that 1 = A= + BoC1 A7, so
A7 =1—ByC el+p¥M,, (On),

C 6 p:uMwaaw (Ow)) B E Maw ><bw (O’w)a
D = (1+CBy)Dy € (1+py) My, (On)D1 -

where

Therefore,
1 —B 1 0\ _ [1 0 1 0 A AB
0 1 Ci Dy “\C 1+C By 0 D; 0 1

(A AB 4 A — 1 0
=10 1 e = \e 1408y )
one obtains

(T (Z1) Py Too(Z2) Puo )

(o oo (G )= Ao

Then Lemma 2.9 yields the desired result since 7y, t% € Ly O

Setting
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Proposition 4.3. Under the conditions of Lemma 4.1, we have

B 1 (21, Z5) P 2(Z, ZY)((Z1) by Too(Z2) by = VOUIL, 4 )+ Tary = T,
where

Jaw = Maw (Al)(PS) (A2) |det Az‘fuw/Q <7Taw (Al)¢aw’ %aw (A2)$Gw>7raw ’
o, = Ho, (D2)®L) (Dy) |det D1 |52 (my, (D1) b, , 7o, (D2) B )y,
Proof. Using the conditions on Z; and Zs, we have

(Tw(Z1) Pw, %w(Z2)$w>7rw

(5 D8 )i
L (o D) (8 )

using Equation (19).
As the support of ¢y, is P, p,lw,r and its intersection with GL,(O,) is equal
to Igw b,.r» the integrand above is nonzero if and only if k € Ic?w by,.r- WWrite such a

kel by S
b 1 B A 0 1 0
—\0 1 0 D C 1

Quw,
with A € GL,, (Ow), D € GLy, (Ow), B € My, xp, (Ow) and C € p, My, xq,, (Ow)-
Then, using Lemma 2.9, one obtains

w (e (59) =2 (5 5))
Bu (k <f(1f D;?DQ»Z%((A? 2 DD?1D2>>

Observe that the determinant of the matrices A, D, Ay and Dy are all integral
p-adic units. Therefore, using the definition of ¢,, (resp. @) and its relation to

Pay @ b, (r€SP. Pa,, @ ¢p,, ), the integrand above is equal to

|det Ag[2/2 |det Dy Y| /2

X <7Taw (AAl)gbaw ® 7wa (D)gbbw?%aw (AAZ)Q’ZU«U) ® %bw (DDleQ)gbw>aw7bw
= |det Aa["*/? |det D152 (T (A1) Pan s Taw (A2)Paw Ve, (Tow (D1) Bbu s T (D2) P )y

which does not depend on k. The result follows by using the second part of Lemma
4.1. O

Corollary 4.4. The zeta integral Z,, is equal to

(dim 7,)* Vol(I? , )
w07 w . Iaw . Ibw
Vol(I9, ) Vol(I )
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where

19, JGLay, (K
o) <A2> det Az\ff%w (T (A1) B> Fa (A2) dan o, & Asd* Ay
Iy, —/ / Lib, (D2) Xow,2(D1) X1 (D2)
Il?w T Gwa (’C’UJ)

s _ ~
x & (Dy) |det Dilo 2 (., (D1) by Tt (D2) By, < D1d* Do

Proof. Using Lemma 4.1 and Lemma 4.3,
(dim 7,)?

Dy = o)
Vol(&,,)

x / Xw,Q(Al)Xw,Q(Dl)X;h(AZ)X;,ll(D2)
A1,B1,C1,A2,B2,D1,C2,D2

x |det Ay det Dy det Ay det Dolsy 2

X VOU(I2, 4, ) i

X ’det A% det D7 | 4% AydB1dCyd* Dy

x ’det A3t det D& | d* Ayd BydCod* Dy

where the domain of integration for the matrices A;, B;, C; and D; (i = 1,2) is given
by the conditions of Lemma 4.1.

Note that the integrand is independent of By € My, xp,, (Ow), B2 € &%, C; € &'
and Cy € My, xq,,(O). Moreover, the determinants of the matrices 41 and Dy are
both p-adic units. Therefore, the above simplifies to

_ (dlmTw) 0 2 l u
Zu = ity VU8 r) VU M 0, (Ou))? Vol (&) Vol
/ / / / Xuw2(A1) Xw,2(D1) X1 (A2) X (D2)
19, /10 JGLay, (Kw) JGL,, (Ku)

X Hay <A1><I>$><A2> |det Aofa 2 (Tay (A1) Baws Taw (A2) dan ran,

sl ~ ~
X i, (D2) B (D1) [det Dyl 2 (mh, (D1) by s Ty (D2) G )y,
X dXDldXAQdXDQdXAl s

and using the decomposition &,, = @Z(ISM X II())w )&, the result follows immedi-
ately. O
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Theorem 4.5. The integrals 7, and I, are equal to

(=54 3, Ty @ Xuw,)) L(s + 5, Fa,, @ Xh)  VOI(XW) Vol(19, )

Ia = ’ ° a 7~aw Tq
b L(—$+ 3, Tay ® Xuw,1) (dnmq-aw)2 (Gaw: Pasma,
L(s + 3, b, ® Xu2) VolxW) Vol(ry, ,) -~
Ty, = 1 1 ~ ] di 2 <¢bw7¢bw>ﬂ—bw
€5+ 3, T, ® Xw2)L(—5 + 5, 7b, ® Xph) (dim7,,)

Therefore, by setting

€(=5+ 3, Ta @ Xu, ) L(s + 3, Fau @ X)L+ 370, @ Xu2)

1
L<s+,ord,7r Y >:: — —
2 WA L(=$+ 3, Tay, @ Xw,1)e(s + 5,7, @ Xw2)L(=5 + 5, b, © Xyh)

one has

Vol (19, ,.) Vol ('Y, ) (o B
: (p ,(p w
Vol(I9, , N9, ) e

1
Zw =L (S + i,ord, TI'w,Xw> .

Proof. This proof is inspired by the argument of [EHLS20, Theorem 4.3.10]. First,
write

Iaw - /0 Maw(Al)Xw Q(Al) a’w? (Al)dXAl ?
I

QT

where Z,, 2 = Z,,, 2(A1) is defined as

/ ( ) (I)’l(l}) (AQ) ‘det A2’i)+7 <7Taw (A1)¢aw? (X'[Z,ll ® %aw)(A2)$aw>7raw dXAZ :
GLg,, (K

The above is a “Godement-Jacquet” integral, as defined in [Jac79, Equation
(1.1.3)]. Therefore, we use its functional equation to obtain

6<_S + %777(111; @ Xw,l)L(S + %7 %aw ® X;,ll)
L(—s+ 3, Ta, @ Xuw,1)

)" —s+ ~ -1\ T x
[ (@) () et Aafu s (Aa) (T (A1) T (45 ) 0 A
GLU«'LU(IC )

Iaw,2 ==

Let L, ora denote the quotient of L-factors and e-factors leading the expression

A
above. Recall that <<I>£U1)> (Ap) is supported on ¥(1). Furthermore, for A, € (1),

A
we have (@S)) (A2) = g, (A2) and |det As|,, = 1. Then, Z,, 2 is equal to

Lawond % [ o (42)0i, (40) Ty (A1) Ty (45 1)) 0 A
X
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By definition of %(1), we can write As = y1koye uniquely for some ko € K,
M € %l(l) ="10 .N'PY and v, € %1(}) = Ing NP . It follows that

Ao T

(T (A1) Bay s Tany (A3 D) P s = (Taw (k2¥2A1) By s Ty (V) Pty Ve
= (an (k24A1) ans Ban Y ma,

- / (Pa (k2 A1), G (K)) a0 K
GLaw ( w)

w )

The support of g, is Py, lo,r = Pawlgw,r- Since koA € Igwﬂ,, the integrand

vanishes unless k € Py, Io, » N GLq, (Ow) = IJ . Using the fact that such k is in
P, as well as Equation (21), we obtain

(Pan (kk2 A1), Pa(k))aw = (Pay, (k2A1), Pay (1)) aw = (Tay, (k2A41) 2w7 Ngw)aw‘

Then, using the above, Equation (34), the definition of v,,, and orthogonality
relations of matrix coefficients, we obtain

Zow2 = Lay,ord X /(1) N;w (A2)(Ta,, (A1) Pay s Tau, (A51)$Gw>7rawd><A2
x
= Ly ora VOI(I2, ) VoL(X{M) Vol(x()

x / (60, T (k2)80. Y (T ()T (A1) 62 32 ) 0%k
K,

aw

Vol(x™M)

- Law,ord VO](I((I)U,,T) dlmT
a

oy 0 70
( 2111’ 2w)aw(Taw(A1) A ? aw)aw

w

Using Equation (28), orthogonality relations of matrix coefficients once more, and

the normalization (¢ ,¢% ),, = 1, we ultimately obtain that Z,, is equal to

oy VOI(%(D) / 0 70
a a iy T a A 9 a dXA
Lt o) g [ o (A0 (41688 D

0
Vol(M) Vol (12, )

—Lqg,ord (dlm Taw )2 <¢<lw ) ¢aw >71'aw

A similar argument yields

Vol(x™) Vol(Ip). )
(dim The )2

Ibw - wa,ord <¢bw7 gbw)”bw y

where

L(s + 5,7, @ Xw2)
€(5 + 3 Tby, @ Xw2) L(—5 + 3,7, © Xpa) -

Ly, orda =
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Therefore, the result follows using Corollary 4.4, Equation (27), and the identity
Vol(Igwm) Vol(*I9 ) Vol(Igw’r) Vol(tlgwﬁ) Vol([&r) Vol(tlgw)

Vol(xM) Vol (™) = =
OlXT) Vol(XT) Vol(10 AP0 Nol(IP , N'I) ) Vol(19, N'10, )
0

T

4.2. Main Local Theorem. Keeping with the notation of Theorem 4.5, define
1 1
E, <8 + E’P - OI‘d,?Tp,Xp> = H L <S + §,P - ord,ww,xw> .
weX,
Then, from Theorem 4.5 and (32), we immediately obtain our main result.
Theorem 4.6. Let x be a unitary Hecke character of K, xp = ®y|pXw, and let
s € C. Let f,} € I,(xp,s) be the local Siegel-Weil section defined in Section 3.2.4

and let @, € m,, ¢, € T, be the test vectors defined in (39).
Then, the p-adic local zeta integral I,(op, §p, £, 5 Xp; 8) s equal to

Vol(Ip,) Vol('If,)
Vol(Ip, N'Ip,)

1
E, <s + o P — ord, m,, Xp> .

Remark 4.7. Using the same minor manipulation explained in [EHLS20, Remark
4.3.11], we see that the p-Euler factor E,(s + %, P — ord, mp, xp) takes the form of
a modified Euler factor at p as predicted in [Coa89, Section 2, Equation (18b)] for
the conjectures of Coates and Perrin-Riou on p-adic L-functions.
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