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LThe Main Theorems

Notation

We let:
£ # p be distinct primes.
G/Q, be a connected reductive group.
Wq, be the Weil group of Q,
G the Langlands dual group of GG viewed as a reductive group
over Q,
Laq .= Wa, X G
Ai:Q = C and J: @p =, C be fixed isomorphisms.
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Notation

|
We set:

II(G) to be isomorphism classes of smooth irreducible
representations of G(Q)).

®(G) to be the set of conjugacy classes of admissible
homomorphisms:

¢ W, x SL(2,Q,) = “G(Q))

®"(G) to be the set of conjugacy classes of continuous
semisimple homomorphisms:

¢ Wo, = “G(Qy)
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Theorem (Harris-Taylor/Henniart/Scholze)

Let G = GL, then, for every n > 1, there exists a unique bijection:
m(G) 2% (@)

T Gr

generalizing local class field theory and characterized by the
preservation of character twists, L, €, and y factors in pairs of
representations.
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Theorem (Fargues-Scholze)

For any G, there exists a map:

LLCES
—_—

(@) " (G)

s ¢fS

enjoying the following properties:
It is compatible with restriction of scalars, central characters,
products, and isogenies.

It is is compatible with parabolic induction of representations.

It is compatible with the correspondence of
Harris-Taylor/Henniart for G = GL,, and its inner forms.
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Key Question:

Can we show that the Fargues-Scholze Local Langlands
correspondence is compatible with other instances of the
correspondence? Namely, given a local Langlands correspondence:

(G) 224 3(G)

We expect a commutative diagram of the form:

(G) 22, o(q)

\LL‘CéJ =

V(@)
where the right vertical arrow precomposes the map ¢ € ®(G)

1
with g € Wo, = (g, (|g|2 01>) € Wa, x SL(2,Qp)

0 |g|=2
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Theorem (Gan-Takeda/Gan-Tantono/Chan-Gan)

Let L/Q, be a finite extension.

Let G = Respqg,GSps and J = Resy, /g, GU2(D) be its
unique non-split inner form, where D is the quaternion
division algebra over L.

Then, for H = G or J, up to the choice of the fixed
isomorphism %, there exists a unique map:

LLCy : TI(H) — ®(H)

7 {¢r : WExSL(2,Qp) — H(Qy) = GSpins(Qy) ~ GSpa(Qy)}

characterized by preservation of character twists, L, €, «
factors, and a condition on the Plancharel measure of a family
of induced representations.

The L-packets satisify the endoscopic character identities.
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The proof of compatibility will formally reduce to case of
supercuspidal representations ( = discrete series). The
L-parameters of such representations will be discrete (i.e ¢
does not factor through a Levi subgroup of GSpy.)

Given such a parameter ¢, the L-packets
I1,(G) :== LLCS'(¢) and I,(J) :== LLC;*($) have size 1 or
2, we say that ¢ is stable or endoscopic, respectively.

Let std : GSps(Qy) — GL4(Q,) be the standard embedding.

m (stable) std o ¢ is irreducible.

m (endoscopic) std o ¢ ~ ¢ D ¢, with ¢; and ¢o distinct
irreducible 2-dimensional reps of Wy x SL(2,Q,) such that
det(qSl) E det((bg).
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We can further classify discrete parameters as follows:

m (supercuspidal) The SLa-factor acts trivially. In this case,
IT4(G) and II4(J) consist only of supercuspidal
representations.

m (mixed supercuspidal) The S Ly-factor acts non-trivially. In
this case, I14(G) = {7 gisc, Tsc} and Iy (J) contain a mix of
supercuspidal and (discrete series) non-supercuspidal
representations. There are two cases:

(Saito-Kurokawa Type) We have std o ¢ = ¢g ® x X v(2) and
H¢(J) = {pdismpsc}-

(Howe-Piatetski-Shapiro Type) We have
stdo ¢ = x1 R v(2) & x2 ®v(2) and Ty(J) = {Pgisc Pisc)-
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The Main Theorem

Theorem (H)

The following is true.

For any m € II(G) (resp. p € II(J)) such that the Gan-Takeda
(resp. Gan-Tantono) parameter is not supercuspidal the
Gan-Takeda (resp. Gan-Tantono) correspondence is
compatible with the Fargues-Scholze correspondence.

If L/Qy is unramified and p > 2, we have, for all 7 € II(G)
(resp. p € II(J)) such that the Gan-Takeda (resp.
Gan-Tantono) parameter is supercuspidal the Gan-Takeda
(resp. Gan-Tantono) correspondence is compatible with the
Fargues-Scholze correspondence.
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Rappaport-Zink Spaces

Harris-Taylor realized the Local Langlands correspondence for

G = GL,, in the cohomology of the generic fibers of
Rapoport-Zink spaces. The generic fiber of these spaces at infinite
level can be reinterpreted as shtuka spaces, which in turn relate to
the Fargues-Scholze LLC.

Definition

We set k := F), Zp := W (k). We consider X a p-divisible group
over k of dimension d and height n. We consider the formal
scheme:

MX/SPJC(ZP)

parametrizing, for S/Spf(zp), pairs (X, p), where X/S is a
p-divisible group, and p: X xg S — X x;, S is a quasi-isogeny,
where S = S X Spf(Zp) Spec(k) is the special fiber.
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Lubin-Tate Space

Example

In the case, that d = 1, we recover the Lubin-Tate space
parametrizing Z disjoint copies of the space of deformations of a
1-dimensional formal group with height n:

LT, = Mx ~ UgSpf(Zy||T1, . .., Tn_1]])
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Let Mx@p, be the adic generic fiber of this moduli space, and
MX,oo,Qp be the moduli space at infinite level. Scholze-Weinstein
provide a moduli interpretation of this space in terms of shtuka
spaces on the Fargues-Fontaine curve.

Definition
Let ' = lim,.,» C, be the tilt of the completed algebraic

closure of Q.
We set X to be the (schematic) Fargues-Fontaine curve of F.

X is a Dedekind scheme. Its closed points correspond to
characteristic 0 untilts of F'.
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Theorem (Fargues)

m G-bundles on X correspond to elements of the Kottwitz set
B(G) :=G(Qp)/(b ~ gbo(g)~!), where o is the Frobenius on
@p. In other words, we have an isomorphism:

B(G) = |Bung|

=,
b |Bun| = *

Elements of B(G) parametrize G-isocrystals over k
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Let 1 € X.(Gg )™ be a minuscule dominant cocharacter with
D
reflex field E.

Let b € B(G, p) C B(G) be the unique basic element. We
call the triple (G, b, 1) a basic local Shimura datum.

E=EQ,
Let & be the bundle on X corresponding to b € B(G).

We define the diamond Sht(G,b, 11)so — Spd(E) to be the
space parametrizing modifications

[~ I

gb -—=2 50

with meromorphy bounded by p. A local Shimura variety at
infinite level.
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Remark

The space Sht(G,b, i1)~ has commuting actions by
G(Qp) = Aut(&) and Jy(Qp) = Aut(&), where Jy is the
o-centralizer of b € G((@p). We have similar actions on My, By

Theorem (Scholze-Weinstein)

For the fixed p-divisible group X/k of dimension d and height n as
before, let = (1,...,1,0,...,0) be the minisicule cocharacter of
GL,, with d 1s and b € B(G) be the element corresponding to the
isogeny class of X/k. Then we have a G(Q,) x J,(Qp)-equivariant
isomorphism of diamonds over Spd(Q,):

Q ~Y
M3 6 = SPHG, 1, B)os
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The Cohomology of the Lubin-Tate Tower

Example

Suppose that X has dimension 1 and height n, so that
= (1,0...,0), then LTy . >~ Sht(GLn, 1,b)o parametrizes
injections of the form:

1 n
O(_ﬁ) — O%

with cokernel of length 1 supported at a single cIosed point of X,
where O(—%) is the rank n bundle on X of slope —=. In this case,
Jp(Qp) = D3, where Dy, is the division algebra of invariant
1/n.
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The Cohomology of the Lubin-Tate Tower

Let (G,b, 1) be a local Shimura datum.
Let 7 € II(G) and p € TI(Jp).

Let H(G) := C&(G(Qp), Q) and H(Jp) := C(Jp(Qp), Qo)
denote the usual smooth Hecke algebras.

Set RTc(G, b, pu) := colimg_, 11y RT(Sht(G, b, ) oo/ K, Qp).
Set RT'.(G,b, u)[r] := RT.(G, b, p) ®H’;t(G) 7 and
RT (G, b, pu)[p] := RT (G, b, n) ®H’;1(Jb) p-
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The Cohomology of the Lubin-Tate Tower

Theorem (Harris-Taylor/Dat)

Let (G,b,u) = (GLy,b,(1,0,...,0)).
Let 7 be a supercuspidal representation of G(Q,) and
p:=JL7Y(7) € TI(D* ) with associated Weil parameter ¢.

Then RT.(G,b, p)[m] (resp. RT(G,b, p)[p]) is concentrated
in middle degree n — 1, and its cohomology decomposes as a

Jp(Qp) x Wo, (resp. G(Qy) x Wq,) representation as:
pRGY @ |- |1/

and
TRP@|-|1/2

respectively.
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The idea behind the proof of this Theorem is to relate this
complex to the cohomology of a global Shimura variety
associated to an outer form of GL,,/Q, via basic
uniformization, and appeal to Global Results.

We claim that this result implies compatibility of the
Fargues-Scholze correspondence with the Harris-Taylor one.
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Function-Sheaf Dictionary

To a locally spatial diamond or Artin v-stack X, Fargues-Scholze
define a triangulated category D(X) := Dy;s(X, Q)

Proposition (Fargues-Scholze)

For a connected reductive group G/Q,, define the v-stack

BG(Qp) = [*/G(Qp)]-

We have an equivalence of categories:

D(B(G(Q))) = D(G(Qy), Q)

where the RHS is the unbounded derived category of smooth
Qy-representations of G(Q,) and Verdier duality corresponds
to smooth duality.
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Function-Sheaf Dictionary

m We have an open immersion:

j: BG(Qp) ~ Bun}, — Bung

given by the inclusion of the HN-strata of Bung
corresponding to the trivial bundle.

m Given 7 € TI(G), we can use the previous proposition to
construct a sheaf:

Ji(Fr) € D(Bung)

m Following V.Lafforgue, Fargues-Scholze construct an excursion
algebra acting on D(Bung) via Hecke operators, which acts
on this sheaf via eigenvalues determined by the parameter ¢,.
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Hecke Operators

m For any finite set I, Jet X' be the product of I-copies of the
diamond X = Spd(Q,)/Frob*.
m We then have the Hecke-Stack:

Hck
h™ X supp
e N

Bung Bung x X!

parametrzing triples (&, &1, 7, Fz-ui €1), where j: & — & is
a modification of two G-bundles on X away from the closed
points defined by characteristic 0 untilts Ff fori e I of F.
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Hecke Operators

m Given V € Rep@e(LGI), Geometric Satake furnishes a sheaf
Sy on Hck.

m We then define the Hecke operator:
Ty : D(Bung) — D(Bung x X71)

F = R(h™ x supp)y(h™*(F) QF Sv)
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Drinfeld's Lemma

Theorem (Fargues-Scholze)

The Hecke operator Ty, induces a functor:

BW/

Ty : D(Bung) — D(Bung) %

I
where D(Bung)BW‘@P is the derived category of objects in
D(Bung) with a continuous action of W(IDp'
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Excursion Operators

Let (I, V, (vi)ier, B, ) be the datum of:
m A finite set I.
m A representation V € Repg (“G”).
m A tuple of elements (7;)icr € Wé)p.
= Maps of representations: Q, = A*V 2 Q.

Given such a datum, one defines the excursion operator on
D(Bung) to be the endomorphism of the identity functor:

id=Tg, & Tary = Ty YL Ty = Tny B 1y = id
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Excursion Operators

Via looking at the action of this natural transformation on the
triangulated sub-category:

D(G(Qp), Q) ~ D(BG(Qy)) € D(Bung)

we can apply V. Lafforgue’s reconstruction theorem to deduce:

Theorem (Fargues-Scholze)

Given 7 € II(G), there is a unique continuous semisimple map:
¢ : Wa, = G(@Q)

characterized by the property that the action on 7 by an excursion
operator is the composite:

(55 (7i))ier

QBAV=V v=av5g,
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Hecke Operators and Local Shimura varieties

m Let (G, b, ) be a basic local Shimura datum with E the reflex
field of p and p € II(Jy).

m Consider the case where I = {x} and V' =V, is a highest
weight rep of highest weight . The sheaf Sy is then
supported on Hck,, the subspace parametrizing modifications
of type 1, Sy == Qq[d](§), where d = (2pa, ).

m We look at the Hecke Correspondence:

Hck,
h™ X supp
/W \

Bun?, - Bung Bung x ijdBuné x X

m We consider the sheaf:
(1) Tu(ir(Fp)) € D(G(Qy), Q) PMVer
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Hecke Operators and Local Shimura varieties

m The simultaneous fibers of Hck,, over Bunl, and Bunl, is
given by:
(G111 /G ()]

where GT‘Z’#,l C Grg -1 is the open Newton strata in the
Schubert cell of the B;{R -affine Grassmanian parametrizing
modifications £ — &y of type u, where £ ~ &, after pulling
back to each geometric point.
m The Shtuka space sits as G(Q,) x J,(Qp)-torsor over this
space:
Sht(G,b, t)oe — [GTE, ,-1/G(Qy)]

This gives rise to the key identification:

RE(G b lplld)(G) = (1) Toin ()
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Compatibility for GL,

m The Fargues-Scholze parameter of p € II(.J) is constructed
from the action of excursion operators on the sheaf ji(F),).
This is in turn constructed from the action of Hecke operators
on ji(F,), which is related to the cohomology of local Shimura
varieties and the classical local Langlands correpsondence.

m In particular, we can show the following:

Lemma (H,Koshikawa)

Let V be an irreducible representation of G, ¢ an irreducible
representation of Wgq,, b € B(G), and p € I1(J;).

If the cohomology sheaves of Ty (jy (F,)) € D(Bung)?Ver admit
a sub-quotient with action of ¢ then 7y o gbfs also has such a
sub-quotient.
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Compatibility for GL,

m If we let (G, b, ) = (GLy,b,(1,0,...,0)) and p € II(D?} ) be
a supercuspidal representation. Then, by Harris-Taylor, we
know that:

n —

RE@ b wlolln — (") = GiTyn(F,)
admits a sub-quotient with W, -action given by the
semi-simplified parameter ¢ attatched to p

m Therefore, by the lemma 1, 0 ¢5™9 = 2% also admits such a
sub-quotient. Hence, we get that ¢ = gbfs and conclude
compatibility for supercuspidal p.

m By compatibility of the Fargues-Scholze and Harris-Taylor
correspondence with parabolic induction, we conclude
compatibility in general.
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m Similar to the case of GL,, compatibility will be proven by
describing the cohomology of certain local Shimura varieties
attached to G:Sps/L for L/Q, a finite extension.

m Consider (G, b, u) := (Respq,(GSp4),b, 1), where
b € B(G, ) is the unique basic element and y is the Siegel
cocharacter.

m Then J, = Resy,g,GUs(D), where D is the quaternionic
division algebra over L.

m Note that the rep of G~ G Spy induced by p is the standard
embedding:

std : GSpys — GLy

and that (2pg, u) = 3.
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Hansen-Kaletha-Weinstein

m Fix p € II(J) a representation with discrete Gan-Tantono
parameter ¢.

m We define a complex
RIY(G,b, w)lp] := RHom,yq,)(RT(G, b, ), p)[-6](~3)

of G(Qp) x Wr-modules.
m We let Sy := Cent(¢,G).
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Hansen-Kaletha-Weinstein

Theorem (Hansen-Kaletha-Weinstein)

The following is true.

m We have the following equality in Ko(G(Qp))ern the
Grothendieck group of elliptic admissible G(Q,)-modules:

[RT%(G b, w)lpl)] = — Y. Homs, (bx,p, std o ¢)m
7T€H¢,(G)

where 0 , is the algebraic representation of Sy defined by the
refined Local Langlands correspondence.

m If ¢ is a supercuspidal parameter the above is true in the
Grothendieck group of all admissible representations.
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The Refined LLC

m Note that we have Z(G) = GL;.

m The refined Local Langlands correspondence defines a
bijection:

I14(GSps) < {irred. reps 7 of Sy s.t 7'|Z(é) =1}
m And a bijection:
II4(GU>(D)) « {irred. reps 7 of Sy s.t T]Z(é) =1idgr, }

m These bijections are characterized by the endoscopic character
identities proven by Chan-Gan, after fixing (B, 1) a Whittaker
datum.
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The Refined LLC

m If ¢ is a stable discrete parameter then the L-packet are

~

singletons and Sy = Z(G) = GLs.
m If ¢ is an endoscopic parameter (std o ¢ ~ ¢1 B ¢2). There is
an identification

Sy ={(a,b) € GLy x GL1|a* = b*} C GLy x GLy C GLy4

where Z(G) = GL; embeds diagonally.

m We see that m(Sy) =~ Z/27. The L-packet of
4(GSps) = {m", 7~} is indexed by the reps 7+ and 7,- of
Sy defined by the trivial and non-trivial character of my(Sy).
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Applications

m The L-packet II4(GUs (D)) = {p1,p2} is indexed by the
representations 7,, and 7,, corresponding to projection to the
two G L factors.

Given m € I14(GSps) and p € 14 (GU2(D)), we set:

LV
Onpi=T4 ®T,p

where 7 denotes the contragradient.
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m With these identifications pinned down, we can now write the
down the RHS of the previous theorem

- Z Homg, (6x,p, std o )
WEH¢,(G)

with 0 , as above.

Corollary

If p € II(GU2(D)) has a discrete stable Gan-Tantono parameter ¢,
we have that

[RI(G, i, b)[p]] = —Homiq(id, std o ¢p)m = —4x

where I14(GSps) = {7}.
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Corollary

If p = p; € II(GU2(D)) has a discrete endoscopic Gan-Tantono
parameter, we have that [RI(G, u, b)[p]] is equal to

—Homs, (7p,, std o ¢)m ™ + —Homg, (Tp;_;,std o d)m™
Writing std o ¢ ~ ¢1 @ ¢ this identifies with:
—Homq(id, ¢;)nt + —Homyq(id, p3_;)m~ = =27 + —27~

where Iy, = {7F, 7~ }.
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Compatibility in the non-supercuspidal case

m We want to use the previous corollaries to begin making
progress to compatibility. We first note that for any p € TI(J)
(resp. m € II(G)) an irreducible constituent of a parabolic
induction, compatibility follows from compatibility of
Fargues-Scholze with parabolic induction and compatibility for
GL,, and its inner forms.

m Therefore, we can assume p (resp. ) is supercuspidal, which

implies that their L-parameter is discrete and we can use the
previous corollaries.
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Compatibility in the non-supercuspidal case

m It follows from the commutation of excursion and Hecke
operators that the following is true.

For any p € II(Jp), if m € II(G) occurs as a sub-quotient of
RI?(G, b, 1)[p] or RT.(G, b, 1)[p] then ¢>§S = ¢FS.

m Now, assume ¢ is of Howe-Piatetski—Schapiro type, write
II4(G) = {msc, Taisc} and g (J) = {psc, pdisc}- The previous
corollary gives us an equality

[RFE(G, b7 :u)[pdisc]sc] = —2Tg

in KO(G(@P))'

m Thus, by the Lemma, we get ¢25 = ¢%5 = ¢S = ¢I'S,

Tsc 7 Pdisc Pdisc
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Compatibility in the supercuspidal case

m This allow us to reduce to checking compatibility for
p € II(Jp) with supercuspidal Gan-Tantono parameter ¢.

Key Proposition

P Rr(G, b, w0 s

pElly ()

admits a non-zero Wy -stable sub-quotient with W -action given
by stdo ¢ ® |- |73/2.

m The previous Lemma and Corollaries tell us that the
Fargues-Scholze parameter of all p’ € I1,(J;) agree.
Therefore, the same analysis as for GL,, allows us to conclude
stdogbfs = std o ¢.
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We will now discuss the proof of the Key Proposition.

m As in Harris-Taylor, the key idea will be to relate the complex
®p’€H¢(J) RT (G, b, 1)[p]sc to the cohomology of a global
Shimura variety.

m We let:

m F/Q be a totally real field such that:

W p is totally inert in F' and Fj, ~ L.
B ¢ is an auxillary totally inert prime.

m G a Q-inner form of Resp,oGSps =: G* such that:

G(R) ~ GSps(R) x GU,(H)FA-1

| | GQP ~ ReSL/QpGSp4 =d.

B Gp, ~ GSps/F, at all finite places v if [F': Q] is odd.

B Gp, ~ GSps/F, at all but the finite place ¢ if [F' : Q] is even.
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Basic Uniformization

m We let (G, X)) be the Shimura datum of abelian type, where
X¢c under the isomorphism j :@p ~ C agrees with the
conjugacy class of cocharacters defined by p.

m Let A (resp. Ay) denote the (resp. finite) adeles of Q.

m For any compact open K C G(AS), we let S(G, X)k be the
rigid analytic global Shimura variety over C,, of level K.

m We consider the infinite level Shimura variety:

G, X = I G, X
S(G, X)k»r KPE%I}S(  X)krK,

This is representable by a perfectoid space after completing
the structure sheaf.
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Basic Uniformization

m By results of Hansen, there exists a canonical
G(Qp)-equivariant Hodge-Tate period map:

THT : S(G,X)Kp — }—EG,;Fl

where Flg -1 := (Gg, /P,-1)".
m For b € B(G, i), we define the Newton strata S(G, X )5, by
pulling back the Newton strata ]:Elé -1 along mrr.
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Basic Uniformization

m We let G’ denote another Q-inner form of G* satisfying:
s G'(R) =~ GUy(H)FQ
[ G(’Qp ~ Jp.
= G/(A%) ~ G(A})
m Under the assumptions on L, by results of Shen there exists a
G (A ¢)-equivariant isomorphism of diamonds over C,:

lim S(G, X)jor ~ G'(QN\G'(AT) X spa(c,) Sh(G by 11)o0/ T (@)

for the basic element b € B(G, i1). Moreover,

T 1}15515((;,)()‘;@ — Flgy 1~ Sht(G,b, 1)oo/ Jp(Qyp)

agrees with projection to the second factor.
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Basic Uniformization

This allows us to deduce:

Corollary

There exists a natural G(Q),) x W, and Hecke equivariant excision
map:

O : RTo(G, b, 1) ©%y 5,y AG (Q\G'(A)/KP, Le) —

RT.(S(G, X)kr, L¢)

where (G, b, u) is the local Shimura datum from before and Ly is
the Q,-local system defined by a representation of G of some
highest weight &.
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Boyer's Trick

Proposition

Let RT'.(S(G, X)kr, L¢)sc denote the part of the cohomology
where G(Q,) acts via a supercuspidal representation. Then ©
induces an isomorphism:

© : RTo(G, b, i)sc ©5y,) A(G (Q\G'(AS)/K?, L¢) ~

RT.(S(G, X)kr, Le)sc

of G(Qp) x Wip-representations.
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Globalization

Let p € II(J) be a representation with supercuspidal Gan-Tantono
parameter ¢. Using the simple trace formula, we choose a
globalization

' € A(G(Q\G'(Af)/K?, Le)

of p to a cusp form of G'(Ap) of fixed level K? satisfying the
following:

m II/_ is cohomological of regular weight &.
m IT' is unramified away from finite set of finite places S.

m IT' is an unramified twist of Steinberg at some finite set of
finite places {q} C Sq.
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Strong Multiplicity One

By combing the stable trace formula and the simple twisted trace
formula of Kottwitz-Shelstad, we can deduce the following:

Proposition (H.)

Assume that |Ss;| > 3. Let 7 be a cuspidal automorphic
representation of G/, G, or G* = GSp4/F such that:
- 7.‘.SU{oo} ~ H/SU{oo}
m T, is an unramified twist of Steinberg at all v € Sg;
B T is cohomological of regular weight &

then we have an equality: ¢, = ¢.
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m If we let m C TF be the maximal ideal in the commutative
Hecke algebra defined by IT', we can localize the
uniformization isomorphism at m

(ch(Ga b, ,U)sc ®%:[(‘]b) A(G/(Q)\G/(Af)/va Ef))m —=
RT.(S(G, X)kr, L¢)m,se

m We write K? = KSstU{p}Kp for K%Y} ¢ G(A S”U{p}).
Taking colimits on both S|des as K¢  — {1}, we obtam an
isomorphism

(RL(G, b, p)se @55, AG QNG (Ag) [KFHWT Le) )t

RFC<S(G X)KSStU{p} ; Ef)m sc

on the summands where G and G’ act via unramified twist of
Steinberg at all v € Sy.
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Applying strong multiplicity one to both sides of the uniformization
isomorphism, We have:

m All automorphic representations of G occurring in
RT(S(G, X) esuutnns £6)mse

have local constituent at Gg, ~ G with L-parameter equal to
¢. Since ¢ is supercuspidal, we have:

RPC(S(G7 X)KsstU{P} ) ﬁf)ﬁf,sc = RPC(S(G7 X)KsstU{P} ) ﬁi)if
m Moreover, all automorphic representations of G’ occurring in
(RTe(G, b, 1) se @55,y AG QNG (Ag) /K5O L))

have local constiuent at G/ , =~ Jp with L-parameter ¢.
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Galois Representations in the Cohomology of Shimura
varieties

m This reduces us to checking that

RPC(S(Gﬂ X)KsstU{P} ) Eﬁ)ﬁ,sc
has W-action given (up to multiplicity) by stdo ¢ @ | - |~3/2
m Using recent work of Kisin-Shin-Zhu, Kret and Shin show that
the RHS is concentrated in middle degree (=3). Moreover,
they compute the trace of Frobenius on the Shimura variety
over Q in terms of the Satake parameters of a weak transfer 7
of IT' to GSpy4.
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Galois Representations in the Cohomology of Shimura
varieties

Letting 7 be such a (globally generic) weak transfer, we can
identify the Galois action (up to multiplicity) with:

Theorem (Sorensen)

There exists, a unique (after fixing an isomorphism i : C = Q,)
irreducible continuous representation p, : Gal(F/F) — GSp4(Qy)
characterized by the property that, for each finite place v t £ of F,
we have:

WD(pT,i|WFU)F_S.S = ¢Tv ® | : |_3/2

where ¢, is the semi-simplified Gan-Takeda parameter.

m Therefore RT.(S(G, X) gs.ui} s Le)m.sc has Wi-action by
stdo¢ @ |-|73/2, and the Proposition follows.
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The Kottwitz Conjecture for GSpy

m To show compatibility, it was enough to provide an indirect
description of RT'.(G,b, 11)[p]. Amazingly, by using
compatibility, and the machinery of Fargues-Scholze, we can
say much more about this complex. Namely, we can show:

Theorem (H)

Let L/Q, be a finite unramified extension with p > 2 and ¢ a
supercuspidal parameter. If ¢ is stable and I14(G) = {7} and
I14(J) = {p}. We have isomorphisms:

RT(G, b, p)lr] = pR (std o ¢)" | - |7*/*[-3]

RTo(G, b, p)[p] = 7 R (std o ¢) @ | - |~¥/?[3]
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The Kottwitz Conjecture for GSpy

Theorem (cont.)

If ¢ is endoscopic with std o ¢ ~ ¢1 @ ¢2 and I1,(G) = {xt, 7}
and II4(J) = {p1, p2}. We have isomorphisms:

PR ®- | Ry @ 7223

RI'.(G, b, ~ _ _
@ohplml = mey o] 26 mReY o 423

and

TR || Per B @] |73

RL(G.b o]~ o p®|- o R @] |~32[-3]

Both possibilities occur and knowing the precise form in one case
determines the precise form of the cohomology in all other cases.
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The Spectral Action

m We will explain the proof in the stable case for simplicity. This
uses the spectral action.

m The cocharacter  defines a vector bundle C), on the stack of
Langlands parameters [Zl(WQp,G)@E/G], whose evaluation
at a Q-point corresponding to ¢ : W, — G(Qy) is 7, 0 ¢.

m The spectral action C), * ji(F,) is precisely T),ji(F,).

m If p has supercuspidal Gan-Tantono (= Fargues-Scholze)
parameter then ¢ = gbfs defines a connected component of
[Zl(WQp,G)@Z/G] which (up to unramified twists) is given
by:

[Q¢/Sy]

and the action of ), factors over restriction to this connected
component.
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The Spectral Action

m Vector bundles on [Q,/Sy4] are the same thing as
W e Rep@l(&ﬁ). Given such W, the spectral action gives us
functors:

Actw = @ DU(Q),Q) =~ B DUQ,), Q)

bEB(G)basic beB(G)basic

m In particular, if we consider 7, 0 ¢[s, = idgr, X ¢ as a rep of
S¢ x Wr. We get:

RFC(G7 b7 :UJ) [p] ~ Cy *j!(fp)[—B](—B/Q) =

Actiqy, (p) R ® |- [73/2[-3]
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The Spectral Action

m Recent work of Hansen tells us that, since qbgs is
supercuspidal, RI'.(G,b, 1)[p] is concentrated in middle
degree 3.

m Therefore, by Hansen-Kaletha-Weinstein, we deduce that
Actigg,, (p) = m and the result follows.

m The spectral action is monoidal so in particular

Actida1 (m) = Actida1 o Actidg,, (p) =

Act1(p) = p

so we get the same result for the m-isotypic part!
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The non-minuscule Case

m Using the monoidal property, we can show that Actidng (p)
(resp. ACtidng (7)) is equal to 7w (resp. p) if n is odd and is p
(resp. m) if n is even.

m This gives us a complete description of RI'.(G, b, u)[p] (resp.
RT'.(G,b, u)[n]) for u any cocharacter, which in turn implies
Fargues' conjecture for GSp4.

m Using compatibility of Fargues-Scholze with isogenies of
groups, we can deduce compatibility for Spy and SUx (D),
arguing again using the spectral action, we can verify the
Kottwitz's conjecture in the Grothendieck group.
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Future Work

m Alexander Bertoloni-Meli and Kieh-Hieu Nguyen recently
verified Kottwitz's conjecture in the Grothendieck group for
odd unitary similitude groups. In joint work in progress, we
verify compatibility for these groups and obtain more precise
descriptions of the cohomology even in the non-minuscule
case!

m Recently, Koshikawa reproved Caraini-Scholze's vanishing
results, using their semi-perversity results and compatibility for
GL,, and its inner forms. While the relevant semi-perversity
statement is not known currently, our result allows the
remaining part of the argument to go through for GSp4!
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Thanks

| would like to thank:
m Eric Urban and Chao Li for organizing the seminar!

m All of you for participating!
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