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Part 1. Lectures

BENJAMIN SCHRAEN, p-ADIC AUTOMORPHIC FORMS

Our topics:

(1) Ordinary family of p-adic modular forms.
(2) Overconvergent modular forms and eigencurve following Emerton’s viewpoint; com-

pleted cohomology.

1. Modular forms.
Let us fix N = 5 prime to p, and consider Y;(N), a Z,-scheme representing the functor

SIZ, — {(E/S,a : py <= E[N])}.

The following are standard facts about modular curves.

+ Yi(N) is an affine smooth curve over Z, with geometrically connected fibers.

« Upon a choice of Z, = C and ¢, € p,(C)’"™, Y;(N)(C) = I';(N)\H.

« One obtains the smooth compactification X;(N) of Y;(N) by using the j-invariant map
Yi(N) — Alzp which is finite étale of degree [I'(1) : T';(N)] outside the divisor j(j - 1728) =
0. Namely, X;(N) is taken as the normalization of Y;(N) inside Alzp cP 1Zp.

« The universal elliptic curve 7 : E — Y;(N) does not extend to X;(N). On the other hand,
using the Tate curve, one can canonically extend E[M] for every M to a finite flat group

scheme over X;(N) such that on XT(]\V)D, D = X;(N)\Y;(N), the extension E[M] sits inside
0 — uy — E[M] — (Z/MZ) — 0.

+ There is also a “canonical extension” of 7.Qpy (v, = € Qpy, () as an invertible sheaf w over
Xi(N), where e : Y;(N) — E is the zero section, satisfying the following property. For all

M =>0,over U = XT(N)D\D c XT(-KT)D, the following diagram

W—— w|y

]

c‘)’ﬂmc_) (w|U)|uM

commutes, which comes from p; < E|y.

We can now define modular forms.

Definition 1.1. Let k € Z, A a Z,,-algebra. A modular form of weight k, level N, coefficients in A
is an element of H*(X;(N) 4, 0®*) =: Mi(N, A).

In particular, My(N, C) is the usual C-vector space of modular forms.
Proposition 1.1. Ifk > 2, the base change map is an isomorphism, i.e.
Mk(N5 B) = Mk(N5 A) ®4 B:

for any map A — B over Z,.



2. p-adic modular forms.
Definition 2.1. Let X;(N),, = X;(N) xz, Z/p™Z. Let Xi(N);, = X1(M),\{ supersingular points}.

Then, X;(N)° is an affine open of X;(N),,.

Consider now the finite flat group scheme E[p"]/X;(N). The Cartier dual of Frobenius on E[p"]
is called Verschiebung. As ordinarity of elliptic curve over F, can be seen by étaleness of ker V,
or any power ker V', ker V" as a finite flat group scheme is étale over X;(N)?. Also we know that,
over each geometric point, ker(V") becomes isomorphic to Z/p"Z.

Definition 2.2. The Igusa tower X;(Np")! is the étale covering of X;(N)} parametrizing isomor-
phisms ker(V") = (Z/p"Z). Specifically, it represents the functor

S — Xi(N)} — {ker(V") ;e S = ZIp"Z}.

Seeing X;(N)°, as an infinitesimal thickening of X;(N)), there is an étale covering X;(Np")° —

m

X,(N)° which makes the diagram

Xi(Np")} — Xi(N)}

X (Np")), — Xa(N);,
Cartesian.

Definition 2.3. Let V,,, = O(X,(Np")’) be a Z/p™Z-smooth algebra. Let Vo = h_rn)r Vinr =
Oim X,(Np')).

Then the inverse limit of Galois group of X;(Np")), — Xi(N)°, = (Z/p'Z)", ie. Z,, acts
smoothly on V,, ., and furthermore we have a control theorem

Vm,r _ (Vm,m)ker(Z;a(Z/p'Z)‘).
As we also have Vi, ®7/pmiz Z/p"Z = Vyy o, the inverse limit

VZP (N) = (11_1’1’1 Vm,oo
m
is complete torsion-free Z,-module with continuous Z,-linear action of Z;. Moreover, Vz, has
no p-divisible element. Thus, Vz, = Vg, :=Vz, 87, Q, is the closed unit ball of a unique p-adic

norm on Vg,. As the action of Z; preserves Vz,, Vg, with its norm is a unitary representation
of Z.
P

Definition 2.4. IfK/Q, is a finite extension, Vg(N) := Vg (N) ®q, K is called the space of p-adic
modaular functions of tame level N and coefficients in K.
A weight of Z;, with values in K is a continuous charcater y : Z, — K”. Given a weight, we

define
Vk(N)x] = {f € Vk(N) | Ya € Z,, af = x(a)f},

and we call this the space of p-adic modular forms of weight y. In particular, for k € Z, weight

k means we use yi(a) = a*.

Why is this a reasonable definition? We first make two observations.
7



« First note that the exact sequence
0 — ker(F") — E[p"] — ker(V") — 0

on X;(N)? extends to X;(N)° as follows. First as X;(N)° > X;(N) is an infinitesimal

m
thickening, ker(V"), being étale, extends uniquely as a finite étale group scheme over

X;(N)° . Let’s denote is as H”. Define H, := (H”)”. Then, on X;(N)°, E[p'] sits inside
0 — H, — E[p'] — H® — 0.
In this case H, is the canonical subgroup of E[p"], if r = m.

Claim. The natural maps
W — Q)E[pr] —> er’
are all isomorphisms when r = m, where other w’s are cotangent sheaves of the finite flat

groups schemes written in the subscripts.

The most nontrivial part is to check that wg,;; — @, is an isomorphism. You can
check this after étale base change, so in particular we can check it over Y;(Np")° . Over it,
H, = yiyr, and wy, is an invertible sheaf, simply because

Q,lllpr/Z/p’"Z = Z/p"Z[x]/(x" - 1,(x" - 1))dx,

where * means formal derivation. Now as r > m, the derivation part goes away. Now
surjectivitiy is clear, so we get the desired isomorphism.
+ There is a Hodge-Tate map

HT : HrD —> O)Hr,
amap of étale sheaves, defined as HT(f) = f*(dx/x), using the fact that H® = Hom(H,, G,,).

. D HT . . .
Claim. H.’ ®z,,nz Ox, vy — wp, is an isomorphism.

This also amounts to the fact that, after an étale base-change to X;(Np"),, both sides
are invertible sheaves (H? = Z/p"Z), and then the Hodge-Tate map becomes surjective as
wp, = Wy, is generated by dx/x.

From our obsevation above, we get trivialization of w over X;(Np")°,
~ HT D _
0= oy, ——H,” 77 Ox,(vpry, = Ox,(vpryy,»

whenever r > m. Let us call this map y,, .. By construction, these isomorphisms are compatible
with each other; these are somewhat canonical trivializations of w.
Now we can see that classical modular forms are p-adic modular forms, by
Mi(N, Z/p"Z) = H'(X,(N), ©*%) = H(X;(N)j,, 0°F) =

H (X(NP)my 0°F) =25 OG(NDP)2) =2 Vinr € Vineo,
8



for any r > m, and by the compatibility the embedding does not depend on r. Also the compati-
bility in m means the diagram

M(N, Z/p™ Z)— V1o

| |

Mi(N, Z/p"Z)—— Vineo

commutes, and thus
Mi(N, Z,) =(1_in_1Mk(N, Z/p"7Z) — VZP(N).

Let us denote i : Mi(N,Q,) = Vg, (N).
Proposition 2.1. The image of y sits inside Vo, (N)[xx]-

Proof. Note that there is an action of diamond operators on Y;(Np"),,. Namely, for a € Z,
Ca)(E/S,an = pun <> E[N], oy : pyr < E[p"]) = (E/S, an, aproya),

where y,(z) = z. We can then check that the image of i transforms under y; by taking HT(1) =:

Acan € HY(X;(Np")),, w), and observing that (¢t )" Acan = dx/x, and (@) Acan = @ Acan. d

Not only level N classical modular forms lie in the space of p-adic modular forms, but also all
level Np" classical modular forms are p-adic modular forms of tame level N. We use an integral
model Y;(Np"); representing the functor

S+ (E/S, pny = E).

This reduces mod p™ to Y;(Np")° . Let X;(N p")z, be the normalization of Y;(N p’)’Zp in JPIZP. Then,
Xi(Np")z, is proper but not smooth for r = 1. Anyways it has the right generic fiber, so

Mi(Np",Qp) = H'(Xu(Np")g,» ) = H'(X,(NP)z, ™),

and this “arithmetically integral modular forms” H*(X;(Np")z,, ©**) admits a map into V.,
namely

H(X(Np")z,, 0™) — HCGIND ), 0™) — HU XGNP )5, 0%) Voo,

Taking the rationalization, this map, a priori not clear whether it is injective, becomes injective,
so that we have an emedding My(Np", Q,) < Vg, (N).

Remark 2.1. (1) Mi(Np",Q,)does not sit inside Vg, (N)[xc], but rather Vg (N)[xx|1+prz,]. More
generally, for a nebentypus ¢ : (Z/p"Z) — K*,

Mk(Npr, £, K) — VQP(N)[XkE]'
(2) Droo Mr(N,Q,) is dense in Vg, (N).
(3) The first Igusa covering X;(Np"), is connected, and m;(X;(N)?) — (Z/p"Z)*. This is be-
cause X;(Np)! represents the functor of taking (p — 1)-st root of Ha, so
X, (Np)) = Spec(@ &*"/(Ha -1))
n=0

This is very useful; for example, this can be used to prove that

Vit - 3, im(x),

9



for . : Mi(N,F,) — Vi.. You can see this as follows: the LHS is naturally V;;, and
the diamond operation decomposes V;; into V;; = e/_2V; [x.]. Given f € V,[x.], take a
(p-1)-st root of Hasse invariant A € H*(X;(Np)?, w). Then, fA* € H*(X;(Np)?, ©*?) is fixed
by the diamond operators (Z/pZ)*, which is the Galois group of X;(Np)? — X;(N). Thus,
it descends to a section fA* € H°(X;(N)!, ©**). Now we can multiply sufficient power of
Hasse invariant to cancel poles at the supersingular points to define a genuine modular
form of weight a + n(p - 1) for some n.

One can say a bit more. As ©**~ over X;(N)! is trivial (and generated by the so-called
Hasse invariant), Mi(N,F,) can be seen as a subspace of M. (,-1)(N,F,) by multiplying
Hasse invariant. Thus, letting U,.oMa.n(p-1)(N,Fp) =: M(N, a,F,) ¢ Vi, we have

1,00 -

[/1 P ZM N,a,TF
@ ( > Uy p)-

3.1. T(L), for ¢ # p. Let Y;(Np", £)° represent
S+ (E/S,a ¢ pny < E,H < E[?]),

where H is a finite flat group scheme of order £ and Hnim « = 0. Then we have a correspondence
diagram

Yi(Np', £)5,
Yi(Np)?, Yi(Np"):,

where the maps are defined as m(E, «, H) = (E, ) and my(E, a, H) = (E/H, & : pny — E — E/H).
The maps 7, 7, are finite étale.

Definition 3.1. Let T(¢) € End(V,,,) be defined as (m).7,. This is compatible in r and m, so it
defines an operator T(t) € End(Vg,(N)).

Remark 3.1. It has norm |T(¢)| = 1. It is also compatible with T(¢) on the classical modular
forms.

3.2. T(¢), fort = p (i.e. U,). . The Frobenius on Y;(N)] sends
(E,a) — (E/H;,a : uyy — E — E/H,),

where H; is the canonical subgroup of E. Take a lift of Frobenius on Y;(N)°. On the Igusa tower,
this reduces p-level by 1, namely it induces a map Y;(Np")° — Y;(Np™1)°.

Definition 3.2. Let U = %tr(F), where F is the algebra endomorphism on Vz,(N) induced by the
Frobenius on Igusa tower, which is finite flat of degree p and is a lift of Frobenius on Vz,(N) ® F,,.

Remark 3.2. This is also compatible with U,-operator on classical modular forms. This is not

exactly the same as T(p) on My(N, Z,), but still is the same modulo p (Exercise).
10



4. Ordinary p-adic modular forms.
Let’s fix notations first.

«T=1+pZ,<Z,(1+4Z, if p = 2).
« A= (li_mn Z,[T/p"] = Z,[[I']], the Iwasawa algebra. It is isomorphic to Z,[[X]] via identi-
fying X — 1+peT.
The diamond operator action Z; on Vo, (N) continuously extends to a A-module structure on
Vo, (N).

Definition 4.1. Let Vz, = Homy(Vz,, Z,), and Vo, = Homc(Vg,, Qp). We endow weak topology
on the modules.

Remark 4.1. Asa A-module, VZP is compact. This is because VZP = (li_mm Hom(VZP®Z/ p"Z,7/p"Z),
and the weak topology on each Hom is compact, as we have discrete topology on Vz, / ® Z/p™Z.

We are interested in this as V, is not of finite type as a A-module. Namely, Vy, is not always
an admissible representation of Z,.

Definition 4.2 (Ordinary projector). As@, My(Np,Q,) < Vg, (N) is dense, and as each M(Np, Q,)
is U-stable, Vz,(N) ® Z/p™ is an increasing union of finite submodules stable under U, namely

J
(g Mi(Np,Qp) n Vz,) ® Z/p™.

Thus, for any v € Vz,,(N), {U™M v} ,20 converges to some vector, denoted as eyqv. This map ey is
a continuous projector in End(Vz,(N)), called the ordinary projector. We define werd = g W
whenever it makes sense to do so.

For a general A-module Vz,, (Vz, ® F,)' = (Vz, ® F,)[X]. Then, as Vz, = Hom(V’p,Zp) for
V7, = Hom(Vz,,Z,), we get (Vz, ® F,) = Hom(Vip ®x Fp,Fp). What this tells us is that, by
topological Nakayama, V7 is a A-module of finite type if and only if dimg,(Vz, ® F,)' < co.

We apply this to Vz,(N). We note that (Vz,(N) @ F,)" = Vi; = O(Xi(Np)}).

Theorem 4.1 (Hida). Let p > 2. Then V%;d is a finite free A-module. Thus, Vq‘g’;d(N) is an admissible
Z,-representation. Furthermore, for k = 3, Vé;d(N)[Xk] = Mi(N, Qp)"rd.
One obtains the analogous result for cuspidal forms, using

Vo,cusp(N) = {f € Vo, (N) | f vanishes along Xi(Np")\Yi(Np")°}.

Theorem 4.2 (Hida). (1) For k = 3, dimg, Mi(N, Qp)ord depends only on the class of k modulo
(p — 1). The same result holds for cuspidal forms.
(2) Lete : (Z/p"Z)" — K™ be aDirichlet character of conductor p". Fork = 2,dimg, S«(Np", ¢, K)
depends only on the class of k modulo (p—1) and ¢|n, where A = Z/(p—1)Z. is the primary-to-p
part of Z,,.

Proof of Theorem 4.1, using Theorem 4.2. To show finite-typeness, we need to prove that dimg, Ve <
co. Note that

verd= @  M(N,aF,)™,
' a€Z/(p-1)Z

where
M. 0™ = Mo B

11



By Theorem 4.2, dimg, Mi(N, F,)° = dimg , Mi(N, Q,)°" stays constant as k increases by a mul-
tiple of (p - 1).

Let us denote Z, = A x T where A = (Z/pZ)". Fora € Z/(p-1)Z and y, : A — Z}, z — z°,
we define Vz,, = Vz,[xa]. Then Vg, o, F, = F;®, where r(a) = dimg, Mi(N,Q,)°. Thus, by
Nakayama, there is a surjection A™@ —» V%fa.

Note that Mi(N, Zp)"rd c V%;d(N )[xx] is cotorsion-free, as its reduction mod p is My(N,F,) <
Vieo. Also, V%f}a — Hom(M(N, Z,)™, Z,) has a kernel containing P, = ((1 + x) - (1 + p)¥) =
ker(A 2 Z,). Thus, we get a surjection (A/P)"@ — Hom(M;(N, Zp)"rd, Z,), which is a surjection
between finite free Z,-modules of the same rank r(a), which is an isomorphism.

This implies that the kernel of the original surjection A"@ —» V%r‘?a is contained in P,A"@ for

all k = a(mod p - 1) for all k = 3. By Weierstrass preparation theorem, the kernel is zero. 0
5. Hida family.

Definition 5.1. The big Hecke algebra 7 (N) is the weak closure in End(Vz,(N)) of the Z,-
algebra generated by the operators T(f), t"*(f)n, for € # p, and U, where {€)n, on V,,, is the
endomorphism defined by

<[>NP(E/53 (XNpr : :uNp’ — E) = (E/S, (XNprOY().

There are variants of the big Hecke algebras, namely 52 (N)°™ = e, 77(N), h(N) = im(#(N) —
End(Veusp(N))), H(N)*™ = eorah(N), (N, a) = im('(N) — End(Vz, ,)) for a € Z/(p - 1)Z, ---.

Remark 5.1. We can define J#/(N) to be the Z,-algebra generated by the same operators in
End(G}j,.C:O My). As the Hecke operators are compatible with finite-level Hecke operators, 77’ (N) =
(li_mj HA(N) and #(N) — F4(Np) for all k; 7 (N) has the topology of the projective limit of
finite Z,-algebras.

Remark 5.2. Consider A c End(Vz,(N)). For £ = 1(mod pN), [¢] € Z,[I'], the element repre-
sented by the group element ¢ € T, has the property that £7?[£], the operator on Vz,(N), acts like
@D Ti(t,¢) on @ Mi(Np, Z,). Thus, [£] € 7 (N), and by density, A c JZ(N).

Theorem 5.1 (Hida). For a Dirichlet character € of conductor p” and k = 2, let P, = ker(A 25 Zy).
Let w be the Teichmiiller character. Then 5 (N)*™ and h(N)*™ are finite free A-modules. Moreover,

%(N, a)ord/Pk_fv_)%c(Np’ wa—k)ord’

fork =3, and
BN, @)™/Py. = hi(Np', e ).

Proof. Using q-developments theory, one proves that Vz, cus, = H(N) as h(N)-modules. This im-
plies that dimg, 7 (Np’, ¢)g, = dimg, My(Np’, ¢), which implies that big ordinary Hecke algebras
are finite free over A. To prove the control theorem, one uses Theorem 4.2. O

Now we can define Hida family.

Definition 5.2. As h(N, a)* is a semi-local algebra, hH(N, a)°™* = P, maxima DIV, @), We define
&n = (Spf h(N, )29)e, which admits a finite flat map to the weight space W = (Spf A)",
A closed point of &, is the same as a morphism h(N, a)*™® — K, which is a system of eigenvalues
of h(N) on VQP(N)Ord.
12



Using Theorem 5.1, one proves the following

Theorem 5.2 (Classicality). For a classical weight y = yre € W, n7(y) contains only classical
points.

6. Cohomological method; completed cohomology.

Now our focus is to prove Theorem 4.2. We will use this as an excuse to introduce the notion of
completed (co)homology. We work topologically; we use the local system Vi on Y;(Np"), where
Y;(Np") = T1(Np")\H, and V, comes from the representation Sym*2(Z?) of SL,(Z).

Definition 6.1. The parabolic cohomology is defined as
H,(Y;(Np"), Vi) = im(H; (Y(Np"), Vi) — H' (Y:(Np"), V).
Theorem 6.1 (Eichler-Shimura isomorphism). There is an isomorphism
Hy(Y,(Np"), Vi) @7 C = Si(T1(Np")) @ Si(T1(Np")),
which is Hecke-equivariant.

By the Hecke-equivariantce, in particular the Hecke algebra

bi(Ti(Np")) < End(Si(T1(Np"))),
naturally injects into End(H, ;(Yl (NP, Vb)).
Corollary 6.1. The b ([1(Np"))g,-module Hom(Hi}(Yl (Np"), Vi ® Qp),Q,) is a free of rank 2.
Thus, to prove Theorem 4.2, we only have to prove that, for K/Q, a finite extension,
dimg Hy(Y;(Np"), x, Vi ® K)*,
depends only on k modulo (p — 1) and y|a.

Definition 6.2. Given an open compact subgroup K c GL,(Ay), we define Yy = GLy(Q)\(H* x
GLy(Af)/K). For a fixed K? = K;(N) c GLZ(A]‘?), and for a compact open K, < GL,(Q,), we denote
Y

b * = YKI’KP-

Example 6.1. In particular, Yy, = Yi(Np").
Definition 6.3. The completed cohomology with tame level N is defined by
H'(N)z, = lim  H'(Y,.Z,),
KpGL2(Qp)

which is a Z,,-module. By the double quotient action, it admits an action GL,(Q,), which is smooth.
We define

. fIl(N)ZP is the p-adic completion of H'(N)z,.
- HY(N) = fll(N)Zp ®z, Q,, which is a p-adic Banach space.
We might omit the tame level N because it will never change.

Remark 6.1. (1) Even though H%p is a smooth representation, p-adic completion adds a lot

of vectors, making H' only unitary.
13



(2) The better definition should be
Hy =H, :=lim lim H'(Y,Z/p"2),
n KpCGLZ(Qp)

which is the same as our definition as YKP’S are curves.

Theorem 6.2 (Emerton). The completed cohomology H' is an admissible continuous representation
OfGLz(Qp)-

We want to compare this to Vy,, the space of p-adic modular forms. Note that we did not use
any coefficients in the definition of completed cohomology, but as one can exchange levels and
weights, actually it sees every weight.

Let k = 2. Then, consider

HI(YKP,Vk ® Z,) —>(li_mH1(YKp, Vi ® Z/p"Z) —>(11_m h_m) HI(YK[;,V;C ® Z/p"7Z).

n n KjcKp
If KI; is small enough, then V; ® Z/p"Z becomes trivial on YK;), so that
H'(Yy,, Vi ® ZIp"Z) = H(Ye, Z/p"Z) ® Vi
Thus, the target of the composition is (Vi ® Q,) ® g (where Vi ® Q, is an algebraic finite-
dimensional representation of GL,(Q,), and in particular it lands in the K,-invariant subspace.
Theorem 6.3 (Emerton). The natural map is an isomorphism, i.e.
H'(Yg,, Vi ® Q,) = Homg, ((Vig,) > aY),
is an isomorphism. The isomorphism is also Hecke-equivariant for operators £ { Np.
Remark 6.2. In general, you get a spectral sequence of form
Extg (Vio,, H") = H""(Shg,, Vig,)-
Remark 6.3. The space of classical modular forms
B H'(Yi(N), Vi) ® V(o < H',
k
has a dense image. Thus, even if you construct a “big Hecke algebra with completed cohomology,”
you don’t get anything new. More precisely, if we define T**" to be the weak completion of

Z,[T(¢), T(¢,£);¢1Np] c End(lfIl), this is smaller than the big Hecke algebra h(N) < End(Vy,(N))
we constructed before.

Proposition 6.1. The big spherical Hecke algebra T**" is a semilocal Z,-algebra. Thus, H' = @mﬁé.

Proof. This is because the completed cohomology is admissible, so that (ﬁ%,, ® F,)" is a finite-
dimensional space, so it can have nonzero m-torsion for only finitely many maximal ideals, and
for any m c TP it has to have nonzero vector in there. OJ

Now fix a non-Eisenstein maximal ideal m < T"", which means that p,, : Gy — GL(F,) is
irreducible. Then, after localizing at m, we don’t have to worry about parabolic/compact support
cohomology. Thus we will localize at some non-Eisenstein prime for simplicity.

Theorem 6.4 (Emerton). The GL,(Z,)-representation ﬁ%}”m is isomorphic to some direct factor of

C(GLy(Z,), Z,)**, for some s = 0.
14



We can now prove Theorem 4.2 at least after localizing at a non-Eisenstein maximal ideal.
Proof of Theorem 4.2 for the non-Eisenstein part. Note that the isomorphism
H'(Yi(Np). Vg, )m® = Homipr)(Vi g, Hy®™),

is Up-equivariant. Similarly, there are U,-equivariant maps

- - . (17

Homy, (Vi g, Hn) = H0m<z; z, )(Vk,Qp’Hnl‘t) — Homz; (11prz,)(1 ®Xk—12’(Hn11)( ! )),
0 1+p"Z,

where (1 ® 1) (¢5) = d*?, and the second map is justified by the fact that 1 & y;, <

V,;Qp| < z; 7z, ) Our claim is that the maps become isomorphisms after taking ordinary parts.

0 1+p'7Z,
Remark 6.4. To be clear, for a compact H < GL,(Q,), if 7, a smooth GL,(Q,)-representation,
then the U,-operator on z” is defined by

Up . ﬂ—HQ)r[Hn(p I)H(pil 1)£>7TH‘

Using

v e (5 9)va) (% 5)]|=xo e (5 §)xen (1)

the U, operator on 7V can be explicitly defined by U, = Y (15 : ), as the coset representatives
can be taken pretty explicitly.

We then define, for a continuous admissible unitary representation of GL,(Q,), Ord(r) =
ora V%), where e, = lim,_ U;! is the ordinary projector. This coincides with Emerton’s
ordinary projector defined in a more general setting. By definition, the ordinary part inherits a

. * 0
T(Z,)-action, for T = <0 *>.
We do not try too hard to justify our claim, which involves a few explicit representation-

theoretic calculations (which is crucial in Hida theory). We just say a few words about why it is
true:

« The first map becomes isomorphism after taking Ord because U, acts nilpotently on the
kernel of Vi, — 1 ® y;_, (“changing the weight”).

« The second map becomes isomorphism after taking Ord because, for I,, = Ty(p™) nT'1(p"),
(eorar'™) = (eoramN@))TZ) (“changing the level”).

If we believe our claim, then we have an isomorphism
H'(Yi(Np"), Vg, ) <> Homgz, «(1.prz,)(1 ® xi. 5, Ord(HY)).
We can further use nebentypus ¢ : Z; — (Z/p"Z)" — K™ to specialize the isomoprihms into
H'(Y,(Np"), Vi, &)™ <> Homrz,(1 ® yi'ye ™", Ord(HY)).
Now we want to understand dim Ord(ﬁé)[l ® Yk_2€].

Theorem 6.5 (Hida, Emerton). ForII a unitary admissible continuous representation of GL,(Q,),
Ord(I) is an admissible representation of T(Z,). If |gL,(z,) sits as a direct summand of C(GLy(Z,), Z,,)**

then Ord(I1) sits as a direct summand of C(T(Z,), Z.,)*°.
15



Now we are finally ready to prove Theorem 4.2. Let IT = I’ﬂ Then,
Ord(HY)= @ Ord(H),.

¥ T(Zp)—F,

Now II is projective because the W +— Hom(II, W) is an exact functor for algebraic representa-
tions W this functor is basically, after localizing at m,

total cohomology of local
system associated to W over the [
tower of modular curves

W —

which is because all the interesting Hecke eigenclasses only appear in H! of modular curves, and
the functor

W — {local system associated to W},
and the total cohomology functor are both exact.
As the Iwasawa algebra Z,[[I']], where I = (l +pZ,), is a regular local ring (a consequence of
r bemg a pro-p group) the projectivity of Ord(H 1), coming from Theorem 6.5 and projectivity of
1, implies that Ord(H 1) is free, namely Ord(H Wy = C(T,Z,)°" for some ty.

Thus for any character y : T(Z,) — Ok, K/Q,, satisfying ¥ = y(mod @xOk),
dim Ord(H!)[x] =
O

7. Construction of eigenvariety via the p-adic Jacquet functor.
Let IT be a locally analytic representation of GL,(Q,). Let Ny = ( . le ) and consider IT™, which

has an action of T.. = {(“ 5 ) € T(Q,) | vy() = v,y(B)} via

to= >, xtov,
XENy/NontNpt™1

which is a Hecke action.

Remark 7.1. If we take t = (p ) ) then the action of ¢ is the U,-operator > (f)’ . )

Remark 7.2. The locally analytic distribution algebra D(T(Z,), Q,) is isomorphic to (9“g(T(Z ),
where T(Zp) is the rigid analytic space parametrizing continuous characters of T(Z,), isomorphic

to (Z;)".

As T(Qy) = (0" x Z;)%,
= T(Q,) = T(Z,) x (G"£)%,

the space parametrizing locally analytlc characters of T(Q,). From this expression, we see that

Orig(@,)) is a Fréchet-Stein algebra.

Remark 7.3. The distribution algebra over a non-compact locally analytic group T(Q,), D(T(Q,), Q,),
is a dense subspace of Orig(@)).

We drop rig in the superscript from now on if the context is clear.
16



Definition 7.1. The locally analytic Jacquet functor is
Jo(M) = L7 (O(F), 1),
the T, -equivariant continuous linear functions O(.7) — II™. Equivalently, Jz(T1) = (9(9)§QP[T+](HN°)'.
Theorem 7.1. IfI1 is a locally analytic admissible representation of GL,(Q,), then J(Il) is a locally
analytic representation of T(Q,) such that J5(I1)’ is a coadmissible O(7)-module.
As there is an equivalence of categories

{coherent sheaves over .7} = {coadmissible (.7 )-modules},
M = M(T),
from locally analytic Jacquet functor, we get a coherent sheaf My on .7 such that
M ® k(x) = Homy, (r, TT™)” = (7™ [x.])',

where y is the universal character, i.e. for a closed point x € .7, y, : T(Q,) — @p is the
corresponding character.

We now apply this construction to Il = HY(N )ar which is an admissible GL,(Q,)-representation,
for a non-Eisenstein maximal ideal m (corresponding to an irreducible residual Galois represen-
tation p : Gg — GL,(F,)), and get a coherent sheaf M on .7 such that

JHLN)™Y = T(T, Mp).
Theorem 7.2 (Emerton). For an admissible locally analytic representation of GL,(Q,), if UlgL,z,)
is a direct summand of C*"(GLy(Z,), Q,)**, then k : Supp My = F — W := @) = (Z},)Z has
discrete fibers. Locally on Supp M, M is a finite free Oyy-module.

We can use similar technique to consider Hecke operators other than diagonals. Let ’lf%ph c
End(f[l}l(N )**) be the spherical Hecke algebra. Then, we have a map

¢« TP — End(HA(N)™) — End(M,).
Let .27; be the sub-Oy,-subalgebra of End(M}) generated by im 1/

Definition 7.2. Define the eigenvariety &; to be the relative Sp of <7; over Supp(M;) (or over
).

Proposition 7.1. The map x : &, — W is quasi-finite. Locally on &, it is finite surjective on
every irreducible component.

ThA closed point x € & gives rise to homomorphisms A : T%P b, @p and § : T(Q,) — @p
us,

e | 5€ (MaxSpecTPT1pl) < 7@ suc that
P Homy(g,)(8, Js(H;(N)*[A])) # 0
where I’i}l [A] c fIﬁl is a GL,(Q,)-subrepresentation.

Definition 7.3. A point x = (A, 6) € &5(Q,) is classical if A is classical, which means that there is
some algebraic representation W of GL,(Q,) and K, ¢ GL5(Q,) open subgroup such that

Homg, (W, HA[A]) = H'(Yx,, Vi )u[A] # 0.

Remark 7.4. This is a reasonable definition, because A associated to a classical modular form
f € ST (Np")) for k = 2 is classical (with W = (Sym*2 Qf,)’).
17



8. Classicality result.

Definition 8.1. A continuous character § € T@) = Hom(T(Qp),@;) is locally algebraic if
§ = 5485, where 548 (% ;) = afd™ for some ky, k, € Z, and 5™ is a smooth (=locally constant)
character.

Definition 8.2. For 5¢ an algebraic character, define

M(57) = U(gly) &y 0" € OY,

an object in the category-QO.

Recall from Herzig’s lecture that, for M € Oglg and 5" : T(Q,) — @p a smooth character,

there is a construction of Orlik-Strauch representation

SELZ (M, 5sm),

B

which is an admissible GL,(Q,)-representation.

Theorem 8.1 (Emerton, Breuil). For a unitary p-adic Banach representation I1 of GL,(Q,) and a
locally algebraic character § = 5*¢5°™ € T(Q,),

Homrg,)(6, Js(IT*")) = Homgy,(q,)(§(5), [I**),

where
GL2(Qp) alg\-1\v gsm
3(6) = @ () 1y, ),
Note that the duality functor
Oglg - Oglg’
M — MY,

is contravariant, and fixes simple modules.
Remark 8.1. What is this construction §(5)?

« If k; < ky, then M((5¥8)7 1) = M((5%'8)!) is simple, and as explained in Herzig’s lecture,

_ GL(Qp) ¢\™
3(6) = (S 5) ",
which is topologically irreducible.
« If k; = ky, then there is a short exact sequence
0 — M((8")7") — M((67)") — L((6™®) ") — o,

where if 548 = Ok, + (Pg) — aktd*, then & = Ok,-14,+1- Thus, there is a short exact
sequence

0 — (Indg &'™)"™ — §(6) — L(6™%) & (Ind;}"* 5)° — 0.

— Recall also that L((5%8)™!) is finite-dimensional. In particular in more familiar terms
L(5%8) = (Sym** Q; ® det k2),
— This is the opposite direction to how Indi?LZ(&)*’m is filtered, i.e.

0 — L(6") @ (Indg"* 6™ — Ind2"(6)™ — (Indg 86" — 0.
18



Theorem 8.2 (Classicality; Coleman, Emerton). For x = (4,6) € c%(@p), if § = 585 with
58 = 5](1,](2, k, = k,, then

v, (6" (7)) < —kp + 1 = A is classical.

Proof. As Hom(§, ]B(ﬁ%(N )*™[A])) # 0, there is a nonzero map §(8) — ﬁﬁl [A]. We want to show
that this factors through the quotient map

F(6) — L(5™8) & (Ind5" 5™)°™,

which will show that there is a nonzero map L(5%¢) ® (Ind%L2 oy — fIﬁl [A], which will imply
classicality. As the kernel of F(5) — L(5"€) ® (Ind5" §)™ is (Ind5 ™ 6’ 6"™)™, it will suffice to
show that there is no nonzero map (Indng(cS’&S“l))a“ — ﬁﬁl As (IndgLZ(& 6*™))* is topologically
irreducible, it will suffice to show that there is no embedding (Indng(S’ H5M))2n ﬁﬁl

As Hj is a unitary representation of GLy(Q,), it will be sufficient to prove that there is no

GL,(Qp)-invariant norm on IT := Indng((Skz_l,kﬁl(Ssm)a“. Suppose that there is an invariant norm
| = |. Then, |Up| < 1. We define a function f € II, via

- f(b(, ) u) =0,
« f(b (7)) = 6(b),

where b € B(Q,), u €I = (pZfo’p 2 ), x € Q,. These formulae really define a function because of

the Iwasawa decomposition GL,(Q,) = BITIB(,')I (so that f is supported on BI).
One also checks by hand that U,(f) = 5 (? ) f. Thus, |6 (? )| < 1. As § = §,-14,-16°™, this
means v,(6™ (p . )) > -k, + 1, a contradiction. U

Example 8.1. This recovers Coleman’s classicality theorem, as follows.

Let f € Si(N) be an eigenform with p { N and p; = p. Let a be a root of Hecke polynomial
of f at p, namely a? - apo + pk’1 = 0. Then, by local-global compatibility, there is (A, §) € &5,
5= 50,k—2(una ® Un,-1 | - |2_k)'

Conversely, if (4,6) € &; is a closed point, if § = 16", 6" = un,®un,1| - |2‘k, then
vp(@) < k - 1 implies that A is classical, and A = A; for some modular eigenform f.

Corollary 8.1. The classical points are Zariski dense in &,. Furthermore, & — (Spf T%ph)ng x ]@)
is the Zariski closure of pairs (A, §) with A classical, § locally algebraic with smooth part unramified

at p.

Thus, &; can be thought as systems of Hecke eigenvalues interpolating classical systems.

9. Galois representations.

Let x = (A,6) € &; be a classical point. Then, there exists a unique p, : Gy — GLZ(@p)
unramified outside of Np such that, for all £ 1 Np, tr(p,(Frob,)) = A(T(¢£)).

Using the density result and techniques of pseudo-representations, one can attach Galois rep-
resentations p, : Go — GLZ(QD) to all closed points x € &. It turns out that p, is determined by
A, where x = (1,9) € &.

Question. Can we read 6 on p,?
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Example 9.1. Given (4, §) € &; with A classical, § = &, 1,6 with 6°" unramified, by the local-
global compatibility, we know that p, is semistable, thus trianguline; here trianguline means
that Dyig(pylG,, ). @ (¢, T)-module over the Robba ring R, is upper triangular. In particular, if

_(R&)
Drig(pleQp) = ( 0 R(52(x|x|)_l)> ,

then § = (4, 8,); indeed, a 1-dimensional (¢, I')-module over R is the same as a@p-valued character
of Q.

It turns out that every Galois representation associated to a closed point on &5 is trianguline.

Theorem 9.1 (Kisin). For a closed point x = (4, 9) € &, px|GQP is trianguline, and, for 6 = (;, &,),
there is a nonzero map R(6;) = Dig(py).
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Suc Woo SHIN, THE LOCAL LANGLANDS CORRESPONDENCE AND LOCAL-GLOBAL COMPATIBILITY FOR
GL(2)

References:

« R. Taylor, Galois representations, 2004.

« Kudla, in Motives, 1994.

- Wedhorn’s lecture notes.

+ Scholze, Langlands-Kottwitz for modular curves, IMRN 2011.

« Kottwitz, Points on Shimura varieties over finite fields, JAMS 1992.

We will talk about theory of local and global automorphic representation theory, local-global
compatibility, local Langlands and do Langlands-Kottwitz for GL, .

1. Local representation theory.
Let F/Q, be a finite extension and G = GL,(F). Its p-adic topology is given by the basis {1 +
@pM,(OF)}. We will use C equipped with discrete topology for coefficients.

Definition 1.1. A complex representation (xr, V) of G is called smooth if for every v € V, Stabg(v)
is an open subgroup of G. A smooth representation is admissible if VX is finite-dimensional for
every open compact subgroup K c G.

Remark 1.1. Irreducible smooth reprsentations are admissible.

Remark 1.2. Given any representation (r, V), we can take the subrepresentation of smooth
vectors (7°™, V™), where V" is the space of vectors with open stabilizers.

For an irreducible smooth representation r, there is a central character w, by Schur’s lemma.

Definition 1.2. Given (7, V) an irreducible smooth admissible representation, V' = Home(V, C)*™
and 7'(g)(f)(v) = f(x(g ") v) gives the contragredient (n', V").

There is double duality, (7¥)" = 7, and W, = ;.
Definition 1.3. For n = (ny, -, n,) such that ),;_, n; = n, we define P, to be the upper-triangular
parabolic subgroup corresponding to the partition n. Its Levi decomposition is denoted as P, = M,N,,.

The modulus character 6, : M, — C* is defined as 6,(m) = |det(Ad(m | Lie N,))|,.
For example, for GL, and partition 2 = 1 + 1, it is the famous charcater <g 2) — |ad™!|.

Definition 1.4. For a representation m, of M,, the normalized parabolic induction is the rep-
resentation

Indj, (7, 8
of G. We will denote it as n-ind.

Remark 1.3. This is the point where working with C-coeflicients is useful, because taking
square-root is quite canonical. Otherwise you have to choose square roots.

Remark 1.4. The functor n-ind is reasonable. For example, it is an exact functor, has explicity
left and right adjoints (i.e. Jacquet functor), preserves admissibility and finite-length-ness.

Remark 1.5. The introduction of modulus character is nice because the normalized induction
preserves unitarizability and is “Weyl-symmetric”, i.e. semisimplification of normalized induction

does not change by changing orders.
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Definition 1.5. An irreducible smooth representation is (essentially) square-integrable (=dis-
crete series) if its matrix coefficients are square-integrable modulo center up to character twist. It
is supercuspidal if its matrix coefficients are compactly supported modulo center.

We have the following hierarchy.
Smooth irreducible | _ | Square-integrable | _ Supercuspidal
representations representations representations '
Supercuspidal representations are “building blocks” of constructing admissible representations,

because supercuspidals are precisely those that do not arise as subquotient of parabolic induction.

Definition 1.6. We fix a normalized Haar measure on G such that vol(GL,(Of)) = 1. Then thelocal
Hecke algebra is 77(G) := C(G), which is an infinite-dimensional noncommutative non-unital
C-algebra. It is identified with

C*(K\G/K).

K open compact subgroups

Then smooth G-representations are just smooth .77(G)-modules, where smooth means 57 (G)V =
V. Given smooth G-representation (7, V), we define the action of f € 7 (G) on v € V as

7)o - [ fomod.
If f € C°(K\G/K), then im(n(f)) ¢ VX. This yields a 1-1 correspondence
Irreducible smooth Irreducible
G-representation [ <>\ C2(K\G/K)-
with 7K # 0 module

via 7 +— m~. This is a useful viewpoint because admissibility tells you that tr z(f) is well-
defined. For example, tr 7(g) does not a priori make sense (but actually it makes sense for g
regular semisimple by Harish-Chandra).

K

2. Bernstein-Zelevinsky classification.

Example 2.1. For G = GL,(F), the unnormalized induction of trivial representation from the
upper Borel has trivial representation as a subrepresentation, and its quotient is irreducible, which
is usually called Steinberg representation. It is square-integrable.

This is a general phenomenon, namely one can obtain all square-integrable representations
from supercuspidals. One might want to call this as generalized Steinberg representation.
Namely, given 7, a supercuspidal representation of GL,(F),

St () = n—ind(my X 7| det | X - X 7| det |™)

is a square-integrable irreducible representation of G,,,. This construction exhausts all irreducible
square-integrable representations.

From square-integrable representations, we can get all irreducible admissible representations
via Langlands quotients. Namely, an irreducible smooth admissible representation 7 of G is
uniquely expressable as

=, Sty (m),
for m; supercuspidal representations of G,,, where HJ_, St,, (7;) is a distinguished irreducible sub-
quotient of n-ind(X’_, St,,, (7;)).
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3. Satake isomorphism.
Let us consider K, = GL,(OF), which is a maximal compact subgroup of G.

Definition 3.1. An irreducible smooth admissible representation i of G is unramified if 7 # 0.

If n = 1, this corresponds to unramified characters via local class field theory.

We denote 57" (G) := (G, Ky). From general theory, we know that irreducible unramified
representations of G corresponds to irreducible 77" (G)-modules. Thus, to describe unramified
representations, it is desirable to describe the spherical Hecke algebra 5" (G).

To proceed, we fix the standard T < B ¢ G, namely T is the group of diagonal matrices, and
B is the group of upper triangular matrices. It corresponds to the partition n = (1,--,1). The
modulus character § : B— T — R, is given by diag(;, -+, t,) — [t/ 1t} -+ £27"|. After a choice
of uniformizer, we have a very explicit description of 7" (T), namely

ATl 1)
]]_diag(@al’...’wan) — tlal R

n

It is then possible to understand J7*'(G) in terms of 2" (T).
Theorem 3.1 (Satake isomorphism). The map S : 7" (G) — " (T), defined by

S = 8"(t) /N f(tn)dn,

for the normalized Haar measure on N (i.e. vol(N(OF)) = 1), induces an isomorphism
e]aipur(c;) N @[tlﬂ, . t,fl]s” c %ur(T),
where the S,-action permutes t;, -, t,.

Proof. One checks that it is an algebra homomorphism and that the image lands in the Weyl-
invariant subspace. And then you check the bijectivitiy by exhibiting explicit bases on both sides.
Namely, .77 (G) has basis

n
115 has basis

{]]-Ko diag(@%1,-+,@%)K, | a = =a
which comes from the Cartan decomposition, and C[#!, -, t*

a a
Z tl w(1) . th(n).

weS,

Then, one can show that S is given by an “upper-triangular matrix with nonzero diagonal.” Of
course, both sides are infinite dimensional vector spaces, so one has to be careful, but one can

make sense. 0]
Corollary 3.1. (1) 7 (G) is commutative, so that its irreducible modules are 1-dimensional.
(2) One gets
Unramified
irreducible = {"(G)-modules} = (C")"/S,,

representations of G

where the composition is = +— Sat(r) € (C*)"/S,, the Satake parameters of r, and Sat(r)
is (unordered) tuple of t;-eigenvalues of m. What we really mean by taking t;-eigenvalues is
to take the roots of x™ — (t; + =+ + t,)x" " + - + (=1)"t; - t, = 0.

Furthermore, its inverse can be given as follows. Given (s, -, s,) € (C*)"/S,,

Sat()(sl HH o Eﬂ Xsn) = (sls Y Sn)a
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where y,, : F* — C* is the unramified charcater given by x, = siv(a), with v being the

normalized valuation v : F* — Z.

The set (C*)"/S, is better expressed as
* (GL/5n)(C), as H(G) = O(G/Sy),
. or even better, the set of semisimple conjugacy classes of GL,(C).
Such viewpoints are more apt for generalizations to other groups.

4. Basics on Galois representations.

Let T be a topological group and k be a topological field. Then, given a continuous representa-
tion p : ' — GLg(V) for a finite dimensional vector space V over k, the semisimplification of
p, denoted p*, is defined as

P = @ VilVis,
i
where 0 c V; c --- ¢ V, = V is a decomposition series.

Proposition 4.1 (Brauer-Nesbitt). If p;, p, : I' — GL,(k) are two continuous representations such
SS

that char. poly(p;(y)) = char. poly(p.(y)) for y in a dense subset of T, then pi°® = p5°.
Remark 4.1. If the characteristic of k is zero, one is enough to require that the traces are equal.
Now let I be furthermore compact (e.g. Galois group).

Proposition 4.2. (1) A continuous representation p : I — GL,(Q,) has image in GL,(E) for
some finite extension E/Q,.

(2) A continuous representation p : I' — GL,(E), for a finite extension E/Q,, has image in
GL,(Og) up to conjugation.

It now makes sense to define “mod ¢ reduction”

Definition 4.1. Given a continuous representation p : I' — GL,(E), we definep : T — GL,(kg),
where kg is the residue field of O, to be the semisimplification of the reduction of a conjugation of p
whose image is inside GL,(Og). The definition is well-defined by the Brauer-Nesbitt theorem.

Now one can put absolute Galois groups for I'; if F is a number field and if v is a place, upon
choosing algebraic closures F, F,, and embedding i, : F < F,, we get I', <> T via restriction.
Recall also that, if v is a nonarchimedean place, one has a structure theorem

1— I, » T, — Gal(k,/k,) — 1,

where k, is the residue field of F,. The Gal(Fv/ k,) is identified with Z namely one can choose
a topological generator. There are two conventions, either the arithmetic Frobenius x —
x** or the geometric Frobenius, the inverse of the arithmetic Frobenius. We will denote the
(conjugacy class of) geometric Frobenius as Frob,,.

Definition 4.2. The local Weil group W, is defined by the pullback of Z viaT, — Gal(k,/k,) =
Z, with topology that makes I, an open subgroup with the same topology as the subspace topology
on I, from the profinite topology of T',,.

The local class field theory identifies, via the Artin isomorphism,

Arty, : F) = W

(%

Definition 4.3. A local Galois representation p : I, — GL,(k) is unramified if p|;, = 1.
24



In this case, p(Frob,) is well-defined.
Definition 4.4. A global Galois representation p : I' — GL,(k) is unramified if p|;, = 1.

This is well-defined, because every i, : ', < T is well-defined up to conjugation by element
inT.
Proposition 4.3. If X/F is a smooth projective variety, then H,(Xg, Q,), as a [-representation, is

unramified almost everywhere.

Proposition 4.4. If a Galois representation p : T — GL,(Q,) is unramified outside S, then p** is
determined by p(Frob,) for v ¢ S.

This is just Cebotarev density theorem.

5. Weil-Deligne representations.
We would like to use Weil(-Deligne) reprsentations because we want to somehow turn Galois
representations into representations “without topology”

« This is better for comparison with automorphic side (local Langlands correspondence
viewpoint); recall that smooth representations “do not care much about topology.”
« For the formulation of the notion of compatible system, it is important to “forget topology”

Recall that the local Weil group sits inside the following diagram,

1 Ir, W, Z 0
1 Iy, Ty, Z 0
The local class field theory equips a valuation |- | : Wy, — R via

Wr, - Wit = Fr LL R
where the geometric Frobenius goes to the inverse of the size of the residue field.

Definition 5.1. A Weil-Deligne representation of Wy, over a characteristic zero field k, is a
triple (V, r, N) where
« V is a finite-dimensional vector space over k,
« r: Wg, — GL(V) is a continuous homomorphism, with respect to the discrete topology on
GL(V), i.e. 1|, has open kernel,
« and N € Endi(V) is a nilpotent operator such that r(w)Nr(w)™' = |w|N for all w € Wg,.

The definition makes sense, as |w| € Q.

Remark 5.1. The condition r(w)Nr(w)™ = |w|N for all w € Wr, automatically implies that N is
nilpotent.

Definition 5.2. A Weil-Deligne representation (V,r,N) is Frobenius-semisimple, if r(w) is
semisimple for all w € Wg,, or equivalently for some w with |w| # 1.

We say (V,r,N) is semisimple if it is Frobenius-semisimple and N = 0.

We say (V,r,N) is unramified if r(Ir,) = 1 and N = 0.

Remark 5.2. (1) The equivalence of two conditions on Frobenius-semisimplicity is because
the semisimplicity of r(w) for w € I, is automatic; I, acts via finite quotient and the base

field is of characteristic 0.
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(2) The unramifiedness condition requires N = 0 because the N-action arises from tame
Galois action when the Weil-Deligne representation is made out of local Galois represen-
tation.

Example 5.1. A Weil-Deligne representation is Frobenius-semisimple and unramified if and only
it N = 0 and r is a direct sum of unramified characters of Wy, namely characters factoring
through Wy, — Wg /Ip, = Z. Thus, n-dimensional Frobenius-semisimle unramified Weil-Deligne
representations are in natural bijection with (k*)"/S,.

Definition 5.3. Given a Weil-Deligne representationc = (V,r,N), the Frobenius-semisimplification
o™ = (V, r, N), which is defined by taking the semisimple part of r elementwise in terms of Jordan
decomposition.

Taking the semisimple part elementwise is a reasonable operation, i.e. it yields a representation.

Example 5.2. Given r : Wy, — Wg /Ir, — GLy(k), 1 — (g ;), r(1) = (g 2)

We have the following hierarchy.

. . Indecomposable Irreducible
Frobenius-semisimple . . . .
Weil-Deligne representations ) Frobenius-semisimple > Weil-Deligne

Weil-Deligne representations representations

This turns out to correspond to the hierarchy of smooth admissible representations on the au-
tomorphic side we saw before via the local Langlands correspondence. Then, at least we should
know how to build Weil-Deligne representations out of irreducible Weil-Deligne representations,
in the analogy with automorphic side.

Exercise 5.1. Show that N = 0if o = (V, r, N) is irreducible.

Building Frobenius-semisimple representations out of indecomposable Frobenius-semisimple
representations is simple, by just taking direct sums. To build indecomposable Frobenius-semisimple
Weil-Deligne representations out of irreducible Weil-Deligne representations, we need an ana-
logue of generalized Steinberg representations.

Definition 5.4. Let 0 = (V, r, N) be an irreducible Weil-Deligne representation. Then, the general-
ized Steinberg representation Sp, (o) is defined by

Sp,(a)=(V*" rer|-|e-orl-|"" Ny,
Where Nm(vl’ ) Um) = (05 (2 TR Um—l)'
Exercise 5.2. Check that this is a Weil-Deligne representation.

Exercise 5.3. Check that generalized Steinberg representations exhaust all Frobenius-semisimple
indecomposable Weil-Deligne representations, i.e. there is a bijection

Frobenius-semisimple
indecomposable — {(m,0p) | m = 1, 0y is an irreducible Weil-Deligne representation},
Weil-Deligne representations

Sp,,(00) < (m, 00).

Also check that direct sums exhaust all Frobenius-semisimple Weil-Deligne representations.
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Remark 5.3. Anything beyond Frobenius-semisimplicity is not captured by automorphic side.
On the other hand, it is expected as Frobenius should act semisimply in the ¢-adic context (if
¢ # p) under the Tate conjecture.

6. Weil-Deligne representations and local Galois representations.
Let k = Q,, and F/Q, be a finite extension.
If ¢ # p, there is a fully faithful functor

Repg, (I'r) — Repg, (WDp),
(V.p) = (V,r,N).
We will not discuss the precise definition. Instead, we will just see some special cases of it.

Example 6.1. If p(Ir) is finite, then r = p|y,, and N = 0.

In general, N remembers some infinite unipotent action of £-part of tame inertia. To prove the
well-definedness one needs to use Grothendieck’s £-adic monodromy theorem.

Remark 6.1. This is not an equivalence of categories; any eigenvalue of £-adic I'r-representation
is an f-adic unit, as the representation can be conjugated into GL,(Z,).

If ¢ = p, there is a functor, not fully faithful,
Rep%Rp(TF) — Rep@P(WDF).
7. Local Langlands correspondence for GL,.

The local Langlands correspondence for GL,, is proven by Harris-Taylor, Henniart, Scholze (and
the function field case proven by Laumon-Rapoport-Stuhler). All known proofs are global.

Theorem 7.1. There is a unique bijection

Smooth irreducible n-dimensional

LL, : representations of  — F ’"Obenius-.semisimple
GL,(F) representations of WDp

over C

5

such that
(1) the n = 1 case is given by the local class field theory, namely

{ Complex characters} R { Continuous characters }
of F* Wy — C* ’
(2) if o = LL,(x), then
« LLi(w,) = det(o),
« LL, (7 ® (yodet)) = o ® y, for any character y,
« LL, (1Y) = 0¥,
(3) -+ square-integrable representations correspond to indecomposable Weil-Deligne represen-
tations,
« supercuspidal representations correspond to irreducible Weil-Deligne representations,
« unramified representations correspond to unramified Weil-Deligne representations,
« and LL, (HﬂiStmi(n,» = EBiSpmi(o*i), for supercuspidal representations m;, and o; =
LL(7;),
(4) and if LL(1;) = o; for i = 1,2, then the L-factors and e-factors of m; x m, and o, ® o, match.
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Remark 7.1. The L and e-factors of 7; x 7, do not mean you take L and e-factors of some repre-
sentation m; x m,, but you have some way of defining such factors for a pair of representations.
Remark 7.2. There is another normalization that respects automorphism of the coeflicient field,
namely LL, ®| - |1_T".

Remark 7.3. There are operations on the Weil-Deligne side like base-change, induction and
tensor product. Thus, for example the L and e-factors of 7, x 7, are actually L and e-factor of some

smooth irreducible representation of GL,, ., (F), when 7; is a smooth irreducible representation
of GL,,,(F).

Remark 7.4. Henniart proved (1) and (4) for e-factors.

Remark 7.5. The local class field theory is enough for the uniqueness of local Langlands corre-
spondence.

8. Automorphic representations.

Let now F be a number field, and G = GL,r, Z = Z(GL,), Af = A ®g F,and w : Aj/F* — C*
be a continuous character, where C* has the complex topology.

Consider L*(G(F)\G(Ar), ), which means the space of square-integrable functions on G(F)\G(AF)
with central character . To be more precise, if |w| = 1, then f € L? means

/ F(g)Pdg < o.
G(F)Z(AF)\G(AF)

c L? is defined by f € Lcusp if

/ f(ng)dn =0,
NQ(F)\NQ(AF)

for any nontrivial partition n and almost every g € G.
An irreducible representation  of G(Ar) is cuspidal automorphic if 7 is a closed sub-G(Ar)-
module of L%, (G(F)\G(Ar), w).

This definition captures cusp forms from modular forms when G = GL,.

Definition 8.1. The subspace L?

cusp

cusp

Theorem 8.1 (Flath decomposition). If 7 is a cuspldal automorphic representation (or more gen-
erally irreducible admissible representation), then & = & 1, where v runs over all places of F and
7, is an irreducible representation of G(F,).

This comes from G(Ar) = [, G(F,).

Remark 8.1. At a finite place v, 7, is not necessarily smooth, but you can take smooth vectors
™. Basically you can go back and forth (take unitary completion) with ease.

At an infinite place v, again there is a dense subspace 7, > 7" which is the space of K, -finite
vectors. It turns out that 77" is a (Lie G(F,), K,)-module.

Theorem 8.2 (Strong multiplicity one). If , 7’ are cuspidal automorphic representations such that

7, = 7, for almost every v, then m = 1’ as subrepresentations of LCusp (the same subspace!).

There is a similar notion of “parameters” at infinite places. Namely, given an “irreducible repre-
sentation of GL,(F,)” (better is a (g,, K,)-module) for v | co, one can attach a parameter, Harish-
Chandra parameters, or infinitesimal character, inf(rr), which is an element of (C"/S,)**}],
Roughly speaking, Z(g,) acts on 7 via scalar, and the Harish-Chandra isomorphism says

Z(,) = (C[t, -, £, %),
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Then, inf(sr) will consist of “t;-eigenvalues” of this action.

Definition 8.2 (Buzzard-Gee). A cuspidal automorphic representation i of G(Ar) is L-algebraic if
inf(r,) € (2"/S,)** N for all v | oo, and C-algebraic if inf(r,) € (Z + "T_l)”/Sn)[F”:]R] forall v | co.
Example 8.1. For G = GL;g, the cuspidal automorphic representation 7y corresponding to a
classical cuspform f of weight k > 2 has infinitesimal character inf(7, o) = (k - %, —%), which is
C-algebraic. This is the lecturer’s normalization, and it can easily change up to character twist.
More specifically, twisting by the a-th power of |det| : GL,(Q)\GL,(A) — R}, adds (-a, —a) to
the infinitesimal character.

9. Global Langlands correspondence for GL,.
Fix fand: : Q, = C.

Conjecture 9.1. There is a unique bijection

Irreducible continuous

Cuspld.al automorphlc . p: Tr — GL.(D,)
C-algebraic representations w ¢ = unramified almost everywhere
of GL.(Ar) Y

and p, is de Rham forall v | ¢

such that & < p if and only if LL(1,) = (WD(pv)FSS 8, . C) ® |- |17ﬂ for all v 1 oo (local-global
compatibility, LGC,).

Remark 9.1. The RHS depends on ¢ and 1, but the LHS does not. This suggests that the compat-
ible system of f-adic Galois representations come from something living over Q.

Remark 9.2. Some of the known instances of Conjecture 9.1 are as follows.

« “Construction of Galois representations”, namely from LHS to RHS:
— Cohomology of Shimura varieties (+ others).
— Done if F is CM or totally real and 7 is regular (=inf(r) consists of distinct parameters)
by Harris-Lan-Taylor-Thorne, Scholze.
« “Automorphy of Galois representations”, namely from RHS to LHS:
— Modularity lifting techniques (Taylor-Wiles-Kisin, Calegari-Geraghty).
— The 10-author paper, the 4-author paper.

Our goal now is to illustrate an instance of “construction of Galois representations” for elliptic
cusp forms.

Theorem 9.1. Let G = GL, ¢, and r is a cuspidal automorphic regular C-algebraic representation,
unramified outside S. Then, there is a unique p, : Tg — GLy(Q,) such that LGC, holds at all
véSu{t}

Explicitly, LGC, means p"* Sat(r,) are eigenvalues of p(Frob,,) via .

Remark 9.3. Being a cuspidal regular C-algebraic automorphic representation in the case of
G = GL,g just means that the infinity part is a discrete series of weight +k for k > 2, or more
concretely, it comes from a cuspidal newform of weight k > 2 (or its complex conjugate).

1/2

Remark 9.4. The normalizing factor p"* is somehow expected, as you want to tranform Sat(r,)

into a “weight 1” Weil number.

Remark 9.5. The theorem itself is proven by Eichler-Shimura and Deligne. Local-global com-

patibility at S is due to Carayol, and at ¢ is due to T. Saito.
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We will try to use a very general Langlands-Kottwitz method that is suitable for generalization
(not the way originally used by Eichler-Shimura, Deligne). We will still try to realize 7-part in
cohomology of modular curves.

10. Langlands-Kottwitz method.
We would like to prove Theorem 9.1, using Langlands-Kottwitz method. Recall what were
modular curves:

Definition 10.1. Let N > 3. The modular curve of full level N, My, is the scheme over Z[1/N]
representing the functor
(Sch/Z[1/N]) — Sets

S +— {(E,ay) : E is an elliptic curve over S, and ay : (Z/NZ):—=> E[N]}.

Remark 10.1. Note that the complex points of My is not the complex modular curve of full level
N one might guess, or rather a disjoint union of such modular curves, i.e.
My(C) = TI T(N)b,
(ZINZ)*
as one connected component is only definable over Q({y). By putting every Galois orbit into one
scheme, one can demand that My is defined over Q (or Z[1/N]).

Consider the inverse system
M = lim My,
N
which is defined over Q, and has a Hecke action by GL,(A®). It also has a compatible system of
universal elliptic curve p : ™Y — My.

Definition 10.2. Define
jk - Symk—Z(Rlp*guniV)’
and
Hcl,k,ét(M) ‘= h_rn)Hcl,ét(MN,@’ ).
N

For simplicity one can just think of k = 2 case, i.e. % = Q,.

As Hecke actions are geometric correspondences defined over Q, the GL,(A*)-Hecke action
on H;, ..(M) commutes with the Galois action I'g on H;, ,,(M). Thus we have a candidate for the
correspondence of Theorem 9.1:

pr = Homgas((7%)", H . o(M)).

We haven’t done anything so far though, p, can be just zero! One can directly show that dim p, =
2 using various methods, for example Eichler-Shimura isomorphism, or Matsushima formula. On
the other hand, our main problem is to show local-global compatibility.

Proof that p, satisfies the local-global compatibility at p ¢ S u {¢}. We instead consider the inverse
system
M? := lim My,

b

(N.p)=1
which can be defined over Z,), so that we can take mod-p reduction. Then similarly define

Hcl,k,ét(Mp) = h_m) Hcl,ét(MN,@s gk)
(N.p)=1
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One can then check that
pr = Homgaw=n((177)", Hcl,k,ét(Mp))s

as Galois representations. This is because of dim 711? “) = 1 and strong multiplicity one.

Now one remains to compute the action of I'g x GLy(A®?) on H,, . (M?). As H), ., and H,
are very easy, we can try to consider the action on the Euler characteristic H; ,(M") (just an
alternating sum as a virtual representation). Also, by the unramifiedness at p, we want to study
the action of Frob, x GL,(A™") on H;, ., (MP). For notational simplicity let us denote Frob, as ®
from now on.

We explain the outline of the rest of the proof, as we have not enough time to describe every-
thing.

(1) Step 1. Describe the action of ® x GL,(A™*) on M?(F,) in terms of “linear algebraic data.”

(2) Step 2. Obtain a trace formula computing the action by applying a suitable fixed point
formula.

(3) Step 3. Massage the formula to make it resemble the Selberg trace formula. In particular,
the fixed point formula gives an information about Frob, x G(A**)-action, and the Selberg
trace formula gives an information about G(A*)-action.

(4) Step 4. Compare the massaged fixed point trace formula to the Selberg trace formula. If
all goes well, then for all j > 1,

te(fy],) = tr(Froby|,,),

where ﬁ,(j) € J"(G(Q,)) are explicit functions (base-change transfers of some explicit
functions living on degree j unramified extension of Q,). In this way, the informations
on Frob,-action and G(A,)-action are “matched,” and the local-global compatibility at p
is proved.

O

11. Langlands-Rapoport for modular curves. _
We focus on explaining the first step, namely describing the F,-points of M?.

Remark 11.1. One can try to describe just IF,-points as Scholze does in one of the references,
but it is more convenient to describe F,-points if one is interested in Hecke action. Kottwitz’s
approach is a hybrid of the two.

Definition 11.1. Let

7P = lim Z/NZ,
(_—
(N.p)=1

&° = {isogeny classes of elliptic curves over F,}.
For an elliptic curve E over F,,, define

TPE = lim E[N],
(—
(N.p)=1

VPE = T’E &, 0.

Then TPE is a free ZP-module of rank 2, which is a ZP-lattice in VPE.
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Definition 11.2. Let T E be the covariant Dieudonné module of E[p*], where it is a free rank 2
module on W(]Fp) which is equzpped with F1, V-actions, with F''V™' = V'F' = p. Itisa
Z -lattice in V E = T E ey Q a Qp—vector space of dimension 2, over which F,V are o-semilinear,
where o is the Frobenius on Qp.

Remark 11.2. The tragedic use of F™!, V! is because we are trying to use homological con-
vention, so really F~!, V™! are duals of F, V in the contravariant Dieudonné module. One could
have just taken étale cohomology and crystalline cohomology which will make notations slightly
better.

We now want to describe M?(F,) = lim My(F,), where we know that it is the same as
—

N,p)=1
{(E, a) | E is elliptic curve over F, a : (2’”)2 => TPE},
via the moduli description. Partitioning into isogeny classes, we have

11 {(E, @) | -+, there exists an isogeny f : E — E,;}
E0€£)0

= 11 Aut®(E)\{(LF, ¢, L,) | L¥ < VPE, ZF-lattice,
Eye&0
¢ (2P =12, L,c V},Eo is F', V™! invariant Zp-lattice}/ =

where Aut’(E,) is the automorphism group of E, in the isogeny category (i.e. group of self-
quasiisogenies). The identification is done by the following recipe: given (E, &) with an isogeny
f + E — E,, then

I = f(T’E),
¢+ (2P 5> TPEL f(TPE) = 17,
L, = f(T,E),

and quotienting out by Aut’(E,) is to forget the choice of f. Morally, L, L, remember the infor-
mation of E, and ¢ remembers the information of «a.

Then we define X?(Ey) = {(L?, #”)}, which has a Hecke action of GL,(A™?); if g € GL,(Z?),
then the action is just ¢ — ¢@og, and if g is not integral, one has to change lattices. This is
a consequence of defining X?(E,) using lattices; one can equivalently try to define the same set
with rationalized data and then the Hecke action only acts on the trivialization.

The p-part X,(E,) can be defined as F~!, V"'-invariant lattices in V,E, which has an action of ®
by F. Then we have the formula

Mp(Fp) = H I(Eo)\X?(E,) Xp(Eo),
E(]Eéao
where I(Ey) = Aut’(E,). The identification is ®* x G(A*")-equivariant.
We want more group-theoretic description of X, and X
« XP(E,) is a G(A™P)-torsor.
« For X,(E,), first fix ¢, : (Z,)* = T,E,. Using this, we can alter the description into
X,,(Ey), which consists of L, c (Q,)? which is F!, V-!-invariant such that
L, c F(L,) c p'L
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and has dimension conditions
dimg (F(L,)/L,) = 1,dimg (p~ L,/F(L,)) = 1.

Rewriting F = bo for b € G(Qp) and L, = gp(ZIZ)) for g, € G(Qp)/G(Zp), the dimension
condition (or condition on relative position) becomes

_ - 1 0 v
gplbo(gp) €K, <O p1> K,,

where Kp = G(Zp).

33



FLoriAN HERzZIG, P-MODULAR AND LOCALLY ANALYTIC REPRESENTATION THEORY OF p-ADIC GROUPS

1. p-adic groups.
For simplicity, we set G = GL,(Q,). Denote K = GL,(Z,), and it has basis K(r) = 1 + p"M,(Z,)
of compact open subgroups. This tells us that G is totally disconnected.

Remark 1.1. If H is a topological group, any open subgroup is closed, and any closed subgroup
of finite index is open.

Definition 1.1. A profinite group (resp. a pro-p group) is a topological group that is compact
Hausdorff and has a fundamental system of neighborhoods of 1 consisting of open normal subgroup
of finite (resp. p-power) index.

Example 1.1. K is profinite, and K(r) is pro-p; K(r)/K(r + 1) = M,(F,). This shows that G has
no F,-valued Haar measure, as we cannot divide by p.

Consider the standard notations for subgroups of G, B, T, U, P, M, N, P, N.

Proposition 1.1 (Iwasawa decomposition). G = BK, which implies G = PK.
p
p*
Definition 1.2. For H a Hausdorff topological group having a fundamental system of neighborhoods

consisting of compact open subgroups, and for C any field, a representation 7 of H over C is smooth
if any of the following equivalent conditions is satisfied.

Proposition 1.2 (Cartan decomposition). G =[]

a; =--=ay integers

(1) For all x € &, stabilizer of x is open in H.

(2) T= UU compact open ”U'

(3) The action map H x ® — 5 is continuous, where 5t carries the discrete topology.

A map of smooth H-representations is any H-linear map between them. These form an abelian
category of smooth representations of H.

Example 1.2. For H = Q,, giving a smooth character y : Q; — C~ is the same as giving
x(p) € C* and a character Z}/(1 + p"Z;) — C" for some r.

Definition 1.3. If H' c H is a closed subgroup and o is a smooth representation of H’, then
Ind}},(c) = {f : H— o | f(hg) = hf(g), and there is compact open U such that f(ga) = f(g) fora € U}.
The G-action is defined by (gf)(h) = f(hg), and this is a smooth G-representation.
Remark 1.2. For f € Ind}, (o), the support of f in H’'\H is open and closed.
Definition 1.4. We define the compact induction by
ind?, o = {f € Ind}}, & | supp(f) is compact}.
It is a subrepresentation of Ind}, o.

Proposition 1.3 (Frobenius reciprocity). (1) For a smooth representation = of H and o is a
smooth representation of H' < H,

Hompy(r, Indg, o) = Homy (7|, 0).
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(2) If H' is furthermore open, then

Homy(ind}, o, 7) = Homy (o, 7|y/).
The functor ind}, is exact.
Proofs are straightforward, you “evaluate at 1.
Proposition 1.4. If P is a parabolic subgroup of G, Ind$ is exact.

Proof. There is a continuous section P\G — G, which comes from the direct product decompo-
sition G = PN. Then, Ind$(c) = C*(P\G, o). O

Definition 1.5. If o is a smooth M-representation, we inflate it to a smooth P-representation, and
Ind$ (o) is called parabolic induction. The operation is transitive.

2. mod p representation of GL,(Q,).
Now let’s suppose C = C, and char C = p.

Lemma 2.1 (“p-group lemma”). Any smooth representation t of a pro-p group H has a fixed vector.

Proof. WLOG C = F,. Pick a nonzero vector x. Then, there is an open normal subgroup U < H
such that x is fixed by U. Thus, H/U is a finite p-group acting on 7. Now it is a standard problem
in the first course in group theory. O

Corollary 2.1. (1) A smooth nonzero G-representation has a K(1)-fixed vector.
(2) Any irreducible smooth K -representation V is trivial on K(1). Thus, irreducible smooth K -
representations are in bijection with irreducible GL,(F,) =: G(IF,)-representations.

Definition 2.1. An irreducible smooth K -representaiton is called a weight.
Corollary 2.2. Any nonzero smooth G-representation & contains a weight V, i.e. V c r|k.
Example 2.1. If n = 2, the weights are

Vo = Sym* b C? ® det?,

where (a,b) € Z* withO<a-b<p-1and0 < b < p - 1. One can see Sym*® C? as a module of
homogeneous polynomials.

Theorem 2.1. For a weight V of G, the induced map
Vﬁ(le) N 7N VN(]FP),

is an isomorphism of irreducible representations of M(F,). In particular, if P = B, VUE) = Vu,) is
one-dimensional.

Theorem 2.2 (Curtis). We have a bijection

Pairs (Y, P) such that  : T(F,) — C*
{ Weights of G} = | is a charcater and P is a parabolic such
that Y can be extended to P(IF,)

The map V. +— (Yv, Py) such that v = Vye,) and Py is the largest P = MN such that Vy,) is
1-dimensional.
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Example 2.2. The vector Y*? € V,, is U(F,)-stable, so that Yv,, + Ty, — C~ is given by
G ifa=b»

diag(x, y) > x”y° On the other hand, Py, = o
“ B otherwise

Remark 2.1. There is a Steinberg parametrization of weights, using representations of algebraic
group GL,F,.

3. Hecke algebras.
If 7 is an irreducible smooth G-representation, then V c x| gives indy V —» .

Definition 3.1. The Hecke algebra of weight V is 5,(V) = Endg(ind$ V).
Lemma 3.1. The Hecke algebra is identified with

HG(V) ={p : G — Endc(V) | supp ¢ is compact in G, p(k;gk;) = kiop(g)°k,},
where the RHS is a ring under convolution product, namely

(1= @)@ = X e(gn)ea(y™),

Y€G/K

which is a finite sum because of the compact support condition.

At least one can construct an element of the RHS from an element of .7;(V) from Frobenius
reciprocity for compact induction.

Remark 3.1. If 7 is a smooth G-representation, then Homg(V, 7|x) = HomG(indg V, ), which
admits a natural right action by J7G(V). Explicitly, if f : V — x|k and ¢ € J5(V), then

(f = 0)x) = Xgerrc & ' f(0(8)x)-

Example 3.1. If V = 1, then 575(V) = C.(K\G/K, C). It acts on Homg(1, z|x) = 7¥ in the usual
way: lggx : 7% — 7% sends x to ), g;'x, where KgK =[], Kg:

4. mod p Satake isomorphism.
Our goal now is to construct an injective algebraic homomorphism 75(V) < #7(Vy,)), and
determine its image. More generally, this will become #5(V) < J3(V,))-

Lemma 4.1. There is a natural isomorphism
HomG(indg v, Indg(—)) = HomM(ind%nK(VN(Fp)), -),

[ fu
as functors
{Smooth M-representations} — {C-vector spaces} .

Proof. By Frobenius reciprocity,
Homg(indy V,Indp(-)) = Homg(V,Ind; (-)|x) = Homg(V, Indp(~|pnk)) = Homg(V, Indjp, 1 (~|pnk)):
by Iwasawa decomposition PK = G, and again by Frobenius reciprocity, this is equal to

Homp.x(V|pok, —|pak)-

As N n K acts trivially on (-)|p., this is equal to

HomMnK(VNnK, _|MnK) = HomM(ind%nK VN(]Fp)s —)-
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From this, by Yoneda’s lemma, any ¢ € .JZ;(V), which gives a natural transformation of
HomG(indg V, Indg(—)), induces a natural transformation on HomM(ind%nK(VN(Fp)), -), and in-
duces a unique M-endomorphism S;(¢) of ind%nK(VN(ﬂ:p)) = Ju(Vne,)), such that (fop)y =
fuoSSi (). This yields a C-algebra homomorphism

Sy + Ho(V) = H(Va,),
the mod p Satake homomorphism.

Proposition 4.1. Explicitly, we have
Syi(e) : M — Endc(Vn,),
me— Y pyeg(nm),
neNnK\N
where py :+ V — Vye,).

A priori what we have written down is a map V' — Vi g,), but it factors through py so that it
yields an endomorphism of Vyg,).

Proof. Take f in the Yoneda lemma construction so that fy; = id of ind}] VNGE,)- 0

Definition 4.1. Let T* = {diag(t;,,t,) | val(t;) = - = val(t,)}, and A7 (Vyg,) = {¥ €
H1(Vu,) | supp ¢ < T*}.

Theorem 4.1 (Herzig, Henniart, Vigneras, ---). The map
S? : HG(V) — %”T(VU(]FP)),
is injective with image 77 (Vy(,))-

Corollary 4.1.

(V) = C[A7],
where A* = T*/(T nK) is a monoid. Through valuation, A* = Z! = {(A, -, A) €Z" | A = -+ = A},
so that 75 (V) is commutative finite type C-algebra.

Remarks on the proof. (1) Find nice bases of J#;, #4: for A € Z", let t; = diag(p™, -, p™) €
T*. Then, there is a unique T, € .G, such that
(a) supp T; = Kt)K,
(b) T)(ty) € Endc(V) is a linear projection.
We can see the uniqueness as follows. The reduction of K n t;'Kt, is Py(F,) for a standard
parabolic P, and note that T,(t)) by K-biequivariance has to factor V. — VN, -2
VNiE) sV which is M;(F,)-linear. Thus, as Vy,g,) and VN are isomorphic, we get
uniqueness.
By Cartan decomposition, we deduce that (T}))cz» forms a C-basis of 7. Similarly,
one takes a basis (73);ez» of 77 (normalized).
(2) One proves that SF(T}) = 7 + Y., 4T,
(3) im(S9) < A5
(4) Triangular argument.

p<A

O

Remark 4.1. By the same formalism, one has a Satake transform for maps of compact inductions

of two different weights, which no longer has algebra structure but is a Hecke bimodule.
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Proof of Corollary 4.1. As T is commutative, 7,7, = 1), so J7 = C[Z]] = C[xy, -, Xp, x;']. O

Proposition 4.2. We have a commutative diagram

Sii

He(V) — Hu(VN,)
SM

H(Vue,)

S7

~

which implies that Sy, is injective. Moreover, there is ¢ € H5(V) such that H#5(V)[e™'] =
T (Vn,))-

Proof. We only prove the last part. Note that im(S¢) = C[A*] and im(S}) = C[A"M], where A™M
is the dominance with respect to M. Thus, S AG4 is identified with the inclusion

CIA'] = C[A™M],
and one only needs to localize at A € A" = Z" such that A, = - = A, > A1 = =A,, > Ape1 =
m
5. Admissible representations and supersingular representations.

w

Definition 5.1. A smooth G-representation is admissible if dimc 7" < oo for all compact open

subgroups W.

Remark 5.1. The notion is stable under taking subrepresentations (obvious) and quotients (not
obvious).

Lemma 5.1. A smooth G-representation 7 is admissible if and only if there is W < G a compact
open pro-p subgroup such that dime " < oo,

Proof. Suppose W’ is any compact open subgroup. One may shrink W’ so that WLOG W’ c W.
Then,

7" = Homy (1, 7) = Homy,(indy), 1, 7).

It is then sufficient to prove the following, as indy,, 1 is finite-dimensional:
Claim. Homy, (o, r) is finite-dimensional, for every finite dimensional smooth o.

If o is irreducible, then by p-group lemma, ¢ = 1, so the finite-dimensionality is exactly our
assumption. A general situation follows from this by devissage. U

Lemma 5.2. If & is admissible, then it contains an irreducible subrepresentation.

Proof. Fix W an open pro-p subgroup. Forall 0 # 7 < 7,0 # " < x" by p-group lemma.

We can choose 7 such that dim(z") is minimal. Then, the G-representation generated by " is
irreducible. U
Exercise 5.1. (1) If 7 is smooth, then 7 is admissible if and only if Homg(V, x) is finite-

dimensional for all weights V.
(2) If x is irreducible and admissible, then 7 has a central character.

(3) Show that Indg(—) preserves admissibility.
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Remark 5.2. It can be possible that an irreducible smooth representation is not smooth (Daniel
Le, 2018).

Definition 5.2. If & is an admissible G-representation, and if V is a weight, then Homg(V, x) is a

finite-dimensional vector space with an action of a commutative algebra 7¢5(V). Then we define

Evalg(V, 7) = {algebra homomorphisms 7;(V) — C that occurs as eigenvalues on Homg(V, 7)}.
Recall 777" has basis {7)},cz». Note that 7, € (¢7)" if and only if A € Z§ := Z n (-Z}).

Lemma 5.3. For an irreducible admissible G-representation = and V a weight, the following are
equivalent.
(1) For all y € Evalg(V, ), (7)) = 0 for all A € Z\Z};.
(2) For all y € Evalg(V, ), y does not factor through S5 : H5(V) — Hu(Vn,)) for all
M # G.

Proof. Use that ##5[1;'] = J#,,, where M, is the centralizer of t,. O

Definition 5.3 (Barthel-Livné, Breuil, ---). If the above equivalent conditions are satisfied, then we
call & a supersingular representation.

Remark 5.3. (1) This condition is really about some Hecke operator being zero mod p.

(2) From this, one has to check for n — 1 Hecke operators. From classification of irreducible
admissible representations, it will turn out that it is sufficient to check for only one weight
and one Hecke operator.

(3) There is also an equivalent condition that uses Iwahori-Hecke algebra.

When n = 1, everything is supersingular. When n = 2, Breuil showed the following
Theorem 5.1 (Breuil). Irreducible supersingular representaitons of GLy(Q,) are of form
ind{ V

B G )
(T(l,O); T(1,1) — a) lndK vV

for a € C* and weight V.
It makes sense, a specifies the central character and 7, g)-eigenvalue is killed.
6. Classification in terms of supersingular representations.

Definition 6.1 (Steinberg representations). If Q is a standard parabolic subgroup, then
Indg)(1)

G
ZQ’QQ parabolic IndQ’ (]1)
is a generalized Steinberg representation.

StQ L=

It is the usual Steinberg representation if Q = B and is trivial is Q = G.

Theorem 6.1 (Grosse-Klonne, Herzig, Ly). The representations Sty are irreducible admissible and
pairwise non-isomorphic. The irreducible constituents ofIndg(]l) are the Sty, Q" > Q, with multi-
plicity 1.

Proposition 6.1. Suppose o is an (irreducible/admissible/smooth) M-representation, then there ex-
ists a unique largest parabolic P(c) containing P such that o, considered as a P-representation,

extends to a P(o)-representation ¢ which is unique (and is irreducible/admissible/smooth).
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The extension ¢ is automatically trivial on N(o) c N.

* *

Example 6.1. Say M = [+ *« |c GL3;, and 0 = 7 X y where 7 and y are irreducible admissible

*

representations of GL, and GL,, respectively. If P(c) = G, then ¢ is trivial on the normal subgroup
1 *
generated by N = 1 «|, which contains N(Q,) and N(Q,) = SL;(Q,). In general, it is the
1
image of simply connected universal cover of the derived subgroup. To have P(c) = G, then
necessarily 7 = yodet (so that 6 = y det).

Definition 6.2. Suppose (P, o, Q) consists of the following data:

« a standard parabolic P = MN,
« an irreducible admissible supersingular M-representation o,
« and a parabolic P c Q c P(0).
Then,
I(P,5,Q) :=Ind§, (5 & Sty”),

where
Indy (1)

ZQQQ'CP(G) Indg(f”)(ﬂ) .

Remark 6.1. As N < Pand N < Q, N acts trivially on St? and
Indg) (1)

ZQQ QP Indgm(l) ’

which is a general Steinberg representation of M. In particular, ¢ ® Stg ?) is trivial on N(o).

Plo) _
Stg™ =

Theorem 6.2 (Abe-Henniart-Herzig-Vigneras). The map

admissible / =,
G-representations

(P,0,Q) — I(P,0,Q),
is a bijection. Here, an isomorphism between two (P, o, Q)’s is just an isomorphism of ¢’s.

{ Triples (P, 0, Q) as

above

Irreducible
} / =2—

The above theorem works for any p-adic reductive group over any p-adic local field (equal or
mixed characteristic).

Idea of proof. In showing that Ind$(c) is irreducible, one needs to show that a nonzero sub-
representation 7 ¢ Ind$(c) is everything. Pick a weight V < 7|x. By Frobenius reciprocity,
ind((V) — 7 < Indj§ o. For some y : (V) — C, one then considers C ® (V). ind V —
Ind§ . If Py c P, where Py is the parabolic coming from Curtis parametrization of weights, then
one proves that C ® ), indS V = IndS(C &, ind}] . Vn(,)) and that it surjects into Indy o,
which implies that 7 is everything.

However, even though almost every weight V has Py = B, there are certain weights V where

Py is not contained in P. Thus one needs to “change weights”, according to o.
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To show exhaustion one needs to use the “left adjoint” to Indj, used by Emerton (“ordinary
parts” paper). O

Concretely, the recipe on GL,(Q,) is as follows. Suppose P has blocks of size ny, -, n,, and let
o = 0; ¥ - X 0,, where o; is an irreducible admissible supersingular representation of GL,,(Q,).
Then, P(0) is the standard parabolic subgroup which is formed after combining consecutive 1-
blocks with the same characters. Thus, any irreducible admissible representation is of the form
Indg,(r) where 7 = 7; X --- X 7, and each t; is either supersingular or 7; = St(GQiL"g ®(n;o det) where
ni + Q, — C*’s are different characters.

Remark 6.2. One should not confuse with the complex case where one can change the order of
blocks. In this case permuting blocks changes everything.

Example 6.2. Let’s say n = 2. Then we have four cases.

« P=B,0=y Xy, Q=Bfor y, # 2. Then, P(c) = B, and we get Ind§(y; X y2).

« P=B,0=)xXy,Q=B. Then, we get St ®(y- det).

« P=B,o=yXy,Q=G. Then, we get yodet.

« P =G,Q = G, and o is a supersingular representation, then we get supersingular repre-
sentations.

7. Consequences of classification.
We can compute Jordan-Holder constituents of parabolically induced representations.

Lemma 7.1. If o is an irreducible admissible supersingular M-representation, then Ind$ (o) is of
finite length. Its irreducible constituents are I(P, o, Q), where P ¢ Q c P(co), with multiplicity one.

Definition 7.1. An irreducible admissible G-representation r is supercuspidal if it is not a sub-
quotient of Ind$ o for all P # G and o irreducible admissible.

Corollary 7.1. If 7 is irreducible admissible, then r is supersingular if and only if r is supercuspidal.

Proof. If & is supercuspidal, by Theorem 6.2, 7 = I(P, o, Q). By the above lemma, 7 is a subquo-
tient of Ind$ (o). By the supercuspidality, P = G = Q, and 7 = 0.
If 7 is supersingular and if it occurse in Indg(r) for an irreducible admissible representation 7

of Q, then the lemma for 7 plus the transitivity implies that 7 occurs in Ind$(c) for P ¢ Q and &
supersingular. Thus, 7 = I(P, o, Q) for some Q’. By Theorem 6.2, P = Q = G. O

8. p-adic functional analysis.

Now we switch gears to p-adic representations. Let E/Q, be a finite extension, which will be
our coefficient. Let V be an E-vector space, and O = Op.

A good reference is Schneider’s book.

Definition 8.1. A nonarchimedean seminorm is a function | - | : V. — R, such that |x + y| <
max(|x|, |y|), and |Ax| = |A|g|x| forall A € E, x,y € V. It is called a norm if |x| = 0 if and only if
x = 0.

Definition 8.2. A lattice in V is an O-submodule A c V that spans V as E-vectorspace.

Notice that this definition is weaker than one might expect, e.g. V is a lattice of V.
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Definition 8.3. A locally convex vector space, or Icv, is a vector space V equipped with a
topology defined by seminorms {| — |;}ic;. Namely, basic opens can be chosen as

{xo+{lx|ly =e&-,|x|;, <€} |i;€l,e>0,% €V}

Equivalently, its topology is given by a basis of form xo + A;, j € ], where the A; are a family of
lattices such that

(1) foralla € E* and j € ], there is k € ] such that a/\; > Ay,
(2) foralli,j€ J, Ajn\j > Ay for somek € ].

The equivalence is seen as follows: if | - | is a seminorm, then {|x| < ¢} is a lattice; on the other
hand, if A is a lattice, then |x|5 := inf,c)5 [A|f is @ seminorm.

Remark 8.1. Every lev will be HausdorfF in this course, i.e. ()4 open lattice A = {0}

Example 8.1. If V is an lcv and if W c V is a subspace, then the subspace topology on W and
the quotient topology on V/W will give lcv’s.

Remark 8.2. If W c V is closed, then V/W is HausdorfT.

Example 8.2. If { V} ¢ is a family of lcv’s, then so is [ [,; Vi, with the product topology. Similarly,
(li_mi Viis anlcv. On @, V;, take the finest locally convex topology such that each V; — @, Vi
is continuous. Similarly, h_m)l V..

Example 8.3. If V is an lcv, then so is its strong dual V{ := Hom$*(V, E) with topology defined
by lattices {f : |f(B)| = ¢} for all bounded B and ¢ > 0. Here, B c V is bounded if, for all A ¢ V is
an open lattice, there is a € E such that B c aA.

Definition 8.4. AnlcvV is Banach (resp. Fréchet) if its topology can be defined by a single norm
(resp.a countable family of seminorms/lattices) such that it is (sequentially) complete.

Remark 8.3. There is an implication
Banach = Fréchet = metrisable.
Remark 8.4. A Banach space does not carry a fixed norm; one just remembers topology.

Proposition 8.1. A finite-dimensional vector space carries a unique Hausdorff locally convex topol-
ogy. If V.= E", one can define it by |a| := max,.;., |a;|.

Example 8.4. If ] is a set, then

£=(I) = {bounded functions f : [ — E}, with supremum norm,

c() ={f | ve > 0,{|f| > €} is finite},
are Banach spaces.
If X is a compact topological space, then C°(X, E) with supremum norm is Banach.

Remark 8.5. For Fréchet spaces, one has Open Mapping Theorem and Closed Graph Theorem
as usual.

Definition 8.5. Amapf : V — W of Banach spaces is compact if for any/some unit ball V° c V,

f(V°) is compact.
Definition 8.6. An lcvV is of compact type if V = lim o Vn where V,, is Banach and V,, — V.,

are injective and compact.
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Example 8.5. If dim V is countable, equip it with the finest locally convex topology, and it be-
comes of compact type. This means that V = | J,_, V,,, where V; c V, c --- are finite-dimensional
vector spaces, and V equipped with the direct limit topology li_m)Vn is of compact type.

Proposition 8.2. « If'V is of compact type and W is a closed subspace, then W and V/W are
compact type.
« The strong dual induces equivalence of categories

{ Compact-type spaces} <= { “Nuclear” Fréchet spaces} ,
lim V, — lim(V,);.
 — —

9. Locally analytic and Banach representations.
Definition 9.1. Ifa € Qg andr > 0, then

B(a) = (x€ Q! ||x~al=r},
is called a closed ball (even though it is both open and closed).

Definition 9.2. A (Q,-)locally analytic manifold of dimension d is a paracompact Hausdorff
topological space which is locally modeled upon closed balls B,(a) and transition maps are locally
analytic. To be more precise, it is a paracompact Hausdorff topological space M and a maximal atlas
of charts (U, ¢y), where

« U c M is an open subset,

« all U’s cover M,

« oy : USByc QZ is a homeomorphism, where By is a closed ball,

« ooy eu(Un U) <> ou(U n U) is a locally analytic function from an open subset of
QZ to Qg, i.e. locally it is given by a convergent power series.

These form a category of locally analytic manifolds.

Definition 9.3. A locally analytic group is a group object in this category, e.g. GL,(K) for K/Q,
finite extension.

Definition 9.4. IfB = B,(a) c Qg and V is a Banach space with defining norm | - ||, we define

Crig(B, V)y:={f =) vlx- a) - (xg - ag)™ | v €V, ||vi||rzif — 0asli| =), i — oo}.

i€ENd
Given f € CU(B, V), let |f|s := max; |v;|r'! € R.,.

Lemma 9.1. (1) | - |5 is independent of choice of a.
(2) C"¢(B, V) equipeed with | - | is complete, i.e. C"8(B, V) is a Banach space.

Remark 9.1. We have a continuous injective evaluation map C"¢(B, V) < C°(B, V).
Definition 9.5. If B,, B, = B,(a) are closed balls in Qz, let

Crig(Bl’BZ) = {f +a |f € Crig(Bla QZ)J ||f||Bl = r}’

which is independent of choice of a.
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Definition 9.6. Suppose M is a locally analytic manifold, V is a Banach space, then let the space
of locally analytic functions be defined as

(M, V) = lim T1C™(B, V),
M=]1,c; Ui, charts ¢; : U; => B ball el
where transition maps in the limit are given by refinements. Namely, we say (Ui, ¢;)ict < (W}, ¥)i¢s
if, for all j € J, there uniquely exists i(j) € I such that W; c Uy;, which is given by a rigid analytic
function C"8(B;, Byj)) after sending W; < Uy;) to B — By via ; and ¢y, and then the transition
map [[; C*&(U,, V) — I C"&(W,, V) is given by the natural maps C"8(Uy;), V) — C"&(W,, V).

Remark 9.2. The transition maps are compatible with compositions, and any two indices admit
a common refinement. From this, one deduces that C**(M, V) is an lcv, and the evaluation map
C*™(M, V) — C°(M, V) is continuous.

Definition 9.7. If M is a locally analytic manifold, and if V is a lcv, then
Can(M’ V) = 11_1’1’1) H Crig(Ui’ Vz)

(Ungi,Vi), Vi Banach, V; < V cts. inj. €I
Exercise 9.1. If M = Z,, c Q,, then the set
{(a+p"Z,.1d) : a € Z/p"Z} s,

is cofinal among indices. Thus, C**(Z,, V) = lim i [eezpz C"¢(a + p"Z,, V), where each space
in the limit is a Banach space. As the transition maps are compact, it follows that C*(Z,, E) is of
compact type.

Proposition 9.1. If M is a compact locally analytic manifold, and V = E (or more generally of
compact type), then C**(M, V) is of compact type.

Proposition 9.2. If M = [, M;, then C**(M, V) = [[,;; C*(M;, V).

Definition 9.8. Let G be a locally analytic group. Then, a Banach space representation of G
is a Banach space V with a continuous linear action G x V. — V. It is unitary if there exists a
G-invariant norm defining the topology.

Remark 9.3. Imposing continuity is the same as imposing separate continuity, ie. Gx V — V
is continuous after fixing one coordinate, by Steinhaus theorem.

Remark 9.4. Any subrepresentation or a quotient representation of a Banach space representa-
tion is still a Banach space representation.

Example 9.1. (1) A finite-dimensional continuous representation with its unique Hausdorff
topology is a Banach space representation.
(2) If H < G is a closed subgroup such that H\G is compact, and if W is a Banach space
representation of H, then

(Ind§ W)C0 ={f : G— Wcts. | f(hg) = hf(g) for h € H} = C°(H\G, W),

is a Banach space representation of G. Here one uses a section of G — H\G. This shows
that for example a parabolic induction is a Banach space representation in this setting.

(3) If G is compact, then any Banach space representation is unitary.
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Definition 9.9. Alocally analytic representation of G is a compact type space V equipped with
a continuous linear action G x V.— V such that the orbit maps o, : G — V, g — guv, are locally
analytic.

Remark 9.5. Again, any subrepresentation or a quotient representation of a locally analytic
representation is still locally analytic.

Example 9.2. (1) Again, a finite-dimensional continuous representation with its unique Haus-
dorff topology is a Banach space representation.
(2) If H < G is a closed subgroup with H\G compact, then

(Inde W) ={f : G— Wloc. an. | f(hg) = hf(g) for h € H} = C**(H\G, W),

is a locally analytic representation of G. Here one uses a section of G — H\G.

(3) Vim, a smooth representation of countable dimension, is locally analytic (o,’s are locally
constant).

(4) I G = G(Q,) for an algebraic group G over Q,, then an algebraic representation V,, of
G is locally analytic (o,’s are locally polynomial). Thus V,, ® V,y, a locally algebraic
representation, is locally analytic.

Remark 9.6. The relevant categories are not abelian! (Schneider) This is why introduce
duality theory below.

10. Duality of smooth representations with mod p coefficients.
Let G be a compact locally analytic group.

Definition 10.1. Let C/F, be a finite extension. Then, the ring of distributions is defined as

D¥(G) := C°(G, C) = ( lim C(G/U, C)) = lim C[G/U] =: C[[G]],

U<G open
which is a profinite ring and is noetherian (Lazard).

Note that if V is a smooth G-representation over C, then V = lim V"V has an action of C[[G]],
which gives an action of C[[G]] on V".

Proposition 10.1 (Pontryagin duality). There is an anti-equivalence of categories

smooth D*(G)-modules with
{ G-representations }L’{ profinite topology such }
over C that action is cts
ViV,
Remark 10.1. By Nakayama’s lemma, V is admissible if and only if V"’ is finitely generated
D*(G)-module.

Remark 10.2. Any finitely generated D*(G)-module carries a unique profinite topology such
that the action of D*(G) is continuous. Thus, when we restrict the Pontryagin duality to admis-
sible G-representations, then we can forget topology,

admissible frritel 4
G-representations [ — nitely generated |
’ D*(G)-modules

over C
In particular, as D*(G) is noetherian, the RHS category is abelian! In particular, the LHS is

closed under quotients.
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11. Duality of Banach space representations.
This is the theory of Schneider-Teitelbaum. Again, let G be a compact locally analytic group.

Definition 11.1. Let D°(G) := C%(G, E) = O[[G]][1/p], where O[[G]] =(li_mn U(O/@”)[G/U]. This
is again profinite and noetherian. ,

Similarly we have the following

Proposition 11.1. IfV is a Banach space representation, then there is a G-invariant lattice V- c V
defining the topology, which has natural O[[G]]-action. Thus, V, V' are D°(G)-modules.

This is because

« G is compact, so V is unitary, so the existence of V" is clear,

. and we have V° = lim . V°/@"V°, where each V°/®" V" is smooth, and so has a continuous

action of (9/@")[[G]].

Definition 11.2. We say a Banach space representation V is admissible if V' is finitely generated
as a D°(G)-module.

This is equivalent to V°/@V"° being admissible in the previous sense.
Theorem 11.1 (Schneider-Teitelbaum). There is an anti-equivalence of categories

admissible Banach space | ~_ | finitely generated
H
representations D¢(G)-modules

ViV,
and the RHS is an abelian category.
Example 11.1. Under the above correspondence, C°(G, E) goes to D(G).

Corollary 11.1. (1) Anymapf : V — W of admissible Banach space representations is strict,
i.e. V/ker f =>imf is a topological isomorphism.
(2) Any closed subrepresentation W < V and its quotient V/W of an admissible Banach space
representation V are all admissible.
(3) One has the usual notion of kernel and cokernel within the category of admissible Banach
space representations.

Remark 11.1. For a general locally analytic group G, one can use any compact open subgroup
as the notion of admissibility does not depend on a choice of compact open subgroup (difference
is only finite-dimensional). It is more subtle to get an equivalence.

12. Duality of locally analytic representations.

Definition 12.1. Let the ring of locally analytic distributions be defined as
D™(G) := C*(G, E);,

which is a nuclear Fréchet space.

Unlike the previous cases, it is not obvious that D*(G) is a ring.
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Theorem 12.1 (de Lacroix). The Dirac delta distributions 5y, g € G, defined in an obvious way,
span a dense subspace D*(G). There is a unique continuous multiplication on D**(G) extending the
multiplication on the Dirac delta distributions 8y * 6, = O,u. More concretely, the multiplication is
given by
(81 = 8)(f) = 8i(g1 > (g2 — f(8182))

for 6y, 6, € D*(G).

IfV is alocally analytic representation, then there is a unique separably continuous action D**(G)x
V — V such that 6;v = gv. The same statement holds for V.

We cannot just mindlessly take finitely generated D**(G)-modules to define admissible repre-
sentations, as D*"(G) is not noetherian.

Theorem 12.2 (Schneider-Teitelbaum). There is an anti-equivalence of categories

locally analytic separably continuous
representations, on — 1 D*(G)-modules on nuclear ¢,
compact type spaces Fréchet spaces
V= V.

Remark 12.1. Let g = Lie G, then the map g — D**(G) defined by

d
X = (f— E|t=0f(etx)),

is a Lie algebra homomorphism, where we use exp : U — G for an open neighborhood U of 0
in g.

Remark 12.2. We have D¢(G) sitting inside D**(G) as a subring, but as we have mentioned above,
D**(G) is not noetherian.

Example 12.1. Take the simplest example of G = Z,,.
« Mahler proved that, for E a p-adic field, C O(Zp, E) can be expressed as

> a”(Z) | a, € E,a, — 0},

n=0
where it means a,’s have bounded denominators and the numerators converge to zero
p-adically.
« Inside this, we have locally analytic functions on Z,,

C*"(Z,,E) = {) a, <x> | [an|r" — 0 for some r > 1}.
n

n=0

« The Amice transform says that there is an algebra isomorphism

D™ (Z,) = C™¥(X.y),

5 — “5((1 + T)x)n — Z 5((x>)Tn’
n=0 n
where C"8(X.,) is the ring of rigid analytic functions on open unit disc. From this we

can check that D**(Z,) is not noetherian.
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Remark 12.3. Even so, as the Amice transform suggests that D**(Z,) has an interpretation using

rigid analytic geometry, in particular C"¢(X_;) = lim Lrep® Cr&(X_,), where now X_, is an affinoid

for r € pQ. Thus, C"8(X_,) is an inverse limit of countable collections of Tate algebras, which
are very nice (in particular noetherian). As there is a notion of coherent sheaves on rigid ana-
lytic spaces, what Schneider-Teitelbaum did was to emulate the theory of coherent sheaves on
the represenation theoretic side (e.g. Fréchet-Stein algebra, coadmissible modules, ---), using the
situation of increasing union of affinoids covering a non-affinoid rigid analytic space.

Definition 12.2. A Fréchet algebra A is Fréchet-Stein if there exist seminorms q; < @, < -,
defining the topology of A, such that

(1) the multiplication Ax A — A is continuous with respect to q, for all n (so that A = (li_mn>1 Ag,,
even topologically),

(2) the completion A,, is left-noetherian,

(3) A,, is flat as a right A,, ,-module.

Definition 12.3. If A is a Fréchet-Stein algebra, an A-module M is coadmissible if
(1) M, := A, ®4 M is finitely generated for all n,
(2) and M — (li_mn M, is a bijection.

Proposition 12.1 (Schneider-Teitelbaum). Let G be a compact locally analytic group.
(1) D*(G) is a Fréchet-Stein algebra.
(2) Coadmissible modules are the same as compatible systems of finitely generated A, -modules.
(3) The category of coadmissible modules is an abelian subcategory.
(4) Any finitely presented A-module is coadmissible.

Remark 12.4. Any coadmissible module M carries a canonical topology by definition:

+ M, carries a unique Banach topology as A,, ®4 M;
« M, as (li_mn M, carries a unique Fréchet topology.

Under this topology, any map between coadmissible modules is continuous and strict.

Proof that D*(G) is Fréchet-Stein. One can pass to a small compact open subgroup that is “uni-
form pro-p,” so that in particular it is isomorphic to ZZ. Now one uses the theory of Mahler
expansions, with an additional consideration of multiplcation structure, which we need to use
Lazard’s results. U

Now we can finally define admissibility for locally analytic representations.

Definition 12.4. A locally analytic representation V is admissible if V] is isomorphic to a coad-
missible module with its canonical topology. Thus, there is an anti-equivalence of categories

~

analytic -
representations

Admissible locally { Coadmissible modules }

over D*(G)
V=V,

Corollary 12.1. (1) The category of admissible locally analytic representations is abelian.
(2) Any map of admissible G-representations is strict and has closed image.
(3) Closed submodules and Hausdorff quotients of an admissible module are admissible.

(4) There is a usual notion of kernel and cokernel.
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Example 12.2. If V is an admissible smooth representaiton, then it is an admissible locally ana-
lytic representation.

Definition 12.5. Let V bs an admissible Banach space representation of G. Then the space of
locally analytic vectors V,, is defined by

Van ={v€ V|0, € C*G,V)} = C*(G,V),
with the subspace topology.

Theorem 12.3 (Schneider-Teitelbaum). Let V be an admissible Banach space representation.

(1) Va, is compact type, and dense in V.
(2) Van is an admissible locally analytic representation, and (V,,)" = D**(G) ®pe(g) V.
(3) V +— V,, is an exact functor.

13. Orlik-Strauch representations.

Let G = GL,(Q,), P = MN be a parabolic subgroup, g = Lie G, p = Lie P, m = Lie M, n = Lien.
Denote U(g)r = U(g) &g, E.

For an application of locally analytic representation theory, Orlik-Strauch developed a theory
of “Category O0”, “blocks”, “Verma modules”, ---, that is useful to study locally analytic principal
series representations.

Definition 13.1. A finite dimensional irreducible representation of m over E is algebraic if it
integrates to an irreducible algebraic representation of M.

Example 13.1. If P = B is the standard upper triangular Borel, then a character
N
t=0, —E
X = Z Aixi’
is algebraic if and only if A; € Z for all i, so that it integrates into
T — E",
diag(ty, -, t,) — [t

Definition 13.2. The category O;Ig is defined as follows.
« Finitely generated U(g)g-modules L, such that L|, is a (direct) sum of irreducible algebraic

representations of m, and for all x € L, U(n)gx is finite-dimensional, are the objects of@Zlg.
« Morphisms are just U(g)g-linear maps.

Example 13.2. (1) If p = g, then Oglg is the category of finite dimensional algebraic g-
representaitons.
(2) If W is an irreducible algebraic m-representations, consider it as U(p)g-module via the
quotient U(p)r — U(m)g. Then, the generalized Verma module

M(W) = U(9)e ®up); W,
isin (D;Ig. This is an analogue of parabolic induction. This can be checked using
M(W) = U(ﬁ)E ®F W,

which is a consequence of Poincaré-Birkhoff-Witt theorem.
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Proposition 13.1. The category OSIg satisfies the following properties.

« It is an abelian category.
« It is closed under sub, quotient, and direct sum.
« Every object has finite length.

« If P c Q are two parabolic subgroups, then Oglg c Oglg.

Similar to the construction of generalized Verma module, Orlik-Strauch defines the following
construction.

Definition 13.3 (Orlik-Strauch representations). Let L € Oglg, and my; be an admissible smooth

M-representation. From the properties demanded for objects of(?ﬁlg, one can take a U(p)g-generated
subspace W < L, which is a finite-dimensional p-subrepresentation, that generates L as U(g)g-
module. Then, define the U(g)g-submodule d c U(9)r ®y(), W as the kernel of the surjective map

U(g)E ®U(P)E W — L.

Note that as the m-action on W integrates into an algebraic M-action, the p-action integrates into
an algebraic P-action too, as on unipotent part exponential is algebraic. Consider C*"(G, W’ ® my),
which has an action by g x G where g acts by the differentiation of left translation and G acts by the
right translation. Consider the pairing

(U(g)r 5 W) x Indj (W’ ® )™ — C*™(G, m),
(X ®w),f)(g) :=<(Xf)g) w»,

which makes sense as W’ ® my; is locally analytic as a P-representation. As f is left P-equivariant,
this pairing factors through

(U@Q)r ®ugy; W) x Indpg (W © my)™ — C*(G, 7tur)

Then, the Orlik-Strauch representation 5 (L, my) is the annihilator of 9 in Indg(W’ ® 1), which
is a closed G-subrepresentation.

Example 13.3. For L = U(g)r ®u@), W a generalized Verma module, as 9 = 0,
Fo(U(9)r ®uw)y: W, mu) = IndS(W’ ® my)™.

Theorem 13.1 (Orlik-Strauch). (1) §§ is independent of choice of W.
(2) FS(L, 7yr) is admissible, functorial and exact in both arguments.

(3) IfQ > P and L € O35, then

FO(L my) = §G(L (IndpS,, m)™),

where in the RHS we use smooth induction.
(4) If L and my are irreducible and P is maximal for L (i.e. L is not an object of@élg for all Q
containing P), then §5(L, my) is topologically irreducible.

Corollary 13.1. If my is of finite length, then FS(L, my) is topologically of finite length.

Example 13.4. Let n = 2. Let A = (A}, A;) € Z? c t', where Z? means A; > A,. The Verma module
M(A) = U(9)E ®u), 4 has a filtration

0— L(A) — M(A) — L(A) — 0,
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where L is the unique irreducible quotient of the corresponding Verma module (the usual highest
weight representation), and A’ = (1 2) - A = (A, - 1, A; + 1). Note that L(A) is finite-dimensional as
A is dominant, while L(A") is not, so in particular L(1") ¢ Oglg. In fact, L(A") = M(X").

We apply the Orlik-Strauch construction, for y = y; ® y» : T — E* a smooth character, and
we have an exact sequence

0 — F5(LA), x) — F5MQA), x) — F5LA), x) — 0.

Let y : T — E* be the algebraic character satisfying dy, = A. Then, the last two terms are
locally analytic parabolic inductions,

0 — FULA), x) — Ind§ (7' @ )™ — IndS (3! ® )™ — 0.

The last term is irreducible, as B is maximal for L(A") = M(A’). Also, by one of the properties of
Orlik-Strauch construction,

F5 (LA, x) = FELA), (Indg x)*™) = L(A)" © Indg ()™

This is locally algebraic, and (Ind§ y)™ is irreducible if and only if y; ;' # 1 or | - |* (Bernstein-
Zelevinsky). Thus, this gives a fairly explicit filtration of principal series locally analytic repre-
sentations.
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EUGEN HELLMANN, P-ADIC HODGE THEORY AND DEFORMATIONS OF GALOIS REPRESENTATIONS

1. Fontaine’s period ring formalism.

We want to study continuous representations of Gy = Gal(K*/K) for a p-adic local field K
(mainly a finite extension of Q,, but also can be a local function field) on a finitely generated
IF,-vector space/Z,-module/Q,-vector space.

A general strategy of Fontaine is to construct an interesting ring with interesting structures
and Galois action and we can study the representation by base-changing to the ring. More pre-
cisely, let’s say G is a group, L is a field, and we want to study representations of G on a finite-
dimensional L-vector space. Then what we generally want to do is to find an L-algebra B, which
is a domain, with a L-linear G-action. Then, we can endow the diagonal G-action on V ®; B, and
define Dp(V) = (V ®; B)°, which is a B°-module. From this, we have a G-equivariant map

DB(V) ®pG B—V ®r B.

We want good situations where this map is isomorphism. Then, we can hope to use structures of
B (and Dg(V)) to study V.

Definition 1.1. The L-algebra B is called G-regular if
« BY = (Frac B)°,
« if0 # be BandL- b is a G-stable line, then b € B*.

Obviously, if B is G-regular, then E = B° is a field.

Proposition 1.1. If B is G-regular, dimg Dg(V) < dim; V, and the map Dg(V) g B— V ®; B is
injective.

Definition 1.2. For a G-regular ring B, if dimg Dg(V) = dim;, V (or equivalently the map Dg(V) ®pc
B — V & B is an isomorphism), then we say V is B-admissible.

Remark 1.1. (1) Let p denote the G-representation on V, and let n = dim; V. Then, upon
choosing a basis of V, we can see p as a cocycle p € H'(G, GL,(L)), where GL,(L) has a
trivial G-action. Then, saying (p, V) is B-admissible is equivalent to saying that

p € ker(H'(G, GL,(L)) — H'(G, GL,(B))).

(2) If G is a topological group and B is a topological L-algebra with continuous G-action, the
above remark holds for continuous representations (p, V) and continuous H'.

(3) In practice, B comes with additional structures (e.g. endomorphism, filtration, ---) com-
muting with G-action. Given V, these induce additional structures on Ds(V'). Our general
hope is that, by putting enough additional structures, we can recover B-admissible V from
Ds(V).

2. p-modules.

We study one of the easiest examples of the above situation. Let F be a local field of character-
istic p, of form F,((t)), G = Grand L = I,

In this case, let B = F°. There is obviously an action of Gp, and as it is a field, it is obviously
Gg-regular, and BCF = F.

Lemma 2.1. Every continuous Gg-representation on a finite-dimensional TF,-vector space is F*-

admissible.
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Proof. This is immediate from Hilbert 90 (so that H!(Gr, GL,(F*®)) = 0) and the cohomological way
of seeing B-admissibility. U

Now a nice thing is that we have a Frobenius endomorphism ¢ : F°* — F°, x +— x?, which
commutes with Gg-action. Thus, given V, we get an induced map ¢ : D(V) RLLN D(V) where
D(V) = (V &, F*).

Definition 2.1. A ¢-module over a ring A with an endomorphism ¢ : A — A is a finitely
generated A-module D, together with a ¢-semilinear map ¢ : D — D, such that the A-linear map
¢D=De,y, A 42120, D is an isomorphism.

Thus, D(V) is a ¢-module over F, because ¢ is injective so that ¢ on D(V) is injective and thus
the linearization of ¢ is injective too.

Corollary 2.1. The functor

continuous representations of
D : Gr on finite-dimensional — {@-modules over F},
F,-vector spaces

is fully faithful.

Theorem 2.1 (Fontaine). The above functor D is an equivalence of categories, with quasi-inverse
D +— V(D) := (D & F*)*™,

where ¢ : D ®p F° — D o F* is ¢ diagonally.

Proof. 1tis fully faithful, as this gives a quasi-inverse to the essential image: given a representation
v,
D(V) & F* <>V o, F,

is not only Galois equivariant but ¢-equivariant, where ¢ on the RHS is just ¢ on the second
factor, and (F¥)?74 = F,,.

For essential surjectivity, it reduces to show that we don’t lose dimension via V. Namely, given
a g-module F, we have to show dimg, V(D) = dimr D. One uses F* is separably closed and counts
roots. U

Remark 2.1. It might be hard to construct Galois representations as the structure of Galois group
is mysterious. Thus, this theory can be thought as an easy explicit way of producing Galois
representations of Gp.

Now we want to “lift” the situation to torsion coefficients and Q,-coefficients. To do this, we
“lift” F* to characteristic 0.

Definition 2.2. Let (Og, ¢) be a Cohen ring for F, i.e. O¢ is a complete dvr with uniformizer p with
residue field F, and ¢ is a lift of Frobenius on F.

Example 2.1. (1) If F is perfect, then (W(F), ¢) is the unique possible Cohen ring, where ¢
is the unique lift of Frobenius.

(2) In our case of F = Fy((t)), we can take O = W(F,)((t))", where A means we take p-

adic completion. One can take ¢ to be the lift of Frobenius on W(F,) (which we don’t

have any choice) and t +— t? (which we have freedom to choose; we might as well take

t — (1 + t)? - 1, which turns out to be more useful).
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Definition 2.3. We define as follows.
« € =0¢[1/p].
« E" is the maximal unramified extension of £.
« Ogu is the ring of integers of £'".
« Opw is the p-adic completion of Ogun.
. En = @gun[l/p].
The extension £'"/E is Galois with Galois group Gr, and we have ¢ and Gg-actions on all the above
rings.
As we have seen before, it might be useful to calculate Gr and ¢-invariants of the above rings.

Lemma2.2. (1) Qg = (Opum)°".
(2) Z, = Bem)™.
(3) H'(Gr, GL,(Ogw)) = 1.

This allows us to lift to characteristic zero.

Proof. We use successive approximation, by noticing that we can filter Ogun (GL,(Opw), resp.)
such that graded pieces are F* (either GL,(F°) or M, (F®), resp.). Note that for GL, we use obvious
congruence subgroups. And we know analogous calculations for graded pieces. O

Corollary 2.2. (1) Let A be a finitely generated Z.,,-module with continuous Z,-linear Gg-action.
Then,
D(A) L= (A ®ZP Ogun)GF,
is a p-module over O, and
D(A) B0, @eun — A ®7z, @sun,
is a (G, @)-equivariant isomorphism.
(2) This functor gives an equivalence of categories

continuous Gp-representations
on finitely generated — {p-modules over O¢} ,
Z,-modules

with quasi-inverse
V(D) := (D ®p, @pm) .
(3) Now let V be a finite-dimensional Gp-representation over Q,. Then,
D(V) := (V &g, E™,
is a fully faithful functor
continuous Gg-representations

on finite dimensional — {@-modules over £},
Q,-vector spaces

with essential image being the subcategory of étale p-modules. Here, (D, ¢), a ¢-module
over &, is an étale p-module, if there is a p-module (D', ¢”) on O¢ such that(D, ¢) = (D', ¢")®,
E.

Proof. Everything is almost a formal consequence of characteristic p coefficient theory. O
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Remark 2.2. That we need to introduce the notion of étale ¢-modules is very much expected.
Indeed, if ¢ acts on a ¢-module over £ with an eigenvalue, say, p, then obviously it does not come
from @-module over O¢. In some sense being étale p-module is to assert that there is an “integral
model” On the other hand, for any rational Galois representation, there is a Galois stable lattice
by usual compactness argument.

3. (¢, I)-modules.

Characteristic p theory is very satisfying. But what about mixed characteristic local fields? Let
K/Q, be a finite extension, then how do we describe continuous Gg-reprsentations on finitely
generated IF,-vector spaces/Z,-modules/Q,-representaitons?

The idea is to find a (deeply ramified, infinite) Galois extension K../K such that

« one can transfer the situation to equicharacteristic local fields, i.e. there is an equicharac-
teristic local field F such that Gx_ = G,

« the transferred continuous action of Gx_ on @gun extends to a continuous Gg-action on
@gun commuting with ¢,

- and hopefully I' = Gal(K../K) is as simple as possible.

If this is the case, then we get a continuous I'-action on (Opum)55= = O commuting with ¢.

Definition 3.1. If the above situation holds, a (¢,T)-module over O¢ (&, resp.) is a p-module over
O¢ (&, resp.) with a semilinear I'-action commuting with ¢.
A (¢,T)-module over £ is étale if the underlying p-module is étale.

Remark 3.1. The definition of étale (¢, I')-module is sensible, as I" is compact.

Theorem 3.1. (1) There is an equivalence of categories
continuous r dul
G -representations on finitely ; — { (¢, )—mz; utes over } ,
e

generated Z,,-modules

A — (A ®ZP (9€un)GK°°,
with quasi-inverse
D > (D ®(9£ @gun)qj:id,

where G acts on the target diagonally (G acts via its quotient T on D).
(2) There is an equivalence of categories

G -representations on finite

continuous
_) {
dimensional Q,-modules

étale (¢, T')-modules }

over £
V s (V ag, 80,

with quasi-inverse
D > (D & ™),

Proof. Everything is a very formal consequence. Il
55



4. Tilting equivalence.

Characteristic 0 situation can be salvaged as a formal consequence of having K., but is there
such K.,? Classically, Fontaine and Wintenberger used “norm fields” to find K... Nowadays we
have a more conceptual perspective due to Scholze using tilting equivalence of perfectoid fields.

Definition 4.1. A perfectoid field K is a complete nonarchimedean field of residue charateristic
p, complete with respect to a valuation vy (resp. norm | - |) such that

« v is non-discrete, i.e. the maximal ideal m < Ok satisfies m* = m,

« Frob : Okx/p — Ox/p, x — x?, is surjective.

Example 4.1. The following are examples of perfectoid fields.
(1) Fo((XV77)) 1= (UnaoFo((XV?")))", the X-adic completion.
(2) Fy((X))'.
(3) Q,, the p-adic completion.
(4) Given a finite extension F/Q,, F(x"")", for a uniformizer r € F.

(5) Given a finite extension F/Q,, and a compatible system (¢,) of p-power primitive roots of
1, F(e,,n = 1)

Remark 4.1. If K is a complete nonarchimedean field of characteristic p with non-discrete val-
uation, then K is perfectoid if and only if K is perfect.

Definition 4.2. Let K be a perfectoid field. Fix a pseudo-uniformizer @ € Ok, namely |p| < || < 1.
Define
Ok = Jim Ox/o.
Frob
Choose a compatible system of p-power roots of ®, @ = (0, @;, ) € Ok, such that ®; # 0. Then,
we define the tilt of K to be
I(b = OKb [l/wb]

Lemma 4.1. Fix a valuation vk on a perfectoid field K.
(1) Ok has a valuation defined by

(x03x13'”) = llm UK(ign)a
n—oo

where X, € Ok is a lift of x,. Namely, the limit always exists, and does not depend on a choice
of lifts.

(2) Ok is complete with respect to this valuation, and O does not depend on choices of @. The
topology defined by this valuation is independent of choice of vx.

(3) K" is a perfectoid field of characteristic p, and does not depend on choice of ®".

Remark 4.2. If K is a perfectoid field of characteristic p, then K* = K. More generally, if K is
characteristic 0,
O = lim Og/o <= lim O,
Frob xr>xP
because the rightmost object is a priori just a multiplicative monoid but x +— x” commutes
with addition in characteristic p. In general, if (x\?), (y™) is in (li_mxpr Ok, then we can give the
additive structure by

n n : n+m nem)\P"
(x())J’(y()):(,}filL(x( ey )
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Theorem 4.1 (Scholze). Let K be a perefctoid field.

(1) If L/K is a finite extension, then L is perfectoid.
(2) (Tilting equivalence) There is a degree-preserving equivalence of categories

{finite extensions of K} — {ﬁnite extension of K* } ,

L— L.
In particular, we have a canonical isomorphism Gx = Gg-.

Remark 4.3. (1) One can give an explicit quasi-inverse. Namely, given K there is a canoni-
cal ring homomotphism

QK : W(OKb) —» OK,
which is defined on Teichmuller representatives as

[Gxo, x1, )]+ lim 2",

n—oo

where X, € O is a lift of x,. Then, given a finite extension E/k’ with the ring of integers
O,

L = W(Ok) ®w©,.)6c K,

is an untilt of E.
(2) In fact, we have a more general tilting equivalence,

{perfectoid K-algebras} — {perfectoid K’-algebras } ,

R +— R,

where a perfectoid K-algebra is a Banach K-algebra R such that

« R° c Ris open and bounded, where R’ is the set of power-bounded elements,

- and Frob : R’/@ — R’/ is surjective.
More generally, there is the almost purity theorem: given a perfectoid K-algebra R,
tilting induces an equivalence

{finite étale R-algebras} < {ﬁnite étale R“’—algebras} .

(3) Without fixing a base field K, tilting is not an equivalence: there are many different fields
giving the same tilt. For example, we can take K; = Q,(&,, n = 1)", where ¢, is the compat-
ible system of p-power roots of 1, and K, = Q (pl/f’T)A. Then, (K;)" = (K3)" = (K3)" = Ka,

— @

where K; = F,((X"F")). For example, F,((X)) —— Kj, for @* = (p, p’?, ), induces an
isomorphism K; = K.

Idea of proof of tilting equivalence. We fix K, O, @, K", Ok, ®". Then, we have an isomorphism
Okx/® = O /0"

We prove that L +— L’ is an equivalence as follows. We eventually prove that O; — ;. is an
equivalence. Given O}, we show that O;/®" is the unique flat lift of O;/® over Ox/®". This is
shown by the naturality of cotangent complexes and perfectoidness assumption, the cotangent
complexes have to vanish. Thus from the isomorphism Ox/@ = Ok:/®", the equivalence follows.

U
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5. Back to (¢,I')-modules.
Now using the tilitng equivlance, there is a hope to find “K.,”. Let K/Q,, be a finite extension,

and F/F,((X)) be also a finite extension. Let C; = C, = K, and C, = F°. Then, the Gg-action on
K extends to a continuous action of Gx on C;, and the Gr-action on F extends to a continuous
action of Gy on G,.

Lemma 5.1. (1) (Krasner’s lemma) C, and C, are algebraically closed. In particular, C, = F.
(2) C, and C, are perfectoid, and C, = C;. On the other hand, the isomorphism depends on the
choice of ®" € Cy, which is highly non-unique.
(3) (Ax-Sen lemma)Let H  Gg (resp. H < Gyp) be a closed subgroup, then CI = (EH)A (resp.
CH = ((F*)H)Pet); need to deal with inseparable extensions).

Now fix ¢, € K a compatible sequence of p-power roots of unity. Our sought-after K., can now
be taken as follows.
Definition 5.1. Let K, be defined as
K. = K(&,,n = 1).
We see that K, satisfies the following properties.
+ K./K is a Galois extension.
+ The Galois group I' = Gal(K«/K) can be realized as an open subgroup of Z; via the cyclo-
tomic character
x:I'—7Z,
g & = e'® for all n.
For example, if K = Q,, thenI' = Z;.

- K.isa perfectoid field.
« Completion does not harm Galois group, namely we have an equivalence of categories

{finite separable extensions of K, } = {ﬁnite separable extensions of I?;} ,

L— L
Thus, via the tilting equivalence, we have an equivalence of categories

—~b
{finite separable extensions of K., } = {ﬁnite separable extensions of K, } ,

LI
« Let IF; be the residue field of K.
- If K/Q, is unramified, then there is a natural map
Fo((X)) — K,
X = (805 &1, ”') -1

This induces the isomorphism F,((X"#")) = K:; you can check this by hand.
— Indeed, it is enough to show that | J,., F,[[X""]] < Oy. isdense. AsOp. =lim Ok /p,

you need to show that 7, € pr,, (L, ]Fq[[X”Pj]]), where pr,, : lim Ok /p — Ok /p =

Uneo W(E,)[7,]/p is the m-th projection map and 7, is the class of . But, pr, (X" ") =
7, for all n.
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— More generally, if K/Q, is a general finite extension, then using the above result for
L, the maximal unramified subextension of K/Q,, we get the similar result.
Thus, by the same reason as above an equivalence of categories

{ﬁnite separable extensions of IF((X ))perf} - {ﬁnite separable extensions of I?;b } ,

L L
« Finally, as the étale topology does not see inseparable extensions, we have an equivalence
of categories

{ﬁnite separable extensions of IF((X ))} = {ﬁnite separable extensions of IF((X ))Perf} ,

L — Lperf'

This gives the half of the desired properties for K.:
Proposition 5.1. For F = F((X)), Gk, = Gr.

What about the other half?

- We note that Gk acts on Cp, C,, > K’ > F, C, > F.
» Thus, Gk acts on W(C,) and W(Oc,).
« The Gk action on C; preserves F°, and the restriction of Gg-action to F® induces the canon-
ical Gr = Gg_, < Gk on F°.
+ Let O¢ be our Cohen ring, Og = W(F,)((X))". Indeed, this embeds into W(C;), with T and
p-stable image.
- If K/Q, is unramified, the map can be given via

X — [(&, e,)] - 1.

The reason why we take Teichmuller lift is because we cannot take any lift, as we
want X to be topologically nilpotent on the LHS.

— The reason why the image is I' and ¢-stable is because you explicitly know how T
and Frobenius act on this thing, namely y.X = (1 + XV -1 € W(k)((X))" and
P(X) = (1+X)P -1 € W(k)((X))".

- For K/Q,, a general finite extension, one uses the maximal unramified subextension
and draw the same conclusion (but with less explicit map).

« Ogum, the p-adic completion of the maximal unramified extension of O in W(C,), is stable

under Gk and Frobenius, and the restriction of Gg-action on @gun to Gr = Gg_ < Gy is the
canonical action.

Thus we have the desired other half. Namely, we can use this specific K, for the abstract theory
of (¢,T')-modules.

Theorem 5.1. There are bijections

continuous @p-module over @gun
representations of (o, Gg)- with continuous
. - I')-modules | ~ ’
Gk on finitel =1 (e — 1 modules over | = ili
I;rene]jated g { over O¢ Ogun E’(”_lallc’;e:’:
Z,-modules commuting with ¢
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6. ¢-modules and the Fargues-Fontaine curve.
Let F be a perfectoid field of characteristic p.

Definition 6.1. Let Ajys = Ape(F) := W(OF), equipped with Frobenius.
Choose a pseudouniformizer @ € Of.

Definition 6.2. Let

Yr = Spa(Aint, Aint)\V(p[®@]),
an adic space, independent of choice of @, equipped with an action ¢ such that ¢* acts totally dis-
continuously and freely.

We will try to justify this construction for a while.

« As a set, Spa(Ajnf, Ains) is the set of continuous multiplicative valuations v : A —
I',u{0} such that v(f) < 1 for all f € Ay, where T',, is a totally ordered abelian group with
0 < y for all y € I',. Here, continuity means, for all y € T'y, {f € Aint | 0(f) = y} < At is
open (for the (p, [®@])-adic topology on Ayy).

« The set V(p[@]) is { v € Spa(Aint, Aint) | © factors through A;¢/p[@]}.

« We want to make Yy into a locally ringed space as follows. Let

b _ §g. L _ n .
B’ = Amf[p[@]] = { > [x]p" € W(F)[1/p] | x, is bounded}.

n>»-oo
This should be thought of as (bounded) functions on Y. For 0 < p < 1, define anorm | - |,
on B? as

Y [alp”

n>»-oo

1= max |x,|p" € R.y.
o n
For a finite union of closed intervals I c [0, 1], define B; = Bg; to be the completion of BP
with rrespect to the family of norms {| - |,} yer.

Theorem 6.1 (Fargues-Fontaine). If1 ¢ I, and if the endpoints of I are in |F”*

PID.

,then B is a

Definition 6.3. We define

Yr; = Spa(By, B;) = {v € Yr that extends to a continuous valuation on By }.

Then, Yrj, n Yry, = Yrpa, and Y = ;s Yrs- The topology on Yr can be defined as the
topology generated by regarding Yr; as open subsets of Yr. Furthermore, one can equip
Yr with a structure sheaf Oy, such that I'(Yr;, Oy,) = B;, which makes Yr into a locally
ringed space.
- For f € B, |o(f)|» = |f15, so ¢ extends to Bjgs = Bjarsr), S0 ¢ = Yr[arpr) = Yr[ap), and
¢ : Yp—> Y, giving a totally disconnected and free action of Z.
Now we have a locally ringed space with totally disconnected free action by Z, the following
makes sense.

Definition 6.4. The (adic) Fargues-Fontaine curve is the locally ringed space Xp = Yr/@”.

Remark 6.1. If F = F, then there is a bijection

{“classical points” of Yz} = {(p - [a]) € Ans, a € OF,0 < |a| < 1},
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where a classical point means a point v € Spa(By, B;) for some nice I which factors through a
maximal ideal of B; (this comes from the PID-ness of B;’s). Then, there is a bijection

perfectoid fields E
{(p-1l[a]) c A, a € Op,0 < |al <1} = { of characteristic 0, } ;
E"=F
(p - [a]) = W(OR)/(p - [a]).
In a certain senes, Yr is a “punctured open unit disc,” with the coordinate function being p.
Let B = F(YF, OYF) = (h_ml B[.

Theorem 6.2 (Fargues-Fontaine). We have I'(X¢, Ox,) = B4 = Q,.

Now we want to make sense of the notion of “vector bundles over X;”. Note that, at least
formally, a vector bundle over Xy must be a vector bundle V on Yr with ¢V = V.

Theorem 6.3. The embedding

¢-module over B, vector bundle V on
finite projéctive over [ Yp with @' V=5V |’

is a bijection. That is, a vector bundle V on Yr is finite projective over B.

Remark 6.2. This is not an equivalence of categories, in particular this is not full (the Hom space
on the vector bundle side is huge).

An advantage of this approach is that we can use geometric intuition.

Proposition 6.1. Any closed line bundle £ on X is associated to a divisor D = Y., ., nix;, h; € Z,
and x; € Xr classical points. For a classical point x, O(-x) is the ideal sheaf of functions vanishing
atx.

Definition 6.5. If Z = (). n;x;) is a line bundle, let deg £ = ) n;. If V is a vector bundle on X,
define deg V = deg(A™VV), and (V) = %, the slope of V.

Definition 6.6. A vector bundle V is called semistable of slope p if i(V) = p, and for any
subbundle V' < V, (V') < p(V).

Theorem 6.4 (Fargues-Fontaine). (1) Every vector bundle on Xp decomposes as a direct sum of
semistable vector bundles.
(2) For every ji € Q, there is a unique indecomposable semistable vector bundle V, of slope .

We review the construction of V,.
Definition 6.7. Let u = : wherer,s € Z,s > 1,(r,s) = 1. Let
D, = (WE)Vp))"
This can be made into a ¢-module over W(F,)[1/p] by giving

1 0 - 0 O

p=0 1 0 - -,
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with respect to the canonical basis. Let D, be the pullback (as a ¢-module) of D, into Ainf[ﬁ] along

Ajpf <~— W(F

|

Or

ol «—

This defines a vector bundle D, on Yr with ¢'D, —> Dp, and this descends to a vector bundle V, on
Xr.

Definition 6.8 (Rational subdomains). If fi, -, f,, & € By, (fi, -+, fn, &) = (1), we deinfe

(fl’g f") = {x € Yrr [ [fi(0)] = [g(2)[},

where x = v € Yp is a valuation, |f(x)| = v(f).

One could easily check that if I’ c I is a subinterval with endpoints in |F*|, Y ¢ Yp is of this
form.

Example 6.1. For an algebraically closed field F, a classical point x € Yr is of form (p - [a]) for
a € O with 0 < |a| < 1. Then, O := Aue/(p — [a]) defines a perfectoid field E = Og[1/p] where
E" = F via Og/p = Op/a. For f € Ayy, let f be the image of f in Op/p = Op/a. If f # 0, then for a
lift f* € O, we have |f(x)| = [f'|, which should be independent of the lift.

The classification of vector bundles on X, for F algebraically closed, implies

Corollary 6.1. There is a bijection

semistable vector
bundles on Xp of [ — {ﬁnite dimensional Q,-vector spaces} ,
slope 0

Vi— F(XF, V),
|4 ®QP OXF — V.
Remark 6.3. In general you should not expect I'(Xr, V) to be finite-dimensional.

Remark 6.4. For an arbitrary F, the curve X has an algebraic variant

X" = Proj p B*"".
d=0

This enjoys a strong finiteness property.
Theorem 6.5 (Fargues-Fontaine). (1) X;lg is a regular 1-dimensional noetherian scheme.
(2) There is a morphism of locally ringed spaces Xr — X;lg which induces a bijection
{classical points of Xp} = { closed points olegalg } ,
which further induces a bijection of completed local rings at classical points.

Theorem 6.6 (GAGA; Kedlaya-Liu). For F algebraically closed, pullback along X — X;ﬂg gives
an equivalence

{ vector bundles on X;lg} = {vector bundles on Xr} .
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Remark 6.5. For F not algebraically closed, this may not hold.

The reason we might be interested in schematic Fargues-Fontaine curve is because we can give
a vector bundle on it by giving a vector bundle on an open subset, the complement of a point,
and a modification datum at that point. This does not work in the world of adic spaces, because
functions can have essential singularity around a point.

Definition 6.9. Let oo € X;lg be any closed point. Define
B, = T(X;#\{eo}, Opue) = B1/1]77,
for some t € B such that V(t) = pr (o) c Yr.
Thus, we have an equivalence

finite projective
B.-module M with

{Vector bundles on X;lg} = O -lattice ,
Xp©,00

AcM ®Be OXalgoo[l/t]
F >

where t € O, is a pseudouniformizer.
F E)

7. Equivariant vector bundles.

Let K/Q, be a finite extension, and C, = K which has an action by Gg. Then, G acts on C;
and on W((?C;) = Ainf(C;), thus on Ye; and Xe,.

Corollary 7.1. There is a bijection,

continuous . .
. Gk -equivariant
representations of
. ~ vector bundle on
Gk on finite = . ,
. . Xe:, semistable of
dimensional »

Q,-vector spaces slope 0

ViV ®CP OXC” ,
P
where Gk acts diagonally on the RHS.

Remark 7.1. If V is an equivariant vector bundle, U  X¢; open and H < G is the stabilizer of
U, then H is asked to act continuously on I'(U, V).

Corollary 7.2. Let 0 : W(Oc;) — Oc, be the continuous surjective map which defines a classical
point x, € YC;. Let o € XC; be its image. Then, oo is stabilized by Gk, and this endows a Gg-action

on B, = F(Xg;g\{oo}, O, ). Then,
¢

(M, A) where M is finite projective

Gk -equivariant B,-module with semilinear Gy -action,
vector bundleson =1 A cM ®p, Ox_, »[1/t] is a Gg-stable -
Xe. %

P Oxczaw—lattice

is a bijection.
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Definition 7.1. We write
. - -
BdR = OXC;,OO = (9YC;,X()3

which is the completion of W(Oc;)[1/p] with respect to ker 6.

Example 7.1. Let us denote ¢ = (¢,,n = 0) € Oc;, and let ¢ = log([£]), which means

t= Z(_l)n+1 ([ﬁ] B 1)n,

nx=1 n
which does not converge in Ay,; or B®. However, it converges in all B; with I < (0,1), so it
converges in B. In particular, f is a uniformizer in Oy, ,, ¢(t) = pt, and for g € Gk, gt = x(g)t.
P

Then, V(t) = pr () c Y;.
Consider the following table, which summarizes corresponding objects in different settings.

Equivariant v.b. on Xc, ¢-module on B ¢-module on W(F,)[1/p] = Q,
O, (B, (1) = 1) Dy = @ 0(1) = 1)
Ox, () B (= (B.o(1) = p ™)) Dy = (Qp. ¢(1) = p7)

In particular, as OXC;, is semistable of slpoe zero, we get a trivial Gx-representaiton on Q,, whereas
as OXC;, (00) is semistable of slope 1, F(Xq), OXC;(oo)) = (+"1B)?"id = B** is infinite-dimensional. In
particular, Hom(D,, D_;) = 0, but Hom((?xc;, OX%(OO)) = B?7? is huge.

On the other hand, if we consider the line bundle " on Xc; which corresponds to a ¢-module

over B, (t"'B, ¢ = py), then Z is semistable of slope zero and the corresponding Galois represen-
tation is t'Q, = (¢"'B)*4, with G acting via y .

8. Galois descent, decompletion and deperfection.

Let F be any perfectoid field of characteristic p. Let C = F = F* which has an action of Gy.
Then, F — C induces X — Xr, Xglg — X;lg. These morphisms are equivariant for Gg-action.

Theorem 8.1 ((Pro-)Galois descent). The natural map

| Gg-equivariant
{ vector bundles on X; g} — 4§ wvector bundleon ¢,
1
X3¢

is an equivalence of categories.

Now let K/Q,, be a finite extension, K../K be a Galois extension, I' = Gal(K../K) such that K.
is perfectoid.

Corollary 8.1. There is a natural equivalence of categories

I'-equivariant Gk -equivariant
vector bundles on \ =5 1 wvector bundles on
alg alg
R X

Remark 8.1. We have an equivalence

{ vector bundles on } - { @p-modules over }
H

X, B =T(Yz,,O,)

b
00
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By restriction, one sees that this is equivalent to

dul B -module M, p-module over
N { @-mo Bl(lo f]s over } - with ¢'M => N hm’—L(LrB(O’r] =:
M ®B(0,r] B(O’rp] Bl’ig,K

A similar statement holds for (¢, I')-modules.

Let A" be the punctured open unit disc over W (IF,)[1/p], where I, is residue field of K... Then
I'(A*, Op') = B; if K/Q, is unramified, then one can explicitly describe this as X + [¢] - 1 where
X is the coordinate function on A*. Again, each finite level annulus is not stable under ¢ and T,
but the limit of these towards boundary is:

R = pli_)rrlli T({p < |x| < 1},On) © Bf «.

is stable under ¢, T (although ¢ is not injective). This is usually referred as the Robba ring
(or B, ¢ in Berger’s terminology). This p-adic limit process gives a compactification by adding
characteristic p points (which is why adic space is useful).

Now let K., be the cyclotomic extension. Then, much more can be said, which is specific to
cyclotomic extension.

Theorem 8.2 (Decompletion and deperfection).
{(p,T)-modules over R} => {((p, I')-modules over BEg,K} ,
is a bijection.

This is really only specific to the cyclotomic extension.

9. Crystalline representations and Fontaine’s period rings.

How do we produce Gg-equivariant vector bundles on Xc;, semistable of slope zero? We saw
that a ¢-module over Qp produces a vector bundle on X¢;. Thus, a Gk-equivariant ¢-module over
Qp will produce a Gg-equivariant vector bundle on X. As Q?K = W(k)[1/p] = Ko, a p-module
over K, will produce a G-equivariant vector bundle on Xc;. Let’s call this functor

(D, ¢) = V(D, ¢).

Of course, there is no guarantee that V(D, ¢) is semistable of slope zero. We can instead try
to modify the vector bundle at co and hope to get something semistable of slope zero. Cer-

tainly, for a By = @ch,oo—lattice Ain V(D, ¢) ® @Xw «[1/t], we can modify V(D, ¢) by A, and
P P

get a vector bundle V(D, ¢, A). As Gk acts on V(D, ¢) ® @X«:b ~[1/t], if A is a Gk-stable lattice,
P

then V(D, ¢, A) is a Gg-equivariant vector bundle. If V(D, ¢, A) is semistable of slope zero, then
I'(X, V(D, @, A)) is a continuous Gg-representation on a finite dimensional Q,-vector space, with
dimension rk V(D, ¢) = dimg, D.

Crystalline representations are precisely the Gg-representations which can arise in this way:.

Definition 9.1. Let A be the p-adic completion of the divided power envelope of Ajns = Amf((%;)
with respect to ker(Ajys 9, Ocp)- Namely,

Acris = (Ainf |:§_s n= 1:|> >
n!
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where & is a generator of the principal ideal ker 0.
Let Bli, = Awis[1/p), and Bes = Bl [1/t] = Aais[1/t], where t = log[e].

cris

By construction, one can easily check the following

Proposition 9.1. + The Gk-action on Ay extends to Acyis, By and Beyis.
« The Frobenius ¢ : Aupg=> A extendsto ¢ : Ayiy — Acis and ¢ = BY. — BY) commuting

with Gg-action.
« There is a natural Gg-equivariant injective ring homomorphism B_;; < Big.

cris

+

Remark 9.1. The injection B},;, <> B} is justified by showing that an expansion in B}, con-

verges in Bjy. This is a subtle issue, as the topology of B, is p-adic, whereas the topology of B3y
is t-adic (or valuation topology). Thus, the injective ring homomorphism is not really compatible
with topology.

Definition 9.2. The Z-graded filtration Fil’ By is defined by Fil’ Buyis = Beris N t'Bix-

Fil' Boy;s is not the same as ¢'B;,

cris*

Remark 9.2. Even though ¢ makes sense in B

cris?
Proposition 9.2. The rings B.;s and Bgr are Gi-regular. Also,
- B = K,,

cris

G
. Bdé‘ = {(d,
¢ (Bcris)q)_ = bQP

Definition 9.3. A continuous Gg-representation V over a finite dimensional Q,-vector space is
called de Rham if V is Bgr-admissible, and crystalline if V is B ,s-admissible. We define functors

Dgr(V) = (V &g, Bir),
which is a finite-dimensional K -vector space, and

Deris(V) = (V 8, Beris) ™,
which is a finite-dimensional K,-vector space.

Remark 9.3. As B.;; — Bgr Galois-equivariantly, crystalline representations are automatically
de Rham. In this case,

Dcris(V) ®Ko K = (Dcris( V) ®K0 BdR)GK = (Dcris(V) ®Ko Bcris ®Bms BdR)GK = (V®QP Bcris ®Bms BdR)GK = DdR( V)

But De;s(V) and Dgr(V) contain more structures. As ¢ : Beis — Buis and By < Bgg are
compatible with Gk-action, we have

¢ Deris(V) = Deris(V),
which is ¢-linear bijection, and a Z-filtration of K-vector spaces
Fil' Dar(V) = (V &g, t'Bjp)*,
which is exhaustive and separated. Based on this, we have the following definition.

Definition 9.4. A filtered ¢-module for K is a finite dimensional Ky-vector space D with a ¢-
linear isomorphism ¢ : D — D and an exhaustive separated filtartion Fil' Dy ¢ Dg = D ®, K of
sub-K -vector spaces.

We have seen that D, gives a functor

D.is : {crystalline representations} — {filtered ¢-modules} .
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Theorem 9.1 (Fontaine, Colmez-Fontaine, Berger, Kedlaya, Kisin). (1) Deyis is fully faithful.
(2) The essential image of D..;s is given by the weakly admissible objects, and a quasi-inverse
to Dy is given by

Veris(D, ¢, Fil') := Fﬂo((D ®K, Bcris)(p:id) =(D ®K, Bcris)(p:id n FﬂO(DK ®k Bar) € D ®k, Bar = Dk ®k Bqgr.

Definition 9.5. A filtered ¢-module (D, ¢,Fil') is weakly admissible if it is semistable of slope
zero for the slope theory defined by
(D, ¢,Fil') = v,(det ¢) - 3 idimg gr, Dx.
i€z
Remark 9.4. Let X/K be a proper smooth algebraic variety. Then, V = H/(Xg, Q,) is a finite-

dimensional continuous Gg-representation which is always de Rham. There is a canonical Gk-
equivariant isomorphism

H;\(Xg, Qp) ®0, Bar => Hip(X/K) @ Bap.

This gives a canonical identification Dgr(V) = Hjz(X/K). This in fact identifies the filtration on
Dgr(V) and the Hodge filtration on Hi;(X/K).

If X furthermore has good reduction so that there is a smooth proper model X/Ok, then
H/ (X%, Q,) is crystalline, and there is a canonical Gx and ¢-equivariant isomorphism

Héit(X?’ QP) ®Qp BCTiS = Hi (Xk/ W(k)) Bw(k) ®Bcri5s

so that D.is(V) = HL,(Xt/ W (k))[1/p] as p-modules over K.

We want to relate the classical theory to the geometric theory of Fargues-Fontaine curve al-
luded earlier.

Proposition 9.3. One has identifications

(B [1/8) = B = B, = (B1/8])",

cris

(B )co:pd — gr=r"

cris
In particular,

b .
Cris
§4

X2 — proj @BW = Proj @(E )o=r",

From this, one sees that there is a functor

_ graded
{p-module over K,} — {¢-module over B, } £ { P, (BL) " - } — {Vector bundle on Xé})g} ,

Cris cris

module
and this turns out to coincide with (D, ¢) — V(D, ¢) we built earlier.

Lemma 9.1. There is a bijection

j Gg-stable

exhaustive B
separable filtrations dR .
of Dk Ac V(D,¢)® Bgr =

Dx ®k Bar

(Fil' Dg); — Y Fil' Dx ® t'Bj,.
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We now compute what V(D, ¢, A) is, for A coming from the filtration of a filtered ¢-module
(D, ¢, Fil'):

T(XGE VD, $,A) = T(X"8\{eo}, V(D,$))n A
(D ®K0 Bcris)(P:id nA
chris(D’ ¢’ Fll)

We see that the slope theory of filtered ¢-modules coincides with the slope theory of vector
bundles over algebraic Fargues-Fontaine curve, and thus we get the following

Proposition 9.4. The vector bundle V(D, ¢, A) is semistable of slope zero if and only if (D, ¢,Fil’)
is weakly admissible.

Remark 9.5. If one fills out the details of the proof of this, this will actually give the full proof
of Theorem 9.1.
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STEFANO MORRA, PATCHING AND THE P-ADIC LOCAL LANGLANDS CORRESPONDENCE

References:

« Darmon-Diamond-Taylor

« Barnet-Lamb-Gee-Geraghty on Sato-Tate

+ Gee-Kisin

« Emerton-Gee, Geometric perspective on Breuil-Mezard
« Arizona Winter School notes by Toby Gee

+ Clozel-Harris-Taylor

« Thorne, Modularity lifting with small residual image

« Rogawski Chapter 11

« Notes by Rong Zhou for Sug Woo Shin’s couse at MIT
+ Caraiani-Emerton-Gee-Geraghty-Paskunas-Shin

1. Objective.
This lecture will be about illustrating why Taylor-Wiles-Kisin patching might be useful. Recall
the so-called “mod p local Langlands correspondence” we have for GLy(Q,):

. smooth admissible
{ continuous } — {1 GL,(Q,)-representation
p: G GL,(F Sl s ’
P o, = OLa(Fy) over F,

which is supposed to

+ be compatible with characteristic zero p-adic local Langlands,
- and be compatible with cohomology of modular curves.

Our hope is that this correspondence generalizes to other groups, but so far this has been ex-
tremely mysterious, even for GL,(F) for F the unramified quadratic extension of Q,.
The compatibility with modular curves means the following.

Theorem 1.1 (Emerton). Let
lim Hy(Y(Np')g, Fp) =+ H'(N),
t

be the completed cohomology, where N = 5, p = 5 and (N,p) = 1. This has an action of Gg x
T(N) x GLy(Q,), and in particular the action of GL,(Q,) is smooth. Then, the completed cohomology
realizes the p-adic local Langlands for GL,(Q,); namely, given a residual Galois representation v :

Gq : GLy(IF,), which is irreducible and odd (+ some technical assumptions), then
Homyn)6) (7, H' (N)w,) = LAGIOWE
where 1, is the mod p local Langlands correspondence.
The objective of the course is to produce the following patching functor.
M, : Rep%;(GLz(Zp)) — Mod(RﬁD[[xl, o, X 1),

which is

(1) exact,
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(2) given an inertial type 7 : I, — GLz(@P),

Supp(Me(0 (7)) < By [[x1, ., % ]]
which is a union of irreducible components, and furthermore M, (c(7)) is Cohen-Macaulay
on each irreducible components, where o is the inertial local Langlands correspondence;

in particular, if Rg ’O)’T[l/ p] is connected, then we have a modularity lifting theorem,
(3) if V is a Serre weight for GL,(F,), then

(Mw(V)
(a,p)
where a is certain augmentation ideal; this gives Serre weight conjecture and Breuil-
Mezard conjecture.

)V = Hom(V, Hl(N)mv)’

2. Automorphic forms.
We pick a CM field F/F*/Q, and for simplicity we assume that F/F* is unramified at all finite
places. Let G be the unitary group over O+ defined as
G(R) = {g € GLo(Or 80,. R) | (g)" =g '},
where ¢ means the complex conjugation ¢ € Gal(F/F*). This splits over F, namely

G(Or) = {(g1,82) € GL2(Or x Op) | (g, . &) = (&', &)} = GL1(Op),

and there is a commutatitve diagram

G x@,. OF — GLyp,

lid ®c LgH(gl)T

G X Op+ Or - GL2 0,

At finite places, the group looks like the following. If v = 070° is a finite place of F* that splits in
F, then

G(OF;) == G(Or,) —— GLy(OF,)

St e

G(OFW) - GLZ(@FI;C)

On the other hand, if v is inert, then via conjugation by (;7 _b1> for a choice of b € (9}0\(9;;,
bb° =1,

G(Or;) = Uz(OF;) = {g € GLy(Og,) | (g (_1 1) 8= (_1 1) }

Finally, it is compact at infinity, namely G(F,)) = U,(C/R).

Let E/Q, be a big enough (yet finite) p-adic field, which will be used as a coefficient field. Let
O be its ring of integers, and F be its residue field. From now on, we further assume that for all
v | pin F*, vsplitsin F as v = 00°. Let S; be the set of places of F* above p, and let §p (5;7, resp.)
be the set of places of F of form v (0°).

We review the theory of algebraic automorphic forms on G. Given a compact open subgroup

U c G(AF.) such that U = [] Uy, Uy = G(OFp;) for almost every place v of F*. By the
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general theory (cf. Knapp), G(F") is a discrete subgroup of G(AY.), and as G is compact at infinity,
G(F")\G(AZ.) is compact (or G(F*) is “cocompact” in G(A%.)). In particular, the double quotient
G(F')\G(A%.)/U is a finite set {gy, -, g-}. Also, g7'G(F*)g; n U is finite.

Definition 2.1. We say U is sufficiently small if g;* G(F*)g; n U does not contain any element of
order p.

Example 2.1. For example, U such that U, is hyperspecial at every place, except at one place v;
of F* such that it does not divide p, No; # 1(mod p) and splits as 0,0; = w; in F at which U,

looks like
Uy, = t;ll ({g € GLZ(O&I) | g = (8 i) (mod @171)}> ,

satisfies the property of being sufficiently small.

Definition 2.2. Let W be a G(Op- ,)-representation over ©. Then, the space of algebraic auto-
morphic forms of weight W is defined as

S(U, W) :={f : GENGAR) — W | f(gu) = u,'f(g) for u = (u,) € U}.

Lemma 2.1. There is an O-linear isomorphism
S(U, W) => éa Wi G(F)ginU
i=1
Proof. The map is given by f — f(g;). The inverse is given by x = (x;) — f, defined by f.(g:) = xi;
this well-defines the function uniquely, because if u € U lies in u = g;'tg; for t € G(F"), then
fi(giu) = f(tg:) = fi(gi) = x;, and this covers everything. O
Corollary 2.1. If U is sufficiently small, then the following are true.

(1) The functor W +— S(U, W) is exact, and S(U, W) is a finitely generated module. If W is free
over O, then S(U, W) is a projective module over O.

(2) For any O-algebra B, S(U, W) ®9 B = S(U, W ® B). This holds without sufficient smallness
assumption if B is a flat O-algebra.

Proof. Everything follows from the fact that, if H is a finite group with order invertible in O,
then Homgy(1, -) is an exact functor from the category of H-representations over (9, and that
WH = ey ker(WLm) Ww). O

Remark 2.1. If V c U, then S(U, W) < S(V, W), and if V < U, then there is an action U/V on
S(V, W).

Lemma 2.2. If g;'G(F*)g; n U is tirival, then U/V acts freely.

Proof. By the hypothesis, we know that there is a further decomposition
G(A;i) = H G(F+)gl~uj V.

1=isr,u;eU/V
This is really a partition. Therefore,
S(V,W)=>P WeO[U/V],

f— _Zf(giuj) ® uj_l'
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The RHS can be rewritten as 9, ; W, where U acts via

(u-(X))ij = v, - Xigu)»
where wju = u;v for v € V. In particular, S(V, W)yv =TOv, §(U, W) = S(V, W)UV, where the
action of U on S(V, W) is f — u,'f(-u). O

This is one decsription of automorphic forms, and we would like to relate S(U, W) to classi-
cal automrophic forms, namely L*(G(Af-)). The upshot is that one can exchange information
between p and oo.

Definition 2.3. For a compact subgroup ] ¢ G(A¥y.), one defines
SU, W) = lim S(U, wW).

U>sJ compact open

For g € G(A}.) such that J, ¢ G(Op- ), there is a well-defined map
SU. W) — S(g"Jg. W),
fg'f-g).
Thus, S(1, W), a G(A{.)-representation, contains everything, in the sense that S(1, W) = S(J, W).
Now the weights in consideration are as follows. Let ZZ = {(A;, A2) | A, = A}

Definition 2.4. For A; € (Z2)H°mFoE) e define
WA{) = ® (SymAT’I_AT’Z (9?;5 ® det AT’Z) ®Op.,r 0.

T7:F3—>E
This, when transferred to infinity, will exactly correspond to classical automorphic forms of
corresponding infinitesimal character.
Remark 2.2. The definition used an identification of G(Op- ,) with GL,. We would like to con-
vince ourself that this definition is a sensible good definition.

,and W, o5 is W, . with action inverse-transposed.

* The dual of W), is W,
0,2
|Aaa
o If (Zi)ﬁ“’m“”E) := {A; | Ay = —Apesifori = 1,2}, which is naturally identified with
B ces (22055, then
Wy = Q Wy,
€S,

for A € (Z2)H°™ ") is a well-defined representation of G(Op+p).
Definition 2.5. Let the space of classical automorphic forms be defined as
g ={f : G(FN\G(Ar-) — C | floasy) locally constant, dimc{ G(F,,)f ) < co}.
The following is a very standard fact.

Theorem 2.1. The space of classical automorphism forms decomposes, as a G(Ar-)-representation,
as
o = P m(r).
7 irr. adm. of G(Ap+)
Remark 2.3. In our setting of rank 2 unitary groups, it is known that m(xz) < 1 (Rogawski,

Automorphic Representation of Unitary Groups in Three Variables, Thm 13.3).
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Now we would like to consider two versions of automorphic forms, namely compare &/ and
S(1, W). After fixing 1 : E—> C, we can compare two versions of algebraic representations:

L @(Zz)Hom(Fa,E) N (ZE)Hom(F*,]R)’

€S,
(/11'5)27 = ()Ltorg);
0: Wy, C= W,

which is G(F*)-equivariant, where W, is the irreducible algebraic representation of G(E;) of

highest weight 1.A.
Theorem 2.2. Let o be a finite-dimensional smooth G(Of- ,)-representation. Then,
5(1, W, ® 0) ® C = Homg:) (W), ® ¢” ® C), o),
which is G(A}F)-equivariant.
Proof. The map is given by
frolo— (g ¢ (g0 (g (€M))]]-
The inverse map is given by

¢ — fp

where f; is a function characterized by
(W fy(@) = ¢ ((0")" (g v')) (g 1),
for v" € (W) ® o). 0
Remark 2.4. For J a compact subgroup in G(A7.),
S(J, Wy ® o) ® C=> S(1, Wy ® o) => Homge (W) © 0¥, oY = Homggy. (WY ® 0, o)

= P m(ﬂ')(ﬂ“”p)/p®Homjp(av,7rp).

~ '
To=W/)

3. Galois representations attached to automorphic forms.
Now we transfer this to a situation where we know how to attach Galois representations,
namely we use the group

oo {geGLZ(F)|g<1 _1> &= <1 _1)}’

G'(F) = G(Fy),

We then have

if v is finite, and
G'(F;) = U(1,1)(C/R),
if v is infinite (as opposed to G(F;) = U(2)(C/R)).
Definition 3.1. For v < oo, an L-packet for G'(F,) is a PGL,(F;)-orbit of irreducible admissible

representaiton of G*(E})).
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Example 3.1. The L-packets are of the following forms,
{nIndG(F )l} for A # | - |*', wpyr,

or

Fy)

e
G (OF;)
p p

which depends on a character of U(1) x U(1).

cInd )0 cInd!’ o ¢ for o cuspidal rep of G'(F;/F,),

Now we do the Jacquet-Langlands transfer.
Definition 3.2. The space of automorphic forms for G* is
LG (F)\G'(Ar))

- { f: GEFNG(Ar) — C

/ If()|*du(g) < oo + growth condition} .
Z(Ap+)G (F\G* (Ap+)

The space of cusp forms Ly(G*) < L*(G"(F")\G'(Ar-)) is consisted of those f such that

Lo it =
for almost every g, for B = N"T" Borels of G".
Theorem 3.1 (Jacquet-Langlands correspondence). There is a map
JL : {L-packets of G(Ar-)} — {cuspidal L-packets of G'(Af+)},
where JL([r]), = [7,] for v finite, and JL([]), = (t.A,) for v | oo, where m, = W,,.
Theorem 3.2 (Base change). There is a base change transfer
{L-packets of G'(F,)} — {conjugate stable representations of Resg, r: GLZ} ,

where the conjugation is given by g +—> g1
« If v = 00°, then
7 (moiz') ® (moizt).
« If v is inert, then
nlndg 5 A — nInd§2 (1 @ A7Frb),
mdg(f@) o0 — nIndg(LFZ Oo(x +— xx~FoP),
where 0 is a character of U(1) x U(1).

The upshot is that we have a transfer to the situation where we precisely know what happens

at each local place. We now try to attach Galois representation to transferred automorphic forms.
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Theorem 3.3. Given a potentially semistable p; : Gp, — GLy(E), which becomes semistable after
K, then Fontaine associated the filtered (¢, N)-module

(D(p3), @, N),

where D(p;) is an Fi" ®q, E-module, where F3" is the maximal unramified extension in K and
D ® K has a filtration, ¢ is a semilinear action on D(p;) nd N is a nilpotent operator such that
N¢ = N(0)¢N. Then, we define the corresponding Weil-Deligne representation WD(p;) is an
action on one factor of D(p;) such that g € WDg. acts via (g¢~*®), where g € Gal(K/F;) is the
natural image via the quotient map.

Now recall that there is an association

Ly, * Repl “*™(GLy(Fz)) — WDRepg (W)™,

(7 @ |det ") > ! (ZLe(u(n))).
This is closely related to the so-called inertial local Langlands correspondence.

Theorem 3.4 (Henniart, Paskunas, Caraiani-Emerton-Gee-Geraghty-Paskunas-Shin). Given r €
Rep™(GL,(F3)) and smooth t; : Ir, — GLy(E), there is a unique irreducible GLy(Op,)-representation
o(t3) such that fﬁp(n)hﬂj = 1; if and only ifﬂ'|GL2((9F5) > o(t3), in which case HOmGLZ(OFﬂ)(O'(T{,), )
is I-dimensional.

Now we can finally state the association of Galois representation.

lattice. For m < S(G(Of-,), W, ® 0°) ® E, there is a Galois representation r, : Gp — GLy(E) such
that

Theorem 3.5. Let A € (Z2)HomFH ¢ = ®;e5, 7o be an inertial type, and * < ®;.5 0(75) is an O-

C o~ oV
* T = T Xeyes

if v =00° then

WD (1o, )™ = L ((moei3)) ® | det [ 2),

« if v is inert,

WD(ryo, )™ = L, (BCryr; ([7r.] ® | det %)),

- ifoe §p, Txlg,. IS potentially crystalline, HT5(ry, ) = A5 + (1,0), and WD(ry,, )|, = 7s.

These properties characterize r, uniquely.

We can summarize the general strategy of attaching Galois representations to automorphic
forms on definite unitary groups of rank 2 into the following.

. L * . base change
G-automorphic form5 G -automorphic form =228,

self-dual cuspidal GL; p-automorphic form — Galois representation.
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4. Galois representations valued in Hecke algebras.
Let [[, U, = U ¢ G(A}.) be a compact open subgroup.

Definition 4.1. Let v = 00° in F, and G(Of;) = U,. Then, for f € S(U, Wy®0°), T5-f := Y, hs;-f,
where h;; runs over representatives of

U, (‘Dﬁ 1) U,U°/U,U®.

Aeﬁﬂ}u{zgl( 1) Uvm}.
3

Remark 4.1. « These define an O-linear endomorphism of S(U, W, ® ¢°).
* Tgc = Tgs;l.

Explicitly, these can be given as

{l; ((Da [f]) oL

We similarly define S; for <(D5 (D~>.

Definition 4.2. We fix T", a set of places of F* containing S,, the places of F* over p, and such that
forallv ¢ T*, v = 00° in F, and a compact open U c G(A¥}.) which is hyperspecial at all v ¢ T*.
Then, we let the Hecke algebra TATU(U) c Ende(S(U, W, ® c°)) be the O-algebra generaed by T;’s
and S;’s for O|p- € T".

It is important to understand this Hecke algebra because this is the Hecke algebra that will be
compared with Galois deformation rings.
Recall that we had an isomorphism

S(U,Wye0’)eC—= ) Homg) (W), ® 0) ® C, 1w ® 1,) ® (1)

7 Leusp(G(A p+))(2#)UF 0
As this is a Hecke eigenspace decomposition, we can observe that this yields an isomorphism
T! (U) e E=> I E,
T Leusp(G(Ap+)), (1) UP £0
T; — t3,
S5 > 55,
where t and s are Satake parameters of 7.~.

Corollary 4.1. (1) T1 (U) is reduced.
(2) We have a bijection

7T € Leusp(G) such
that (1) # 0

(3) T}U(U) is a semilocal ring.

} — Hom(’]l“/{;( U)® E,E).

Proof. To see (1), note that it is p-torsion-free and is reduced after base-changing to E. O

Lemma 4.1. The map TATG(U) < T/{U(U) ® E induces a bijection
minimal primes of o maximal ideals of
T}, (U) T}, (U)® E '
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Proof. It is enough to show that p c "JT;{G(U) is a minimal prime if and only if pn O = 0.

If p is a minimal prime, then as @ — T}G(U) is finite flat, we use going down theorem and get
the result.

If pn @ =0, then if there is p; n p, as @ — TATU(U) is integral, the quotient map T{;(U)/pl —»
’]I“/{;(U)/p is a surjective map between domains of the same dimension. ([l

Thus, minimal primes of the Hecke algebra are precisely Hecke eigenclasses with appropriate
level, namely

" ker(A, : T{G(U) — E), T — t3, S5 — s3, such
{minimal primes of T,l,g(U)} = 1 that t; and s; are Satake parameters at © for 7 an
algebraic automorphic form with (7°?)V" # 0

We now fix a residual Galois representation
7 : Gr — GLy(F),

which is absolutely irreducible, continuous and unramified outside 7*. Let m = m; be a maximal
ideal of T/{;(U) corresponding to 7, namely

m; = (@, Ty - tr(r(Froby)), S; — (N©) det(r(Frobj))).

We now group all algebraic automorphic forms that reduce to 7, to get a massive Galois repre-
sentation

0

o Gp— I1 GLy(T; (U)/p, ® E) = GLy(T} ,(U)m ® E).

7 algebraic automorphic form,(z°P)UP 20,p ,cm

We would like to conjugate r so that the image of r2 lands into GLZ(’]T/{;(U)). This is possible by
a theorem of Carayol.

Theorem 4.1 (Carayol). Let S < []., R;, where r < co and all rings involved are complete local
noetherian @-algebras of finite residue field. Suppose that we have a collection of Galois representa-
tions

r; © G — GLy(R),
such that 7;’s are all irreducible and isomorphic to each other, and tr(r;(Frob,,)) € S for almost every
w. Then, one can always conjugate []:_, r; : Gr — ]}, GL2(R)) = GLy(J ], R) into Gr — GLy(S).

We can apply this theorem to our situation as r) is actually valued in some finite extension of
T!,(U) by compactness of Gr. Thus, we can conjugate into get

Proposition 4.1. We have a Galois representation
rm : Gp — GLZ(T/{;(U)m);

such that

(1) ryn = r(mod m),

(2) Twlce, is unramified for all © such that Olp- € T",

(3) the characteristic polynomial of ry(Frob;) is X? - Tz X + NOS;, ~

(4) ifx : TI _(U)w — E is an algebra homomorphism, then for 0 € S, XoTwlgy, is potentially

crystalline with Hodge-Tate weights A; + (1,0) and
WD(xorm|GF5)|IF{, = %,

the inertial type associated to o.
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5. Comparing different levels.
We fix an auxiliary finite set Q of split places of F* not in T such that the following conditions
are satisfied.

(1) The Hecke polynomial X? - T;X + N0S; has distinct roots mod m, and
(2) Nv = 1(mod p) for all v € Q.

If Uy(Q), Ui(Q) c U are compact open subgroups such that (U;(Q)), = U, for all v ¢ Q, we
consider adding ramification via U;(Q):

T; “(U(Q)) — T, *°(U) = T} (U),

mo —m.
By the above, we similarly have a Galois representation
Fing * Gr = GLo(T ;" *(U( QD).

where
char. poly(ry,(Frobs)) = (X - A5)(X - B;),

for © € Q (which is possible by Hensel’s lemma). For 0 with 0|z~ € Q, we consider

Vo, := (UKQ))i5' (1 @5) U(Q) U Q) € Endo(S(UH(Q), Wi ® ).

We now set levels at Q: for v € Q,

Un(Q)y = 15 <{ (c; Z) € GL3(OpF,), congruent to upper triangular matrix modulo @; }) ,

or the Iwahori level, and

U(Q)o = 15 ({ (j Z) € Uy(Q)v, ad™! € ker(0%;, — F; — Fi(p) =: m)}) ,

a normal subgroup of Uy(Q),, where A; is the p-part of F;. Now we modify our Hecke algebra
slightly:

T}, (U) < T;,°(U) « T,/ 2(U(Q)) = T3, (U(Q)).
where T is the Hecke algebra generated rather by Tj, S5’s for & with 9[- € T* u Q, and Vo, s for
0 with 0]p- € Q. Let mg TQ”T (Ui(Q)) be a maximal ideal generated by my and V,,, - As’s.

Proposition 5.1. The natural map

|H (Vo, = Bg) : S(U, Wy @ 0) — S(Up(Q), W ® o),
8,3p+€Q
induces an isomorphism

S(U, Wy @ 0")n = S(Us(Q), Wi © 07)g

Remark 5.1. If one does not enhance the Hecke algebra on the RHS side with Vs, one then

gets an injective map after localization.
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6. Deformation of Galois representations and Hecke algebras.
Suppose that we are given an absolutely irreducible Galois representations 7 : G — GL,(F)
such that 7¢ = ?V)_(;ylc. Then, up to increasing F, there exists a unique extension

? : GF*’ — gZ(]F)’
where G,(F) = (GL,(F) x GL,(FF)) x (Z/2Z) is the group scheme appeared in Clozel-Harris-Taylor,
namely, if we denote Z/27Z = {1,j}, j(g, 1)j™* = (u(g™")7, p), such that
¢ 7|GF = (?’)_(;;c)’
o Vor = )_(;ylc, where p : Gy(F) — GL/(F) is the natural projection to the second factor.
The deformation functor in our concern is
. r © Gp» — Gy(R), with r = (mod m), ver = y\,
Def7"(R) = equipped with (a,).er Where /~1,
a, € ker(Gy(R) — Gy(F))
for R a complete noetherian local ring over O with finite residue field equal to F, where r; ~1
if
(1) there exists o € ker(G,(R) — G,(F)) such that ry(g) = ori(g)o ™! for all g € G-,
(2) and o, = oy, forall v e T.
Remark 6.1. Given the global datum (r, {a,}), a;lrav|GF+ gives a local datum. Thus, if the de-

formation functors are representable, then we get a natural map R — RE,T’T, where .7 is some
global deformation problem, and R = @veTRFD‘G for some appropriate local deformation rings
)

with conditions.
We make the above remark more precise, by defining local deformation functors.

Definition 6.1. Letp, = 7|GF;’ and Def%ﬂ be the universal framed deformation functor of p,. Let
D, c Def?v be a subfunctor such that
(1) p, € Dy,
(2) D, is closed under fiber product and inverse limit,
(3) D, is closed under ker(G,(R) — G,(IF)),
(4) if thereisa map f : R — S in the category of complete noetherian local rings over O, then
(a) p, € Dy(R) implies fop, € D,(S),
(b) and the converse holds if f is injective.

Then, we call D, a local deformation problem.

Lemma 6.1. There is a bijection

local deformation radical I ¢ R withI # m
{ problems at v } - which is stable by ,

kel‘(gz(RE ) — Gy(F))
where R_ is the ring representing DefﬁDU (which is well-known).

Proof. The map is given by the minimal element of the set {J « R | p™V/J € D,(RS/])}. U

This is useful because of the following
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Theorem 6.1 (Kisin). There is a unique O-flat reduced quotlentRA ol of RfD such that x € RD (E)
gives rise to a potentially crystalline, Hodge-Tate weights at v A, + (1 0) and mertlal type T, (namely

the associated Weil-Deligne representation restricted to I, is equal to t,) if and only if x factors
through RS — R%Z’T”’D.

Now we specify the global deformation conditions,
yS = (F/F+s Ss 7>Xc_ylc7 {DU}‘UGS)s
where S is a finite set of split primes containing T.

Theorem 6.2. If 7 satisfies End(r) = F, then RE,;T and Ry, 1 (unframed deformation ring) are
representable by complete noetherian local rings over © with finite residue field F.

Definition 6.2. We define H), (G- s, ad’(7)) to be the i-th cohomology of the cone of the map of
complexes

C'(Gpr 5, ad" (7)) == @(C'(Gp:, ad’(7))/ M),

vES

where M5 = C%(G;, ad’(F)) and M} = I/I, n (m?o, @) if v € S\T, and M;, = 0 for every other v.
Remark 6.2. Do not forget that our r goes into G,, so taking ad’ is rather forgetting GL, factor;
thus ad’(7) = gl,.

The tangent space calculation can be done using the following observation,

(mpmc @))V =, DefX(F[e)/e?) <= Z1(Gr, ad(7)).

Theorem 6.3. Rggj is topologically generated over R by dimg(HY, (G- s, ad’(7))) many ele-
ments.

We can compute the value of dimp(HJ, (Gg- s, ad’(7))) when S\T is chosen carefully.

Definition 6.3. Define
Hyy 1(Gre 5,ad” (1)) = ker <H1(GF+,s,ad°(7)(1)) — & Hl(GF;,adO(ﬂ(l))/(Ml)L) ;
veS\T

where L means the annihilator using the cup product pairing
H'(Gr;,ad"(7) x H'(Grz, ad"(7)(1)) = F(1).

Lemma 6.2. The value dimp H}, (G- s, ad’(7)) is the same as

dimg HYs (G- s, ad’(F)(1))-dimg H'(Gp- 5, ad’(P)-[F* : Q]- ¥, (dim(HO(GF;, ad’(7)) - dim Mi) .
vES\T

Proof. This is just a very convoluted application of Poitou-Tate duality. First, by the definition of

H }s,T’ there is a long exact sequence

HQS,T(Gp,S,ad (7)) — H'(Gy- s, ad’(r)) — @ H( Gr; ,ad’(7)) @ P Hl(GF;,adO(?))/M:} —

veET veS\T

HZYS,T(GF*,S» ad’(r)) — H*(Gp-5,ad’(F)) — GBSHZ(GF;, ad’(r)) — H};,T(GF*,Sa ad’(7)).
VE
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From Poitou-Tate duality (with slight modification), we get

H'(Grs,ad'(7) — @ H'(Gr:,ad' () o @ H'(Gr,ad ()M, — (Hby 1(Gr5,ad (1)) —

veT veS\T

H*(Gp- 5,2d"(F)) — @ H*(Gp:, ad"(F)) — H*(Gp- 5,ad’(F)(1))” —

vES

Comparing two exact sequences and using Euler characteristic formula, one gets
dim H}, = dim H'(ad’(7)(1)),

: 2 : 1
dim H,, = dim Hy. 1,

and

x7u1(Gr-5,ad"(P) = x(Gp-5,ad"(®) - 3 1(Gp:,ad’(®) + ¥ (dim H(Gr;,ad"(7)) - dimM;).

vES veES\T

Now we know )’ s x(Gp:, ad’(7)) = 4[F* : Q] and
X(Gp-s,ad’(F)) = Y, H( (G ,ad’(7)) + 4[F z 1+4[F : Q].

vleo
O
Corollary 6.1. If dim M}, - dim H(Gr,ad"(¥)) = 0 for all v € S\T, then R;;T is topologically
generated over R¢ by (dim H., . +#(S\T) - [F* : Q] - dim H*(Gp+ s, ad°(7)(1))>—many elements.
In particular, if T is absolutely lrreduClble then the number is dim H yL  +#S\T) - [F" : Q].

Now we choose auxiliary primes:

Definition 6.4. A set of auxiliary primes Q is a finite set of split finite primes such that

(1) OnT=9
(2) Nv = 1(mod p) for all v € Q,
(3) o, = 1, ® |, where 1, and !, are distinct unramified characters.

Proposition 6.1. Assume that 7|g,.(;,) is absolutely irreducible. Let
q = max(dim Hy (Gr 1, ad’(F)(D), [F* : Q).
Then, (for p big enough) for all N = 1, there exists a set of auxiliary primes Qy such that
(1) #O0n = g,

(2) Nv = 1(mod pV),
(3) RDT is topologically generated over R by (q - [F* : Q])-many elements.
7T pologically g AU y

Lemma 6.3. For a complete local noetherian ©@-algebra R with finite residue field F, if r : Gp- s —
GL,(R) reducestor : G+ — GLy(F), where forallv € S\T, Nv = 1(mod p) and7|s,, is unramified
with distinct Frobenius eigenvalues, then

rle,. = (% ) >
SN
for distinct unramified characters 1, V.

iy
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Now the action of T I "(U(ON)ag, o0 Spo(Ui(Qn), Ol gives the action of R}‘}?;}‘;HT on it.

x

Also, the character ¢, : Gp; — (R‘m“’ ) coming from the above lemma, when restricted to
Ir:, factors through
IF; — I;}P - (91:; —» IFU - Av;

as 1+ Mpuw  is pro-p. Thus, there is an action of
ZoNIIT

O[Yh Y ]
o[ A] = 1 ,
vEQ[N (G VA RN GRS VAR
on RLlan o and if we denote the augmentation ideal as a¢,, then quotienting out by the augmen-
tation 1deal gives back the original deformation ring:
0 Or . . 0
Lemma 6.4. The map Ry;NHT — R is the quotient map Ry; 1 Ry; HT/aQN'

Proof. One shows that the quotient satisfies the universal property of the deformation ring for
the deformation problem .77. U

Recall that our deformation condition %, 177 is given by
Fowtit = EIF, TTTOn T xer {RS Yoer U {RY Y oeon):

G, = Y ® Y, with §7 unram-
as pr, o, and TT (U, (On))me, as Ty gy

where R is the quotient of RY parametrizing lifts of 7 such that r
ified. We denote S, ,(U;(Qn), O)w

%Y
Proposition 6.2. For all v € Q, there exists Y, : F; — T, such that

(1) Vo, = Yu(@;) onpr, o and
(2) (Fgy e ® Troo)lwy, = Vo @ Y for an unramified character ;.

This implies that RZ™  — T, o, and the two actions

NIIT

O[Ag,] MMR““‘V — End(pr, 4,),

IIr

coming from R — T, and

OAgy] 2= Lol Bnd(pr, ),

coming from diamond action Uy(Qy)/U;(Qx), are the same.

7. Patching.
Now we can patch. Before patching, we fix several things.

(1) Fix v; € S, such that
- v =010,
« Nou; # 1(mod p),
* Tlg,, has Frobenius eigenvalues whose ratio is not 1 or (N vy)H.

This mealms that,
« by picking U,, = ;(L,; ), U is sufficiently small, and

. Rr‘G - = Of[x; | 1=i,j=<2]]
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(2) Fix p € S;; then we send {Tv}vesg\{p} —> ®ves;\{p} a(r,)© ® W, and {Av}vesg\{p} —

(z*)HomE D) where 7,’s are inertial types and o is inertial local Langlands.

This gives rise to
S(Un, 0F ® O/@™) = S.6p(Ups O/ @™ )in,
for
(Un)p = 5" (ker (GLy(OF,) — GLy(OF,/al")) .
We form modules to be patched,

Mig, = Siop(Ui(Qn))an, O/ )5,

which has an action by R g1t

Lemma 7.1. The maps
Srop(Uan, @/CDN) = S1.0p(Up(On), (9/(DN) = S10p(U1(On)2n, @/@N),
induce

Mi,/80y = Spop(Uan, O/0™)y,.

Proof. Note that M", o’y = S1.op(Ui(On)en, O/aN)% /aQN, and taking quotient by a, in the dual

is the same as takmg invariants under ag, (as we’ Ve taken Pontryagin dual!), and this recovers
Up-level. Namely,

S1.00(U1(Qn)an, O10™ )5, Jagy = (S(U(QN)an, O10™) )5, = S(Un(Qn)an, O/, = S(Unn, O/ )i,
O
Now we denote K = G(OF;) and

Gy =1 Ks' (@ 1)[(.

i=sN
Let

. P Av+(1,0), 70,00 O O
Ro = ((BuesnBy ) o B 0 B ) [, g gl
and

S°° = (9[[)/1, ) )/q, 21500, Z#T]]’
where T = S, [T{v}.

Proposition 7.1. There is a commutative diagram

] aN GNZ (A O
Ml)QN lndKAé (Ml QN)

i |

S1.09(Unn, O/@N )y, —— indy” (S0, (Un, O/@™);,)

whose maps are K Z-equivariant. Here, indy" means functions on GyZ which respect K Z-action

on the original module.
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Let by = (LDN, (1 + yl')#Ai -1, zJN) c S, and

On = mgu}i; n AnnR% (Myp),
where
My := S/La,p(UZNs O/CDN);”
and consider, for N’ = N,
My, n = (M, /bn7) ®5_ oy, Seo/b.
Now consider

. GN-1Z : GNZ
o <—— IndKl\él (ME,N—l)KN—I -~ lndKl\é (ME,N)KN

MY MY
NN-1 S mod by N.N

M®/5N—1 M@/(SN

Here, the first row has S..-action, the second row has R.-action, and the third row has REB;"/ O~
action, which are all compatible via S, — R, — REZ — R“y“iv/ O
ON T

Upshot. S../by, R};E;"/ Oy are all finite sets, and there are finitely many isomorphism classes of
Mgy — ind2y? My, v, for a fixed N.

Therefore, by pigeonhole principle, there is a projective system (M") = (MAD,(O’I.) such that

< ind(Z (MP) ~— ind{5” (MZ,) ~— -

My M,
e My/S, Y27 S —

Thus we can make sense of the patched module.
Definition 7.1. The patched module is defined by M., = (li_mi M-,

The patched module M., has the following properties, due to the way we chose the projective
system.
(1) M. has a continuous action by
lim So/bN[GLA(O,/@5)] = SH[[K1],
by
(2) M. has compatible actions by S, and R, as the S.-action is continuous, so
Im(soo - EndSM(Moo))’

is closed.
(3) Mwo/b; > (M, /6:),
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(4) Muo/(b; +as) — S)L,U,p(Ul(QN(l))Z’IF)Vﬁ

aQN(l)'
(5) There is a KZ-equivariant commutative diagram

. which recovers S , ,(Us, F)y, after reduction mod
N(1)

(225

M., Ind$, M.,

pr; j

(MEQN(l)/bi)KZi : indlgiZZ(Ml,QN(l)/bi)Ki

In other words, if m = lim;_,. m;, a(m) = lim;_, a;(m;).
By hand, one can also check the following.
Proposition 7.2. (1) M is fintiely generated and projective over So,[[K]].

(2) A : My — Ind$, M,, is injective.
(3) 0o(Ms) is GLy(F;)-stable.

We note its compatibility with completed cohomology. Recall that the completed cohomol-
ogy can be defined as

S1.0p(UP, O = imlim S, ; ,(Un, O/ "),
N i
which has an action of T(U?),, = (li_mi TH(Uy;) « REB;V.
Theorem 7.1 (Caraiani-Emerton-Gee-Geraghty-Paskunas-Shin). There is a GL,(F;)-isomorphism
Moo/aoo - Hom((:gts(gﬂ,o',p(Up’ O)ms (9):

which respects the actions of R”/a., and R}(‘}‘Ti" via the natural quotient map R”/a. — R,
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Part 2. Seminars
Pascal BOYER, ABOUT IHARA’S LEMMA IN HIGHER DIMENSION

1. Introduction.
Suppose you have a smooth model X over Z[1/N] of smooth projective Q-variety X. One
defines a Hasse-Weil zeta function of X, Z;(s), as a formal product

Zx(s) = [T Zxp(p™),
PIN

where the local Euler factor Zy ,(T) is defined formally as

Zyy(T) = exp (2 W’ﬁ ,
nx=1
where X, = X xzyy/n] F,. More generally, for many cases there is a way to define the local Euler
factor at “bad primes”, i.e. p | N, and obtain the complete Hasse-Weil zeta function Zx(s). It is
clear from the notation that bad Euler factors should be defined such that Zx(s) does not depend
on a choice of X or N. It is a consequence of Weil’s conjecture (proved by Deligne) that this
formal product is holomorphic for Re s > 0.

Example 1.1. If X = Spec Q, then Zx(s) is the Riemann zeta function.

Conjecture 1.1 (Hasse-Weil conjecture). The zeta function Zx(s) can be meromorphically contin-
ued to the whole complex plane. Furthermore, it should satisfy some appropriate functional equation.

Remark 1.1. Even though Zx(s) needs Euler factors at bad primes, the subjects of Hasse-Weil
conjecture, namely meromorphic continuation and functional equation, can tolerate any finite
number of Euler factors missing. Thus, one might as well just not worry about Euler factors at
bad primes and work with Z;(s) using a specific smooth integral model.

Even though the conjecture is formulated purely in terms of algebraic geometry, essentially the
only way it can be proved is by relating it to automorphic L-functions, where one knows from
general theory of Langlands that meromorphic continuation and functional equation indeed are
true. One can recover Zx(s) from the Galois representation Gy — GL(Héit(X@, Q,)), so it is more
convenient to compare Galois representations and automorphic forms. This is a very general
picture of Langlands program.

There are typically two directions in the Langlands program, namely automorphic to Galois
direction and Galois to automorphic direction. A celebrated result of Wiles says that, given an
irreducible Galois representation p : Gy — GL.(Q,), if p : Gy — GL,(F,) is modular and if
p is nice, then p is modular. In proving this (for GL,), one crucial ingredient is lhara’s lemma.
Roughly, this is a statement about level raising; if p;, p, are two 2-dimensional Galois represen-
tations of level N;, N, respectively, N; < N,, and if p, = p,(mod ¢), then the modularity of p,
implies the modularity of p,.

2. Thara’s lemma of Clozel-Harris-Taylor.

Clozel-Harris-Taylor formulated and conjectured a generalized version of Thara’s lemma, which
we would like to formulate precisely.

We work with a definite unitary group as follows. Let F = F*E be a CM field with F* totally

real and E imaginary quadratic. Let B be a division algebra over F of dimension d?, and let * be
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an involution on it. Given 8 € B with = -8, we define a Q-group G as

G(R) = { (A, x) € R* x (B®)* such that } ’

xx' = A

for any Q-algebra R, where B” = B ®; F (c is the complex conjugation) and x* = fx"f~'. We
want this to be definite, i.e. the associated unitary group is compact at infinity.

For a prime p which splits into ¢ in E,

G(Q) = ©; < I1B."
wlu
We choose rational primes p, g such that both split completely in E, and there are primes w | p
and v | g such that E:Vp’x is the division algebra of invariant 1/d and sz " is GLy(F,).

Pick ¢ # p, q, and for S a finite set of rational places (including bad primes and o), let Ts be the
Z,-algebra generated by Hecke operators away from S inside the Z,-endomorphism algebra on
the space of algebraic automorphic forms. Let m be a maximal ideal of Ty, such that the associated
Galois representation p,, : Gr — GL4(F,) is absolutely irreducible.

Conjecture 2.1 (Thara’s lemma; Clozel-Harris-Taylor). Let | U be an ~open compact subgroup of
G(A), and 1l be an irreducible subrepresentation of C*(G(Q)\G(A)/U?,F;)n. Then, I1, is generic.

3. Mirabolic subgroups and genericity.
We discuss the meaning of “generic” in Conjecture 2.1.

Definition 3.1. The mirabolic subgroup M, c GL,(F,) is the subgroup of the form

* * * *
* * * *
* * * *
0 01

Let V,; be the unipotent radical of M,. Fix a nontrivial character y of G,, and let 6 be the
character of V; defined by 8(M) = y(M,-14), where the subscript means the entry corresponding
to the subscript.

Remark 3.1. If 7 is a smooth irreducible M;-representation over @8, then 7 is a smooth irre-
ducible M;-representation over F,.

Definition 3.2. Let & (¥, respectively) be the functor of taking (V,,id)-coinvariants (Vy, 6)-
coinvariants, respectively) from the category of smooth representations of M, to the category of
smooth representations of GL,_; (My-1, respectively). Given a smooth My-representation 7, and
1< h<d, let ©™, a smooth GL,_,-representation, be the h-th derivative, i.e. oV o-.- ¥ (1),
where ¥~ is composed h — 1 times.

Proposition 3.1. If 7 is an irreducible smooth My-representations, then there is unique 1 < h < d
such that t™ # 0, and t can be recovered from ™ by applying certain functors (“c = (¥*)"1@*(¢™)”).

In particular, this implies that there is unique smooth irreducible M;-representation with non-
vanishing d-th derivative. We call this the generic (or nondegenerate) representation 7,,.

Definition 3.3. Given a smooth M-representation t, let A(t) be the largest integer such that 77 #

0.
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Theorem 3.1. For an irreducible smooth GL,(F,)-representation IL,, and for any irreducible sub-
representation T of Il |ar,, A(T) = Ay ar,)-

Definition 3.4. A smooth irreducible GL,-representaiton I1 is generic if Il|y, has 7,4 as its sub-
quotient.

Example 3.1. « For GL,, every representation not of finite dimensional is generic.

. For GLs, given a character y of F, Ind$™ (y(~1) ® y ® ) has four irreducible subquotients,
and only one is generic, which is the Steinberg representation St;(y). Even after mod
¢ there is only one generic irreducible subquotient.

« Similarly, for GL,, Indng ( X(—%) ® - ® X(%)) has 247! irreducible subquotients, and only
one is generic, which is the Steinberg representation St,(y). Even after mod ¢ there is only
one generic irreducible subquotient.

In Q,-coefficients, for any automorphic II for G, 7,4 is the only irreducible subspace of I|y,,
because everything is cuspidal (no cusps for 0-dimensional locally symmetric space). This does
not apply to F,-coefficients, but nevertheless says that 7, is an irreducible subspace of II|y,.
Thus, the genericity statement in Conjecture 2.1 is rather saying that “there is a unique irreducible
subspace.”

4. A strategy for Conjecture 2.1.
A Shimura variety associated to G is 0-dimensional, so there is no geometry. Instead, we
consider a similar unitary group G such that
© GIA™) = G(A™Y),
+ G(R) is of signature (1,d - 1),(0, d), -+, (0, d),
- and G(F,,) = GLy4(F,,).
Let Shg be a Shimura variety associated to G. This can be referred as a Kottwitz-Harris-Taylor
Shimura variety (or KHT Shimura variety in short). Then, given II an irreducible smooth rep-
resentation of G, the w-component II,, gives rise to a Z,-local system HT(II,,) on Sh %, the su-
persingular points of the special fiber of Sh; at w, which coincides with the Shlmura variety
associated to G. To be a little more precise, we send II,, via mod ¢ Jacquet-Langlands transfer
(Dat, ---) to a mod ¢ representation 7,, of GL,(F,,), which is of form Speh (p), where p is an irre-
ducible supercuspidal representation, s | d and Speh, is the “super-Speh” representation. Then,
this gives rise to a local system HT(z,,, s) on Sh_*.
The Z,-local system HT(II,,) is a strict subsheaf of ¥z , the vanishing cycle (perverse) sheaf,
which means that it is a sub with free cokernel. Thus, H(Sh;*, HT(IL,))n <> H%'(Shg 7, Z¢)m
has free cokernel, if the following hypothesis is satisfied:

Hypothesis 3. p, p(1), -, p(s — 1) are pairwise different.
Remark 4.1. There is little hope of weakening this hypothesis.

Remark 4.2. Before trying to prove Conjecture 2.1, one might want to prove that any irreducible
sub of H O(Shzd, HT(II,)g,) is isomorphic to mod ¢ reduction of 7,4. By a theorem of Berkovich,
this is a problem about étale cohomology of Lubin-Tate spaces, with Q, and Z,-coefficients. This
local analogue of Thara’s lemma is known to be true.

Theorem 4.1 (Boyer). Suppose that m and its associated mod ¢ Galois representation p,, satisfy the

following hypotheses.
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« Hypothesis 1. p,, is irreducible, and ¢ > d + 1.
- Hypothesis 2. p_ , is multiplicity-free.
« Hypothesis 3. Stated as above.

Then, Conjecture 2.1 is true.

Idea of proof. We want to construct a filtration of H*(Shg 5, Z;)n such that graded pieces are all
free such that each has nondegeneracy property of irreducible submodules (i.e. each graded piece
satisfies Thara’s lemma).
We filter the vanishing cycle sheaf ¥ using geometry of the special fiber. Namely, using the
natural stratification
Shy; = Sh*' > Sh** > - 5 Sh™",

using j*" : Sh™ < Sh*", by adjointness we have a natural morphism

GG — id.

We want to say that for example the image of (j>!),(j>')'¥ — ¥ to be Fil' ¥, but the cokernel might
not be free. On the other hand, there is a general process of “saturation” for perverse sheaves, so
that if we take the saturation of the image, we get a sub whose cokernel is free. In this way we
get a filtration of ¥ whose graded pieces are all free. Using spectral sequences we subsequently
get a filtration on H*"'(Shg 5, Z¢ ). The filtration has free graded pieces because of Hypothesis 2.

Remark 4.3. In general, the graded pieces are parabolically induced modules. In particular, if
p = 1(mod ¢), then some of the parabolic inductions mod ¢ are semisimple, so there is no hope of
proving Thara’s lemma in this case (which is unfortunate as this is the setting for most arithmetic
applications).

The cohomology H*(Shg r, Z;) is torsion-free.

Remark 4.4. This is no longer true if you don’t localize at m, as for any weight &, the automorphic
sheaf associated to & always has torsion cohomology for sufficiently small level.

If there is a place of F at which the mod ¢ Satake parameters coming from m do not have p*!
as a ratio of two Satake parameters, then the cohomology is torsion-free. If ¢ is big enough, one
can indeed find such a place and get the torsion-freeness.

Remark 4.5. This is almost the same condition as Caraiani-Scholze.

Remark 4.6. In general, the cohomology is expected to be free if p,, is irreducible.

O

5. Applications.

Let II, be an irreducible tempered Q,-representation of GL4(F,). Then II, is the Langlands
quotient of some parabolic induction of tensor product of unlinked Steinbergs, but after reduction
mod ¢, there might be new linkage appearing.

Proposition 5.1 (Level raising and “fixing”). If m satisfies Hypotheses 1 and 2 of Theorem 4.1,
then there is a characteristic 0 representation exhibiting all the linkages of mod ¢ reduction of I1,,.
Furthermore, “this is the only possible lift.”

Remark 5.1. The level raising part of Proposition 5.1 appears in Clozel-Harris-Taylor for one

segment.
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Remark 5.2. If there is a torsion class in cohomology, then there is an extra automorphic congru-
ence. Conversely, Hypothesis 1 says that there is no torsion class and thus no extra automorphic
congruences.
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JAcQUES TILOUINE, PERIODS, CONGRUENCES AND ADJOINT SELMER GROUP FOR BIANCHI MODULAR
FORMS

1. Bianchi modular forms.

Let F be an imaginary quadratic field, and G = GL,y. Consider Gy = G(Af) = G; x G, and
G = G(F). Let Z, be the center of G, = GL,(C), and K., = U, ¢ G, be a maximal compact
subgroup. Then the associated symmetric space Go/ZoKs = b3, the three-dimensional upper
half space, which is identified via

(3)) )1() — (x,y),x€C,y €R™,

which is possible via Iwasawa decomposition. Then G, naturally acts on bj;.

In any case, for a small enough compact open level U c Gy, we define Xy = G\Ga/UZo K. It
is identified with [}, T:\hs, where Ga =[]}, Gt;UG., and T; = Stabg(#;UGs). It has no hope of
being an algebraic variety as it is odd-dimensional.

Consider a large enough coefficient field L < @p, and let © = O}, k = O/(®) where @ is a
uniformizer of L. We are interested in Betti cohomology groups H'(Xy, ), for i = 1,2. The
Poincaré duality induces a pairing H'(Xy, O) x H(Xy, @) — O, which is perfect modulo torsion.
It turns out that H! has no torsion, because

H'[®] = coker(H(®) — H(O/®)) = 0,
while there are lot of torsion in H?.

Remark 1.1. We will localize everything at a non-Eisenstein maximal ideal of Hecke algebra, so
we will deliberately not distinguish between H; and H".

The Hecke action by g € Gy on H(Xy, ) is defined by the double coset operator [UgU],
which is the geometric correspondence from the diagram

XUngf Ugf’1
Xy Xy

where 7m; comes from the natural map and 7, comes from the natural map after conjugating by
g and [UgU] = (m).;.

Definition 1.1. For v at which U is not ramified, the double coset operator corresponding to the

1 0
element of Gy which is (0 o ) at v and 1 everywhere else is denoted as T,, and the double coset

Wy

0
0 ) at v at 1 everywhere else is denoted
v

operator corresponding to the element of Gy which is (

assS,.
Let h'(U, O) be the O-subalgebra of Endo(H'(Xy, ©)) generated by such T,, S, ’s.

The above observations then imply that h! is a finite flat (9-algebra, while h? is a finite (9-algebra
(which is not necessarily flat).

Proposition 1.1. There is a twist of Poincaré duality which gives rise to a perfect-modulo-torsion
pairing H' x H> — © which is Hecke-equivariant, i.e. {Tx,y) = {x, Ty) for T = T, or S,,.
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This is done by twisting by Atkin-Lehner involution.
Corollary 1.1. The torsion-free O-algebra b' is the torsion-free quotient of h2.
Thus if one knows h?, one knows everything.

Definition 1.2. Let o be a character of Zs. The space of Bianchi modular forms of weight 2,
level U and nebentypus w, S,(U, w), is defined by
S(U,0)= @ HY,

Too=ps

where
e pd = Indg: Ao, where Ay : B, — C” is defined by A, (8 :) = %
2
« H, for a cuspidal automorphic representation 7 is the space realizing r,
« and & runs over cuspidal automorphic representations of central character « whose infinity
type is p2.
Equivalently, S,(U, w) is the space of functions f : G\Ga/U — C* where
« C? is regarded to be a representation of K., = U, via restricting the standard representation
structure of GLy(C) on C?,
- fgks) = ki - f(8) for ke € K,
« f(82) = f(&)w(2) for z € Za,
* [z 6, IfIPdg < oo for a choice of norm on C?,
* f(gr8=) € C(Gx) is “rapidly decreasing” for any choice of g¢ € Gy.

The first definition is “Langlands-style”, whereas the second definition is “Harish-Chandra-
style” The second definition is more appropriate for algebraic interpretation.

2. Integral structures on the space of Bianchi modular forms.
Now let w = 1 and U = Uy(n). We might as well just denote S,(U, 1) = S,(U,C). To define
transcendental (Deligne) periods, one compares two integral/rational strucures,

« one coming from integral model of Shimura varieties,
« one coming from integral coefficients.

But the problem is that there is no Shimura variety here. Thus, we use a different method. We
start by observing the following.

Theorem 2.1 (Harder). There is an explicit h'-equivariant isomorphism
@'+ $(U,€C) = Hig op(Xu/C),
where here Hjy is just in terms of differential forms.

Of course Xy is not like an algebraic variety, so there is no integral model, and therefore there
is no integral structre on Hip(Xy/C) coming from geometry (although one can still take the other
integral structure, namely the one coming from differential forms with coefficients in O).

On the other hand, all automorphic representations appearing in S,(U, C) have Whittaker
models. In particular, there are integral Whittaker models W, for each such automorphic
representation 7, so that one has an explicit basis of the Whittaker model. This enables us to

define an “integral structure” on S,(U, C), S,(U, ©). By Harder’s theorem, this integral structure
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naturally transports to Hj;(Xy/C). This gives us a foundation to define transcendental periods
even though there is no algebraic geometry involved.

Let f be a Bianchi cusp eigen-newform which is of weight 2 and level Uy(n). Let Az : h*(Uy(n), ©O) —
O be the corresponding Hecke eigenvalue. As it is new, S,(Uy(n), C)[A¢] = CHf.

Definition 2.1. Let 6'(f) be an O-integral basis, well-defined up to O, of (Hi(Xy, O)/tors)[As],
where B means Betti cohomology and tors means the torsion-free quotient.
Let u'(f) € C*/O* be such that o'(f) = u'(f)5'().

That the two vectors are parallel is precisely the consequence of newness.
Remark 2.1. The periods u/(f) “do not see torsion.”

3. Congruence modules.

Now we can try to develop a theory of congruences and ultimately define congruence mod-
ules. Before we proceed, we emphasize again that our Bianchi modular form f is non-Eisenstein,
in the following sense. Namely, the maximal ideal m which is defined to be the kernel of the re-
duction of the Hecke eigenvalues p; : h*(U, @) — kis not an Eisenstein ideal, or more concretely

Ae(T,) # 1+ N,

for some v. Therefore there is no harm in identifying compactly supported cohomology/parabolic
cohomology with just usual Betti cohomology.

Let T = b2, which acts faithfully on H2, and T = T/tors = h! , which acts faithfully on H'. We
have Petersson inner product here as well, so )’ ®¢ L is semisimple. Thus, T ®¢ L is semisimple,
and in particular, A¢ : T — L splits. We can write it as

TL=LXT£,

where the first projection is precisely A;. Morally, 7] detects eigenvalues of all other Bianchi
forms. In particular, if we consider T’ = im(T — T/), then this detects congruences between f
and all other Bianchi modular forms.

Definition 3.1. Let T' = 14T, where ¢ is the idempotent in Ty corresponding to the first factor L
of T, =LxT]. Let Ty = T n 15Ty, which is a submodule of TE. The (first) congruence module c{
is defined by T'/T;.
More generally, for a finite free O-module M with a T-action, then M* = 1M c M;, My =

M n 1My, and cQ(M) = ME/M.
Remark 3.1. (1) The notion of congruences “does not see torsion.”

(2) ¢f =T 7O =T'/c/, where ¢’ = Tn ({0} x T") = ker A ¢ T’. In particular, ¢{ is a ring, and

cf(M) is a ¢f-module.
(3) If M* = Homp(M, O), then ¢(M) and ¢f(M") are Pontryagin duals to each other.

Definition 3.2. The (first) congruence ideal of a finite free O-module with T -action M is ng(M) =
Fitt(c{(M)). If M = T we drop M in the notation.

In particular, ng(M) = ne(M").
Theorem 3.1 (Urban). Ifm is non-Eisenstein, p > 3 and p 1 (Nn),
L(Ad° 1)
m?ul (f)u?(f)
where ~ means equality up to 0.

~ ne(Ho)(~ ne(Hy)),
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Remark 3.2. (1) Even up to this point, we “don’t see torsion.”

(2) If we know H_ is free over T (which in fact will be true), then the adjoint L-value is equal
to n¢. In the usual Taylor-Wiles formalism, 7y should be related to the Fitting ideal of the
corresponding Selmer group. However, in this Bianchi case, due to torsion, 7z will not be
directly related to the Fitting ideal of Selmer group. Thus, we have to modify periods to
make them “see torsion”, to match with Bloch-Kato conjecture/Iwasawa Main Conjecture.

We thus need to use “higher congruence module” (also defined by Hida).
Definition 3.3. The second congruence module ¢} is
¢ = Qo1 O=c/
The second congruence ideal is n; = Fitt(c}).
What is a relation between two congruence modules/ideals?

Proposition 3.1. (1) n} | n}
(2) (Wiles, Tate, -+) 5} = ng, if T is locally complete intersection.

The failure of T being lci is precisely the source of our failure.

Definition 3.4. The Wiles defect & is
& = gl < O.

Theorem 3.2 (Tilouine-Urban). Let u*(f) = u?(f)/8. Let pr : Gr — GL,(O) be the Galois
representation associated to f. Suppose

« 1 is squarefree,
« forallv | n, pgl, ~ (§7) is nonsplit,
« and f isn-minimal, namely, for all v | n, pg;, ~ (§ ) is nonsplit.
Then,
L(Ad° 1)
rlul(f)u?(f)

Remark 3.3. As in the classical case, the idea is simple: the deformation theory almost formally
relates the RHS to something like the second congruence module but using instead deformation
ring. Then by “R = T” (or something similar) the equation follows. The reason why we have
some assumptions in Theorem 3.2 is because we need such kind of theorem.

= Fitt(Sel(Ad° py ® L/O)).

Theorem 3.3 (Scholze, Newton-Thorne, “the 10 authors”). There is a Galois representation py, :
Gr — GLy(T) lifting ps satisfying the same Hecke=Frobenius compatibility.

Remark 3.4. The local-global compatibility might be only known up to a nilpotent ideal, but let’s
just ignore this issue. Namely, assume that for v | p, pn|c;, is Fontaine-Laffaille with Hodge-Tate
weights 0,1, and for v | n, py|;, ~ (§ 1) is nonsplit.

Conside the deformation functor & sending

lifts of p; to GL2(A) which are
A unramified outside np, minimal and
Fontaine-Laffaille with Hodge-Tate

weights 0,1
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for A an Artinian O-algebra with residue field k. Schlessinger’s criterion can be applied to this
functor, so that this is pro-representable by (R, p*). Thus, the existence of T-valued Galois repre-
sentation implies that there is a natural map R — T.

Best hope. R—=> T = HZ.

If this holds, then the “Bloch-Kato formula” will tell you that
L(M, 0)
QunRy

~ Fitt [T (M),

where M is the “motive” Ad’ ps(1) (of course, in this case, there is no motive but just a Galois
representation), Ry, is the regulator, I11§, (M) is the Bloch-Kato Tate-Shafarevich group, which is
Pontryagin dual to Sel(Ad° py ® L/O), and Q) is some period defined in terms of Galois theoretic
terms. Thus, to get our formula, we need to show

QMRM = 77,'2 L[l (f)ﬁz(f)

Thus, we will eventually need to relate topology of Bianchi manifold with Galois cohomology.

4. Calegari-Geraghty method.
We study the map R — T in detail. Let r = dimy Hf1 (F, Ad’ p). In our case, this local condition
is the same as Fontaine-Laffaille at primes above p and unramified everywhere else.

Proposition 4.1. For all n = 1, there exist infinitely many Taylor-Wiles sets, i.e. sets Q, =
{vi, -+, v} of distinct primes in F satisfying the following conditions.
+ Nv; = I(mod p"), Nv; # (mod p™'),
- p(Froby,) has 2 distinct eigenvalues @.,, B, € k,
. Hfl)QnL(F, Ad’ py(1)) = 0, where you additionally demand that the cocycle is locally zero at
places in Q,.

Now we consider the modified deformation functor %, for a Taylor-Wiles set Q,, sending

lifts p of p; to GL,(A) which are
unramified outside np [ [0, vi
A minimal, Fontaine-Laffaille with
Hodge-Tate weights 0,1, and p|g,, can
be anything for v € Q,

This is also pro-representable by (Rg,, pg, ). By the condition on distinct eigenvalues, it is forced

that
o (1 0 >
On L 0 X’Ll)t ’

H AQn - Rén’

veQn

for any v € Q,. Thus, we get a map

where

Ao, = [T (p-Sylow subgroup of k),
veQn
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where k, is the multiplicative group of residue field at v. Thus, we get an action of the group
algebra O[Ag,] on Ry,

aQn : O[AQn] - RQn’
and
OlAg,] = Sul((1+ ) ~ 1+, (1+ ) - 1),

where S = O[[s1, -+, s,]] is the p-adically completed formal power series ring.

On the other hand, we know that R, is generated by r - 1 elements over O, so that Ry, can be
regarded as a quotient of R, := O[[xy, -+, x,_1]]. Here the difference between the numbers r and
r — 1 is precisely coming from what is usually denoted as “f,”, which in the case of SL, r is equal
to 1.

Theorem 4.1 (Calegari-Geraghty). There is a suitable choice of Q,’s for each n, and a suitable
algebra homomorphism a : S, — R, such that for each n, the following diagram commutes,

O[Ag,] = Ry,

b

Sw——> Rs

Furthermore,

(1) Tors*(Re,©®) = Ry ®s, @ = R=T = H2,
(2) Tor:*(Rew, @) = 0 foralli > 1,
(3) Tor™ (R, ©) = H., as Tory>(Re, ©) = T-modules.

By Poincare duality, Tor; = Hom(T, ©) as T-modules, which is not necessarily T as T might
not be Gorenstein. The Tor-algebra Tor®(R.,, ) is of simple form T ® Hom(T, ©).

The problem is that a priori the choice of Taylor-Wiles primes is not canonical, so R, and
consequently Tor; are not canonical. This can be remedied by using the theory of Galatius-
Venkatesh. In a more “Venkatesh-style” way, what we have now can be more cleanly expressed
using homology,

H., = Tor. ®H p,

where Hy,, = H>F; again, we do not need to care about Borel-Moore homology or compactly
supported cohomology as we have already localized at a non-Eisenstein maximal ideal. By going
through Galatius-Venkatesh theory, we can directly relate cohomology of Bianchi manifolds with
Selmer groups.

5. Simplicial deformation theory.
We first review some simplicial deformation theory.

Definition 5.1. Let A be the category of finite ordered sets [n] = {0, ---, n}, such that
Homa([n], [m]) = {nondecreasing maps [n] — [m]}.

Given a reasonable category €, asimplicial object in € isa functor F : A°® — €. The category of
simplicial objects in € is denoted as s€ , where morphisms are just natural transformations between

functors.
9%



We are mainly interested in two kinds of simplicial objects, simplicial sets sSets and “simplicial
Artin rings over O with residue k” (which we will define precisely later) sArto;. Given A. €
sArto, one can form a natural complex C(A.) just by taking alternating sums of face maps, and
the homology of the complex H.(C(A.)) is usually referred as the homotopy group m.(A.) of A..
A priori these are abelian groups, but it turns out that ,(A.) is a ring for all n = 0, and is an
algebra over my(A.) = Ay/im(d, - d;). Namely, m.(A.) is a graded m(A.)-algebra.

There is a notion of Kan fibration which gives something that is like a projective resolution
of a ring. Namely, given a, say, complete noetherian local @-algebra R with residue field k, there
is a simplicial ring A. and the augmentation A,— R such that each A, is of form O[[xy, -+, Xy, 1]
for some finite m,, m;(A.) = 0 for all i > 0, and my(A.) = R via ¢.

Remark 5.1. There is a canonical resolution which uses uncountably many variables. The fact
that there is a resolution with finitely many variables is because R is noetherian. Note that usually
in most literatures the rings are given as polynomial rings, not power series rings.

Using the Kan resolution, one can construct cotangent complex.

Definition 5.2. Given a Kan resolution A. — R of O-algebras, the cotangent complex is defined
as
Lrjo = Qa0 ®a R

Remark 5.2. This is related to Wiles defect as follows.
Proposition 5.1 (Tilouine-Urban). Let £, = 1. Then & = Fitt(H '(Lrjo ®1., O)).

The proof uses that, in ¢, = 1, there is a locally complete intersection Ty, finite over O, which
surjects onto T.

Definition 5.3. A simplicial O-algebra A. is a simplicial artinian ring if mA. is artinian and
A, is a finite myA.-module.

Example 5.1. (1) Given A € Artpy (ordinary artinian ring) and V. : V,, — -+ — V; a perfect
complex of finite free A-modules, we can construct a simplicial artinian ring A e V. €
sArtp; such that (A e V.); = A @ £V, (¢ means a formal variable with ¢* = 0) and all face
maps d; : Ae eV, — Ao eV, are the projection to A except the last fact map which is
the projection to V;_;. Then, quite obviously, 7;,(A & V.) = H(V.). We will particular use
A e eM[i] € sArtoy, i.e. the construction where in the complex there is only one module
concentrated in one degree.

(2) The category sSets has internal Hom. More precisely, given two simplicial sets X, Y €
sSets, there is a simplicial set sHomgsets(X, Y); = Homggers (X x A[i], Y).

Now we want to define deformation functor. It should be a functor sZ : sArtg; — sSets
which is something like

liftings of p to GL,(A) which is
sD(A) = © unramified outside np, minimal and | »
Fontaine-Laffaille with Hodge-Tate
weights 0, 1

3

but a Galois representation valued in a simplicial ring is a tricky notion to define. We will not
say much about this issue, but roughly speaking it uses the classifying space B GL,(A.) which

is a simplicial set, and a tower X, = Spec(Of,[1/np]) for F,/F unramified outside np. A Galois
97



representation valued in GL,(A.) is something like “{ Xz — BGL,(A.)}” In this way one can also
give local conditions.

The analogously defined functor s& is pro-representable by Lurie’s derived Schlessinger crite-
rion; it says if the functor commutes with homotopy fiber products, and if the tangent complex is
concentrated in negative degrees and the tangent space (i.e. the set valued in k[€]/(€®) in degree
0) is finite. There is some issue with projective limits, so in practice it is better to be viewed as
representable by a projective system Z = (R,) of simplicial artinian rings, which is unique up to
homotopy. What we mean by representable is that there is a morphism

¢ I'Ln)sHom(Ra, -) — s,
such that ¢(A) is a weak equivalence, i.e. it is an isomorphism on the 7z.’s. Note that any classical
ring A is simplicial by taking A, = A and taking identity maps for face maps. Thus, by a very
formal reason, 7% = R, the classical deformation ring.

Theorem 5.1 (Galatius-Venkatesh for T = O, Y. Cai for general T). There is a natural weak
equivalence

H — R8O,
where Ro®s O is the simplicial ring constructed out of Kan resolution of R., with entries formal
power series rings over Se.

As 7.(R85_0) = Tor’ (R, ©), this means that 7.% = Tor*(R., @), and Z is the natural object
behind the Tor algebra of Calegari-Geraghty. In particular, in our situation of Bianchi modular
forms,

T# =mem=TeHom(T,O),

as observed above.

6. Applications.

Theorem 6.1 (Tilouine-Urban). There is a T-equivariant exact sequence
0 — Hom(T, 0) &9 L/O "5 H}(F, Ad” pu(1) @ L/O) — LI (Ad° p(1) ® L/O) — 0.

Remark 6.1. (1) By the definition of Bloch-Kato Tate-Shafarevich group, it is saying that
Hom(T, O)®eL/O is naturally the p-divisible part of the corank 1 module Hf1 (F,Ad’ pu(1)®
L/O). Thus, in some sense the map GV coming out of Galatius-Venkatesh theory is a
Bloch-Kato regulator map. If you remember that Hom(T, @) is H., this map coming out
of simplicial commutative algebra relates Selmer group and topology of Bianchi manifolds.
(2) The map GV is also defined in Galatius-Venkatesh, but not in the context of p-divisible
modules, and also under the assumption of T = O (where they prove that the analogous

map is an isomorphism).

We discuss how to define the map GV. As Hom(T, O) ®¢ L/O is already p-divisible, Theorem
6.1 will follow if we define an injective map GV. It is sufficient to define surjective maps

HfZ(F, Ad° pn ® Hom(T, O/@")) = Homr_ae(mZ%, Hom(T, O/ ")),

as the desired injective map will be the dual of inductive limit of these surjections, where p, =

Pm mod @". Thus, Theorem 6.1 will follow from the following
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Theorem 6.2 (Tilouine-Urban). Let A, = T/@". Let M, be a finite A,-module. Then, there is a
natural surjection
H}(F, Ad’ p, ® M,) — Homp_yg(m %, My).

Proof. Note that the formalism of simplicial deformation theory tells you that

B F AL py o M) = { liftings % — A, ® eM,[i] of } ,
X — A,
where # — A, comes from # — T — A,. Indeed this makes sense, because if you put i = 0
this becomes a more familiar form. On the other hand, m; % by definition is

R = { morphisms A[1] — Z of simplicial } /homotopy.
sets which restrict to dA[1] — 0

Now the definition is very simple. Namely, given a lifting # — A,e®eM,[1] and aloop A[1] — Z,

we compose this to get A[1] — A, ® eM,[1], and we project to M,[1]. This gives a morphism

A[1] — M,[1] of simplicial sets. As Homggets(A[1], M,[1]) = M,, we have constructed a natural

homotopy invariant map

HE(F, Ad’ p, ® M,) — Hom(m,.Z, M,).

The surjectivity of this map will follow if we can prove that, given a homomorphism m.%Z — M,,
we can lift it to # — A, @ ¢M,[1]. One can prove that, using an explicit presentation of
R.®g O, one can lift ;% — M, to R.®5 O — A, ® eM,[1]. As the direction of the natural weak
equivalence is Z — R..®g O, we can compose to get a desired lift. O
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GABRIEL DOSPINESCU AND WIESLAWA NIZIOL, INTEGRAL p-ADIC COHOMOLOGY OF DRINFELD
HALF-SPACES

1. Drinfeld and Lubin-Tate tower.

The objective of this long-term project is to understand the geometric realization of the p-adic
local Langlands and Jacquet-Langlands correspondence via the étale cohomology of the Drinfeld
and Lubin-Tate towers. Roughly the big picture is as follows. On the infinite level, we have an
isomorphism of the Drinfeld tower and the Lubin-Tate tower (Fargues, Faltings):

LT, = Dr,

which is a perfectoid space (Scholze, Weinstein).
The Lubin-Tate tower LT, sits over [ ][, D, where D is the open disc of radius 1. The Gross-

Hopkins map gives [[, D — P, for C = @p. The Lubin-Tate tower LT, is then a G = GL,(Q,)-
torsor over P}.

For the other direction, the Drinfeld tower Dr,, sits over [[, H, where H is the Drinfeld
upper-half space, for which P - P'(Q,) can be used. Then obviously there is the natural map
[I,H — H. The Drinfeld tower Dr., is then a D*-torsor over H, where D is the invariant 1/2
division algebra over Q,, (i.e. the nonsplit quaternion division algebra).

Theorem 1.1 (Scholze-Weinstein). The Drinfeld tower Dr., is the “G-simply connected cover” of
H. More precisely (although it is still imprecise),

Dro, = © lim X

X—H G-equivariant fét cover

Proof. The Drinfeld tower comes with abundance of explicit intermediate coverings. Then one
shows that a G-equivariant finite étale cover is dominated by one of those coverings. Il

Thus LT, = Dr., is an extremely symmetric space where its quotients by G and D* are ex-
tremely simple spaces. Eventually we would like to compute something like

Hélt(LToo, F, or Z, or Q,),

for any prime ¢. This has an action of Wy, x G x D*; the action of Weil group comes from the fact
that the tower has an explicit model over the completion of the maximal unramified extension of
Q,. Thus, we would like to understand it as a representation of Wg, x Gx D*. This is an interesting
thing to think about, as the construction works equally well for GL,(F) for any finite extension
F/Q,.

For ¢ # p, this is essentially done. This is due to many people, e.g. Drinfeld, Langlands, Deligne,
Carayol, Faltings, Fargues, Dat, Harris, Taylor, Mieda, Boyer, ---, using a lot of machineries, e.g.
vanishing cycles, trace formula, ---.

For ¢ = p, this is very mysterious. Apart from that we have no tools from automorphic side, it
has some inherent difficulties.

« We have to use p-adic Hodge theory, and this situation is very nasty, namely it is non-
proper, non-algebraic, and even non-quasicompact.

+ The relevant representation theory is very hard. This is one reason why we work in
GLy(Q,) case. For example, even for D*, nobody really knows any good idea on what are
p-adic representations of D*; mod p is OK, but in the course of lifting to characteristic

zero, one has to face chain of infinitely many irreducibles.
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Let us forget about the tower for the moment, and illustrate why there are serious difficulties in
computing p-adic cohomology, even at very elementary level. Namely, what is the first p-adic
étale cohomology of D? What about H?

Theorem 1.2 (Colmez-Dospinescu-Niziol). (1) H\(D, Z,(1)) = 1+ TOC[[T]]. Or, the p-torsion
on Pic D is bounded.
(2) HA(D, Z,(1)) = Pic D, which is zero if and only if C is spherically complete.
(3) Hyour(D, Z,(1)) = 0 fori > 1, and H, (D, Z,(1)) = O(D)/C.
(4) (originally due to Drinfeld) HL(H, Z,(1)) = (C*(P'(Q,), Z,)/const. fn.s)", the Z,-dual. In
particular, this is an admissible G-module.
(5) There is an exact sequence

0 — O(H)/C — leroét(]H, Q,(1)) — (LC(PY(Q,), Q,)/const.)” — 0,
where LC means locally constant functions.

Remark 1.1. (1) This suggests that the cohomology along the Lubin-Tate side is horrible,
whereas the cohomology along the Drinfeld side is much nicer. For example, even though
one might think 1 + TO([[T]] is a nice-looking thing, as a Galois module, it contains
every Galois representation having 0 as a Hodge-Tate weight, which is useless. On the
other hand, (C*(P'(Q,), Z,)/const.)" only has trivial Galois representation inside, which is
as expected.

(2) The reason why the pro-étale cohomology of H has a huge chunk of O(H)/C inside is
because H is non-quasicompact. Basically, computing pro-étale cohomology of H is the
same as computing étale cohmologies of all affinoid coverings of H, which have a lot of
denominators. In particular, we could have just put pro-étale everywhere as for integral
coefficients pro-étale cohomology and étale cohomology are the same.

(3) Even though the situation is nicer on the Drinfeld side, we have to cut out (pro-)étale
cohomology as soon as one starts to climb up the Drinfeld tower. In particular, the integral
pro-étale cohomology will be not admissible, even for a cyclic cover of degree > 1 prime
to p over H.

2. Completed cohomology of Drinfeld tower.
Ideally, in the hope that the p-adic cohomology of Drinfeld tower realizes the p-adic local
Langlands correspondence, we would like to study the functor

V i Homuyg, (V, HA(LTe, Qu(1) =: F(V)

for a p-adic local Galois representation V. In particular, (V) has an action of G x D*, so the
best hope is that this is just a tensor product of local Langlands correspondence and its Jacquet-
Langlands transfer. This is what happens in the £-adic world.

Remark 2.1. (1) We don’t put pro-étale cohomology, because as we saw above, the pro-étale
cohomology has a huge chunk inside in general.
(2) In fact, in the ¢-adic case, H}, (LT, Q,(1)) is very close to being semisimple, and we have a
complete description of the whole space. This can never happen in the p-adic case. Very
informally and intuitively, H}(LT«, Q,(1)) is something like “C*(G x D*,Q,)”

Unfortuantely, this functor is very complicated, and every naive conjecture one might suggest
seems to be wrong. But it is strongly believed that the functor should contain both p-adic local

Langlands and p-adic Jacquet-Langlands.
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Alternatively, one can try to study something smaller, e.g. the D*-smooth power, F (V)P ~m,
which will be related to the study of Drinfeld tower, i.e. G-action on H},(“LT« /(1+p"Op)”, Q,(1)),
or similarly 7(V)°*™, and study the analogous étale cohomology of Lubin-Tate tower. As we
have illustrated that the Lubin-Tate side has more mysterious cohomology, we will stick to the
Drinfeld tower side.

Remark 2.2. Of course, taking quotient here does not necessarily have any geometric meaning.
If you want, one might try to use Scholze’s theory of diamonds. However, in this specific case,
LT /(1 + p"Op) is a (non-proper) rigid analytic space in the most classical sense.

We can even study these finite level stuffs at once, by considering

<li_m) H'(LT. /(1 + p"Op), Zp(l))> ;

n

where here A means p-adic completion. This turns out to be much smaller than the cohomology
of the perfectoid space H,, (LT, Z,(1)).

Now here comes a similarity to completed cohomology: at finite level, étale cohomology sees
only “nice” representations, but after taking p-adic completion, one sees a lot more representa-
tions; just like completed cohomology sees much more representation than just those of global
nature because of p-adic completion process.

Theorem 2.1 (Colmez-Dospinescu-Niziol). For V' an absolutely irreducible Gg,-representation of

dimension > 2, (V)P =™ is nonzero only if V is 2-dimensional, de Rham, Hodge-Tate weights 0,1
and WD(V) is irreducible.

This tells us that the first étale cohomology of the rigid analytic space LT /(1 + p"Op) is in
some sense “de Rham.” This is very nontrivial, as we have seen that already the rigid open ball
has p-adic étale cohomology that sees all sorts of Galois representations.

Remark 2.3. To be fair, the above result does not guarantee whether there is a non-de Rham
subquotient of H)(LT. /(1 + p"Op), Q,(1)); it is only about (finite-dimensional) subrepresenta-
tions.

This is some sort of “classicality.” On the other hand, we expect the following.

Conjecture 2.1 (Colmez-Dospinescu-Niziol). Let V' be a 2-dimensional Gy, -representation. Let

F(V)Prsm := Homyy, <V, (li_rn)Hl(LTcx, /(1 + p"Op), Zp(l))) ) .
Then,

F(V)Pr-sm = JL,(V)&II(V)',
whereJL,(V) is an admissible unitary infinite-dimensional representation of D* of finite length, and
II(V) is the p-adic local Langlands correspondent.

In particular, JL,(V) is hypothetical p-adic Jacquet-Langlands correspondence, whose smooth
vectors realize the classical local Jacquet-Langlands correspondence. This expectation comes

from the following main theorem, which is about uncompleted cohomology.
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Theorem 2.2 (Colmez-Dospinescu-Niziol). Let V be a 2-dimensional de Rham G, -representation
such that Hodge-Tate weights are 0,1 and WD(V) is irreducible. Then,

Homyy,, (V. lim H; (LTw /(1 + p"Op), Qy(1))) = JL(V) ® I(V)',
where JL(V) is now the finite-dimensional irreducible smooth representation of D* attached by the
local Jacquet-Langlands correspondence and the classical local Langlands correspondence on WD(V).

Using this, for “nice” V (i.e. 2-dimensional, de Rham, ---), Colmez-Dospinescu-Niziol could

prove that JL,(V), which can be just defined as a Hom space from II(V)" to 7(V)P"*™, is nonzero
and has smooth vectors equal to JL(V). This is thus some sort of local-global compatibility.

Main question. How to show JL,(V) # 0 for all 2-dimensional V?

Strategy. We can use Scholze’s functor, which we denote it as H, which sends G-representations
to D* x Gy, -representations, because for G = GL,(Q,), his functor is “generically” just

H(IT) = Homg(IT', Hy (LTw, Qp(1)))-

Remark 2.4. One conceptual explanation why we see II"’s, not IT’s, is because what we really
want is Hom(Hy, .,IT). Of course, we don’t have Poincaré duality or anything general in this
context, so we have to prove everything by hand.

Scholze showed that H preserves admissibility, and is “compatible with patching.” Thus we can
try to transfer the problem of showing that H(IT) # 0 to a “global statement,” that the support of
the patched module for D* is the whole deformation space.

This is in general a very hard problem; even though the support contains every classical point,
you don’t know it is everything because the patched module is not of finite type over the defor-
mation ring so the support is a priori not closed. Even in the case of GL2(Q,), the proof of this fact
uses p-adic local Langlands correspondence. However, this fact will follow from the following
conjecture, which is expected to hold in much greater generality.

Conjecture 2.2. Let (Sh,) be a tower (along p, with fixed tame level) of Shimura curves for a
quaternion algebra over Q which is ramified at p and split at co. Let X = h_m)n H}(Sh,,F,). Then,
the Gelfand-Kirillov dimension of all Hecke eigenspaces in X is 1.

This is about asymptotic growth of dimension of Hecke eigenspaces.

« Emerton showed that this is true for modular curves, which is essentially the only known
case.

« Paskunas showed that Conjecture 2.2 is true when you localize at Eisenstein maximal
ideal, i.e. when the corresponding Galois representation is residually reducible. Thus,
via this strategy, we get the desired result that JL,(V) # 0 for residually reducible Galois
representations.

3. Drinfeld symmetric spaces.
We now study the étale cohomology of Drinfeld symmetric spaces. Fix a finite extension K/Q,,
and let C = K. From now on we set G : = GLg,(K).

Definition 3.1. The Drinfeld symmetric space HY is P4\ ., H, where 5 is the set of K-

rational hyperplanes in P%. This is a rigid analytic space with a natural G-action.
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We have the following classical calculations.
Theorem 3.1 (Schneider-Stuhler). (1) For t # p, there is a G x Gg-equivariant isomorphism
HE(HE, Qi (r) = Sp,(Z,) @ Qy,

where Sp, is the “generalized Steinberg representation,” and the RHS has a trivial Gy -action.
Similarly, there is a G x Gk-equivariant isomorphism

;roét(Hg” Qf(r)) = Spr(Q[)*’

where the RHS has a trivial Gg-action.
(2) For t = p, there is a G-equivariant isomorphism.

Hjp(HY) = Sp (K"

Remark 3.1. We briefly recall how the (pro-)étale cohomology of H¢ can be computed. As H
is a Stein space (which uses that coherent cohomology is acyclic), there is a chain of affinoids
U, @ U,,:. Then we have

RT&(HZ, Q;) = (holim, RT«(U,, Z¢)) ® Q.
RT ot (HE, Q;) = holim,, RT&(U,, Qo).

4. Generalized Steinberg representations.
Before we proceed, we should know what generalized Steinberg representations are.

Definition 4.1. For an abelian group A, let

Sp.(A) := LC(G/Py,....4-r), A)
' ZP’;P(L“,,O,_,} LC(G/P’, A)’

where LC means the space of locally constant functions, and Py, ..., is the parabolic subgroup corre-
sponding to the partition (s + 1,1,---,1) of d + 1.
Remark 4.1. Let A be a field of characteristic either 0 or p.

(1) The generalized Steinberg representation Sp,(A) is irreducible (Grosse-Klénne for char-
acteristic p case). Note that this is false for a field of characteristic ¢ # p.

(2) More generally, for any subset I c {1,--, d+1}, a similar construction yields Sp,(A), which
is irreducible. All the irreducible constituents of LC(H/B, A) are of this form.

(3) Forany I c {1,--,d + 1}, Sp;(©,) is, up to A*-homothety, the unique G-stable lattice in

Spi(A).
Theorem 4.1 (Colmez-Dospinescu-Niziol). (1) There is an exact sequence

0 —s Qr_l(]Hg)/ ker d Bloch-Kato exponential Hgmét(]Hd, Qp(r)) N Spr(Qp)* — 0,

of Fréchet space representations of G x Gk, and d is the de Rham differential.
(2) There is an G x Gg-equivariant isomorphism

Hi(HE, Qp(r)) = Sp,(Z,) © Q.
(3) There is an G x Gg-equivariant isomorphism

H(HE, Zy(r)) = Sp,(Z,)'.
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Remark 4.2. (1) The exact sequence of Theorem 4.1(1) has the following motivic meaning:
Hfr\/l(“X@C rel Xoc/(P)”, Qp) - HXA(XOC’ Qp) — ervt(XOc/(P)’ Qp)a

for some formal model X of HZ. Thus, Sp,(Q,)" in some sense “comes from the special
fiber, while Q"*(IHZ)/ ker d is in some sense the “de Rham part” of the pro-étale cohomol-
ogy.

(2) The d = 1 case of Theorem 4.1(2) is due to Drinfeld and Fresnel-van der Put. The proof
uses Kummer theory and vanishing of Picard groups for { U, }.

The proof of Theorem 4.1 uses p-adic Hodge theory:

(Step 1) Compute de Rham cohomology, Frobenius action and monodromy.

(Step 2) Pass to étale cohomology via comparison theorems; for (1) and (2), one uses Tsuji’s com-
parison theorem on relating nearby cycles with syntomic complexes. To be more descrip-
tive, let j : H < Xp.. Then, the nearby cycles functor R¥ = Rj, in this context applied
to Z/p"Z(r), for r = 0, is compared via

7., Sp(r) N .. RYZ/p"Z(r),
where 7., is truncation, S,(r) is the “syntomic complex”, which should be thought as a

Frobenius filtered eigenspace of absolute crystalline cohomology, and MY means the
complexes are quasi-isomorphic up to the constant N(d, r) which depends on d, r, or more
precisely, the cone has cohomology killed by p™@").

For (3), one has to use Bhatt-Morrow-Scholze and its extension by Cesnavicius-Koshikawa
and use Ajs-cohomology.

5. Proof of Theorem 4.1.
We will discuss the proof of Theorem 4.1 more detailedly.

Proof sketch of Theorem 4.1. Let X be the standard semistable model for HZ. We use the following

Theorem 5.1 (Grosse-Klonne). Let Q. be the log de Rham complex. Then, Hi(X, Q{Og) =0 for all

i>0,j=0, while H(X, Q{Og) is killed by the de Rham differential d. We call such object strongly
ordinary.

This is proved by showing acyclicity of local systsems on pieces of Bruhat-Tits building. This
implies that
Hip(X) = H'(X, Q).

Now to prove (2), we use the following

Theorem 5.2 (Colmez-Dospinescu-Niziol). Recall that Sp(Z,) can be thought as a suitable quo-
tient of Z,,-valued measures on 7", the space of K -rational hyperplanes in K**'. Using this, one
can construct the Hodge-Tate regulator

rur : Sp,(Ok)” — H(X, Q)
and the de Rham regulator
rar ¢ Sp,(Ok) — Hyp(X).
Then, both regulators are isomorphisms, and they are compatible with the isomorphism we got from
the Theorem of Grosse-Klonne,

Hip(X) = H'(X, Q).
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To prove this, we recall the isomorphism of Schneider-Stuhler,
as © Hp(X) = Sp,(K)',

where we denote HZ as X. Iovita-Speiss made this isomorphism explicit; namely, there is an exact
sequence

0 — D(HA"™, K)aeg — D(H"',K) — Sp,(K)' — 0,

where D is the space of distributions, and D(#"*', K )deg is a certain subspace, so that there is a
commutative diagram

DA™, K) —=> Hjp(X)

Sp,(K)

where rgg is explicitly given by

rdR(lJ) = / wHo,'“,Hr)u(HOs ) Hr)a
o+l

where
by

£ t
wp, .5, = dlog SN dlog L dlog
o th, tH, tH,

is the de Rham symbol, where ¢y, is a linear form defining H;. Using the explicit nature of this
isomorphism (plus some integral and representation theory computations) to lift this isomor-
phism a5 to Ok.

This also gives

>

Hr(%o’ WQ.:{()/O%) = Spr(OF)*’

where X is the special fiber of X, Or = W(k), O% is the log scheme Spec O with log structure 1 —
0, and WQ is the de Rham-Witt complex, so that the LHS computes the Hyodo-Kato cohomology.
Similarly, one has

Hg (X0, WQ,) <> Hy(Xp, WQL,) = Sp(Z,),
where now one uses the log de Rham-Witt complex. In fact, there is an isomorphism
HI(%,,Z,(r)) = Hy (X WQ,).
From this, we use Artin-Schreier theory. Recall that A;,; can be defined as
Ainf = W(OE‘)5

and that it comes equipped with 8 : W(O;) — O¢ whose kernel is a principal ideal, say gener-
ated by &. Then, on (X¢)proét, consider the Artin-Schreier sequence

0— Zp — A —5 Ay — 0.
Now also consider v : (X¢)proet — (X0, )et- The nearby cycles through this gives
Rv.Z, = (Rv.Aup)"™".
There is a twisted Artin-Schreier sequence on (X¢)proét;

0— Zp(r) - Ainf{r}l_—qfl)Ainf{r} — 0,
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where A ¢{r} = iAinf(r), p = [e]-1and ¢ = (1, §, ). This gives after the nearby cycles functor
Rv.Z,(r) = (Rv.Aue{r})? .
Now the Aj;,s-cohomology of Bhatt-Morrow-Scholze(+Cesnavicius-Koshikawa) defines
AQzx,. = Ln.Rv.Ains € D*((Xoc)et> Ain)»

which can give every other known cohomology. For example, the de Rham cohomology can be
extracted via

AQu, /£ = s, 0.
Note the following
Theorem 5.3 (Bhatt-Morrow-Scholze).
1;,(1;,14(235%{r})q"_lz1 = Tser*zp(r).
Using this, we have an exact sequence
0 — H ! (Rop, AQxo, {rI(1 - ¢7) = Hy(Xe, Zy(r) — Hi(Xoo, AQx, {r})" ™ — 0.

From this, everything boils down to calculating H/(Xo., AQx,, {r}) with the ¢ '-action. This is
done in the following

Theorem 5.4 (Colmez-Dospinescu-Niziol). There exists a natural isomorphism, compatible with
@ '-action,
Tinf * Ainf® Sp.(Z,) = Hy(Xo. AQxOC {r}).
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Tony FENG, THE GALOIS ACTION ON p-ADIC SYMPLECTIC K -THEORY

The paradigm is that cohomology of arithmetic groups is interesting. We will today study the
homotopy theory and K-theory of arithmetic groups.

1. Moduli of abelian varieties.

Let us remember what is a polarizable abelian variety over C. It is uniformized by C$, so it is
C8/A for some lattice A with basis say {ej, -, €, f1,*, fo ). As it has a complex structure, we have
a relation

h €

o=zl
Je €
for 7 € M,.,(C). That it is polarizable translates into 7 = z” and im 7 > 0. Thus, 7 is parametrized
by H, = {7 € My,(C) | r = 77,im 7 > 0} =: H,. As there is Sp,,(Z) much ambiguity in choosing
bases, we see that
Ag(C) = Hy/ Sp,,(Z).

Thus, H'(A4(C)) = H'(Sp,,(Z)) (even though A,(C) is not the classifying space of Sp,,(Z), i.e.
Sp,,(Z)-action is not free, it is finite order). As A;c admits a Q-algebraic variety structure, we
see that the group cohomology of Sp, (Z) admits Gal(Q/Q)-action via comparison isomorphism.

2. Algebraic K-theory.

Let’s review how algebraic K-theory is defined. For example, K;(Z) = m;,(B GL(Z)") for i > 0,
where GL.(Z) = li_m)GLn(Z), and the plus construction is a general construction X — X" for
perfect normal subgroup N < 7;(X) such that 7;(X*) = m(X)/N; in this case we choose N =
SL&(Z) = [GLw(Z), GL&(Z)]. A fact is that X — X* gives an isomorphism on homology.

Now we can define KlS *(z) := m(BSp.(Z)"), with N = [Sp_(Z),Sp.(Z)]. 1t is plausible to
believe that Gal(Q/Q) acts on K *(Z).

Algebraic K-theory of Z is closely related to number theory. For example, there is the following

Theorem 2.1 (Mazur-Wiles, Rost-Voevodsky).
#Kyi0(Z
{(1-2i) = iZlL(),
#K4i-1(Z)
fori=1.
Also, the Vandiver’s conjecture is equivalent to K;;(Z) = 0 for all i > 0.
Now we have a map

K;*(Z) = m(BSp.(Z)") — H(BSp..(Z)) = H(Sp..(Z)).

Note that H.(Sp,(Z)) has algebra structure coming from Sp,, x Sp,,, — Spy(,,,. How are the

two different? In the case of rational coefficients, KiS P(Z) ® Q maps to the set of primitive
elements of the Hopf algebra H.(Sp_(Z)) ® Q. As Hopf algebra is determined by primitive
elements, they encode the same information. On the other hand, for p-adic coefficient case,
K*(z, Z,) — H(Sp.,(Z), Z,) gives an isomorphism

KiSp(Z, Z,) = H;/decomposables,

for i < 2p — 2 (decomposable into low-degree terms, involving Massey products).
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3. Main result.

Recall that there is the Hodge bundle w, over A,. Taking the i-th Chern class, we get ch;(«w,) €
H*(Ag, Z,(i)). This gives a map Hyi(A,, Z,) — Z,(i), which is viable for limit-taking process.
Thus, we get what’s called Hodge map

Ky(Z,Zy) — Hyu(BSpo(2). Z,) — Z,(i)
which turns out to be Galois-equivariant.

Theorem 3.1 (Feng-Galatius-Venkatesh). The Hodge map is the universal extension of Z,(2i-1)
as Gal(Q/Q)-representations, which has splitting at p.

Here, the universal extension is the initial object of the category of 7 : U — M of I'-modules
together with splitting of 7|y, for I profinite, H < T, and M a I-module.

Remark 3.1. The kernel of the universal map Kfﬁ (2,7,) — Z,(2i - 1) is Kyi_»(Z, Z,) (Which is
a consequence of GL, > Sp,, via Levi), which is related to L(1 - 2i).

Remark 3.2. In proving R = T theorems, one shows that cohomology of arithmetic groups is
also “universal”.

An application of this theorem is that this gives an obstruction to existence of families of abelian
varieties. Namely, the “volume” of the (2i - 1)-dimensional support of family of abelian varieties
should be divisible by primes dividing #Kj;_.

4. Idea of proof.

We will only talk about i < 2p - 2. The basic idea is to write down enough classes on which Ga-
lois action can be computed explicitly. The group structure of H.(Sp,,(Z)) can be mostly exploited
by using maps of form yy; < Sp,,(Z), and we know well about homology of cyclic group.

To understand the Galois action, we need to upgrade this to algebraic geometry, i.e. need to
understand maps of form By, — A,, or abelian varieties with CM by p,. The Galois action by
o € Gal(Q/Q) on the pushforward of a class in homology of cyclic group by CM abelian variety
A is the pushforward by A of the same class, so we need to use main theorem of CM.
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KaroL Koz1oL, SERRE WEIGHT CONJECTURES FOR UNITARY GROUPS

1. Reinterpreting the Serre’s conjecture.
Recall that the classical Serre’s conjecture is the following.

Conjecture 1.1 (Serre’s conjecture, weak form). Suppose p : Gal(Q/Q) — GL(F,) is continuous
irreducible odd Galois representation. Thne, there is a cuspidal eigenform f such thatp = p,.

On the other hand, the strong form of Serre’s conjecture gives the explicit recipe for the
minimum weight k(p) and level N(p) that you can take for f. The minimum level is easy: N(p) is
prime-to-p Artin conductor of p. In particular, it only depends on p|g, for ¢ # p.

The minimum weight recipe on the other hand is more complicated. We will just mention that
2 < k(p) < p + 1 (under Serre’s recipe weight 1 is not considered) and it depends only on pl;,.

Example 1.1. If p|;, ~ (63 ;) for 2 < a < p - 3, where w is the cyclotomic character, then
k(p) = a+ 1.

The weak form is a theorem of Khare-Wintenberger and Kisin. Interestingly, that the weak
form implies the strong form is shown by Edixhoven, Gross, Ribet, Coleman-Voloch much earlier
(in ’90s). Not only it is of independent interest, this is used in the proof of weak form.

We are interested in generalizing this to other groups and fields. Firstly we would have to con-
template how to even generalize the notions, because for example there is no notion of “minimal
weight”; generally a weight is given by not just one integer but some tuple of integers.

Definition 1.1. A Serre weight is an irreducible representation of GLy(F,) over F,.
It is easy to see that any Serre weight is of the form
Sym“(]l_:;) ® det?,
where0<a<p-land0<b=<p-2.
Definition 1.2. Define
W(p) = {V Serre weight | 3Hecke eigenclass o # 0 in H.(Y;(N), V) associated to p for some (N, p) = 1,
where V is the local system associated to V'}.

Then the strong Serre conjecture is about explicit description of W (p).

Building on work of Buzzard-Diamond-Jarvis, Schein, ---, the work of Gee-Herzig-Savitt defines
a set W’(p) “obtained combinatorially” For example, if p|;, is semisimple, then W'(p) is related
to Deligne-Lusztig representations.

a

Example 1.2. If p|;, = (w

0 (1)) for 2 < a < p -3, then W’(p) = {Sym*?, Sym”*“® det’}. The

recipe is

GL,(F,)

"RUH(Indy ™ " ([0?] K 1)))”
That the strong Serre conjecture is implied by the weak Serre conjecture in this setting is
W(p) = W' (p).

This is useful as this is viable for generalization to other fields and groups.
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2. Totally real fields.

Let now F be a totally real field. The weak form of Serre’s conjecture for Hilbert modular forms
should be that any continuous, irreducible, totally odd p : Gal(F/F) — GL,(F,) is modular. There
is also a recipe for W*(p).

The weak form, that W(p) # @, is out of reach, but we can still ask if weak implies strong.

Theorem 2.1 (Gee, ---). If p is modular, and if p satisfies Taylor-Wiles condition, then W(p) =
W (p).
3. Unitary groups.

Let F again be a totally real field, p be unramified in F, and F be a CM extension of F such that
F/F is unramified everywhere, and for all v | p in F, v is inert in F. Let U, /F be a unitary group
defined with respect to F/F, compact at infinity, quasisplt at every v, and is a p-adic unitary group

at every v | p.
Galois representations we will be considering is of form

p : Gal(F/F) — Uy(F,),

where € U,(F,) is the “C-group” in the sense of Buzzard-Gee. It is of form (GL,(F,,) XF;) x Gal(F/F).
The analogue for oddness here is that p has cyclotomic determinant (where determinant is just
the projection to the second factor, “the G,,-factor”).

Remark 3.1. One has a similar setting in this case too.

. €U, is an enhancement of * U,.

- Serre weights in this case are representations of [ ], Us(ks/k,) where © is the place of F
above v.

+ One can define W(p), using cohomology of symmetric space associated to U,.

- W'(p) can be defined combinatorially.

Theorem 3.1 (Koziol-Morra). Suppose W(p) is nonempty, p is semisimple and “generic” at places
above p, p satisfies some strengthening of Taylor-Wiles hypothesis, plus some technical assumption.
Then, W(p) = W*(p).
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_]ESSICA FINTZEN, REPRESENTATIONS OF P-ADIC GROUPS

1. Constructing supercuspidal representations.

Let G be a connected reductive group over a local field F with residue characteristic p > 0. We
want to consturct all irreducible smooth representations of G(F), over C, or F, for ¢ # p. Every-
thing is built out of (super)cuspidal representations. We know how to construct (super)cuspidal
representations for GL, (Bushnell-Kutzko), classical groups, inner forms of GL,, ---.

For a general reductive group, Moy-Prasad invented the notion of depth of representations,
and in particular classified all depth 0 representations. Many more representations of greater
depth were constructed by J. K. Yu, and Ju-Lee Kim proved that all representations are obtained
by this way if p is very large and char F = 0. This does not exhaust every representation, because
Reeder-Yu constructed all of the so-called epipelagic reprsentations (~ small depth) that give
some new representations when p is small.

Theorem 1.1 (Fintzen). Suppose G splits over a tamely ramified extension of F. Assume that p {
|W|. Then, Yu’s construction yields all supercuspidal representations.

So p does not have to be “too large,” given the following table.

Type Wi
A, (n+1)!
B, 2" - n!
C, on .l
D, 271 p!

E, 27.3%.5
E, | 21.3%.5.7
E; |21%.3%.52.7

F4 27 ‘ 32
G, 2*-3
Remark 1.1. (1) The work above exhibits types for all irreducible representations.

(2) It is expected that p 1 |W| is optimal in general.
Theorem 1.2 (Fintzen). An analogous construction yields all irreducible cuspidalF,-representations.

2. Moy-Prasad filtration.
How do we construct supercuspidal representations?

(1) We pick a compact mod center open subgroup K of G(F),
(2) and then construct a representation of G(F) out of this.

Example 2.1. Let G = SL,(F). Then we can take

1+ tO @
KZ( © 1+t(9)x{i1}'

Now K has a filtration whose subquotients are finite groups of Lie type. For example the first

filtration is ,
1+1tO t©® 1+tO t°0O
< © 1+t(9>x{i1}3( tO 1+t(9)x{i1}’

F

0 q)
;s 0

and the quotient is (IF
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In general, a Moy-Prasad filtration for SL,, starting from (g g), is

O O)_(1+t0 O \_(1+t0 O \_(1+£0 0O \_[(1+£0 O

O 0 O 1+tO tO  1+1tO t© 1+ 1t°0 O 1+t#0)°
In general, a Moy-Prasad filtration is constructed out of the Bruhat-Tits building. Namely, one
fixes a point in the building, and one gets filtration by taking the stabilizer of a ball of growing

radius around the point. In particular, the example we had started from depth 1/2. In general
Gy.0/Gyp+ 1s a finite group of Lie type, whereas G, ,/G; . is abelian, where r is a radius > 0.

Theorem 2.1 (Fintzen). We have a description of this quotient in terms of Weyl modules, Vinberg-
Levy representations and special fibers of a global object.
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CHAN-HO KiM, ON THE QUANTITATIVE VARIATION OF CONGRUENCE IDEALS OF MODULAR FORMS

1. Congruence of modular forms.
Congruence of modular forms has a lot of arithmetic applications.

Example 1.1. Greenberg-Vatsal proved that if two modular forms are congruent modulo p, then
the Iwasawa Main Conjectures for two modular forms are equivalent.
Ribet used cusp forms congruent to Eisenstein series to construct abelian extensions of Q (91 ).

Question. Given a cusp newform f of level I',(N) and weight k, how “many” eigenforms con-
gruent to f modulo p exist in Si(I'o(N))?

To understand the problem, we would like to reformulate the notion of congruence of modular
forms. Let F, be a finite extension of Q, generated by Fourier coefficients of f, after choice of
embedding Q < @p. Suppose further that the residual Galois representation p, : Gg — GL,(F,),
where I, is the residue field of Op,.

Associated to a newform f is an algebra homomorphism 7y : Ty — O, where Ty is the Hecke
algebra in End(S¢(I'((N), Z,)). Then, Galois conjugacy classes of f are in one-to-one correspon-
dence with p; = ker(srr) height 1 prime ideals of Ty. Now, f = g(mod p) means p and p, lie
both in the same maximal ideal m of Ty (which is equivalent to p; = p,). Motivated from this
observation, we can try to define the following.

Definition 1.1. Let &y = pf/p}f be the cotangent space of Tn/ps. Then, the congruence ideal
ns(N) is defined by ny(Annt,(ps)) c O,.

The congruence ideal is the gadget that precisely measure congruences of the above form.

2. A variant.

One can try to further restrict to the problem of detecting congruences between newforms.
Let N = N*N~, where N~ is assumed to be square-free. Then, consider T%‘, the N™-new quotient
of Ty. Then, the homomorphism 7; : Ty — O, factors through T}V TN — 0.

Definition 2.1. The N~ congruence ideal ns(N*, N~) is defined by
n(N*,N7) = 2 (Anngy (5)),
where py - = ker(r ).

The difference between 7;(N*, N") and n(N) is that ns(N*, N") quantifies level. In particular,
it captures information about level-lowering at £ | N™.

3. Level lowering.

Conjecture 3.1 (Pollack-Weston). For a squarefree N = aqb where q is prime, and if k = 2, then
n

ord,(n¢(n/b, b)) = t;(q) + ord,l(ryf(b—q, bq)),
where t;(q) is the “Tamagawa exponent,” namely the largest integer t such that A¢[A'] is unramified
at q (so that A;[A**'] is ramified at q), where Ay = V;/T; is the divisible Galois representation.

Theorem 3.1 (Pollack-Weston). Assuming the following technical asusmptions, the above conjec-
ture holds:

« p has a “big image,” i.e. it contains SLy(FF,),
114



« ift | qb and ¢ = +1(mod p), then p is ramified at ¢,
« and p is ramified at at least 2 primes.

Their proof uses a method of Ribet-Takahashi, which compares degrees of parametrizations of
elliptic curve by modular curve and Shimura curve. In particular, the method does not work if
k> 2.

Such theorem has several interesting arithmetic consequences.

(1) If N is a product of odd numbers of primes (plus some technical assumptions, regarding
“mod p multiplicity one principle” for Hecke modules), then one can explicitly compute
the difference between the so-called Gross period of the definite quaternion algebra ram-
ified at N~ and Hida-Shimura’s canonical period attached to f. Specifically,

oy
orts () = 3 00
f qIN-
where Q}V ~ is the Gross period and Q; is Hida’s canonical period.

(2) In a similar situation, if f is ordinary, as well as a,(f) # +1(mod p), then the theorem
can be used to prove the p-part of the anticyclotomic Iwasawa Main Conjecture, for an
imaginary quadratic field K under certain assumptions (more precisely, (disc(K), Np) = 1,
¢ | N inertin K, ¢ | N* split in K).

(3) If N~ is even, under technical assumptions, one can explicitly compute the “level lowering
congruences,” namely for B the quaternion algebra corresponding to N-,

<f’f>r0(N) _
Ordl( {fo. fo)r ) ) ql%* 40

(4) Kato’s Kolyvagin systems can be “primitive”, which has implications towards cyclotomic
Iwasawa Main Conjecture.

Theorem 3.2 (Kim-Ota). Let p be odd, f € Si(I'y(N)), N = N*N~, as before.
(1) /_)|GQ<JF> is absolutely irreducible, where p* = (—1)1774p.
(2) 2 < k < p-1, ie. Fontaine-Laffaille range.
(3) p, N*, N~ are pairwise relatively prime.
(4) N~ is squarefree.
(5) If g = +1(mod p), q | N~, then p is ramified at q.
Then, ord;(ns(N)) = 3. n- tg(f) + orda(np(N*, N7)).

Proof. There is no direct geometric argument, so we need an R = T theorem by Diamond-Flach-
Guo (Dimitrov for Hilbert modular forms). Very classical computation is that

L(ad’(f), 1
#Sel(Q, ad’(py) ® Fi/O9;) = #®; = #O/ns(N) = %
£

To compute the size of 7;(N*, N”), one might try to change a local Selmer condition to reflect £|N~
and ¢ 1 N(p), but this is not good, as unioning two local conditions is not a good deformation
condition (Steinberg at £ and ---). To avoid this, we use a simple trick to “send the problem to the
L-value side”, by comparing Euler factors of adjoint L-functions. U
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MICHAEL SCHEIN, SUPERSINGULAR MOD P REPRESENTATIONS OF p-ADIC GROUPS

1. What we know about supersingular representations.
Let G = GLy(F) for a p-adic field F/Q,, K = GL,(Of) and consider the Iwahori subgroup

a b . 1+ ®@a b
I= { ((DC d) € K} and the pro-p Iwahori subgroup I; = { ( oe 1+ Qﬂd) € K} the pro-

p-Sylow subgroup of I. It is a maximal open pro-p subgroup of G.
Recall that weights V are irreducible K-representations. If k = T, is the residue field of F,

then weights are of form V,, = det’ ®Sym“"bﬁi, for0<a-bs<sp-land0sb<p-1
Recall also that any irreducible admissible representation of G is a quotient of
indy V
(t10- A1 — @)

As a accounts for central character action, we can safely twist by an unramified character to
assume from now on that o = 1.

Theorem 1.1. « (Barthel-Livné, 1994) Let  be any irreducible smooth representation of G.
Then, 7 is a quotient of ind$, V/(ty4 - A). If A # 0, then 7 is a principal series. If A = 0, then
7t is supersingular, and also is not a subquotient of principal series, or “supercuspidal.”

« (Breuil, 2003) If F = Q,, then m,) = indgz Vau/(110) are all irreducible.
« (Berger, 2011) If F = Q,, then every irreducible smooth representation has central character.

Breuil proves the theorem by brute force. In particular, he computes dimg, 71'21, = 2, which
implies that 7, is admissible and any nonzero I;-invariant vector generates.

Corollary 1.1 (Mod p local Langlands correspondence). We have 7, = 7,-1_3 4, and these are the
only isomorphisms between m,,. Thus, there is a 1-1 correspondence

{Modular weights {V,, Vp—l—b,a}} “— {Irreducible p: Gal(@p/Qp) — GLZ(FP)} .

Unfortunately this does not generalize. What do we know?

« Morra computed K-socle filtrations of 7, ;, namely soc; = sockz(soc;_/soc;_1).

« Paskunas (2007) computed that, in the category of representations with central character,
p = 5, Ext'(r, m,;) = 0 for irreducible 7, unless r = ,;, and dim Ext' (7,5, 7,p) = 3. It
happens that ind$, V,,/ 17, and indy, V, 1 p4 17, are linearly independent.

« Anandavardhanan-Borisagar (2013) showed that the space generated by the two linearly
independent elements indy, V, /7%, and indg, V, /7%, are of form indf, y/(A;'U +
A;1V); U, V are the two operators generating the Iwahori-Hecke algebra which happens to
be commutative for characters not factoring through the determinant. Here, the Iwahori-
Hecke-algebra ,%’jlc(]l) = End(indIGl(]l)), which makes sense from 7" = Homy (1, n|,) =

HomG(indg 1, 7). Ollivier proved that 7 +— x' gives an equivalence of categories

(o rersestion (0, s,

for G = GL,(Q,) still. This shows that the “third basis” should be found from induction

from not I; but something smaller.
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« For G = SLy(Q,), R. Abdellatif-Cheng (2013) showed that there are p supersingular repre-
sentations o; such that

”a,b|SL2(Qp) = Og-b ® Op-1-(a-b)-
+ Koziol and Koziol-Xu dealt rank 1 unitary groups.
« Peskin dealt a metaplectic case, G = SL,(Q,) = SLy(Q,) x {+1}, where in this case a
maximal compact subgroup is K = SLy(Z,) % {+1}. Then similarly there are p supersingu-

lar representations, then ind%Z(Va,b ® sgn)/ 7o also has a supersingular subrepresentation
whose quotient is also supersingular, simlar to SL,(Q,)-case (but not split).

We know virtually nothing except these.

2. How to approach supersingular representations.
From now on, let F # Q,, G = GL,(F).

Proposition 2.1 (Schein, Hendel). A representation indy, V/t,,, for a weight V, is not admissible.
Furthermore, (indy, V/110)" is explicitly computed. Thus, End(ind$, V/7i0) = F,.

It has an irreducible subrepresentation just because of Zorn’s lemma, but one does not know
if there is an admissible. One sometimes try to find such one by taking an image of some part of
endomorphism algebra, so this result is disappointing.

Proposition 2.2 (Schraen, 2012). If F # Q,, then for supersingular representations, the “Euler
characteristic is infinite.” In particular, [F : Q,] = 2 (so that cohomology is concentrated in one
degree), then supersingular representations of G are never finitely presented.

Remark 2.1. One can try to take socle and kill all weights that are expected to not arise from
Serre’s conjecture, but then even though one knows that the resulting represntation is admissible,
we do not know if it is nonzero.

We thus keep things explicit, and consider the following consideration of Paskunas. Let 7 be
an irreducible admissible G-representation. Then, we have a map
< K 77.'11,

. . 0 1
where 7!t is a representation of Ng(I;) = <I , ((D 0

We call such object a diagram, namely a map r : D; — D, of IZ-representations such that D,
is a finite-dimensional Ng(I;)-representation and Dy is a finite-dimensional KZ-representation.
Then, for G = GL,(Q,),

Irreducible
representations of G

>>, and K" is a representation of KZ.

} = {Irreducible diagrams} .

Paskunas proved that in a more general setting

Coeflicient systems | _ {Diagrams} .
on Bruhat-Tits tree

Then one has a hope of constructing supersingular representations geometricallly out of coeffi-

cient systems on Bruhat-Tits tree (using cohomology complexes built out of coefficient systems).

What this leads to however is that (Breuil-Paskunas), for F # Q, unramified, even though

you get supersingular representations from this construction, this turns out to form an infinite
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family, and one actually needs infinite number of parameters to parametrize the family (Y. Hu).
This means that there are way too many supersingular representations in the automorphic side
to be matched bijectively.
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Koj1 SHIMIZU, CONSTANCY OF GENERALIZED HODGE-TATE WEIGHTS OF A p-ADIC LOCAL SYSTEM

Our goal is to study families of p-adic Galois representations of p-adic families parametrized
by a variety over Q,, from p-adic Hodge-theoretic viewpoint.

1. p-adic Hodge theory. B
Consider a Galois representation p : Gal(Q,/Q,) — GL(V) for a finite-dimensional Q,-vector
space V.

Example 1.1. (1) The p-adic cyclotomic character y : Go — Gal(Q,(ky~)/Q,) = Z, can be

defined by g¢,» = (If,,(g).

(2) Given a smooth proper algebraic variety Y over Q,, we can consider V := Hg(Yg,, Q,),
which has an action of Gg, by functoriality. Such p-adic representations have special
properties.

Theorem 1.1 (Car-conjecture; Tsuji, Faltings, Niziol). There is a natural Gg,-isomorphism
V ®g, B = Hp(Y/Q,) ®g, Ba,
where By is Fontaine’s de Rham period ring.
In other words, V is de Rham.

Remark 1.1. There are a lot of non-de Rham Galois representations. For example, y*, a one-
dimensional p-adic Galois representation, for @ € Z,, is de Rham if and only if @ € Z. Another
example is a Galois representation associated to a non-classical overconvergent modular forms.

Thus, even though de Rham representations are nice, one might want to study a family of
Galois representations where non-de Rham representations are involved. To study a general p-
adic local Galois representation, one might want to use Sen’s theory. Namely, Sen associated to
p : Go, — GL,(Q,) the generalized Hodge-Tate weights a;, -, @, € @p.

Example 1.2. « If p = ¥%, a is the generalized Hodge-Tate weight of p.
CIfV = H"(Y@p,QP), then the generalized Hodge-Tate weights are h™® 0’s, h" ! -1’s, -,
h®" —n’s, where h*9 = dim H4(QP).

Remark 1.2. One can also try to associate the generalized Hodge-Tate weights using the theory
of (¢,T')-modules.

Question. How do these concepts behave in a “geometric” family?

2. Geometric families of Galois representations.
What we mean by a “geometric family” is that it is association of Galois representation of
residue field for every point of an algebraic variety.

Example 2.1. Let 7 : E — Y(N) be the universal elliptic curve. Then, for any point y € Y(N),
T,E, is a Galois representation of Gyy).

This is on the other hand equivalent to the notion of étale local system. Namely, in the above
example,
(R'n.Z,)5 = (T,E,)".
Recall that a rank r Q,-étale local system on a connected scheme Y is the same as a continuous
homomorphism 7 ¢(Y) — GL,(Q,), so it recovers the usual notion of Galois representation
when Y is Spec of a field. Thus, it is reasonable to believe that Q,-étale local systems are the right

objects to study.
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3. Results.

Let k/Q, be a finite-extension, X be a smooth geometrically connected algebraic variety over
k (or a smooth geometrically connected rigid analytic variety over k), and IL be a Q,-étale local
system on X.

Theorem 3.1 (Liu-Zhu). IfLs is de Rham as a Galois representation of Gy for a single classical
point x (i.e. k(x) is a finite extension of Q,), then IL is de Rham at every point.

Theorem 3.2 (Shimizu). The multiset of generalized Hodge-Tate weights of Lx is constant on X.

Compare this with arithmetic families of Galois representation:

(1) within a Hida/Coleman family, generalized Hodge-Tate weights vary as weights of mod-
ular forms vary,

(2) and a family of Galois representations arising from Galois deformation, even after impos-
ing nice local conditions at p such as crystallinity, it is not the case that every point has a
de Rham Galois representation.

This suggests that, quite surprisingly, the notion of geometric family of Galois representations is
much more rigid that the analogous notion of arithmetic family of Galois representations.

4. Idea of proof.

Let ko = k(pp~), K = ke, T = Gal(ko/k), which can be realized as an open subgroup of Z; via
the cyclotomic character y.

How do we get generalized Hodge-Tate weights, e.g. how do we get « from y“? Naively we
would like to perform “derivation”. Given a Galois representation p : G, — GL(V), Sen’s theory

gives “infinitesimal action of I, ¢y € Endg(H(V)), where H(V) = (V &, k)Galkks) jg g K-vector
space with I'-action. Then, the generalized Hodge-Tate weights are obtained as the eigenvalues

of ¢,

Example 4.1. Given the case of y* : ' — Z], we have dy” : Liel' — Lie Z; which sends 1 to
a.

To prove the constancy of Hodge-Tate weights, we use p-adic Riemann-Hilbert correspon-
dence, and a local variant of the Fargues-Fontaine curve. Informally, we would like to add
“arithmetic direction” by adding the local variant of the Fargues-Fontaine curve, which should
be (Bgr)®¥¥k=) which is known to be a discrete valued field with residue field K and with explicit
uniformizer ¢. Thus, if we forget the Galois action, we can regard it as K((¢)), and geometrically
“adding an arithmetic direction” is to consider “X&K[[t]] = X®K((¢)) [ | Xx".

Theorem 4.1 (Liu-Zhu, Shimizu). There exists a natural functor

Filtered vector bundles with

RH : {Qp-local systems on X} — integrable connections on ;
XEK()"
L — (RH(L),V,Fil"),
where
com dt 1 dt
V= VE 4 dp @ I P RH(L) — RH(L) ®0, (A © Ox © 7),
such that

(1) tk RH(L) = rk L,
120



(2) (RH(L), V&™) has a T-action, so that Dgr(LL) = RH(L)" is a vector bundle on X of rank
<rkL,

(3) H(L) = gr’ RH(L) is a vector bundle on Xy of rank rk I with ¢y € Endx, (H (L)), generalizing
the classical Dgr(V).

Now (3) plus the formal connection theory gives the constancy of eigenvalues of ¢ .
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YoNGQuAaN Hu, ON THE MOD p COHOMOLOGY OF SHIMURA CURVES

We are interested in the mod p local Langlands correspondence for GL,(L), for a finite unram-
ified extension L/Q,.

1. History of the case of GL,(Q,).
Let I be a characteristic p finite field. Breuil proved the semisimple version of mod p local
Langlands of GL3(Q,); namely, to a semisimple Galois representation p : Gg, — GL,(F) one

can attach a semisimple 77(p) of GL,(Q,). To be more precise, if p is of form say <)(()1 )(() >, (p) =
2

Indg(lgi?p) X2 ® )(160_1 0

0 Indg(Léi?”) X1® Y200~

In general, if p is reducible non-semisimple, then correspondingly there must be an extension
between the two characters appearing in the above expression of 7(p). Colmez constructed a
functor that attaches 7(p) “functorially” (but works only for generic case). And Emerton proved
the local-global compatibility in the following sense: given an irreducible odd p : Gy — GL,(F)

satisfying some technical conditions (e.g. Taylor-Wiles condition), we have

1>, and if p is irreducible, 7(p) is supersingular.

4

Homg, (p. lim H'(Y(N)g E)) = @ 7(pl, ).
N 4

2. Buzzard-Diamond-Jarvis conjecture.

Motivated by the local-global compatibility of Emerton, Buzzard-Diamond-Jarvis conjectured
the local-global compatibility in the case of totally real field. Namely, given a totally real field F
where p is unramified, and a quaternion algebra D/F split at only one infinite place and split at
p, if 7 : G — GL,(F) is totally odd irreducible, then one expects that

HomGF(?,li_;n)Hl(ShU’p, F)) = W%te 715(7),
where 7[)(7) is a representation of (D e F,)*, such that each x[)(7) corresponds to 7|g, via the
“mod w local Langlands correspondence.” If w does not divide p, this is the mod w local Langlands
correspondence of Vigneras and Emerton, and if w divides p, then even though we do not know
the mod p local Langlands, we have an expectation of the Serre weights appearing in it, which is
the same as describing the GL,(O, )-socle of 7[)(7). We use D(]g, ) to denote the explicit set of
expected Serre weights.

We however do not know much about 72(7). Is #2(7) finite length? It is finitely generated?
Before we proceed, we fix some notations:

« fixw|p,andletp =7g, ,
« G = GLy(F,), K = GLy(Of,), K; = 1 + pMy(Op,), I, be the upper-triangular Iwahori sub-
group,
« T'=K/Ky, f = [F, : Q]
We summarize what we know about 7(p).
(1) We know the weight part of BDJ conjecture, i.e. we know which Serre weights occur in
the K-socle of D(p) (Gee; Gee-Liu-Savitt).
(2) We know the mod p multiplicity one result by Emerton-Gee-Savitt, i.e. each Serre weight

occurs exactly once in socg 7(p).
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(3) We know Dy(p) := m(p)*X as I'-representation. This is first done for semisimple case by
Le-Morra-Schraen and Hu-Wang, and the general case is done by Le.

We are interested in Dy(p) because prior to these works Breuil-Paskunas described K;-invariant of
conjectural mod p local Langlands correspondant, which turns out to be the largest I'-representation
such that the K-socle is the sum of expected Serre weights, with multiplicity one for each Serre
weight.

r+l1 %

0 1 is a nonsplit extension, then we know

(under genericity assumption) that D(p) = {Sym’ F?}. By definition, soc Dy(p) = P, p(p) O implies
that, by universal property, Dy(p) should sit inside Inj. Sym” F?, the injective envelope of Sym’ JF.
This can be computed by the socle filtration:

Example 2.1. If G = GL,(Q,), then if p = <a)

Sym? " F? ® det”

Sym? " F? & det’™"

Here, bars are nonsplit extensions. This diagram means that the socle filtration is consisted of
three steps, where the socle is Sym” IF?, the next graded piece is Sym”' " F? e det” @ Sym? " F? ®
det ™!, and the last graded piece, which is the cosocle, is Sym” F2. By multiplicity one condition,
Dy(p) is the subrepresentation corresponding to the first two pieces of the filtration.

That this expectation actually coincides with 7(p)% requires a lot of work, e.g. by using po-
tentially Barsotti-Tate Galois deformation rings with fixed tame type (or even multiple of tame

types).

Obviously 7(p) contains the G-representation generated by Dy(p). But it turns out that this
subrepresentation is everything for some cases.

Theorem 2.1 (Wang-Hu). Suppose we have some global conditions on p. Namely, assume that p is
reducible non-split (so that Dy(p) = {oo}), and assume that the Gelfand-Kirillov dimension (or
GK-dimension) of z(p) is f (=dim G/B). Then,

(1) n(p) is the G-representation generated by Dy(p),

(2) and when f = 2, n(p) has length 3. To be more precise, if p = (%1 );), then there is a
2

filtration of n(p) with graded pieces being

Tlo— 701 — T2
where
e 1 =Ind(y2 ® y0?),
« m is supersingular,
e 1, =Ind(y; ® o).
Remark 2.1. (1) The GK-dimension of 7, for a smooth admissible representation of K, is

determined by the growth of dim 7%, where K,, is the n-th principal congruence subgroup.
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Namely, if dim 7% = A1p™ + O(p™™V) for A # 0, then c is the GK-dimension of 7. This is
always well-defined, and is known to be an integer. For example, if 7 is a principal series,
then we know that the GK-dimension is f. A supersingular representation of GL,(Q,) also
has the GK-dimension 1.
The condition “GK-dimension = f” is coming from the works of Emerton and Gee-
Newton.
(2) Finite generation does not necessarily imply finite length.
(3) It is hoped that the condition “GK-dimension = f” implies finite length property. The dif-
ficulty lies in giving a lower bound on the GK-dimension of supersingular representation.
(4) Breuil-Paskunas conjectured that
. if p is irreducible, then 7(p) is irreducible,
- if p is reducible non-split, then 7(p) has a filtration of length f + 1 with graded piece

Ty—m— - =7,
where mm, 71y are principal series, and all other graded pieces are supersingular.
We have several corollaries of the Theorem 2.1.

Corollary 2.1. We keep the same condition as Theorem 2.1.

(1) Endg(7(p)) = F, which matches Endg, (p) = F.

(2) We have the surjectivity of R, — Endg(M.), where M, is the universal patched module
constructed in the 6-author papers, and R, = R%““’[[xl, -, x,]]. Note that the injectivity is
already proved in general by Hellmann-Schraen, Emerton-Paskunas.

(3) If f = 2, then Exty(n(p), 7(p)) = Extg, (P, P)-

Remark 2.2. Recall that Paskunas proved that in the case of GL,(Q,), given a mod p local Lang-
lands correspondence p <> 7(p), the “universal deformations” p*™ and 7*™" of p and 7(p) corre-
spond to each other via Colmez’s functor. One can hope that the similar thing holds for GL,(L),
and therefore one hopes to have Extg(7(p), 7(p)) = Extg, (p,p). Note that computing this is
very difficult, as so far we do not know how to compute extensions between two supersingular
representations.

3. Proof of Theorem 2.1.

(1) We first prove a preliminary result which does not depend on the condition of GK-dimension.
Let J < F[[K;]] be a maximal ideal, so that 7(5)" = 7(5)[J?""]. Then one proves the fol-
lowing

Theorem 3.1 (Wang-Hu). 7(p)[J?] is the largest f-representation, where T = F[[K]]/J?,
satisfying that the K-socle is just oy.

Proof of this uses the notion of ordinary part of 7(p) (Emerton) and a result of Le on
n(p)J]-

(2) Now the condition “GK-dimension = f” implies that, by a result of Gee-Newton, M,, is
flat over R.. Thus, 7(p)*, which is the m.-reduction of M., is self-dual up to twist. This
implies that the socle 7, and the cosocle 7 of 7(p) are principal series.

(3) We use the following criterion for W c 7(p), a finite-dimensional sub-K-representation,

to generate the whole 7(p):
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Lemma 3.1. If, for some i, the composition
Extk(a,, W) LN Ext} (0o, 1(p)) — Ext} (0o, 7Tf),
is nonzero, then n(p) is generated by W.

This is because the G-representation generated by W, if it is not the whole 7(p), must
lie in ker «;.
(4) One proves that if i = 2f, @, is an isomorphism, and by Theorem 3.1, which implies that
B is surjective, we know f is surjective.
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DAvID SAVITT, MODULI OF POTENTIALLY BARSOTTI-TATE GALOIS REPRESENTATIONS

1. Recipe for the set of Serre weights W(p).

Let p be an odd prime, and let K/Q,, be a finite extension with residue field k. Toeachp : Gx —
GL,(F,), one associates a set of Serre weights, i.e. irreducible F-representations of GL,(k), called
W(p). There are many recipes and many known to be equivalent by work of many people.

We spell this out for K = Q,. In this case, Serre weights are

o,; = det’ ® Sym’ F;,
for0<s<p-1,t€Z Letw =7,
(1) The explicit description of W(p). (cf. Serre ’87) If p is reducible, then o,, € W(p) if and
s+i+1
0

« If «+# 0, then W(p) = {o,,} for s # 0,p - 1, except when s = 0 or p - 1, W(p) =
{001, 0p-1.1}, except when p is tres ramifiée. This is defined as follows: say

— XE =+
p’<0 X)’

then Ext'(y, y&) = (Q,)/(Q,)? by Kummer theory, which is 2-dimensional F)-vector
space, and there is a canonical line, peu ramifiée line L, which is characterized by
L={x]p|val,x}. Wesay p is tres ramifiée if the extension class does not belong to
L. Only in this case the recipe is slightly different, namely W(p) = {0,-1,:}.

« If += 0, then not only that o;, € W(p), 0)-3-5s.+<1 € W(p) as one can exchange sub and
quotient.

(2) Crystalline lifts description of W(p). (cf. Gee '11) We say o;; € W(p) if and only
if p lifts to a crystalline representation p : Gg, — GLZ(@,) with Hodge-Tate weights
{t,s+t+1}.

(3) Breuil-Mézard conjecture description of W(p). In particular, this works for any K.
Let R%“iv be the univesral (framed) deformation ring of p. Let 7 : Iy — GLz(@p) be an
inertial type. There is a reduced p-torsion free quotient R} of R%“iv which parametrizes
potentially Barsotti-Tate representations of Gk of type 7.

Let o(7) be the representation of GL,(Ox) corresponding to 7 under the inertial local
Langlands correspondence.

*

only if p|;, = o |’ with an exception below. In particular,

Theorem 1.1 (Gee-Kisin, Emerton-Gee). For each Serre weight o, there is a cycle Z'(o)
Rgni"/ p such that, for all inertial types T,

Z(R3/p) = Y n(o, 7)Z'(0),
where n(o, 7) is the multiplicty of o in the mod p reduction of o(r).

Then, we define W(p) = {0 | Z’(0) # 0}.
We have the globalization of the Breuil-Mézard description.

Theorem 1.2 (Caraiani-Emerton-Gee-Savitt + Emerton-Gee). There is an algebraic stack Z of
finite type over k, a finite field, and closed substacks Z* for each tame type 7, such that

« Z is reduced, has normal irreducible components, and is of equidimension [K : Q,],

« for a finite extension F/k, the F-points of Z are exactly p : Gx — GLy(F),
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« irreducible components of Z are in bijection with Serre weights, Z(c) <> o such that,
- p € Z(o)(F) if and only if 0 € W(p), if o # x ® St, where St = Sym?™",
- p € Z(y)(F) or Z(y ® St)(F) if and only if y ® St € W(p),

« if o # y, then Z(o) has a dense set of points p with W(p) = {c},

* Z" = Usenmy) £(0), such thatp € Z* then R/p is a versal ring to Z* at p.

Example 1.1. The component for the trivial Serre weight is generally consisted of Galois repre-

sentations of form
un, & =
( “ > ,a#+ b,
0 un,

where un, means the Frobenius is sent to a. On the other hand, the component for Sym”™* F; has
points generically of form
(una £ ) ,* is trés ramifiée.
0 un,

Then the two components meet at points where * is peu ramifiée.

The dimension of the trivial Serre weight component is 2 (unramified characters) + 1 (extension
class) - 1 (endomorphism of representation) - 1 (extension giving rise to same representation) =
1, and the dimension of the St Serre weight componentis1+2-1-1=1.

2. Building the stack.

How do we build this stack? A family of Galois representations cannot have the phenomenon
of reducible representaitons specializing to an irreducible representation, so we need to use p-adic
Hodge theory. For a Z/p®Z-algebra A, let

Sa = (W(k) 8z, A)[[ul],
equipped with ¢ : &4 — G4, which is Frobenius on W(k), linear on A, and u — u’.
Definition 2.1. An étale p-module with A-coefficients is a pair (M, ¢) where M is a projective

S4l1/u]-module, ¢ : M — M is a p-semilinear map such that ¢’'M = &, ®, M 229 M is an
isomorphism.

We choose a uniformizer 7 € Ok, and a sequence (7#"),, and let K, = K(7"?", n = 1). Let E(u)
be the Eisenstein polynomial for 7.

Theorem 2.1 (Fontaine). If A is a finite algebra, then there is an equivalence of categories

{ étale p-modules

with A-coefficients } - { A-representations of Gx,, } )

Definition 2.2. A Breuil-Kisin module of height < h with A-coefficients is a G 4-lattice I,
invariant under @, in an étale p-module M such that coker(S, ®, M — M) is killed by E(u)".

Theorem 2.2 (Kisin).

{Breuil—Kisin modules ofheight} _ { finite flat group }

. . -torsion group
< 1 with Z/pZ-coefficients p
'p 1 schemes over Ok

On the other hand in general this only gives an information over K., so one cannot distinguish
powers of cyclotomic character. Thus one needs to develop a version with (tame) descent data,

characterizing those being Barsotti-Tate after base-changing to K’/K (tamely ramified).
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Definition 2.3. Define the following étale stacks over Z/pZ.,

rank 2 Breuil-Kisin modules with
€(A) =\ A-coefficients with descent data K'/K, ¢ ,
with height < 1

H(A) = {rank 2 étale p-modules} .

There is a natural map
C — X,

which is obtained just by inverting u.
Theorem 2.3 (Pappas-Rapoport). € is an algebraic stack of finite type over Z/pZ.
Even though Z is some horrible (ind-)stack, one has the following phenomenal

Theorem 2.4 (Emerton-Gee). The natural map € — % has a “scheme-theoretic image” which is
an algebraic stack of finite type over Z/pZ.

Definition 2.4. Let Z be the scheme-theoretic image of ¢ — Z%.
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ANA CARAIANI, ON THE GEOMETRY OF THE HODGE-TATE PERIOD MORPHISM

1. The Hodge-Tate period morphism.

Let (G, X) be a Shimura datum of PEL type, where G is a reductive group over Q and X is the
set of G(R)-conjugacy classes of homomorphisms h : § — Gg, where § is the Deligne torus.
Let K c G(Ay) be a neat level. Then, there is a Shimura variety Xx/E for G of level K, for the
reflex field E, the field of definition of the conjugacy class of the Hodge cocharacter p = (h xg
O)lc,p15t factor © Gme — G, which is a number field, in the sense that Xx(C) = G(Q)\(X x G(Af))/K.
This gives the grading on Rep. G, and we can define two different filtrations on V¢ € Rep G.

- The standard filtration (or the Hodge-de Rham filtration) Fil’ , V¢ = D, -p Vép”q,),
- the Hodge-Tate filtration Fil" Ve = D, _, v,

Both filtrations have the same graded pieces, but the flags are rather different; unlike the stabilizer
of the standard filtration Pljtd c G, the stabilizer of the Hodge-Tate filtration P, ¢ G, and the
flag variety Fls, := G¢/P,, are defined over E, thus more apt for p-adic picture.

Mimicing the classical complex picture of Borel embedding

X < FIE(0),

which is G(R)-equivariant, holomorphic (but not algebraic), we have the p-adic analogue for p-
adic analytic spaces Xk, which are the adifications of the localization of Xk s to E, for a choice of
p | p of E (or its minimal/toroidal compactification).

Theorem 1.1 (Scholze, Pilloni-Stroh (on toroidal version), Caraiani-Scholze (on extending to PEL
case)). There exists a perfectoid space

*,t 113 B2 . *,t
XG0« > lim xS, ;;)
KpCG(Qp)

On this level, there is the p-adic analogue of Borel embedding, the Hodge-Tate period morphism,
Tt ¢+ Xy — Floy,

which is G(Q,)-equivariant. There is also the toroidal version myy = X — Flg, which factors
through .

Here = is the minimal compactification, and this is analogue of the Borel embedding in the
sense that, as the Borel embedding is about just remembering the Hodge filtration, on the level
of (C, Oc¢)-points, myr is

A/C — LieAc T,Aeyz, C,

where C is a perfectoid field of characteristic 0.

Definition 1.1. The good reduction locus X}, c Xy, is defined as the preimage ofXI"(,,G(Zp) c
XrG(z,), where G(Z,) is a hyperspecial level at p, and Xiraz,) 1S the adic generic fiber of formal
completion of integral model of Xkrg(z,) (canonical integral model, which makes sense as it is of
hyperspecial level for a PEL Shimura variety) along its special fiber.

Theorem 1.2 (Caraiani-Scholze). Let F/F* be an imaginary CM extension with F* # Q. Let Xk be a
(G) U(n, n)-Shimura variety. Letm c Tx be a maximal ideal corresopnding top,, : Gr — GL,,(FF,),
where Ty is the Hecke algebra acting on H(,,(Xk,F,). Further assume the following.
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3

(1) There exists p # £, splitting completely in F, such that p|ca,/r,) is “decomposed generic’
at every p | p (cf. Caraiani-Scholze on compact Shimura varieties; any lift corresponds to a
generic principal series representation via local Langlands).

(2) m is non-Eisenstein, i.e. p,, = p, ® p,, where p,, p, are irreducible ant n-dimensional.

Then, H!(Xx, F¢)m = 0 unless i < dime Xg, and H' (Xi, Fy)m = 0 unless i = dime Xk

We will study this via the geometry of mgr. It will turn out that as myr is “affinoid”, Rayr.F,
behaves like a perverse sheaf. We will not talk about the details of the proof, but it uses

« computation of cohomology of Igusa varieties due to Shin,

. Pink’s formula,

« construction of torsion Galois representations to Hecke eigenclass of cohomology of lo-
cally symmetric spaces of GL,, (!!),

The theorem is important for various applications, e.g.

« Mantovan’s product formula,
« local-global compatibility of torsion classes,
- Fargues’ geometrization conjecture,

2. The geometry of myr. B
Let K = K?K, be of hyperspecial level for large enough p. Let X be the special fiber of the
integral model over F,. Then both special fiber of Shimura variety and the flag variety have

Newton stratifications,
— —b

beB(G,u™)
Floy= 11 T,
beB(Gu1)

where each stratum is locally closed, and 7 respects the stratifications.
Remark 2.1. Note that closure relations are reversed.

Example 2.1. For the modular curve case, G = GL, o, #¥;, = P24 and the newton stratifications
are

o o,ord 0,88
XK XKP H XKP

Ty l Ty l Ty l
Flo, =P Q,) I @

which is respected by 7;;r “on rank 1 points” (not literally respected, because closure relations
are reversed).

The fibers of ;1 over the ordinary locus are Igusa curves, while the fibers of 7} over the
supersingular locus are profinite sets.

To study the geometry of PEL Shimura varieties in general, it is not enough to just study
Newton strata. Instead, one studies isomorphism classes of p-divisible groups, which gives the

notion of Oort foliation. Namely, given an isocrystal b, let X;,/F, be a p-divisible group with
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extra structures corresponding to b. Then, the Oort central leaf corresponding to X, is defined
by
b univp oo b
Cx, = {x € Xg | A" [p7]x = X *E, Kk(x)} © Xi.

It is a closed subset which becomes a smooth scheme when endowed with the reduced subscheme
structure.

Let ¢4 be the restriction of A"™[p™] to Cx,. When X is “completely slope divisible,” i.e. if X
is a direct sum of isoclinic pieces defined over finite fields, ¢ admits a slope filtration

0cYc-c¥9 =9,
where ¢' = 4,/4,_, is isoclinic of slope A,.

Example 2.2. In the case of modular curves, where there is only one leaf inside each Newton
stratum, on the ordinary locus the slope filtration is just the connected component 4° ¢ ¢.

Definition 2.1 (Mantovan). The Igusa variety Ig° is the pro-finite étale scheme over Cx, that
parametrizes trivializations of graded pieces of slope filtration.

Suppose that we have two non-isomorphic isogenous completely slope divisible p-divisible
groups @ : X, — X. What are the relations between the two Igusa varieties Ig” and (Ig°)’
corresponding to the leaves Cx, and Cx;? The key idea is that, if you take pullback through
sufficiently high power (say N » 0) of Frobenius, then the slope filtration of X, splits, which
means that the trivialization of graded pieces of slope filtration gives the trivialization of X;[p"]
(or something like this). Also, if N » 0, Xb[pN ] determines X,. Thus, ker & becomes a global
object over (Ig° )*™ and you can quotient this out to get an actual map (Igb)(f’fN) — Cx,,. Thus,
this gives a finite-to-finite correspondence

( ]gb)(p’N)

N

CX CX'b

b
From this, one sees that the isomorphism class of the perfection (Ig”)P*! does not depend on the
choice of isomorphism class X;. Even for X, that is not necessarily completely slope divisible,
one can take a more naive version of Igusa variety, namely the moduli that parametrizes the
trivialization of the whole X, and the perfection still gives an isomorphic perfect scheme.

How do we relate this to the geometry of adic spaces? Note that, by Scholze-Weinstein, for C
a perfectoid field of characteristic zero, giving x € .%{, is the same as giving a p-divisible group
X/Oc with a : T,X = Zf,g (plus some PEL extra structure). One can consider the canonical lift
Ig(”gc, a formal scheme over Spf Oc, of (I5")**"/F, such that there is an abelian variety .Ax over

I(q(bgc which gives an isomorphism
p: Ax[p”] = X x Ig(b?c.

A construction of such Ax can be done by applying Witt vector construction.
Now, let Ig’é be the adic generic fiber of I(g(”gc, which is a perfectoid space over Spa(C, O¢).

Theorem 2.1 (Caraiani-Scholze). (1) There is an isomorphism I(qg = (1m57) ().
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(2) There is a partial toroidal compactification Iglé’tor of Igg towards only the boundary, and
there is an isomorphism Ig’étor = (o) (x).
(3) There is an isomorphism Igg* = (%) of affinoid perfectoid spaces.
Proof. For (1), one gets a map from Igi’: to the infinite-level Shimura variety by just using the
universal abelian variety A/ Iggc and taking the adic generic fiber. One then checks that the

map factors through (7;7;7) ! (x), and that this is a bijection on points.
For (2), one extends the works of Mantovan and Oort, and uses extended Serre-Tate theory for
semiabelian schemes. You get (3) from (2) by just taking global sections. O
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MATTHEW EMERTON, LOCALIZING GL;(Q,)-REPRESENTATIONS

1. Statement and conjecture.

Let <7 be the category of smooth G = GL,(Q,)-representations over Z, on which p acts locally
nilpotently, with some fixed central character { : Q, — Z;. We choose to not work with
admissible representations as we would like to have “family of representations” in the category.

Example 1.1. A typical example of smooth non-admissible representation is

G
cIndg, o,

for a Serre weight o with central character {|g , where IeE F) x pr — F; comes from the
identification Q; = {l-units} x F} x p% K = GLy(Z,), Z is the center of GL;(Q,) and o as a
representation of KZ is regarded to have central character (.

Indeed, the above example is some form of “family of admissible representations” over Spec (o) =
SpecF,[T], where each stalk is an admissible representation (at a nonzero point: Barthel-Livne,
at zero: Breuil)

Ultimately we would like to understand something like the Bernstein center of /. On the
other hand, the Bernstein center in this setting will be an infinitesimal thickening of a projective
scheme, which is different from the classical story where the Bernstein center was affine.

We consider a chain of I’Tﬂ P"’s, where adjacent P'’s are glued at a point, and +1 is determined
by -{(-1) = ({¢)(-1). We justify the construction later.

Theorem 1.1 (Dotto-Emerton-Gee). For each open subset U c Z, there is a category <7y, a certain
“localization” of </, such that {.7;;} form a stack (“sheaf of categories”) over Z.

This is analogous to the classical story of Bernstein center. Recall that if the Bernstein center
is just a commutative ring, then every object in the category has a canonical action by the ring,
and by considering the object as a quasicoherent sheaf on the Spec of the ring, one can think of
localization at prime ideals of the ring. Of course in the classical story there is no need to do this
process, but as our Bernstein center is no longer “affine,” we instead need this perspective.

Conjecture 1.1. There is a formal thickening of Z, say Z, such that </ is a sheaf of O 5-categories.

Remark 1.1. We kind of know what Z should be; closed points of Z are semisimple Galois
representations

GQP — GLZ (FP)’

and the completion of Z at each point should give the pseudo-deformation ring of the corre-
sponding semisimple Galois representation.

2. More about Z.
By twisting, we can assume that

—l 1 Zeven
Cl; = x+— x1  odd

The various P"’s are labelled by pairs of Serre weights.

- Even case: (Sym’, Sym?™ & det), (Sym® ® det ', Sym? ™ ® det’), ---, (Sym* > ® det%l, Sym’ @ det%).
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. Odd case: (Sym”2,“Sym™”), (Sym”* & det, Sym' ® det™"), ---, (Sym' ® detpT%, Sym?™* ® det%l),
(“Sym™ o det’? ”,Sym’ 2@ det'?).

Note that reducible semisimple mod p Galois representation has two Serre weights, and fixing the

weights, one has a freedom of choosing unramified character. Thus basically we can identify this

with G,,, and we manually put the two Serre weights to 0 and co of P!. Then these Serre weights

arise as another pair of Serre weight of irreducible residual Galois representation. Thus this

explains the geometry of chain of P"’s, and that Z(F,) is in 1-1 correspondence with semisimple

Galois representations of Gg, — GL,(F,) with matching central character.

Remark 2.1. The only exception is when the Serre weight in consideration is Sym?2. Then a
typical reducible semisimple Galois representation is of form

un, 0
0 ung, /)’

and this is parametrized by not @ # 0 but a + ™. Thus this can be regarded as A' with with
one marked irreducible point compactifying A’, which is also P'. This is why we paired twists
of Sym?™* with some nonexistent weights Sym™ (as there is only one marked point).

Paskunas proved on the other hand that the locally admissible subcategory 27'°¢4™ ¢ o7 de-
composes into a product of blocks, labelled by semisimple Gy, — GL,(F,). Thus this is an
instance of mod p local Langlands.

Definition 2.1. If Y c Z is closed, define

oty :={n € o | each irreducible subquotient of 7 lives in one of the blocks labelled by F,-points of Y},
a full subcategory of </ .

Example 2.1. If Y is a single point {y}, then .2 is the block of .&7'°¢3™ ]abelled by y.

Example 2.2. If Y is the component of Z with o as one of its labels, then cInd, o € .27 .
Definition 2.2. [fU c Z is open, then define <7y to be the Serre quotient </ /<ty for Y = Z - U.

From this definition, it is obvious that there is a transition map, so it gives rise to a prestack
over Z.
Why does it give a stack over Z?

« We want to know that things can be glued. Note that there is a fairly general construction
of abelian categories which gives the right adjoint, “j, : @, — &7”, to the restriction to
U. This is basically the direct limit over all objects of .27 that restricts to the given object
in ﬂU.

. Now we want to control j.. As .o/ is “built out of” cInd{, o’s, we want to compute
j.cInd¥, o.

Theorem 2.1 (Key computation).

J ((cInng 0)|U) = (cInd$, 0)[1/g],

where if you consider the preimage of U by the map Spec 7€ (0) — Z(o) — Z, it is
Spec 7 (0)[1/g].
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Note that the map Spec 7#(c) — Z(o) is a nice map, either A' < P! or a quasi-finite
generic 2-1 map (only in the case of Sym?™?; a +— a + a™).
« To prove this Theorem, we only need to show that (cIndy, ¢)[1/g] is in the image of j. by
Frobenius reciprocity. To show this, one has to show that

Ext'(anything supported in Y, cInd$, o[1/g]) = 0,

for i = 0, 1. The most tricky computation is Ext'. One knows easily that this is of countable
dimension. On the other hand, as the cokernel of T - & on cInd$, o[1/g] lies in a different
block from any irreducible supported on Y from Paskunas’ work, this induces an invertible
map on

Ext' (irreducible supported on Y, cInd$, o[1/g]).
Thus, the whole function field FP(T) acts on Ext', and any nonzero such module must be
of uncountable dimension over I_Fp, which is a contradiction.

Remark 2.2. The conjectural Z should be the “coarse moduli space” of the corresponding Emerton-
Gee stack. Although the Emerton-Gee stack is not a Deligne-Mumford stack but an Artin stack,
there is still a notion of associated moduli space. This is why the versal ring to the Emerton-Gee

stack is the universal deformation ring whereas the versal ring to Z is the universal pseudo-
deformation ring.

Remark 2.3. One expects that the Bernstein center for .7 is O(<7).

Remark 2.4. The justification for P! comes from G,,\ (A? - {(0,0)}), where the horizontal axis
parametrizes “a”, the vertical lines parametrize the extension, and the vertical axis parametrizes
irreducible representations (and the operation a — a™').
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_]OHN ENNS, ASPECTS OF MOD P LOCAL-GLOBAL COMPATIBILITY

1. Mod p local-global compatibility for definite unitary groups.
Let F,/Q, be a finite extension, and let k,, be the residue field of Op,. We are interested in
developing the conjectural mod p local Langlands correspondence,

continuous admissible
representation vs. { F,-representations
Gy, — GL,(F,) of GL,(F,)

The only known case is when n = 2 and F,, = Q,, where there is a map satisfying local-global
compatibility via completed cohomology of modular curves. We are interested in generalizing
the situation to higher dimensional cases.

A particularly more accessible case is when the group involved is a definite unitary group, so
that the global geometry is very simple. Let F/F* be a totally imaginary quadratic CM extension
over a totally real field F*, and let’s assume that all places of F* over p split. FIx preferred places
w|v|p where v is a place of F* and w is a place of F (so that F,, = F;). Let G be a definite unitary
group over F*, such that Gr = GL,r and G(F) is compact. Because v splits in F, G(F,) = G(F,,) =
GLa(Fy).

Definition 1.1. Let U c¢ G(A}.) be a compact open subset. If A = @p or F,, we define the space of
automorphic forms on G with level U and coefficients in A to be

S(UA) = {f + GENGAR)U — A}.

Remark 1.1. (1) We have no conditions on functions as the double quotient is finite ex-
actly because G is compact at infinity.
(2) Upon fixing an isomorphism 1 : Q, = C, S(U,Q,) is identified with the space of classical
automorphic forms on G with trivial infinity type, level U.
(3) We know how to attach Galois representations r,, : Gp — GLn(@p) to these automorphic
forms for which we know local-global compatibility.

Definition 1.2. Fix a tame level U° c G(AR:"), a compact open subset. The space of mod p
automorphic forms on G with tame level U® is defined by

S(U?) = lim S(U*U,, F,).

UycG(F;) compact open
This has a natural action of G(F,) = GL,(F,,).
Now we have a candidate for a mod p local Langlands:
Definition 1.3. Given a mod p Galois representation ¥ : Gy — GL,(F,), we define
S(F) = lim S(U*U,, F,)[ms],

U,<G(F3) compact open
where my ¢ T is the maximal ideal corresponding toT.
This S(7) is an admissible F,-representation of GL,(F,,)! The question is however,
does S(7) depend only on 7|g,, ?

This is very difficult, as this is almost justifying the mod p local Langlands correspondence, which
is of course far from being proved. Our goal is more modest, to find enough information inside
S(r) to determine 7g, .
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2. Serre weights and semisimple Galois representations.

Definition 2.1. Given ¥ as above, define
W(r) = {Serre weights V | V. S(¥)|cL,©},) }
the set of Serre weights of 7.

Remark 2.1. The set of Serre weights of 7, W(7), is understood for GL,(F,,) and GL;(F,,), when
F,, is unramified and 7|¢;, is semisimple (Le-Le Hung-Levin-Morra).

In general, if 7|,  is semisimple, then there is an expected set of Serre weights W’ (7]}, ) (Gee-
Herzig-Savitt), which only depends on the restriction of 7|, to inertia. Rather than defining
W'(7];,. ), we do one example.

Example 2.1. Let n = 3 and F,, = Q,. Suppose that 7|, is irreducible. Then, 7|;, is of form

m
Ws

i, ~ "

>
2
p m
Wy

X . . —_ G
where w; : I, — IFP where m € Z and 1+ p + p* does not divide m. Then, T, = IndGz”3 (0§ uny)
4

for A € ]1_3;. Thus, to recover 7|g, , we need to know m and A. Roughly in this case (when 7|g, is

“generic”), 7|y, can be recovered from W’(7];, ). The remaining A can be recovered as an eigen-
P

value of the Hecke operator with support GL;(Or,)[ p | from the Hecke action H(V) actin

P
on Homgr, (o, )(V, 5(7)), for V.€ W(7).

3. Non-semisimple Galois representations.
From now on we assume n = 3.

Example 3.1. Again, let F,, = Q,. In contrast to the semisimple case, Galois representations in
question are of form

w®uny * *
— ¢ b
Tl ~ 0 w’ uny, *
0 0 w°uny,

We restrict to a case when it is in Fontaine-Laffaille range (and generic), namely suppose a -
b,b-c > 2and a-c < p-3. Then, by normalizing the corresponding Fontaine-Laffaille module,
Herzig-Le-Morra defined the Fontaine-Laffaille invariants FL(r|s, ) € P'(F,) which uniquely
determines the extensions.

Works of Herzig-Le-Morra and Le-Le Hung-Levin-Morra show that there is a finite set X c
]Pl(Fp) containing 0 and oo, such that if FL(7|¢, ) € X, then there is only one Serre weight W(7r) =
{Vo}. Then a, b, c can be read off from the height weight of V;, and A,, 45, A, can be read off from
Hecke eigenvalues as before.

Theorem 3.1 (Herzig-Le-Morra for f = 1, Enns for f > 1). Let n = 3, and F,,/Q,, be the unramified
extension of degree f. Assume
* Tlg, is upper triangular, Fontaine-Laffaille and sufficiently generic,
« W(7) is a singleton, {V,},
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« 7, G, F, U? satisfy a Taylor-Wiles assumption.
Then, from S(r), one can recover 7|g, by the following explicit recipe.

(1) Information for the semisimplification is as before (i.e. can be read off from V). Thus, we
need to determine extensions.

(2) Choose “well” (i.e. there is an explicit recipe) a collection of 3f — 2 principal series inertial
types T = Ir, — Ty(Z,) (eg. T = @ ® & ® &; tildes mean Teichmuller lifts).

(3) For each inertial type t, define FL, € F;, which determine the extension classes.

(4) For all , one has explicit S, S, € F,[GLs(k,,)].

(5) Then, there is an equality of injective operators

Sloll = FL, S, = S(F)™" — S(7)(Or)=Vw,

where Iw < GL3(Op,) is the Iwahori subgroup, T : Iw — F; via left action, iy, is the
1
character of T;(Op,) coming from V,, and Il = 1| which normalizes Iw. From these

p

one can read FL,’s, thereby determining extension classes.

Example 3.2. If f = 1, there is only one Fontaine-Laffaille invariant to recover. If say 7 =

o e o @ & "1, the recipe for S, for example is

1 x
S. = Z xP(a=¢) ,p=(a-b) 1
x,y,2€k,,

— N e
—

1

Idea of proof. We try to use characteristic 0 local-global compatiblity. The point is that if one
restricts to Iw = 7 and its natural lift Iw = 7, automorphic forms appearing have v-local part
principal series, so one can study the actions of Teichmuller lifts of S; and S/ very explicitly. By
using Le-Le Hung-Morra-Levin’s explicit description of R%Z 107 one shows the desired relation
lifted to characteristic zero. We reduce mod p and here we need Taylor-Wiles patching. W

Remark 3.1. These are extremely complicated and there is no conceptual explanation for group
algebra operators. There are many related works, e.g. Park-Qian on GL,(Q,), but the exact rela-
tions are unclear.
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FEDERICO BAMBOZZI, A GLOBAL PERSPECTIVE ON HODGE THEORY
We want to find analytic Z-forms of relevant object of p-adic Hodge theory.

1. Abstract analytic geometry.
The basic idea is that, given a closed monoidal symmetric category C, we can “define” the
category of “affine schemes over C” Aff. as

Aff, = Comm(C)®,

where Comm(C) is the category of commutative algebras over C. If you put an appropriate
Grothendieck topology on Aff., then one gets geometry.

Let K be a valued field, and consider the category of locally convex spaces over K, which is
unfortunately not closed monoidal category. Instead, the category SNk of seminorms of K is a
closed monoidal category. It embeds into the opposite category of functors Func(SNk, Sets)°? by
the co-Yoneda lemma. Now the category of locally convex spaces of K is the same as Pro®*(SN),
the pro-SNx where morphisms are essential epimorphisms. The problem of the category of locally
convex spaces not being closed monoidal can be explained by the following phenomenon:

For a closed monoidal category C, Pro(C) is usually not closed monoidal.

However, the Ind-category Ind(C) is always closed monoidal. Thus, we would instead want to
work with inductive systems.

Let Bang be the category of Banach spaces for a Banach ring R. Then, Bang, is a closed monoidal
category. By the Yoneda lemma, we can embed this into Func(Ban}’, Sets), and then we can
make sense of Ind-category Ind(Bang) < Func(Bany’, Sets) in this optic. Similarly, we can form
Ind**(Bangy), the category of ind-systems of objects in Bany where transition maps are essentially
monomorphisms. This category is equivalent to complete bounded modules, or bornological
modules, Borng.

Remark 1.1. « Born comes from “borné,” which means bounded in French.
. If R = K, then this coincides with the classical definition.
+ There is an adjunction
Borng < lcvg,

which restricts to an equivalence of categories on a subcategory containing “all reasonable
objects”

Proposition 1.1. « Borng is a closed monoidal category.
« Borng is a “quasi-abelian category’; it is a derived equivalent to an abelian category.
« Borny has all limits and colimits.

Definition 1.1. Define the category of affine analytic spaces over R, Affg, to be Comm(Borng)°P.
There is a notion of base change for a map between bornological rings.

2. Basic examples.
The ring of integers Z with its Euclidean norm | - | is initial in the category of Banach rings.
Thus, it is initial in Borny.

Definition 2.1. Let R be a Banach ring (or a bornological ring). Then the Berkovich spectrum
M(R) is defined by

M(R) = {| - | : R — R,y bounded multiplicative seminorms},
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with the weakest topology such that, for all r € R, | - | = |r| is continuous.

The Berkovich spectrum X = M(Z,| - |-) is a tree branched out of the trivial seminorm | - |,
where there is one line segment for each valuation v of Z, where

- if v is a finite prime, then the line segment corresponds to | - |, 0 < ¢ < oo, with another
endpoint being the valuation v,

« and if v = oo, then the line segment corresponds to | - |5, 0 < ¢ < 1, with another endpoint
being the Euclidean norm | - |«.

The topology is very coarse. In particular, any open set containing | - |, is a union of almost every
branches.
Let U = X - {| - |o}. Then, Oy(U) = R x [ ], Z,. For the open embedding j : U < X, one has

(.00)|-, = Ag-
Consider the power series ring
Loz = {l_EZN a;t' € Z[[1]] | Z, |ailwp’ < o0},
which we call a Tate algebra over Z.
Remark 2.1. Note that T, 7870, is not a Tate algebra in the usual sense.
Thus we define the following.
Definition 2.2. Let T, =(1i_mp<1 T,z, which we call analytic fundamental open disc.
Similarly, let T} = li_m)p>1 T,z.
This is a more sensible notion, as T,®Q,, and T,8C are usual open discs.
Definition 2.3. Let Int(Z) be the ring of integrally valued polynomials, i.e. {f € Q[X] | f(Z) c Z}.

For example, (’;) is in Int(Z) that is not in Z[X].

G}
n nelN ’
On the other hand, the multiplication is quite complicated,

x\[(x\ _ > i+j-k x
i ] _ksmin{i,j} i—k,j—k,k i+j_k ‘

In particular, the coefficients can have big | - | values.

Proposition 2.1.

forms a Z-basis for Int(Z).

Definition 2.4. Let Int(Z,| - |o) = {ax (i) | |anlo — 0}.

Proposition 2.2. « (In(Z, | - |o), | ~ [1.max)®2Qp = C*(Z,), via Mahler expansion.
. (li_mpﬂ(lnt(Z), |- 1pmax)®2Q, = LA(Z,,). We thus define LA(Z) :z(li_mpﬂ(lnt(Z, [=10)s | = [ p.max)-
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Remark 2.2. Locally analytic functions over whole affine line (as opposed to unit disc) can be
captured by the following.

( lim (Int(Z, | - |u).| - |p)) 220, = O™(AY)

p—)OO

< lim (Int(Z, | - |o), | - |p)> 3,C = O™(AL).

p*)()O

3. Non-basic examples.
Now we take the Robba ring over Z, Rz,

Rz=1{Y ait'| Y |aip' < coforall p < 1,
i€z i€z
and there exists p > 1 such that Y |aj|p’ < o0}.
ieN
For an analytic group scheme G over Z, we have an action G x Spec(Rz) — Spec(Rz) which is
given by the coaction map ¢ : Rz — Rz870(G), defined by

Y =1+t -1=Y t”<A>.

n>0 n

Now you pick G such that O(G) = In’t-(\Z) = LA(Z), whose comultiplication map is given by

() ()

Proposition 3.1. The map y is well-defined. If you base change to Q,, you get the usual coaction
map.
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VLAD SERBAN, p-ADIC UNLIKELY INTERSECTIONS AND APPLICATIONS
1. Unlikely intersections.

Example 1.1. What are the examples of f € C[x, y], such that f({, (") = 0 for infinitely many
roots of 1 ¢, {’? For example one can try to use f(x, y) = x* - y®, or x%y® - 1.

Theorem 1.1 (Lang, Thara, Tate). If f(1,1) = 0 and if f is irreducible monic, the above examples
are the only possible examples.

The above situation generalizes to the following,.

Definition 1.1. Consider A = G}, or more generally an abelian variety. Then, special points
are torsion points. A special subvariety is a translate of subtorus/abelian sub-variety by a torsion

point.
Then the above example can be thought as a special case of the following

Theorem 1.2 (Manin-Mumford; Raynaud). An irreducible component of the Zariski closure of a
set of special points is special.

Theorem 1.3 (Strengthening of Manin-Mumford; Laurent, Hindry, Faltings, McQuillen, Vojta,
--). Let G be a semi-abelian variety, and ' ¢ G(C) be a finitely gneerated subgroup. Consider the
divisible hull of T,

I = {g € G(C) | g" €T for some k > 0}.

Then, X n T is finite, unless X contains a translate of a positive dimensional subgroup.
Why is this useful?
Corollary 1.1 (Mordell conjecture). For a curve C over a number field K of genus g = 2, |C(K)| < oo.

Proof. Suppose |C(K)| # 0. Then we choose a rational point and get an embedding i : C < Jac(C)
into a g-dimensional abelian variety. As I' = Jac(C)(K) is a finitely generated abelian group,
|i(C) nT| < oo, unless i(C) contains a translate of a positive dimensional subtorus. Thus C has to
contain an elliptic curve which is impossible because of genus = 2 condition. U

2. p-adic unlikely intersections on tori.

We want to study if we can say anything about finitely generated torsion Z,[[ T3, -, T,]] =
Z,[[Z}]]-modules in a similar vein. But one cannot just easily do this, as first of all we cannot
evaluate at roots of unity because of convergence issue. But the following variant holds.

Proposition 2.1. Let ® € Og[[X, Y]] where E/Q,, is finite. Suppose @ is irreducible and (0,0) = 0.
If®({-1,{’ - 1) = 0 for infinitely many p-power roots of unity {, {’, then®(X, Y) = (X +1)A - (Y +1)
for A € Z,, up to multiplication by units and swapping X, Y.

Theorem 2.1 (Serban). Let S = (@m)f‘,;tor/OE c IB{E’p(O). An irreducible component of the Zariski
closure of a subset of S is special, namely it is the translate of a formal subtorus by a torsion point
inS.

Remark 2.1. (1) There is Tate-Voloch conjecture on stronger result, which needs distances
between points.

(2) This generalizes to the case where one uses a Lubin-Tate formal group instead of Gy
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Proof sketch. Let 3 = {X € me, | ®(x) = 0}. Then,

v, (x; 1
min( (%) , ) = G,
1=i<n vp(xm) Up(xn)

on Yg. We then parametrize 3¢ n S and use compactness argument to get a finite cover by sets

S., that after twist by 7; € End(@fn), Up(x;)/Vp(Xi:1) — o0 is unbounded on S;. From this and the
above inequality, we see that projn(STj) is a finite set, and we induct on this. O

3. Applications and Generalizations.
We mention two applications of Theorem 2.1.

(1) Let K be a number field. Let .7 be a (nearly) ordinary family of cuspidal p-adic auto-
morphic forms over GL, g, over the weight space W° = Spec(Z,[[Z}])) (i.e. Hida family).
In general, if K is not totally real, then Hida conjectured that /¢ is torsion over W° of
codimension r,. Now “classical points” form a proper subset of

S={(1+pf{-11kezZ"{€pye}.

We then study the density of classical points on .77. If we have such density, then .7# must
be “very special”; in general, density of classical points on J# is expected to be a very rare
phenomenon. For example, if K is imaginary quadratic field (so that codimension is 1),
then we can prove finiteness in this way.

(2) Now for a 2-variable p-adic L-function L,(x, y) interpolating L*8(f;, y,s) for 1 < s < k- 1,
there is a conjecture of Greenberg.

Conjecture 3.1 (Greenberg). The vanishing along the line s = k/2 should be of order 0 or 1
according to the sign of the functional equation.

From this, one expects that there are finite amount of vanishing not explained by the
functional equation. From a joint work of Rob Pollack, by using explicit form of 2-variable
p-adic L-function, one can check that the expectation holds for some specific elliptic
curves.

We finish the talk with a generalization of Theorem 2.1 to abelian varieties (or more precisely
analytifications of abelian varieties).

Theorem 3.1 (Serban). Let F = Spf(Og[[x1, -+, x,]]) be a p-adic formal Lie group of dimension n.
Let X c F be a closed formal subscheme. Then either of the following holds.

(1) There is € > 0 such that only finitely many torsion points Q € F[p™] satisfy d,(Q, ) < ¢ for
some good notion of distance.
(2) There are infinitely many torsion points on y and y contains the translate of a formal sub-

group of F.

This theorem is useful in studying p-adic dynamical systems.
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KONSTANTIN ARDAKOV, THE FIRST DRINFELD COVERING AND EQUIVARIANT D-MODULES ON RIGID
SPACES

1. Background.
Let F/Q, be a finite extension, G = GL,(F) and D/F be the quaternion division algebra. The
Drinfeld upper half plane is defined by

Q= Pl,an _ ]PI(F),
so that Q(C,) = P'(C,) - P'(F). It is not a simply connected space, and Drinfeld defined a tower
M, —>M —>M=Qx2Z,

which is a tower of rigid spaces, and there is a G-action on the whole tower, such that

(1) the G-action on M, lifts to M,
(2) M, — M, is a G-equivariant map for all n > 0,
(3) and Gal(M,/M,) = OF/(1 + "Op).

Theorem 1.1 (Harris-Taylor, Carayol, Faltings, Mieda). For ¢ # p, the £-adic étale cohomology of
Drinfeld tower, M, = (li_mn M, realizes the Jacquet-Langlands and local Langlands correspondence.

Namely, there is a D* x G x Wg-equivariant isomorphism
imH, (2,7Q0)= @ pellp) ®rec ' (L(p)"),

n peElrr(D*)

where X, = M,/ <‘g g )Z.

What if ¢ = p? There is a recent work of Colmez, Dospinescu and Niziol on p-adic (pro-)étale co-
homology of the tower and they relate to the p-adic local Langlands correspondence for GL,(Q,).
On the other hand, there is an expectation (Schneider-Teitelbaum) that coherent cohomology
of the tower produces admissible locally analytic representations of G.

Conjecture 1.1 (Schneider-Teitelbaum). For n = 0, O(,)" is an admissible locally analytic repre-
sentation of G. Furthermore, O(X,)" has finite length for all n > 0.

There are some evidences:

(1) (Dospinescu-Le Bras, 2017) O(X,)" is an admissible locally analytic representation for F =
Qp,n=0.

(2) (Patel-Schmidt-Strauch, 2017) O(%,)" is an admissible locally analytic representation for
any F.

Theorem 1.2 (Ardakov-Wadsley). Let.Z be a G-equivariant line bundle on Q with a G-equivariant
connection. Suppose there is an isomorphism { : £°¢ =5 (Oq, Vi) for minimal such d = 1 which
satisfies p 1 d. Then,

(1) Z(Q) is a coadmissible D(G)-module,

(2) and if d > 1, then £ (Q) is irreducible.

Remark 1.1. This implies that O(2;)" is finite length (a part of Conjecture 1.1) as the pushfor-
ward of O(2;)" to the base decomposes into a sum of line bundles via Kummer theory, as the
Galois group of the first covering is abelian. To go up further the tower, we have to consider vec-
tor bundles with connection and the corresponding D-module theory will be considerably more

involved.
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2. Algebraic situtation.
Let V < P¢ be a Zariski open set. Let 7 : V/ — V be some finite étale covering.

Proposition 2.1. As a U(sl,)-module, O(V’) is finitely generated.

Proof. Letj : V < P, Note that Oy is a holonomic Dy-module. By Bernstein’s theorem, there
is a six-functor formalism for regular holonomic D-modules. Thus, 7,Oy. is a holonomic Dy -
module. As r is finite étale, this is 7.9y, with Gauss-Manin connection (i.e. the pushforward
comes from local system again). Applying Bernstein’s theorem again, j,(7.Oy-) is a holonomic
Dpi-module. As j is affine, this pushforward is also equal to j.(m.Oy-). By Beilinson-Bernstein
localization (in the setting of D-modules, it is due to Brylinski-Kashiwara), we know that

{coherent Dp:i-modules} = {coherent U(s[,)-modules with (ker yo)M = 0},

M — T(P', M),

and holonomic D-modules are automatically coherent, we see hat I'(P!, j.(m.Oy.)) = O(V’) is a
finitely generated U(s(,)-module. U

This is the core of the proof which will apply to the proof of Theorem 1.2.

3. Rigid analytic situation.
In our rigid analytic situation, we consider the following analogous situation: for u € x(x)",
d=1,

K[l @ i= 1,0, ][]
(z4 - u)

where ((u) := u'({0,0}) = {a;, -, a,},and j : A" - {(u) < A" In particular,

d-1

71'*(92(,“1) = @ALan_{(u)Zm.
m=0

Z(u,d) := Spec ( > 5 A - {(u),

Definition 3.1. Let U = U({(u),t) := {a € A™™ | |a - s| = |t| forall s € {(u)}.
Definition 3.2. Let M(u, d) := j(Opran_g(4)2).

This is a little nasty object, for example it attains an essential singularity around missing points.
However, it is not so crazy:

Theorem 3.1 (Bode). The object M(u, d) is a coadmissible D pran-module.
But for our purpose D-module is not enough.
Definition 3.3. For an abelian sheaf F over A, define
Fg o= i ',
where i : U < A ywhich happens on the level of adic spaces.
A classical-minded person can think of this as the sheaf of overconvergent sections into U.

Proposition 3.1. We have F(X) = colimyy.; F (X n U({(u), 5)).
145



Theorem 3.2. Suppose p 1 d and |t| < ming; |a; - a;|. Let

h 1

R(u,d) :=T1(x - a)) (ax -5 dlog(u)) € K[x, oy].

i=1

Let D: := colimy-y D,, where D,(X) = O(X){dx/r). Let
A, = {aﬁ‘inoid subdomains X ¢ A% | |t| = |ax|sp,(9(X)}~
Then,
M(u, dYgzars = Di/DIR(u, d),

as sheaves of Dj—modules on A.;.

Proof of Theorem 1.2(1). We want to show that j,.Z is a coadmissible D(P!/G)-module. It suffices
to show locally, namely that (j.-%)p is a coadmissible D(D/G;)-module, where D = Sp K{x) and
G, is the first congruence subgroup. It then suffices to prove that £ (D n Q) is a D(D, G;)-module.
Now we have

D(D, G)) = Jim D},(D) %, G

The set D n Q is a Cantor-like set which has a Stein exhaustion, so D n Q = U, U,

so Z(DnQ)= (li_m‘,?*(Un). Now Theorem 3.2 implies that
£1(U,) = DL.(D)/D!.(D)R(uy, d).

Thus we have a system of DL(]D)’S and DL(]D) Xg,., G,’s with connecting maps

D!,.(D) DL.(D)

Dj[n+l(]D) Ag Gn+1 - DZ"(]D) AN G Gn

n+2

We will get the desired conclusion that £ (D n Q) is a coadmissible ﬁ(]D)-module, if we prove that

D;”(ID) ®DTn+1(]D) gT(UnH) - XT(UH):
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is an isomorphism for all n. This is however false, because this is never injective. However,
somehow one can prove that

DL.(D) o LU — 21 W),

G, ® .+
n D”n+1(]D)>an+2 n+1

n+1

is an isomorphism for all n > 0. UJ

Theorem 1.2(2) is then proved by using the explicit nature of R(u,, d).
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FABRIZ10 ANDREATTA, KATZ TYPE p-ADIC L-FUNCTIONS FOR PRIMES p NON-SPLIT IN THE CM FIELD

1. Algebraicity of L-values.

Let K c C be an imaginary quadratic field, N = 5 and suppose that the Heegner hypothesis is
satisfied, so that there is n ¢ Ok such that Ox/n = Z/NZ. Let ¢ : (Z/NZ)* — C* be a character.
Let f be an eigenform of level I'; (N), nebentype ¢, of weight k > 2. For example,

(I) f can be Eisenstein series (Katz),
(II) or f can be a cuspidal newform (Bertolini-Darmon-Prasanna, Mori).
Let y : Agx/K* — C* be an algebraic Hecke character such that
« conductor of y divides n,
* Xlo; + Ox — C* factors through ¢ : (Ogx/n)* — C.

We are interested in interpolating central critical values of L-values of f ® y™'. Note that in the
case of (II) (i.e. cuspidal newforms) one has to also assume that y is central critical for f.
The natures of L-values differ according to the infinity type of y.

Definition 1.1. We say that y has infinity type (m, n) € Z?* if

—-n

Xlxery(z®1) = 27"2
We would like m + n = k, so that we want to study algebraic properties of L(f, y !, 0). Accord-
ingly, the set of (critical) algebraic Hecke characters y splits into three regions:
« 20 those of infinity type (m,n) = (k-1-j,1+j)for0=<j=< k-2,
« Y@ those of infinity type (m, n) = (k + j, —j) for j € N .,
« @) those of infinity type (m, n) = (-j, k + j) for j € N ,,.
This is important as the “transcendental periods” for L(f, y*,0) change according to the region
of y. We will talk about the case of y € 2.

Theorem 1.1. There is the “algebraic part” Lyg(f, x ) € Q of L(f, x*, 0). Namely,
« in case (I),

Luglfo ) = e CUET - DI
|0kl g(e) disc(K/QyQ,™
where g(¢) is the Gauss sum and Q, € C is some transcendental period (Damerell).

« in case (II),

b

) L(f,x'.0)
Lalg(f,)( 1)2 = (*)W»

where () is similar explicit factor which does not depend on f and y, and Q € C is also some
transcendental period (Waldspurger).

More precisely,
Lig(f.x ™) = X x5 (@8 (F)(a = (Ao, <, to)),
aePic Ok
where
- X =x Nn,

- A, is an elliptic curve with CM by Ok,
— ty is a generator of Ay[n] (so that (Ao, tp) € Yi(N)),
— wy is the Néron differential of A,
—axAy 1= Ay/Aola],
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— and & is the Shimura-Maass operator, which is a C*-operator

= 5 (- 25 ) 0

Jz z-2

Remark 1.1. The transcendental periods “Q” come from the ratio between w,, the Néron differ-
ential, which is algebraic, and “dz”, which comes from complex uniformization of elliptic curves.

2. Interpreting the Shimura-Maass operator geometrically.
The Shimura-Maass operator spits out something real analytic, so it is not at all clear from the
formula that Lye(f, ') is an algebraic number.

Question. Why is 5i(f)(a * (Ag, W, 1)) € Q?

We give an interpretation of §; using algebraic geometry (specifically, using Gauss-Manin con-
nection and Kodaira-Spencer isomorphism). Consider the universal elliptic curve E over Y;(N).
Then, the de Rham cohomology Hj,(E/Y;(N)), which we will denote just as Hjj, for simplicity, as
a vector bundle over Y;(N), comes equipped with the Gauss-Manin connection V. This induces a
connection on Sym* Hi,.

On the other hand, the first piece of Hodge filtration is wg, the sheaf of invariant differentials
(whose quotient is H'(E, Og)), and the Kodaira-Spencer isomorphism gives an isomorphism

KS : a)JZE—LQIMN).
Thus, Qy, y, can be thought as a subspace of Sym® H},, and thus V can be thought as a map
V : Sym* H}; — Sym* H}; ® Qv — Sym**? Hj,.
Theorem 2.1 (Katz). The Shimura-Maass operator has an algebro-geometric interpretation,

SI(f) = (Hodge-splitting) oV (f),
where (Hodge-splitting) is the C Hodge-splitting of &** < Sym""¥ Hj;.

Still both V and (Hodge-splitting) are analytic, so it is not clear why the value at some specific
elliptic curve is algebraic. On the other hand, K acts on the 2-dimensional vector space H}(A,),
so it decomposes into a sum of 1-dimensional eigenspaces Hj(A,) = w ® @, where w and @ each
correspond to complex embeddings of K into C. The crucial fact is that this, after base-changing to
C, coincides with the Hodge decomposition of Hjz(A(C)). This gives that Ly,(f, y ') is algebraic.

3. p-adic L-function over X®,
Now that we have algebraic valukes% we are interested in congruences between them. After
fixing a prime p, the map w : =@ Lerp ey, Q can be used to p-adically complete %?, and get

a continuous map w : 32 — Q,.
Question. Is it possible to define L,(f, y™') € C, for y € 5@ related to Lag(f, x") for y € 2@?

If p splits in K, then the works of Katz, Bertolini-Darmon-Prasanna, Mori establish this. This is
particularly because a * A, is ordinary at primes above p, and over Y;(N)™¢, H}, has a unit root
splitting. This a priori has nothing to do with the C*-splitting, but this coincides with C*-splitting
at CM points, so in particular at a = (A, ). In particular, § is now related to the -operator of

Serre and Katz.
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Our primary goal in interpolating the formula is to make sense of & for a now p-adic weight
Jj. As &, being equal to 0, on the level of g-expansions has the effect of

6} anq") = Y, na,q",

for j a natural number, ¥(} a,q") = Y, n'a,q". Thus we want § (3 a,q") = Y. j(n)a,q" for general
p-adic weight j, but this only makes sense for n € Z;, or p { n. Thus, if we take the p-depletion
Pl = (1 - VoU)(f), which precisely misses parts of g-expansion with p|n, then &(f)) really
makes sense with the expected formula, and Katz showed that the g-expansion really gives a
Katz modular form. Now we can apply the same formula for this Katz modular form, and we get
the interpolation.

Now if p does not split in K, then this strategy cannot work, as unit root splitting does not
overconverge.

Theorem 3.1 (Andreatta-Iovita). Even if p does not split in K, (if p = 5) we can construct a p-adic
L-function

Ly(f.-) : ¥ — Cp,
such that for y € 3 c ’Z\(i) L(f,x™") = (Euler factor)L.g(f, x ), and it also has Gross-Zagier type
result for values at >V c 3.

Remark 3.1. Daniel Kriz defined & purely on supersingular locus, at least for k = 2, giving a
similar p-adic L-function, but there is no precise interpolation formula for it.

Strategy of proving Theorem 3.1. (1) We can define a p-adic interpolation of @™ < Sym™ Hy,
so that we obtain, for j an analytic p-adic weight, @/ < W; over strict neighborhoods Y,
of Y;(N)*™, where Y, = {|Ha| < *} (Andreatta-Tovita-Pilloni). The sheaf W is an infinite-
dimensional Banach sheaf which contains Sym™ Hj, when you specialize at m € IN. This
works for r = 2.

(2) For every p-adic analytic weight j, we can justify

vj(f[p]) € HO(Yr’ Wk+2j),

for some r € Q.. This works for r = p(p + 1).

(3) We want to evaluate V/(fIP)) at a « (A,, %, wy) and use algebraic splitting of 0% ¢ Wy,,,.
The problem is that a « (Ao, t, @) is not in Y, for r = p(p + 1), but there is a way to get
around this, namely one can use U,-correspondence to move the point inside the desired
region.

O

150



GERGELY ZABRADI, MULTIVARIABLE (¢, I')-MODULES

1. Motivation.

Let IT be a mod p" smooth representation of G = GL;(Q,). Let B = TN < G be the up-
per triangular Borel, B, := (Zf’}){o} le) Q) Ny = ((1) le ) Let F be the conjugation-by-(g ?) on
Z/p"Z[[Ny]) = Z/p"Z[[T]]). This acts on T via FT = ((T + 1)’ — 1)F. Even though T and F do
not commute, for notational simplicity we will denote a non-commutative ring of F acting on

Z/p"Z[[T]] as Z/p"Z[[T]][F].
Lemma 1.1 (Emerton, Colmez). Let M be a subspace of 11 satisfying the following conditions.

(1) M is a finitely generated Z/p"Z[[ T]][F]-module.

(2) M is stable under T, = (ZO‘X’ ZO;, ) Q,.

(3) M is admissible as an Ny-representation.
Then, MY[T™'] is a (¢, T)-module over Z/p"Z((T)) (plus a Qj-action via the center), where M" is the
Pontryagin dual of M.
Remark 1.1. The g-action is not quite the F-action on M"[T'], but rather the so-called -action
is given by F.

Theorem 1.1 (Colmez). IfII is admissible and finite length with a central charcater, then there is a
maximal M satisfying the conditions of Lemma 1.1, denoted as I,y The functor D(IT) = MY, [T™']
is an exact functor.

ax

2. Generalization of Colmez’s functor to higher rank groups.

Let G be a split connected reductive group over Q, with connected center, and let G = G(Q,).
Let B = TN be a Borel subgroup, and let N, be a maximal compact subgroup of N which is
furthermore totally decomposed in the sense that Ny = [],co-(No n N,), where N, is the root
subgroup for positive root . Fix an isomorphism t, : Z, > Ny, = NynN,.. Consider a Whittaker
character

-1
£ No—No/ [T Nop2e2es 7,
PED\A

and let Hy = ker(¢) < Ny. Let & : Q; — T be a cocharacter such that a~{ = idg; for all & € A.
Example 2.1. If G = GL,, then one can take
12, 7,
- (37%)
00 1
« t((aij) = a1z + - + Apins

) = ( )

Given a smooth Ny-representation Il over Z/p'Z, Z, acts on II"*, as well as the Hecke operator

F : T1He £Wconjugation  rip)rpé(p) ! Tt pyHy
Then the same (noncommutative) ring Z/p"Z[[ T]][F] acts on [T,

Lemma 2.1 (Breuil). If M c IT™ is a subspace satisfying the following conditions,

(1) M is finitely generated over Z/p"Z[[ T]][F],
(2) M is stable under £(Z;)Z(G)(Qy),

(3) M is admissible as a representation of Ny/Hy,
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then MY[T™] is a (¢, T)-module.

One cannot expect similar admissibility result as in GL,(Q,) case. Still, if M;, M, satisfy the
conditions of Lemma 2.1, then M; + M, satisfies them as well, so we can form a pro-object in the
category of (¢, I')-modules via

¢ (1) :=(1i_mMV[T‘1].
M
Proposition 2.1 (Breuil). The functor Dy satisfies the following properties.

(1) It is compatible with parabolic induction and tensor products.
(2) It is right exact.
(3) It is exact on the subcategory of subquotients of principal series, denoted as SP(Z/p’Z).

The obvious downside is that this functor loses information.

Example 2.2. For example, D} (Ind <XI L )) only knows about y/" ! ys 72 -+ y, ;.

Also, there are many extensions on the automorphic side that cannot be captured by (¢,I)-
modules, as Gy, has p-cohomological dimension 2.

3. Multivariable (¢,I')-modules.
A possible remedy to these problems is to use multivariable (¢,I')-modules. Namely, one
does not need to use just Hy; consider

H()’A = ker (No — H No,a) 5

a€l

and for each a € A, consider &, : Q) — T such that a{, = idg; and fo{, = 1 for all other simple
roots f§ # a.

Example 3.1. If G = GL,(Q,), then &,(x) for & = e;~e;.; can be given by diag(x, x, -+, x,1,1, -+, 1),
where there are i many x’s.

Then, for a smooth Z/p" Z-representation II of Ny, [T has a Hecke action F, of &,(p).

Lemma 3.1 (Zabradi). If M is a subspace of 1™ such that

(1) M is a finitely generated module over Z/p"Z[[Ny/Hoal][F, | @ € A] (which is also noncom-
mutative),

(2) M is stable under £,(Z,) for all a € A and the central action Q,

(3) and M is admissible as a Ny/H, »-representation,

then MY[T,' | « € A] is a multivariable (¢a,Ts)-module with Z(G)-action (i.e. there are |A|-many
variables; No/Hyp = [ ] yepn Now 2 Z‘pA‘ ). If My, M, are two such subspaces, then M; + M, also satisfies
the above conditions.

Thus we can form a pro-object
Dx(I) =(1i_mMV[T(;1 | @ € A].
M

Proposition 3.1 (Zabradi). The functor Dy satisfies the following conditions.

(1) It is compatible with parabolic induction and tensor products.
(2) 1t is right exact.

(3) It is exact on SP(Z/p"Z.).
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(4) It is fully faithful on extensions of irreducible principal series.

«

Proof. For k = 1, there is a natural normal subgroup Hia < Hya ( kap c Z,"), and one does
the same thing for H; », and then one instead gets H, »/Hi a-action. By sending k — oo, one gets
an action of Z/p"Z((N,)). A work of Schneider-Vigneras-Zabradi associates to this a sheaf Y on
G/B (just a sheaf on the p-adic topological space). Then, II" < Y(G/B), and one can describe its
image. U

4. Galois side.
What does a multivariable (g5, 'y)-module mean?

Theorem 4.1 (Zabradi, Carter-Kedlaya-Zabradi). There is an equivalence of categories

multivariable
(oa,T'a)-modules
with coefficients in
Z/p"Z
respecting Z(G)-actions on both sides.

= {Z/prZ-representations ofG@ } ,

Theorem 4.2 (Pal-Zabradi). All multivariable (a,Ts)-modules are overconvergent. Also, an ana-
logue of Herr’s complex computes G@P -cohomology.

5. Conjectural global picture.
Let F/Q be an imaginary quadratic field, and let p be a rational prime that splits in F. Let G be
a unitary group over Z[1/N] which is compact at infinity and split at p. Let K¥ < G(A”*) be a
compact open subgroup. For q = p’, let
S(KF,Fy) = {f + GQ\G(A™)/K] — F,}.

Let p : G — GL,(F,) be modular. The Hecke operators for £ away from Np gives a maximal
ideal m; of relevant Hecke algebra, which also acts on S(K¥,F,). Also, G(Q,) = GL,(Q,) acts on
it too.

Conjecture 5.1 (Mod p local-global compatibility). Foralld = 1,

v n-1 2 ) 2o od
V (D} (S(KE,F)my]) ) = <<® S A,/_)p> R A"pp) |

i=1

-1 x . . . - =
as Gg,' x Qp-representations, where w is the mod p cyclotomic character andp,, = plc,, -
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LAURENT BERGER, TENSOR PRODUCTS AND TRIANGULINE REPRESENTATIONS

1. Trianguline representations.

Trianguline representations form a class of p-adic Galois representations containing the
class of semistable Galois representations. This is defined by Colmez, and these are expected
to be exactly the class of p-adic Galois representations coming from p-adic automorphic forms
(similar to de Rham representations which encode Galois representaitons coming from geometry).

There are several equivalent definitions of trianguline representations:

« using (¢, ')-module over Robba ring

+ using B-pairs

« using vector bundles on the Fargues-Fontaine curve.
We will use the second approach.

Definition 1.1. Let K/Q, (base field) and E/Q, (coefficient field) be finite extensions, with E/Q,
Galois, and let B, = BY;.. Then, a BL-pair (or a E-B-pair of Gy) is a pair (W,, W3,) where W, is a
free E ®g, B.-module of finite rank with a semilinear Gy -action, and W, is a Gk -stable E ®q, By~

lattice in Wy := E ®g, Bir ®Feq, B, W..
Remark 1.1. Note that E ®q, Be is a PID, and Gy acts on it only via its action on B, (and trivial
action on E).
Example 1.1. (1) For an E-linear representation V of G,
W(V) = ((E ®q, B.) & V,(E ®, Bi) ®& V),
gives a B-pair. This realizes the category of p-adic representations of Gk as a full subcat-
egory of B-pairs.
(2) For an E-linear filtered (¢, N)-module D over K,
W(D) = ((By ®x, D)N="?", Fil’(Bs @k Dx)),
gives a B-pair. If D = Dy(V) for a semistable E-linear Gg-representation V, then W(V) =
W(D).
Definition 1.2. Let W be a BE-pair.

« W is split trianguline if it is a successive extension of objects of rank 1. We call these rank
1 objects the parameters of W.
« W istrianguline if there is a finite extension F/E such that F e W is split trianguline.
- W is potentially trianguline if W restricted to G, for a finite extension L/K is trianguline.
We say a p-adic representation V is split trianguline (trianguline, potentially trianguline, respec-
tively) if the associated B-pair is split trianguline (trianguline, potentially trianguline, respectively).

Example 1.2. If V is semistable, then as W(V) = W(D4(V)), and as ¢ can be made upper trian-

gular after an extension of coefficient field, V is trianguline.

Theorem 1.1 (Berger-Di Matteo). If V, V"’ are two Gy, -representations over a p-adic field E such
that V ®g V' is trianguline, then V and V' are potentially trianguline.

Definition 1.3. A Bi-pair W is A(Q,)-trianguline if it is trianguline and all parameters extend
to Bgﬁ -pairs.

Theorem 1.2 (Berger-Di Matteo). If W, W’ are two Bg-pairs such that Wer W’ is A(Q,)-trianguline,

then W and W’ are potentially trianguline.
154



2. Ingredients of the proofs.
Rank 1 Bg-pairs are classified by Colmez (for K = Q,) and Nakamura (for general K). Namely,
there is a bijection

{characters § : K* — E*} = {rank 1 Bf;-pairs} ,
& — B(J).

Example 2.1. For K = Q,, a Bi-pair is the same as a (¢, I)-module. Given a character § : Q; —
E*, the associated rank 1 (¢,I')-module is just that ¢ acts by 6(p) and I' acts by d|z;.

However, Nakamura’s construction is not as transparent as above example of K = Q, case, and
we need more explicit description.

Given a rank 1 By-pair, we want to first understand W,, a rank 1 E ®q, B,-representation of
Gk. As By = Q, rank 1 B,-representations of Gg are just characters of form Gy — Q,. For a
general E, this strategy cannot be used because E &g, B, has many units. Nevertheless, we have
the following

Proposition 2.1. Let E, = Q,: be the maximal unramified subfield of E. Let ¢y = id ®¢" on
E ®g, B.is. Then, the map

E ®Qp Be — (E ®E0 Bcris)szl,
is an isomorphism.

Now we instead use (E ®g, B.s)?~' and Lubin-Tate theory for E. Let 7 be a uniformizer of E,
and let F be the Lubin-Tate group attached to =, with [7](T) = P(T) = xT+T*. Let y, : O — E*
be the associated Lubin-Tate character.

Proposition 2.2. There exists an elmenet t, € E ®g, B such that g(t;) = x.(g)t, for all g € G
and @g(t;) = 7t;.

Proof. Consider _
E' = OEP = (h_m Oc,/,
x—>xP
and _ _
A" = OE ®@EO W(E+)
Then, given @ € E*, there is a unique lift u € A* such that ¢e(u) = P(u). Take u = (u,) where
u, € F[7"], and let t, = log,(u). O

Let ¥ = Gal(E/Q,). Then, 7 € X acts on E ®g B, via 7 ® ¢"®, where 0 < n(r) < h - 1 such that
T|1th = "9, Let t, = (1 ® ¢")(t,). This satisfies
« 8(t:) = 7(xx(g)t:, for g € G,
* ¢e(ty) = (M)t
Remark 2.1. The product [ ], t; is an E-multiple of the usual  of p-adic Hodge theory. This

is because Ngg,(Xz) = Xcyc! for some unramified character n : Gy — Z.

The above remark implies that ¢.' € E ®g, Bis.
Now we take any n = (n,),es, each n, € Z, such that ) . n. = 0. Then,

P (H tl’f) =[] e(m)™ [T
TEY €Y T
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Note thatas ), _n, =0, v, (I_LG2 T(ﬂ')"’) = 0. Thus, there exists u, € E™ such that

(PE(uﬂ) _ (

Un

11 T(n)"’) .

TEY

Thus, by taking u = [], ¢/ u,, we have ¢g(u) = u.

Proposition 2.3. (1) The element u is a unit of (E ®g, B.s)?~".
(2) Every unit is of this form up to E*.

Proposition 2.4. (1) Every rank 1 E ®q, B.-representation of G is of the form (E ¢, B.)(5),
for some 6 : Gg — E*, where here it really means twist by character § (namely, a tensor
product).

(2) If, as Gg-representaitons, (E ®q, B.)(8) = E ®q, B,, then § is de rham, and the sum of its
weights is zero.

(3) If § is de Rham whose weights sum up to zero, then there is a potentially unramified character
n : Gg — E” such that (E ®g, B.)(dn) = E ®q, B, as Gg-representations.

Remark 2.2. The above result does not hold if E # K.

Now we want to study extensions of B-pairs (which is also studied by Nakamura). For a BE-pair
W, there is a good definition of Galois cohomology H'(Gk, W) for i = 0, which is an E-vector
space. Although we will not define it here, we note some properties.

(1) H'(Gk, W) classifies extensions of Bby W.
(2) There is an exact sequence

W — H'Y(Gk, W) — H'(Gk, W,) ® H'(Gx, Wiz) — H'(Gx, Wig).
This is a very natural compatibility statement.

We want classes in H'(Gg, W) to be zero, so we want Wdcl’;’( = 0. This is not as simple as you might
think even for characters, where one is easily led to think that Wd(;{( = 0 if and only if the character
is not de Rham; this is not true as there are many embeddings of K, so that it might happen that
the character is de Rham via one embedding but not de Rham via other embedding. This is called
partially de Rham (coined by Yiwen Ding). This is why we need A(Q,)-triangulinity, because
in this setting W is de Rham if and only if W # {0}.

Now the last ingredient is a triangulability condition.

Proposition 2.5. Let X,, Y, be irreducible E®q, B.-representations of G. If X.®Y, is split trianguline,
then X, ® Y, is actually a direct sum of rank 1 objects.

3. Applications.

We hope to show that for any p-adic Gk-representations V, V', if V ® V' is trianguline, then V
and V' are potentially crystalline.

Using Theorem 1.1, Andrea Conti showed a statement of the form

“Sym* V trianguline = V potentially trianguline”,

and used this to study eigenvarieties.
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Tos1ias ScHMIDT, MoOD P HECKE ALGEBRAS AND DUAL EQUIVARIANT COHOMOLOGY

1. The Deligne-Langlands conjecture for Hecke modules.

Let F/Q, be a finite extension, and G = GL,(F). Let I be the Iwahori subgroup of G, and
let H = C[I\G/I], the complex Iwahori-Hecke algebra. Let G = GL,(C). The group Wy/Py,
the quotient of Wr by wild inertia subgroup, is generated by ¢, the Frobenius, and v, a lift of
monodromy, where pvgp™! = 0.

The local Langlands correspondence for tame representations can be thought as a bijection

certain irreducible
representations > | complex Smoeth
We/Pr — G G-representations
FILF

with V1 # 0
Using the explicit nature of Wr/Pr, we can transfer the language into
{ certain (s, t) € G } PN { irreducible }
with sts™! = ¢4 H-modules

This is the Deligne-Langlands conjecture for Hecke modules. This is proved by Kazhdan-
Lusztig in 1985.

Proof. Let G/B =: B be the dual flag variety, with an action of G on the left. Let
K é(g) = Ko({ @-equivariant coherent Og-modules}),

R(G) = K,({ @—representations H.

Note that R(é) is a ring and K 6(/‘3) is naturally a module over it.
Now the faithful H-action is R(G)c-linear, so we get a map

e+ H < Endyg (KG(%)C),

such that 7|z identifies Z(H) with R(G)C Now, given (s, t) € G with s sem1s1mp1e and sts™! =
t7, we have an action of H ® (), C on K¢ (%) . C. As s is semisimple, K¢ (%) , Cis just

the Grothendieck group of the category of coherent sheaves on the fixed point part, K (%S)C. This

B° is a finite set of points, so K(8°)¢ is a finite-dimensional vector space, and we use t to single
out the corresponding simple subquotient. O

2. The mod p situation.

We should rather use the pro—p Iwahori subgroup IV c I, and study the mod p pro-p Iwahori
Hecke algebra H® = F,[I®\G/IV]. This has been extensively studied by many people (Vigneras,
Ollivier, Schneider, Grosse Klonne, --).

Theorem 2.1 (Ollivier). The center of HY contains Z°(HV) = Fp[wl, o, Wo_y, wit], such that HY
is a module finite over Z°(HW).

Here w;’s correspond to fundamental weights.
Definition 2.1. A simple HV-module is called supersingular if Z°(HY) acts by w; = 0 for all

i<n.
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Theorem 2.2 (Breuil, Vigneras, Ollivier, Grosse-Klonne). There is a functorial bijection

supseringular .
HY-modules of = {irreducible Wr — G} ,

dimension n
where G = GL,(F,).

Remark 2.1. « Construction is completely algebraic using (¢, I')-modules.
« There is a fully faithful functor inducing the bijection.

Question. Is there some geometric mod p Kazhdan-Lusztig-like construction for the inverse di-
rection of Galois to automorphic?

The first step would be to find all supersingular H"-modules of dimension n in some equi-
variant cohomology of G or B . We first decompose H" into parts using F,[T] ¢ H" where
-
T = < e - > = [/IV, 1t is a semisimple ring, so

q

HD = H H(Y),
yeTvV/Wy

where W, is the Weyl group of G and H"’s are subalgebras of HV.

3. The Iwahori case.
We study the most complicated case, y = 1, where then

HY =F,[NG/I] = @ F,T.,
wew

where W = W{A is the Iwahori-Weyl group, A = @?:1 Zn; and ni(x) = x , with x at
-
the i-th position.

There is a nice presentation of W. Namely, if we let u = ny(1,--,n) € W, then W = QW
where Q = <E> = Z and Wyt = (s = us;u™', sy, , s,_1), where s;’s are simple reflections in W,
Thus, HY = F,[S;, -+, Sp1, U*'] where S; = Ty, U = T, with full set of relations

. S2=-8,

* USi+1 = SiU7

. U251 = Sn—l Uz,

. SiSjSl' = SjSl-Sj,

. S,‘Sj = SjSi for |l —_]| > 2.
We want H-action on K 6(%)3, where now G = GL,(F,) and B = G/B. There is a construction of
Demazure (1976) of Hy-action on K é(%)ﬁp, which works for any characteristic. The construction

as follows: for each i, let P; be the minimal parabolic subgroup which corresponds to the partition
(1,--,1,2,1,-,1) where 2 is at the i-th position. Then, the natural map =; : 8 — G/P; is a P-
bundle. In this way the Grothendieck group of coherent sheaves over G/P; sits naturally inside

the Grothendieck group of coherent sheaves over B, and the idempotent can be given by 7;(7;).;

let —s; act as this.
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Theorem 3.1 (Pepin-Schmidt). The Demazure representation extends uniquely to a faithful H-
representation
o+ H o Endygy, (K(D)),
such that )
Aoy : Z(H)=> Z°HO) = Fylwy, -, woor, will.

Now we try to play the same game. Take a semisimple element s € G,andlet H, := H ® zsFp
act on K(%S)Fp.

Theorem 3.2 (Pepin-Schmidt). If the corresponding central character 0; : Z(H) — F,, is supersin-

—

gular, then K(°B°)g, contains all supersingular H-modules of dimension n corresponding to 6s; </, is
injective.

Example 3.1. If n = 2, by dimension count and injectivity, one has < : H;— Endg (K (@5)@).
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DaNiEL LE, THE MOD P COHOMOLOGY OF SHIMURA CURVES AT FIRST PRINCIPAL CONGRUENCE LEVEL

Notations. Let F/Q, be a finite extension, k be the residue field of its ring of integers O and let F
be some finite extension of k. Let G = GL,(F), and let K = GLy(Op). Let I (resp. ;) be the Iwahori
subgroup (resp. pro-p Iwahori subgroup); the normalizer of I; is N(I;) = ITI%, where Il = ( ol ) Let
K; = ker(GLy(OF) — GLy(k)); N(K;) = KZ. Let F(a, b) = Sym® "’ F?®det ® be a K Z-representation,
where (p p) acts trivially. Let y,;, be the character such that y,, ( [x] [y]) = x%y’ for x,y € k%,
where [-] means Teichmiiller lift; in particular, conjugation by IT yields (o) = xp.a-

1. mod p local Langlands correspondence for GL,(Q,).
« Forp : Go — GL, F of form

_ w*leoun; *
p un)-1 ’

for 0 < a < p-3, the G-representation 7(p) correponding to p via the mod p local Langlands
correspondence (Colmez, Breuil) can be given by

ind$, (F(p-2,a+1))
T-2-1

n(p) =

ind$,(F(a,0))
T-2

Here, the notation means the unique nonsplit extension with the described subquotients.

« On the other hand, if p = Indggp i @&, then
P

ind$, F(a,0)

mp)=—"r

The cosocle filtration of 7(p)X! is computed by Morra.

« In the first case, it is

F(p-1,a) F(p-2,a+1) F(p-1,a) F(a+1,-1)

~. or

F(a,0) F(a,0) F(p-2,a+1)

« In the second case, it is
F(p-2,a+1) F(a-1,1)
o |

F(a,0) F(p-1,a)

We are interested in 7(p)" too; there is an action of II via conjugation and I;-invariants of con-

stituents get swapped by II-conjugation.
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« In the first case, it is

F(p-1,a) F(p-2,a+1) F(p-1,a) F(a+1,-1)
\ / N
\\ / or ml ® JII .
H\ - AN /
= F(a,0) F(a,0) F(p-2,a+1)
« In the second case, it is
F(p-2,a+1) F(a-1,1)
® ‘
F(a,0) F(p-1,a)
~ — ﬁ _ -

For F = Q,, for p : Gr — GL, F an irreducible and generic Galois representation (0 < a < p - 3),
Buzzard expected what 7(p)X should look like:

I N NN
N SNNGLLN

Here, all weights are explicitly given, and in particular, squared weights are in W™ (p), the
explicit expected set of weights predicted by Buzzard-Diamond-Jarvis. The red arrows are II-
conjugations. In particular, the expectation comes from global consideration.

The pro-p Iwahori Hecke algebra in this case has a presentation

H(G Il) = ]P[N(Il)/Il,S];

where S = ), ( A 0) € F[K]. In the diagram, S acts by 0 on 7. From this, Breuil-Paskunas
were led to the following

Definition 1.1 (Breuil-Paskunas). A diagram is 7Y% c 9 where ZN® has an involution by II
and 9 has a GLy(k)-action.

For example, for a smooth G-representation 7 over F, to which (p » ) acts trivially, 7t ¢ 7% is

a diagram. We denote this diagram as Z().

2. Global construction.

Let F/F* be a CM extension, and let v | p in F* be unramified and split in F. Let & be a definite
unitary group over F".

Given an open compact subgroup K < &(A:"™) and an F[K“~]-module L, consider the space
of algebraic automorphic forms

S(K®.L) = {f : B(F\B(Ag) — L| f(gk) = k'f(g) for g € B(Ar). k € K¥} = lim S(K*K,,, L).
Kv
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Suppoer that we are given a modular Galois representation 7 : Gz — GLy(F). Denote p = 7. ,

for a place & | vin F. Let
n(p) = S(K*, L)[m],

which is naturally a G-representation.
Theorem 2.1 (Breuil-Diamond). Ifp is generic, then 2 (x(p)) determines p.

Theorem 2.2 (Hu-Wang, Le-Morra-Schraen, Hu, Dotto-Le). If p is generic, then p determines
D(n(p)). In particular (p)X1 is the maximal K Z -representation such that

* SOCkz 7T @O.EwBD](p)
« o€ WBDJ(p) appears as a Jordan-Holder factor of m(p)X1 with multiplicity 1.

Remark 2.1. (1) In the aforementioned case of Q,, using
=Yy 2 (W) eFK],
Ack

#" with N(I;)-action is determined by the scalar action of (S’II)*, as you can see from the
following diagram about the effect of S’ (blue arrows) that you get back to the original
weight after applying S’II four times:

OO N NN
N NHAN LN S

(2) Breuil-Diamond gave a way to construct a (¢, I')-module out of diagram, Z(x) — M(Z(n)),

so that via Fontaine’s functor, M(Z(x)) corresponds to Ind; QP P’

3. Use of patching axioms.
We list patching axioms which should be satisfied the patched module M, (cf. Caraiani-
Emerton-Gee-Geraghty-Paskunas-Shin). It has an R.[[K]]-action, such that

« M, is a finitely generated S.,[[K]]-module,

« if m is the maximal ideal corresponding to p : Gr — GLy(F), then (M/m)" = Mo[m]" =
T\P),

. Slg[;))pRm M (o(7)) c Spec Ro(7), where o(7)” is the type corresponding to a tame inertial
type, Ru(7) = Re 80 R and M. (V) : = Homy (V. M%),

« M(V) is maximal Cohen-Macaulay over its support Z(V) c Spec R,

- and dlmQ «(0(7)") ®r, Q, = 1 for all Q -points of Spec Rw(7).

These axioms are properties that are expected to be satisfied by a module constructed out of
Taylor-Wiles-Kisin patching (in a modern context). The following two easy algebraic lemmas
will be the key of showing niceness of patched modules.

Lemma 3.1. If M is finitely generated and maximally Cohen-Macaulay over a regular local ring R,
then M is free over R.

Proof. The condition and Auslander-Buchsbaum formula imply that proj. dim M = 0 and thus the

freeness of M over R. U
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Lemma 3.2. If0 > V — Ve V, — V3 — 0 is an exact sequence of finite W(F)[K]-modules,
such that Vi — V3 and V, — V; are surjective, M(V;) is cyclic (i.e. free over Z(V;)) fori = 1,2,3,
and Z(Vy) n Z(V,) = Z(V3), then M (V) is cyclic.

Proof. This follows from
0 —>R/InJ]—RIeR/J]—RI+]—0.

The main geometric input for deformation ring is

Theorem 3.1 (Le). If p : Gr — GLy(F) is generic, then there is x(p) € M(F) such that the
tame Barsotti-Tate deformation ring for p is the local ring of M at x(p), adjoined with some formal
variables, where M = | 2,5, Blo, Py, is the relevant local model.

The local model is the result of gluing infinite copies of blow-ups of Py, at a single point at
the special fiber, so that the special fiber is just an infinite chain of P}’s (horizontal lines above
the chain of Py’s depict the generic fiber which is just the disjoint union of countably many
Poyeyp's):

In particular, the worst singularity you can get is W(F)[[x, y]]/(xy — p), which is still regular.
Thus, we can apply the above lemmas and patching axioms to deduce that M.(V)’s are cyclic,
and thus multipliciy one (following Emerton-Gee-Savitt).

163



Z1JIAN YAO, A CRYSTALLINE PERSPECTIVE ON A;,;-COHOMOLOGY

1. Motivation.
The Ajns-cohomology is a p-adic interpolation of existing cohomology theories. Let K/Q,, be a

finite extension, C = K > O — k. Consider a smooth proper formal scheme X/O., with adic
generic fiber X and special fiber X;. We have following cohomology theories:

« RT'r(X/O¢), with filtration.

« RT4(X,Z,).

« RT;5(X/W(k)), with Frobenius.
We first review the crystalline site. Let (A, I, y) be a PD ring, which means y, : I — I does the
work of “y,(x) = .7 For an A/I-algebra R, we define

A B
CRIS(R) = L i , where (B, ], y’) is a
A/l —=R——=B/J

(pro-nilpotent) PD thickening

With indiscrete topology, this defines a crystaline site, and the cohomology of the sheaf O.;; on
the crystalline site given by

B
Oeris - i — B,
R——B/]
gives the crystalline cohomology, RI.is(R/A).

2. Interpolation.
We want to interpolate the crystalline cohomology, using “RT'4_(X)”. Let Ayt = W(Oc¢+), and

let pp := [€] = 1 € Ajps where € = (1, , G, ) € Ocr. Let P = [(P,Pl/P, )] € Ajs, and & = (p_f’(u) =
[e]-1

—=— € Apns. Let 0 : Apy — Oc, whose kernel is a principal ideal generated by & and also p - p°.

[e]17-1

Theorem 2.1 (Bhatt-Morrow-Scholze). There is a perfect complex RI 4, (X) € D(Ains) such that
(1) RT4, (%) ®" Oc = RUx(X/O¢),
(2) RUan, (O)[1/p1] = RTa(X, Z,) © Awe[1/41],
(3) RT 4 (%) " Acis = R cis(Xoc/p/ Acris) (note this is not the special fiber but just mod p reduc-
tion),
(4) R 4,,(%) " W(k) = Rlao(X,/ W(K),
(5) the cohomology H, (X) is valued in Breuil-Kisin-Fargues modules,
(6) and if X is defined over Ok, then (3) would induces a (Gg, ¢)-equivariant isomorphism

chris(xs/ W(k)) ® Bcris - Rrét(X?’ Zp) ® Bcris~

Remark 2.1. « In Theorem 2.1, (3) is “the most difficult part,” and it implies (4), (5), (6).
+ The proof of Theorem 2.1(3) involves de Rham-Witt complexes. Bhatt-Lurie-Mathew gave
an alternative proof of (4) by reinterpreting the de Rham-Witt complex and working back-
wards.

Our main goal is the following
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Proposition 2.1 (Yao). There is a functorial p-equivarian map
I+ Rlais(Xorp/ Actis) — R (X)8" Acus,
such that it is compatible with the de Rham comparison after ®} Oc.

Remark 2.2. « There is a similar construction over Bj.
« Proposition 2.1 implies Theorem 2.1(4), (5), (6).
« There is a variant for “generalized semistable” X using log formal scheme.
« If X is smooth over O, one can upgrade h to be an isomorphism.

3. Ajpt-cohomology.
Consider the natural functor

v Xproét - %ét-
Then, the definition of A;,;-cohomology can be given as

RrAinf(:{) = R[(X4, LUyRV*Ainf,X)-

We try to justify some notations. The pro-étale site X, has typical objects consisted of “towers
of finite étale covers.” Given a tower

Co Ui U o o Uy > X,

where each U; — U7, is finite étale surjective and U, — X is étale, we say this is affinoid
perfectoid if U; = Spa(R;, R’) and (h'_m)R;r)g[l/p] =: R is perfectoid. It is known that these
objects form a basis for X

When we also consider the natural functor

@ - Xproét — Xet,
we can define various sheaves,
Oy := w*(‘)}ét,
. @ :=lim Oy/p’,
- Oy :=(1i_m(p (9;(/]1,
« and Ay x =" W(0O%.) (using derived completions).

Now we define the decalage operator.

Definition 3.1. Given a ring A, a non-zerodivisor f € A and an f-torsionfree cochain complex M",
the complex ngM™ < M'[1/f] is defined by

(I’]fM)l — {x EfiMi | dx Efi+1Mi+1}.

Then, one can derive this functor to get the decalage operator Ly : D(A) — D(A). This preserves
algebra objects.

In particular, H'(n;M") = H'(M")/H'(M")[f].
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4. Construction of h in Proposition 2.1.
It suffices to construct, for Spf R ¢ X,

hR : chris((R/p)/Acris) - AQRalLAcrisa

where AQg = RI'(Spf R, L1, Rv.Aiyt). The idea is to work locally with nice quotients of perfectoid
rings, quasiregular semiperfectoid rings. This is the natural analogue of locally complete
intersection condition in the world of perfectoids.

Example 4.1. Instead of giving the definition of quasiregular semiperfectoid rings, we give some
examples.

* QC/P =Oc/p°. B -
< Fp[[X17", YU T(X - ) = Fp[[X " ]]8r, o Fp [1X°])
« Oc(XHPHI(X - 1),

We work on a slightly larger category, namely quasisyntomic rings over O¢. This is the
analogue of locally complete intersection without finite-typeness conditions. This makes sense
because there is still a cotangent complex so you can define the notion with Tor-amplitude in
[-1,0].

Lemma 4.1 (Bhatt-Morrow-Scholze). The category of quasiregular semiperfectoid rings over O¢
forms a basis for the category of quasisyntomic rings over Oc.

Lemma 4.2. The functor R — AQ 28 Acris forms a sheaf from the category of quasisynotmic rings
over Oc to D(Acys)-

This means that
Qg8 Acis = holi Q58"
A R® Acris = NOIMR_5$ quasiregular semiperfectoidA s® Acris-
. ~L
Thus, it suffices to construct hy to AQs®  Agyis.

Lemma 4.3. (1) AQSE)?]LAcriS is an algebra and topologically free over A;s.
(2) The natural map

AQB Ay — LQgo. — S — S/p,
is a PD thickening.
This means that this lies in CRIS(S/p). As AQs®" Ay is “affine”, we get the natural map

chris (R/Acris) — AQS§LAcris .

5. Crystalline comparison.
From this we can quickly prove the crystalline comparison, Theorem 2.1(4). From

hR : chris(R/Acris) - AQRgmAcris,
we get the candidate for crystalline comparison map,

hpd W (k) : RTis(R/W(k)) — AQpe" W(k).
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By derived Nakayama’s lemma, we only need to check after ®]‘L4,( pk. But the diagram

Acris > (9C

|

W(k) —— k

. . . . A]L . .
commutes, and by de Rham comparison, hy ®" O¢ is an isomorphism. Thus, hz® k is an isomor-
phism, as desired.
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KiraN KEDLAYA, REPRESENTATIONS OF PRODUCTS OF GALOIS GROUPS

1. Main result.
Let K/Q,, be a finite extension, and let A be a finite set (e.g. the set of simple roots; see Gergely
Zabradi’s talk). Let Gga := []4ea Ck-

Theorem 1.1 (Main theorem, preliminary statement). The category of continuous representations
of finite Z,,-modules is equivalent to the category of “(¢,T)-modules over some rings.” Also, a similar
statement for representations on finite-dimensional Q,-vector spaces.

2. Classical picture.
Let us recall the classical story when |A| = 1. When K = Q,, everything becomes extremely
explicit. Namely we have a commutative diagram

(91-(—> (95

|

O} 0O,

where

« O¢ = Z,(())", the p-adic completion,

. (92 c O¢ is a subring consisted of formal Laurent series on 7 convergent for 1-¢ < || < 1
for some ¢ > 0,

« both O¢ and (9;; have actions of ¢(7) = (1 + 7)? - 1 and, forall y € Z;, y(n) = (1 + 7)¥ - 1,

« O = W(E,((1)pertn = {Z:’:O Prx.] | X, € IFP((T[))}, the p-adic completion of perfect
closure, so that @y — O is defined by 1 + 7 — [1 + 7], the Teichmuller representative,
and

. (5; c O is the subring consisted of ) p"[x,] with v,(x,) = —an - b for some a,b > 0,
which satisfies O} n Op = O}..

Definition 2.1. A (¢,T')-module over Og) or @(g) is a finite module M over that ring plus semilinear
actions of ¢,I" which commute, i.e "M — M and y’M =M forall y € T.

Theorem 2.1 (Fontaine, Cherbonnier-Colmez). If|A| = 1 and K = Q,, then RepZP(GK) is equiva-
lent to the categories of (¢,I')-modules over these rings.

If K # Q,, then by induction process, one formally gets a similar statement where all rings are
replaced with some finite étale extensions and I' is replaced with I'x, the image of Gal(K(p,~)/K)
in Z via cyclotomic character.

Remark 2.1. The trickiest part is 9}, which needs Lazard’s theory of analytic group actions (i.e.
the p-adic Lie group I' acting on (9:;)

3. Multivariable picture.
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Now we want to mimic the classical story with |A|-many variables. We can define an analogous
diagram

O\ O¢a

.

Oé,AC—> OE,A
A
For example, we define O¢ = <®aeA,z,, (95,05) , where the completion is taken with respect to

weak topology.

Example 3.1. If K = Q,, then O¢a/(p") = Z/p'Z[[n, : a € A]][n,' : a € A]. We are thus
completing with respect to some valuation that considers every =,’s. For each a € A, there are
corresponding ¢,-action and I',-action, only acting on 7, and not other variables.

Then, Theorem 1.1 says that RepZP(GK,A) is equivalent to the category of multivariable (¢a, T'a)-
modules over these four rings.

4. Components of proofs.

One proves the case of O » using perfectoid spaces, and deduce the Theorem for other rings
using this case. The latter step can be done in a similar way that is done in the proof of the
classical setting of |A| = 1.

To prove the case of O¢,, WLOG we can now assume that we are in the torsion case. When
|A| = 1, this case is proved first by Fontaine-Wintenberger, who proved that Gx,.) = Gye) -
Then the rest follows using the so-called nonabelian Artin-Schreier-Witt theory or Lang’s thesis;
see Katz in SGA 7.

To do this for the case of |A| > 1, we first use induction to reduce to the case of |A| = 2. Then,

we need to relate
.SpaF, x SpaF, )

%

where F, F, are equicharacteristic perfectoid fields, and ¢, is the “partial Frobenius” acting as
Frobenius only at the first factor. This is because the tilting can only handle the product of the
two partial Frobenii.

m«(SpaFy) x me(SpaFy) = m <

Remark 4.1. This reminds us the so-called “Drinfeld’s lemma”, which is an analogous statement
for schemes over F,,.

Spa FyxSpaFy » - : . . .
Remark 4.2. In fact, “%” is the Fargues-Fontaine curve for F; with coefficients in F,.

To prove this, we first reduce to the case where F,, F, are algebraically closed. Then, the case
of F; = C, reduces to the classification of vector bundles on Fargues-Fontaine curves, which was
done by Weinstein (when F, = C,), Fargues, Scholze.

To enlarge F;, we need an auxiliary argument using “convergence polygons” for p-adic dif-
ferential equations. Roughly speaking, one proceeds step by step by adding one transcendental
variable at a time to F;, and one can view this as a problem regarding a connection on a piece of
a relative curve. Now one uses that the Fargues-Fontaine curves are “proper” to show that the
convergence polygons behave in some uniform way. This way one can reduce the problem to the
case of abelian covers where one can use Artin-Schreier theory.
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