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The Birch and Swinnerton-Dyer conjecture

E/Q elliptic curve, N = NE . BSD principle:

(|E(Fp)|)p-N + analysis  rE = dimE(Q)⊗Z Q.

Let ap := p + 1− |E(Fp)| and

L(E , s) :=
∏
p-N

(1− app
−s + p1−2s)−1 · LN(E , s), <(s) > 3/2.

Hecke, Wiles et al.: L(E , s) = L(ϕE , s) has entire continuation, f. equation s ↔ 2− s,

for ϕE (τ) =
∑

n≥1 anq
n ∈ S2(N).

Conjecture (BSD)

1. ords=1L(E , s) = r =⇒ rE = r .

2. κ : E(Q)⊗Qp → Selp(E) is isomorphism ∀p (⇐⇒ Sha(E) is finite),

where

Selp(E) = (lim←−
n

Selpn (E))⊗Zp Qp
Bloch–Kato

= H1
f (GQ,VpE) ⊂ H1(GQ,VpE)
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The case r = 1: Heegner points

BSD is known for r ≤ 1. If r = 1, for a suitable K = KD = Q(
√
−D):

I let zK ,1 := CM-by-K point in X0(N)(C) = Γ0(N)\h∗.
Theory of Complex Multiplication: zK ,1 ∈ X0(N))(HK ), so

zK := TrHK/K
(zK ,1)− [HK : K ] · ∞ ∈ Div0(X0(N)K )→ Jac(X0(N))(K).

I Modularity (Wiles et al., ’93): there is f : X0(N) = XGL2,U0(N) → E .

I Heegner (’52): consider zK (f ) := f∗(zK ) ∈ E(K).

Heegner points and modularity
Heegner (1952):

I En : y2 = x3 � n2x is parametrised by the modular curve X0(32n2).;

�

PHeegner

I modular curves have points PCM over small number fields H; let

PHeegner = TrH/Q �(PCM) 2 En(Q).

Theorem (Wiles 1993, BCDT 2000)

All elliptic curves are modular () analytic continuation of L(E , s)).

Theorem (Gross–Zagier 1986)

The point PHeegner 2 E (Q) is non-torsion , ords=1L(E , 1) = 1.

(+ Kolyvagin (1990): ) BSD holds if ords=1L(E , 1) = 0, 1.)
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I Gross–Zagier (’86): ords=1L(EK , s) = 1⇐⇒ zK (f ) non-torsion.

I Kolyvagin (’90): if zK (f ) is non-torsion, then it spans E(K)Q and H1
f (K ,VpE).
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Heegner points/2

A modularity result can eliminate K = KD and yield BSDr=1 for E/Q.

I Define Z :=
∑

D TrKD/Q
(zKD

) qD ∈ Jac(X0(N))(Q)⊗ ZJqK

I Gross–Kohnen–Zagier’s modularity: Z ∈ Jac(X0(N))(Q)⊗ M3/2(4N).

I Kohnen, Shimura, Waldspurger: S2(N)↔ S3/2(4N)+.

I Let ϕ ∈ S3/2(4N)+ correspond to ϕE ∈ S2(N), and let

z(ϕ) := Ω−1 · 〈ϕ,Z〉Pet ∈ Jac(X0(N))(Q)Q,

z(f , ϕ) := f∗z(ϕ) ∈ E(Q)Q.

This is a canonical point in E(Q)Q and

ords=1L(E , s) = 1
GKZ⇐⇒ z(f , ϕ) 6= 0 ⇐⇒ rE = 1 and |Sha(E)| <∞.
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Beilinson–Bloch–Kato Conjecture on algebraic cycles

Let K number field, X/K proper smooth variety of odd dimension n − 1 . Consider

I Chn/2(X ) := Q[Y ⊂(n/2) X ]/∼, ⊃ Chn/2(X )0 := Ker (cl);

I V =VpX := Hn−1
ét (XK ,Qp( n

2
)) 	 GK ,

 L(V , s) :=
∏

v -p det(1− Frv · q−s
v |V Iv )−1L(p)(V , s).

Conjecture (BBK). – L(V , s) has entire continuation, f.eq. s ↔ −s, and

1. ords=0L(V , s) = r =⇒ dimChn/2(X )0 = r ;

2. AJp : Chn/2(X )0
Qp
→ H1

f (K ,VpX ) is an isomorphism.

Variant: if V irreducible, geometric p-adic GK -representation of weight −1, let

H1
f (K ,V )mot :=

∑
(X ,f : VpX�V )

f∗AJp(Chn/2(X )0
Qp

) ⊂ H1
f (K ,V ).

Conjecture (BBK’). – ords=0L(V , s) = dimH1
f (K ,V )mot = dimH1

f (K ,V ).
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Main result

Among n-dimensional GK -representations as above:

(1) ‘Easier’: K is TR field, symplectic GK -pairing V × V → Qp(1) (e.g. VpX ),

Hodge–Tate weights are distinct (e.g. V
.

= Symn−1VpE).

(2) ‘Easiest’: K is CM field, conjugate-symplectic pairing V × V c → Qp(1),

(e.g. V = IndKF V
(1), F = K+), HT weights are distinct and consecutive.

Conjecture: V = VΠ for cuspidal automorphic Π 	 GLn(AK ). If so, L(V , s) X.

Theorem A∗∗. – Let V be irreducible, automorphic, (2). Assume (ES), (Mod),

for simplicity: F 6= Q, n even. Then for an explicit

Θ ∈ H1
f (K ,V )mot,

ords=0L(V , s) = 1
?⇐⇒ Θ 6= 0 =⇒ dimH1

f (K ,V )mot = dimH1
f (K ,V ) = 1.

Li–Liu (’21): if AJp is injective + some assumptions, then ⇒ holds.

Previous results: low rank V [many!]; V (2) = Vn ⊗ Vn+1 [LTXZZ]; V (1) symplectic

[Cornut]; V (2) c-symplectic + symplectic, any regular HT type [Graham–Shah].
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Construction of Θ

As V = VΠ c-symplectic =⇒ Π = BC(σ) for σ 	 G(AF ), G = U( n
2
, n

2
)/F ;

if ε(V ) = −1 (at least) =⇒ Π = BC(π) for π 	 H(AF ), H = U(W )/F ,

sig(W∞) = {(n − 1, 1); (n, 0), . . . , (n, 0)} [GRS, Mok, KMSW].

In fact V appears in the cohomology of the Shimura variety X = (XH,U)U/K :

XH,U(C) = H(F )\H(A∞F )×B(n−1)
C , VpXH,U =

⊕
π′∈A(H)♥

π′∨,∞,U⊗Vπ′ [Kisin-Shin-Zhu].

(0) For x ∈W n/2 with T (x) = (xi , xj )ij > 0, let W (x) := Span(xi )
⊥ ⊂(n/2) W ,

let H(x) :=
(

U(W (x))
1

)
⊂ H and U(x) := U ∩H(x))

 sub-unitary Shimura variety Z(x)U := [XH(x),U(x)] ∈ Chn/2(XH,U).

(1) Kudla: form

Θ(φ) :=
∑

x∈U\W n/2⊗A∞ : T (x)≥0

φ(x) · Z(x) q
T (x)
τ , τ ∈ hG, φ ∈ S(W

n/2
A∞ ).

Conjecture (Mod): Θ(φ) ∈ Chn/2(X )⊗ SG.

Assume this. Known: orthogonal Shimura varieties [Zhang, Bruinier–W.Raum];

if n = 2 [Liu]; ‘formally’ [Liu]; for some [K : Q] = 2 [J. Xia].
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Construction of Θ / continuation

(1) Kudla: Θ(φ) :=
∑

T (x)≥0 φ(x) · Z(x) qT (x)
(Mod)
∈ Chn/2(XU)⊗ SG.

(2) Liu: for ϕ ∈ σ∨ antiholomorphic, consider the arithmetic theta lift

Θ(ϕ, φ) := Ω−1 · 〈ϕ,Θ(φ)〉Pet ∈ Chn/2(XU)0
V

AJp−→ H1
f (K ,

⊕
Vπ′=V

π′∨,∞,U⊗V ).

(3) for f ∈ π∞,U , consider

Θ(f , ϕ, φ) := f∗AJpΘ(ϕ, φ) ∈ H1
f (K ,V )mot.

This defines

Θ ∈ Hom (H×G)(A∞
F

)(π∞ ⊗ σ∨,∞ ⊗ SWeil(W
n/2
A∞
K

),Qp)⊗ H1
f (K ,V )mot.

The space θ(π, σ) :=↗ is 1D. Our cycle is Θ := Θ(f 1, ϕ1, φ1).

Theta dichotomy (correcting half-lies) [Harris-Kudla-Sweet, Gan-Ichino]:

given Π thus σ, there is a unique pair (W , π 	 HW (AF )) such that

dim θ(π, σ) = 1 > 0. We pick this pair.
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Euler systems according to Jetchev–Neková̌r–Skinner

We’ll construct an Euler system based on Θ, i.e. companion classes (Θm)m∈R

satisfying compatibility conditions related to the Euler product of L(V , s).

Theorem∗ (JNS). – Let ρ : GK → AutQp (V ) be abs. irreducible, c-symplectic.

Assume (ES): 1. there is γ1 ∈ GK fixing K [1](O×,1/p
∞

F ), such that dimV γ1 = 1.

2. there is γ2 ∈ GK fixing K [1](O×,1/p
∞

K ), such that V γ2 = 0.

Let S := {split primes v = ww - p of F such that V 	 GKw is unramified}.
Let R := {squarefree products of primes in S}.
For m ∈ R, let K [m] ⊂ Kab with Gal(K [m]/K) = Cl(OF +mOK )

Cl(OF )
=: C [m].

Assume given a collection zm ∈ H1
f (K [m],VZp ), m ∈ R, satisfying:

TrK [mv ]/K [m] zmv = Pw (Frw ) zm, Pw (T ) := det(1− FrwT |V )

for all m ∈ R, v ∈ S, v - m.

Then

z := TrK [1]/K z1 6= 0 =⇒ H1
f (K ,V ) = Qp · z.

∗ statement may not be entirely correct, any errors mine.

Remark: there is enhanced notion of ES when V is P.-ordinary, with classes “zmps ”,

=⇒ finer Iwasawa-theoretic consequences.
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The Euler system of theta cycles

Theorem B. – Let V be as in Theorem A. There is an Euler system (Θm)m∈R

with TrK [1]/KΘ1 = Θ. If V is P.-ordinary, there is a p-enhanced Euler system.

Let’s explain the construction. Recall that

Θ := Θ(f 1, ϕ1, φ1) = f 1
∗AJp(〈ϕ1,Θ(φ1)〉), Θ(φ1) =

∑
T (x)≥0

φ1(x) · Z(x) qT (x).

First, Θ1

TrK [1]/K7−→ Θ will be a “connected component of the cycle Θ”.

Let T = U(1); for C ⊂ T(A∞F ), we have XT,C
∼= SpecKC (class field theory).

Fix a basepoint yC ∈ XT,C (KC ) = • ◦ • •. By Shimura and Deligne,

det : XH′,U′ → XT,det(U′) induces a bijection on π0. Let C(x) := detU(x), and let

Z(x)C :=

[det−1
H(x)

(yC )] ⊂ [XH(x),U(x),KC
] if C(x)

⊂
= C

|C(x)/C |−1 · [det−1
H(x)

(yC(x))] if C(x) ) C

TrKC/K7−→ Z(x).

Let Θ(φ)C :=
∑

T (x)≥0 φ(x) · Z(x)C qT (x), still modular if (Mod) holds.

Define

H1
f (K [1],VZp ) 3 Θ1 := f1,∗AJp(〈ϕ1,Θ(φ1)C [1]〉)

TrK [1]/K7−→ Θ.
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The Euler system of theta cycles / 2: construction of Θv

For χ ∈ Ĉ [1], κ ∈ H1
f (K [1],V ), let κ(χ) :=

∑
τ∈C [1]

χ−1(τ)κτ ∈ H1
f (K ,V (χ)).

Now, for v ∈ S , we look for Θv ∈ H1
f (K [v ],VZp ) satisfying

TrK [v ]/K [1]Θv =: Θ
K [1]
v

♥
= Pw (Frw ) Θ1

∀χ∈Ĉ [1]⇐⇒

Θ
K [1]
v (χ)

♥
= Pw (Frw ) Θ1(χ)

rec
= L(Vw , χw , 0)−1 ·Θ1(χ).

For χ = 1, want: Θ
K [1]
v (1) := Θ(f 1, ϕ1, φv )

♥
= L(Vw , 0)−1 ·Θ(f 1, ϕ1, φ1).

Only change φ at v . By multiplicity 1 (cf. [YZZ, LSZ]), can replace Θ with any

0 6= θv : πv ⊗ σ∨v ⊗ SWeil(W
n/2
v )→ C

that is equivariant for H(Fv )× G(Hv ) ∼= GLn(Fv )× GLn(Fv ). Note: σv ∼= πv .

Fact: there is F : SWeil(W
n/2
v )→ Slin(Mn(Fv )). So take θv = ζGJ ◦ F−1 for

ζGJ(f ′, ϕ′, φ′) =
1

L(πv ,
1
2

)

∫
GLn(Fv )

(g .f ′, ϕ′)φ′(g)dg =

1 if unramified

L(πv ,
1
2

)−1 φ′ = 1GLn(OFv )

.
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The Euler system of theta cycles / 3: conclusion

Summing up: for χ = 1, let Θ
K [1]
v (χ) = Θ(f 1, ϕ1, φv ) with φvv := F−1(1GLn(OFv )).

In fact, this X ∀χ ∈ Ĉ [1]  Θ
K [1]
v ∈ H1

f (K [1],VZp ).

Is there Θv = Tr−1
K [v ]/K [1]

(Θ
K [1]
v ) ∈ H1

f (K [v ],VZp ) ?

Easy: just do as above, take Θv := f 1
∗AJp(Θ(ϕ, φv )C [v ]).

Not so easy: we may lose integrality of Θv ! (Recall Z(x)C [v ] may have denominators.)

So we have to show that for every x ∈ Spt(φv ):

I either Z(x) has “Galois-level” � C [v ] (i.e. detU(x) ⊂ C [v ]),

I or φv (x) ∈ |C [1]/C [v ]| · Z, killing denominators.

It works by explicit computation.

Thanks!
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