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The Birch and Swinnerton-Dyer conjecture
E/Q elliptic curve, N = Ng. BSD principle:

(IE(Fp))prn + analysis  ~  rg =dim E(Q) ®z Q.

Let ap :=p+1—|E(Fp)| and

L(E,s):=[[(1—app™ +p %) Ln(E,s), R(s) > 3/2.
pIN

Hecke, Wiles et al.: L(E,s) = L(¢Eg,s) has entire continuation, f. equation s <> 2 — s,

for we(7) = 32,51 anq" € S2(N).
Conjecture (BSD)

1. Ol‘dszll_(E, S) =r — re=r.
2. k: E(Q) ® Qp — Selp(E) is isomorphism Vp (<= Sha(E) is finite),

where

Selp(E) = (lim Selpn(E)) @z, Qp =" H}(Ga, VoE) C H'(Ja, V,E)



The case r = 1: Heegner points

BSD is known for r < 1. If r = 1, for a suitable K = Kp = Q(v/-=D):
> let zk 1 := CM-by-K point in Xo(N)(C) = T'o(N)\b*.
Theory of Complex Multiplication: zk 1 € Xo(N))(Hk), so
zK = TFHK/K(ZK,l) —[Hk : K] 00 € Div?(Xo(N)k) — Jac(Xo(N))(K).
> Modularity (Wiles et al., '93): there is f: Xo(N) = X1, v,(v) — E-
> Heegner ('52): consider zx(f) := fi(zx) € E(K).

Phicegner

> Gross—Zagier ('86): ords—1L(Ek,s) = 1 <= zx(f) non-torsion.

> Kolyvagin ('90): if z(f) is non-torsion, then it spans E(K)q and H}(K, V,E).



Heegner points/2

A modularity result can eliminate K = Kp and yield BSD,—; for E/Q.
» Define Z := ", Tri, /q(zk,) 9° € Jac(Xo(N))(Q) ® Z[q]
> Gross—Kohnen—Zagier's modularity: Z € Jac(Xo(N))(Q)® Ms/5(4N).

> Kohnen, Shimura, Waldspurger: Sa(N) <+ S3/5(4N)T.

> Let ¢ € S3,5(4N)" correspond to g € Sa(N), and let

2(p) = Q7' (p, Z)pet € Jac(Xo(N))(Q)q.
2(f.¢) = fuz(p) € E(Qo-

This is a canonical point in E(Q)q and

ords1 L(E,s) =1 25 7(f,4) #£0 < = rg = 1 and [Sha(E)| < oco.



Beilinson—Bloch—Kato Conjecture on algebraic cycles

Let K number field, X, proper smooth variety of odd dimension n—1 . Consider
» Ch"/2(X):=Q[Y c("? X],,, D Ch"?(X)®:=Ker(cl);
> V=VpXi= H;_I(X?, Qx(3)) O Gk,
v L(V,5) == T1,pdet(l = Fry - g, 5 [V2) "L (V).
Conjecture (BBK). — L(V,s) has entire continuation, f.eq. s <+ —s, and
1. ords—oL(V,s) = r = dim Ch"/?(X)? = r;
2. Alp: Ch"/2(X)gp — H}(K, V,X) is an isomorphism.

Variant: if V irreducible, geometric p-adic Gk-representation of weight —1, let

HE(K, V)™= 3 RAJR(Ch2(X)Q,) € HH(K, V).
(X,f: VpX—>V)

Conjecture (BBK'). — ords_oL(V,s) = dim H}(K, V)™ = dim H}(K, V).



Main result

Among n-dimensional Gk-representations as above:

(1) ‘Easier': K is TR field, symplectic Gx-pairing V x V — Qp(1) (e.g. V,X),
Hodge-Tate weights are distinct (e.g. V' = Sym"~'V,E).

(2) 'Easiest’: K is CM field, conjugate-symplectic pairing V x V¢ — Qp(1),
(eg. V =Indf V), F = K¥), HT weights are distinct and consecutive.

Conjecture: V = Vp for cuspidal automorphic N O GL,(Ak). If so, L(V,s) V.
Theorem A**. — Let V be irreducible, automorphic, (2). Assume (ES), (Mod),
for simplicity: F # Q, n even. Then for an explicit

O € HX(K, v)met,

ords—oL(V,s) =1 <= © # 0 = dim H}:(K, V)™°! = dim H}:(K, V) = 1.

Li-Liu ('21): if AJp is injective + some assumptions, then = holds.

Previous results: low rank V [many!]; V) = V, ® V,1 [LTXZZ]; V(D symplectic
[Cornut]; V() c-symplectic + symplectic, any regular HT type [Graham—Shah].



Construction of ©
As V = Vn c-symplectic == N = BC(o) for 0 © G(Af), G = U(3, 5)/F;
if e(V) = —1 (at least) == N = BC(7) for 7 O H(Ag), H=U(W)/F,
sig(Wso) = {(n —1,1); (n,0),...,(n,0)} [GRS, Mok, KMSW].
In fact V appears in the cohomology of the Shimura variety X = (Xu,y)u/K:

Xu,u(C) = HFN\HAX)xBE ™, VoXau= @ «V>>UsV, [Kisin-Shin-Zhu].
' €A(H)®

(0) For x € W"/2 with T(x) = (xi,x}); > 0, let W(x) := Span(x;)* c("/2) w,
let H(x) := (U(W(K)) 1) C H and U(x) := UNH(x))
~ sub-unitary Shimura variety Z(x)y := [Xu(x),u(x)] € Ch"/?(Xu,u)-

(1) Kudla: form

o(¢) == > $(x) - Z(x)ar™, 7 ebe,deSWRL).

xeU\wn/2 s T(x)>0

Conjecture (Mod): O(¢) € Ch"/?(X) ® Sg.
Assume this. Known: orthogonal Shimura varieties [Zhang, Bruinier-W.Raum]|;
if n =2 [Liu]; ‘formally’ [Liu]; for some [K : Q] = 2 [J. Xia].



Construction of © / continuation
(Mod)
(1) Kudla: ©(9) i= Y20 6(x) - Z()a™® "€ Ch”2(Xy) ® Se.
(2) Liu: for ¢ € ¢V antiholomorphic, consider the arithmetic theta lift

AJ
O(p,0) = Q7 (p,0(0))per € Ch2(Xy)y, =B HHK, P =V >VsV).
V,(/:V

(3) for f € w>Y, consider

O(f, p,¢) = LAJLO(p,¢) € H}(K, V)"

This defines
© € Hom (yyg)ax) (7™ @ 0> ®8WeiI(W/:£3)y Qp) ® HH(K, V)mot,
The space 0(r, o) = . Our cycle is © := O(f1, p!, ¢').

(correcting half-lies) [Harris-Kudla-Sweet, Gan-Ichino]:
given [ thus o, there is a unique pair (W, 7 O Hy/(Af)) such that
dim@(m,0) =1 > 0. We pick this pair.



Euler systems according to Jetchev—Nekova¥—Skinner

We'll construct an Euler system based on ©, i.e. companion classes (©m)mecr

satisfying compatibility conditions related to the Euler product of L(V,s).

Theorem™ (INS). — Let p: Gk — Autq, (V) be abs. irreducible, c-symplectic.

Assume (ES): 1. there is y1 € Gk fixing K[l](O;f’l/poo), such that dim V71 = 1.
2. there is v2 € Gy fixing K[l](O;’l/poo), such that V72 = 0.

Let S := {split primes v = ww { p of F such that V O Gk, is unramified}.

Let R := {squarefree products of primes in S}.

For m € R, let K[m] C K?P with Gal(K[m]/K) = % =: C[m].

Assume given a collection zm € H} (K[m], Vz,), m € R, satisfying:

Tr () Km) Zmv = Pw(Frw) zm, Py (T) :=det(l — Fr, T|V)

foralme R, veS, vim.
Then
ZZ:T\I‘K[I]/K21#O - H}(K7V):QP~Z.

statement may not be entirely correct, any errors mine
Remark: there is enhanced notion of ES when V is P.-ordinary, with classes “zyps"”,

— finer lwasawa-theoretic consequences.



The Euler system of theta cycles
Theorem B. — Let V be as in Theorem A. There is an Euler system (© m)mer

with Trx1/k©1 =©. If V is P-ordinary, there is a p-enhanced Euler system.

Let's explain the construction. Recall that

©:=0(f', ¢, ¢") = L AT (¢, ©(¢"))), O = > M%) Z(x)q"®.
T(x)=0

. Tripy/k .
First, ©; »A/ © will be a “connected component of the cycle ©”.

Let T = U(1); for C C T(AP), we have Xt ¢ = Spec K¢ (class field theory).
Fix a basepoint yc € Xt ,c(Kc) = e o e e. By Shimura and Deligne,
det: Xy/ yr — X7 det(ur) induces a bijection on mo. Let C(x) := det U(x), and let

—1 . C
Z(x)€ = [detH(x)(YC)] - [XH(é),U(z),Kc] if C(x)=C TfK_c{K Z(x).
|C()/ €I - [detpdy (ve)] i Cx) 2 C

Let ©(¢)€ 1= Y7050 (%) - Z(x)€ q7®), still modular if (Mod) holds.
Define

Tr
HAKIL V) > = AL )T e,



The Euler system of theta cycles / 2: construction of ©,

For x € C[1], k € HX(K[1], V), let k(x) = > x"H(r)x” € HE(K, V(x)).
Te€C[1]
Now, for v € S, we look for ©, € H}(K][v], Vz,) satisfying
vxeC[]
Trip/ kL ©v =: ok 2 Py (Fry) ©; xeghl

o) 2 Pu(Fru) ©1(x) ™ L(Viws xw, 0) - ©1(x)-

For x = 1, want: @VK[I](I) = O(fL, pl, ") 2 L(Vw,0)71-0(f, ol o).

Only change ¢ at v. By multiplicity 1 (cf. [YZZ, LSZ]), can replace © with any
0#6y:m, ®0"\// ®SWeiI(W\7/2) —C

that is equivariant for H(F,) x G(H,) =2 GL,(F,) x GLn(F,). Note: o, & 7.
Fact: there is F: Sweil(WS/?) — Sin(Mn(F.)). So take 8, = (qy o F~1 for

1 if unramified

L(mv, 3)71 ¢ = Lo, (0f,)

1 Iy 1 r N _
CGJ(f ) P 7¢)7 L(Wv,%) /GLn(FV)(g.f-7g0)¢ (g)dg{



The Euler system of theta cycles / 3: conclusion

Summing up: for x = 1, let O (x) = ©(f!, ¢!, ¢*) with ¢ := F~1(LeL,(05,))-

In fact, this v Vx € C[1] ~ /1" € HI(KI1], V,).

Is there ©, = Tr,;[lvl/K[l](e'f[”) € HX(K[V], Vz,) ?

Easy: just do as above, take ©, := f1AJ,(O(p, #")M).
Not so easy: we may lose integrality of ©,! (Recall Z(x)“[Y] may have denominators.)
So we have to show that for every x € Spt(¢¥):

> either Z(x) has “Galois-level” < C[v] (i.e. det U(x) C C][v]),

> or ¢¥(x) € |C[1]/C][v]| - Z, killing denominators.

It works by explicit computation.

Thanks!



