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Abstract. We construct an arithmetic analogue of the quantum local systems on the moduli of

curves, and study its basic structure. Such an arithmetic local system gives rise to a uniform way

of assigning a Galois cohomology class of the �rst geometric étale cohomology of a smooth proper

curve over a number �eld.
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1. Introduction

The quantum representations of mapping class groups Modg,n are widely used terms referring

to the (projective) representations arising from (3-dimensional) topological quantum �eld the-

ories (TQFTs) or those arising from the (projectively) �at connections on the vector bundle of

conformal blocks (the Hitchin connections). They provide an abundance of representations of the

mapping class groups that do not factorize through the Torelli groups, and are useful for the

representation theory of the mapping class groups. For example, certain families of quantum

representations are known to be asymptotically linear, i.e., the intersection of the kernel of all

representations in a family is trivial ([And06], [FWW02]). Many quantum representations are

also known to be integral ([Gil04]), and they can be used to study the modular representation

theory of mapping class groups and symplectic groups ([GM17]).

In this paper, we construct the arithmetic analogues of certain quantum representations of

mapping class groups. Recall that the mapping class group Modg,n is the topological fundamen-

tal group of the moduli stack Mg,n,C of compact Riemann surfaces of genus g with n marked

points (see [Oda97]). Thus, a representation of Modg,n may be considered as a topological local

system onMg,n,C. In this paper, we will construct the analogue of the quantum representations

constructed in [BPS22] (see also [RM23]) as p-adic étale local systems onMg,n,Q. We hope that

one could construct the arithmetic analogue of more general quantum local systems using similar

techniques, if their homological construction is known to exist (cf. [BFS98]).

More precisely, what we achieve in this paper is as follows. Let K be a number �eld, and let

Q ∈Mg,1(K) be a K-rational point, corresponding to a smooth proper curve C of genus g over

K (with a K-rational point). Then, for an odd prime p, we construct the artihmetic Heisenberg
local system ρHeis

Q,p , which is a étale Zp-local system of rank 2g + 1 overM := Mg,1,K . This is
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De�nition 3.5. The construction crucially relies on the relative version of the Puiseux section

construction of Anderson, Ihara, and Matsutomo (e.g., [Mat96]). From this, one may construct

the arithmetic analogues of quantum local systems by composing with a Weil representation.

The arithmetic Heisenberg local system is a non-split extension of the Zp-linear dual of the

relative H1
ét of the universal curve C →M by the cyclotomic character,

0→ Zp(1)→ ρHeis
Q,p →H 1

ét(C/M,Zp)∨ → 0.

This is shown in Lemma 3.11 and Proposition 4.1. Restricting the étale local system at a K-

rational point x ∈ M(K), corresponding to a smooth proper curve C ′ of genus g over K (with

a K-rational point), we obtain a Galois cohomology class

cHeis
Q,x ∈ H1

LS∪{p}(K,H
1
ét(C

′
K
,Zp)(1)),

where S is the set of primes ofK at which eitherC orC ′ has bad reduction, andLS∪{p} is the local

condition of being unrami�ed at each prime ofK away from S∪{p} (see Proposition 4.4)
1

. Thus,

the arithmetic Heisenberg local system ρHeis
Q,p may be regarded as a systematic way of obtaining

a class in the Selmer group of the �rst geometric étale cohomology of a smooth proper curve of

genus g over K , which may have arithmetic applications.

The extension class cHeis
Q,x depends crucially on both Q and x (cf. [Moc99], [Fal98]). Depending

on Q and x, cHeis
Q,x may be simply zero. For example, we suspect that cHeis

Q,x = 0 when Q = x,

but cHeis
Q,x when Q 6= x seems more mysterious, due to the nature of the relative Puiseux sec-

tion construction. We expect that cHeis
Q,x and its generalizations are arithmetically interesting. For

example, in the case of genus 0, the conformal block local system is related to the Knizhnik–

Zamolodchikov (KZ) equations, and their homological/motivic realizations were constructed in

[Loo12] and [BBM19]. It was recently shown in [BFM23] that the arithmetic analogue of the KZ

local system, restricted at certain rational points, yields interesting Galois representations (re-

ferred to as KZ motives). We hope to be able to come back to the problem of computing cHeis
Q,x in

future work.

1.1. Acknowledgements. We thank Richard Wentworth and Junho Peter Whang for inspiring

suggestions.

1.2. Notations. Given a group G, Ĝ is the pro�nite completion of G, and Ĝp is the pro-p com-

pletion of G. A pro�nite group is �nitely generated if there is a dense subgroup generated by

�nitely many elements.

A compact surface of genus g is denoted as Σg, and Σg,n is Σg with n points removed.

2. Relative Puiseux sections of homotopy exact seqences

Our goal of this preliminary section is to develop a relative variant of the theory of tangen-

tial basepoints, or Puiseux sections, as developed by Deligne, Anderson, Ihara, and Matsumoto

([Del89], [AI88], [Iha90], [Mat96]) to produce a particular splitting of the homotopy exact se-

quence of étale fundamental groups. Below, we recall the relevant works in [Mat96] and extend

them to the relative setting.

Our setup is as follows. Let K ⊂ C be a sub�eld of C, and let K ⊂ C be the algebraic closure

of K in C. Let f : X → S be a dominant morphism, such that S is smooth over K , and X
is an integral K-variety. Let D ⊂ X be a relative normal crossings divisor over S (see [Gro03,

1
We also expect that cHeis

Q,x is crystalline when both C and C ′
have good reduction at p; see Remark 4.5.
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XIII.2.1] for the de�nition), and let Y = X − D, which is smooth over S. Let P ∈ D(K), and

let Q ∈ S(K) be the image of P . Suppose that X → S is smooth at P . Choose a small enough

simply connected subset U ⊂ S(C) of Q (which may not be open nor closed). Let Man
S (U)

be the ring of germs of meromorphic functions in open neighborhoods around U which can be

analytically continued into �nitely multivalued unrami�ed meromorphic functions on the whole

S(C). LetMS(U) ⊂Man
S (U) be the algebraic closure of the �eld of rational functions K(S) in

Man
S (U).

Let π1(S(C), U) be the topological fundamental group whose basepoint is any point
2

of U .

Then, by [Mat96, Proposition 1.2], the group homomorphism π1(S(C), U) → AutMS(U),

where a loop γ maps to the “analytic continuation along γ” map γac : MS(U) → MS(U),

gives rise to an isomorphism π1(S(C), U)∧
∼−→ Gal(MS(U)/K(S)), and MS(U) is a max-

imal algebraic extension of K(S) unrami�ed over S ⊗K K . Let ηS : SpecK(S) → S be

the generic point of S, and let ηS : SpecK(X) → S be a geometric point underlying ηS ,

where K(S) is regarded as a sub�eld of K(X). By [Gro03, V.8.2], the natural homomorphism

Gal(K(S)/K(S)) = π1,ét(ηS, ηS) → π1,ét(S, ηS) is surjective and factors through an isomor-

phism Gal(MS(U)/K(S))
∼−→ π1,ét(S, ηS).

Let η : SpecK(X)→ X be the generic point ofX , and let η : SpecK(X)→ X be a geometric

point underlying η. Note that these are also the generic point and the geometric generic point of

Y as well. Also, note that ηS = f ◦ η. Our goal is to construct a splitting of the homotopy exact

sequence

(∗) 1→ π1,ét(YηS , η)→ π1,ét(Y, η)→ π1,ét(S, ηS)→ 1,

using the relative version of the Puiseux section as in [Mat96, Proposition 1.3].

Proposition 2.1. Let d = dimS and e = dimX . Let z1, · · · , zd ∈ mS,Q ⊂ OS,Q form a local
coordinate system of S at Q, and let w1, · · · , we ∈ mX,P ⊂ OX,P form a local coordinate system
of X at P , such that wi = f ∗zi for 1 ≤ i ≤ d. Suppose that D is locally around P cut out by the
equation wc · · ·we = 0 for some d < c < e. Suppose also that the closed subscheme S ′ ⊂ X cut
out by wd+1 = · · · = we = 0 satis�es the property that, on the reduced subscheme (S ′0)red of the
irreducible component S ′0 ⊂ S ′ containing P , f |(S′0)red : (S ′0)red

∼−→ S is an isomorphism.
Let U be a small open neighborhood of P in X(C) such that w1, · · · , we exist as holomorphic

functions on U , with wi(P ) = 0, 1 ≤ i ≤ e, and (w1, · · · , we) : U
∼−→ D(0, ε)e is a bijection onto

the e-th power of a one-dimensional complex open disc of radius ε > 0 for some small ε. We de�ne

V := {x ∈ U : wi(x) ∈ (0, ε) for c ≤ i ≤ e, wi(x) = 0 for other i},

so that (w1, · · · , we) : V
∼−→ {0}c−1 × (0, ε)e−c+1 is bijective. On a small neighborhood of V , for

any N ∈ N and c ≤ i ≤ e, we may de�ne a univalued meromorphic function w1/N
i by

w
1/N
i (x) := e

logwi(x)

N .

LetMf,P
Y (V ) be the integral closure of OY,P ⊂ K(Y ) = K(X) inMX(V ).

(1) Each h ∈Mf,P
Y (V ) has a convergent relative Puiseux expansion

h =
∑

id+1,··· ,ie∈N

aid+1,··· ,iew
id+1

d+1 · · ·w
ic−1

c−1w
ic/N
c · · ·wie/Ne , aid+1,··· ,ie ∈MS(Q),

2
The fundamental group is canonically identi�ed upon any choice of the basepoint in U , as U is simply connected.
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for some N ∈ N.
(2) If we let σ ∈ Gal(MS(Q)/K(S)) act on the coe�cients of h to obtain σ(h), then σ(h) ∈
Mf,P

Y (V ). Thus, this induces a splitting

sP : π1,ét(S, ηS) ∼= Gal(MS(Q)/K(S))→ Gal(MY (V )/K(Y )) ∼= π1,ét(Y, η),

of the homotopy exact sequence (∗).
All of the above remain true when X and S are Deligne–Mumford stacks

3 over K .

Proof. The following argument is an adaptation of the proof of [Mat96, Proposition 1.3] in a

relative setting.

Note that w1, · · · , we are rational functions on X . As π1(U −D(C)) ∼= Zc−e+1
, there exists an

N ∈ N such that, on the cover de�ned by the Cartesian squares

Y ′ �
� //

��

X ′ //

��

(P1)c−e+1

(z1,··· ,zc−e+1)7→(zN1 ,··· ,zNc−e+1)

��
Y �
� // X

(wc,··· ,we)
// (P1)c−e+1.

LetU ′ = U×X(C)X
′(C), and letW be an open neighborhood ofQ inS(C) such that (z1, · · · , zd) :

W
∼−→ D(0, ε)d is a bijection. Note that there is a unique point P ′ ∈ U ′ that sits over P ∈ U .

Then, h, as a �nitely multivalued unrami�ed meromorphic function on Y ′(C)∩U ′, has no mon-

odromy around the divisors w
1/N
i = 0 for c ≤ i ≤ e, so h extends to a univalued meromorphic

function on U ′, regular at P ′. By the de�nition of the local coordinates, X ′ → X
f−→ S restricts

to U ′ → U → W , which we again denote as f by abuse of notation. On U ′, the functions

w1, · · · , wc−1, w
1/N
c , · · · , w1/N

e exist as univalued holomorphic functions, and

(f, wd+1, · · · , wc−1, w
1/N
c , · · · , w1/N

e ) : U ′
∼−→ W ×D(0, ε)e−d,

is a bjiection. Note that, on X ′, w1, · · · , wc−1, w
1/N
c , · · · , w1/N

e are rational functions. Taking the

Taylor series expansion of h on U ′ around the origin gives rise to an expansion of the form

h =
∑

id+1,··· ,ie∈N

aid+1,··· ,iew
id+1

d+1 · · ·w
ic−1

c−1w
ic/N
c · · ·wie/Ne ,

where each aid+1,··· ,ie is a meromorphic function onW holomorphic atQ. By [Mat96, Lemma 1.1]

(K in the lemma is K(S) in our context), aid+1,··· ,ie ∈ K(S).

We claim that each aid+1,··· ,ie is realized as a rational function on a �nite étale cover of S,

thereby implying that aid+1,··· ,ie ∈ MS(Q). As h is a rational function on a �nite étale cover of

Y , we may regard it as a rational function on a �nite étale cover of Y ′, as Y ′ → Y is a �nite étale

cover. Note that P1 z 7→zN−−−→ P1
restricts to {0} ∼−→ {0}, so the closed subscheme S ′′ ⊂ X ′ cut out

by wd+1 = · · · = wc−1 = w
1/N
c = · · · = w

1/N
e = 0 is isomorphic to S ′. Let S ′′0 be the irreducible

component of S ′′ containing P ′. Then, f |(S′′0 )red : (S ′′0 )red
∼−→ S is an isomorphism. As h has no

monodromy around w
1/N
i = 0, c ≤ i ≤ e, it is unrami�ed over S ′′. As a0,··· ,0 = h|S′′ and h is

unrami�ed over S ′′, a0,··· ,0 is a rational function on a �nite étale cover of S ′′, thus on a �nite étale

cover of S.

3
We use the de�nition that an algebraic stack is connected (irreducible, respectively) if its underlying topological

space is connected (irreducible, respectively).
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Suppose that h is a rational function on X ′′, where X ′′ → X ′ is a �nite cover, unrami�ed over

Y ′′ = X ′ − D′, where D =
(⋃

c≤i≤e{w
1/N
i = 0}

)
∪ D′. As wd+1, · · · , wc−1, w

1/N
c , · · · , w1/N

e

are rational functions on X ′′, we see that
∂h

∂wd+1
, · · · , ∂h

∂wc−1
, ∂h

∂w
1/N
c

, · · · , ∂h

∂w
1/N
e

are again rational

functions on X ′′ holomorphic at the preimage of P . Thus, each such partial derivative is an

element ofMf,P
Y (V ). Therefore, by induction on id+1 + · · ·+ ie, we can conclude that aid+1,··· ,ie ∈

MS(Q). This proves (1).

Before we prove (2), we �rst note that, inside K(X), K(S) ∩ K(X) = K(S). Indeed, if

x ∈ K(S) ∩ K(X), then f(x) = 0 for some monic irreducible polynomial f(T ) ∈ K(S)[T ].

On the other hand, due to the section (f |S′)−1 : S
∼−→ (S ′0)red ↪→ X , we have a �eld morphism

p : K(X) → K(S) such that p(y) = y for y ∈ K(S) ⊂ K(X). Therefore, f(x) = 0 implies

f(p(x)) = 0, so f(T ) = T − p(x), which means x = p(x) ∈ K(S).

From the proof of (1), we know that aid+1,··· ,ie ∈ K(S ′′′), where S ′′′ = X ′′ ×X′ S ′′. We may

assume that K(S ′′′)/K(S) is Galois. Our goal is to show that, for any σ ∈ Gal(MS(Q)/K(S)),

σ(h) ∈ Mf,P
Y (V ). AsMS(Q)/K(S ′′′)/K(S) is a Galois subextension, σ acts on the coe�cients

aid+1,··· ,ie via the image of σ along the quotient Gal(MS(Q)/K(S)) � Gal(K(S ′′′)/K(S)). We

may just let the image be denoted σ ∈ Gal(K(S ′′′)/K(S)) for simplicity.

Let L = K(S ′′′) ⊗K(S) K(X), which is a �eld as K(S ′′′) ∩ K(X) = K(S) inside K(X).

Let f(T ) ∈ L[T ] be the monic minimal polynomial of h over L. Let M = L[T ]/(fσ(T )),

where fσ(T ) ∈ L[T ] is the polynomial obtained by applying σ ⊗ id : K(S ′′′) ⊗K(S) K(X) →
K(S ′′′)⊗K(S)K(X) on the coe�cients. LetM ′

be the Galois closure ofM , and let ϕ : X̃ → X be

the normalization of X in M ′
. Then, ϕ factors through X̃

ϕ1−→ X ×S S ′′′
ϕ2−→ X , T is a univalued

function on X̃ , and both ϕ−1(V ) ⊂ X̃(C) and ϕ−1
2 (V ) ⊂ X ×S S ′′′(C) are disjoint unions of

(analytically) isomorphic copies of V . Let V ′ ⊂ ϕ−1
2 (V ) be a connected component of ϕ−1

2 (V ).

Restricting T to each connected component of ϕ−1
1 (V ′), we get a function in Mf,P ′

Y×SS′′′
(V ′) ⊂

Mf,P
Y (V ), where P ′ ∈ V ′ is sent to P ∈ V via ϕ2 : V ′

∼−→ V . Note that there are [M ′ : L] many

connected components ofϕ−1
1 (V ′). If T restricts to the same function inMf,P ′

Y×SS′′′
(V ′) on two dif-

ferent connected components of ϕ−1
1 (V ′), then there exists a nontrivial element τ ∈ Gal(M ′/L)

corresponding to a path between two components on which T restricts to the same function,

which implies that τ(T ) = T . Thus, τ �xes M . Therefore, we get
|Gal(M ′/L)|
|Gal(M ′/M)| = [M : L]

di�erent functions in Mf,P ′

Y×SS′′′
(V ′) by restricting T to di�erent components of ϕ−1

1 (V ′). As

[M : L] = deg f , these functions are exactly the solutions of fσ(T ) in the formal Puiseux series

with coe�cients inMS(Q). As σ(h) is one such solution, σ(h) ∈ Mf,P ′

Y×SS′′′
(V ′) ⊂ Mf,P

Y (V ).

This gives rise to a homomorphism sP : Gal(MS(Q)/K(S)) → Gal(MY (V )/K(Y )). Now

note that the surjective map π1,ét(Y, η)→ π1,ét(S, ηS) is identi�ed with Gal(MY (V )/K(Y )) �
Gal(MS(Q) ⊗K(S) K(Y )/K(Y )) (hereMS(Q) ⊗K(S) K(Y ) is a sub�eld ofMS(Q)), and the

composition of this with sP is obviously an isomorphism by the de�nition of sP . Therefore, sP
provides a splitting to the homotopy exact sequence (∗).

The above argument applies verbatim in the case whenX and S are Deligne–Mumford stacks,

by de�ning holomorphic functions on orbifolds to be holomorphic functions on an étale chart

satisfying compatibility under the corresponding étale equivalence relation and using the orbifold

fundamental groups. �
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3. Arithmetic Heisenberg local systems

Let g ≥ 2 and n ≥ 1 be integers. Let Mg,n be the moduli of curves of genus g with n
marked points over Q, which is a smooth geometrically irreducible Deligne–Mumford stack over

Q. Namely,Mg,n → SchQ,ét is the category �bered in groupoids over the category of Q-schemes

with étale topology, such that, over a Q-scheme S, (Mg,n)S is the groupoid of S-families of genus

g curves with n marked points, in the following sense.

De�nition 3.1. An S-family of genus g curves with n marked points is a tuple (C, σ1, · · · , σn),

where f : C → S is a smooth proper morphism and σ1, · · · , σn are sections of f such that, for

every point s : Spec k → S, Cs is a genus g connected curve and σ1(s), · · · , σn(s) ∈ Cs are

distinct points.

It is well-known that, for any S-family of genus g curves with nmarked points (C, σ1, · · · , σn),

the image of σi is a divisor of C . For such a family, we de�ne C◦ ⊂ C to be the open sub-

scheme obtained by removing the divisors ∪ni=1σi(S). We de�ne the ordered con�guration space
OConfm(C◦/S) of m distinct points on C◦ as

OConfm(C◦/S) := (C◦ ×S C◦ ×S · · · ×S C◦︸ ︷︷ ︸
m times

)\∆,

where ∆ is the diagonal divisor (i.e. the union of all divisors with repeated entries). Note that

Sm acts on OConfm(C◦/S) as the permutation of the entries. We then de�ne the (unordered)

con�guration space Confm(C◦/S) of m distinct points on C◦ as

Confm(C◦/S) := OConfm(C◦/S)/Sm,

where the he quotient is taken in the category of fppf sheaves over S, which is an S-scheme by

[Sta18, Tag 07S7], as OConfm(C◦/S)→ S is quasi-a�ne and the action of Sm is free.

Lemma 3.2.
(1) The formation of Confm and OConfm commutes with the base-change.
(2) For any S-family of genus g curves with nmarked points, the morphismConfm(C◦/S)→ S

is smooth.
(3) For any S-family of genus g curves with n marked points, if S is smooth over Q and irre-

ducible, Confm(C◦/S) is irreducible.

Proof. (1) is immediate from the de�nition of the con�guration space as an fppf quotient. For

(2), note that OConfm(C◦/S) → Confm(C◦/S) is an Sm-torsor (again by the proof of [Sta18,

Tag 07S7]), so is in particular étale. As smoothness is étale-local on the source, and as C◦ → S
is smooth, Confm(C◦/S) → S is smooth. For (3), it su�ces to show that C◦ ×S · · · ×S C◦ is

irreducible. As C◦ ×S · · · ×S C◦ is Q-smooth, it su�ces to show that it is connected. Suppose

not, so that it is expressed as a union of two disjoint nonempty open subsets U1, U2. As π :
C◦ ×S · · · ×S C◦ → S is smooth, it is open, so π(U1), π(U2) are open subsets of S, whose union

is again S. As S is connected, π(U1) ∩ π(U2) 6= ∅. Choose a point p ∈ π(U1) ∩ π(U2). Then,

π−1(p) is a union of two disjoint open sets U1 ∩π−1(p) and U2 ∩π−1(p), and both are nonempty.

Therefore, π−1(p) is disconnected. Thus, to show (3), it su�ces to show that C◦ ×S · · · ×S C◦ is

connected when S is Spec of a �eld of characteristic zero. In that case the underlying topological

space of C◦ ×S · · · ×S C◦ is a self-product of the underlying topological space of C◦. As C◦ is

connected, any self-product is also connected, as desired. �
6



Let φ : Cg,n →Mg,n be the universal curve, and Σ1, · · · ,Σn : Mg,N → Cg,n be the universal

sections. As Confm(C◦g,n/Mg,n) is irreducible by Lemma 3.2(3), we can take its generic point ηC
and geometric generic point ηC . Let ηM and ηM be the generic point and the geometric generic

point ofMg,n, respectively. Let C◦η be the �ber of C◦g,n over ηM . We have the homotopy exact

sequence

(∗∗) 1→ π1,ét(Confm(C◦η/ηM), ηC)→ π1,ét(Confm(C◦g,n/Mg,n), ηC)→ π1,ét(Mg,n, ηM)→ 1.

3.1. Relative Puiseux section on Confm(C◦g,n/Mg,n) → Mg,n. Using the relative Puiseux

sections developed in §2, we construct a splitting of the homotopy exact sequence (∗∗). Let

K ⊂ C be a sub�eld, andQ ∈Mg,n(K) be aK-rational point, corresponding to (C, σ1, · · · , σn).

Let z1, · · · , z3g+n−3 ∈ mMg,n,Q ⊂ OMg,n,Q form a local coordinate system of Mg,n at Q. Let

w0, w1, · · · , w3g+n−3 ∈ mCg,n,Σ1(Q) form a local coordinate system of Cg,n at Σ1(Q), where wi =
φ∗zi for 1 ≤ i ≤ 3g+n−3, and the divisor Σ1(Mg,n) is locally cut by the equation w0 = 0. Note

that w0 is sent to a uniformizer of mC,σ1 via the natural quotient map. We de�ne C◦g,n →Mg,n as

C◦g,n := Cg,n −
⋃n
i=2 Σi(Mg,n).

Using w0, we obtain a morphism w : Cg,n,K → P1
K , which is smooth of dimension 3g + n− 3

at Σ1(Q). Note that (w, φ) : Cg,n,K → P1
K ×KMg,n,K = P1

Mg,n,K
is étale at Σ1(Q). As in [Mat96,

§1.4], we de�ne a morphism

α : Am
t := SpecK[t1, · · · , tm]→ Am

u := SpecK[u1, · · · , um],

by ui 7→ titi+1 · · · tm. Then α restricts to an isomorphism

α : Am
t −Dt

∼−→ OConfm(A1
K − {0}/ SpecK),

where Dt is the union of divisors {ti = 0}, for 1 ≤ i ≤ m − 1, {ti = 1}, for 1 ≤ i ≤ m − 1,

{tm = 0}, and {titi+1 · · · tj = 1}, for 1 ≤ i < j ≤ m − 1. We denote wm the restriction of

w × w × · · · × w to Cm, where

Cm :=
(
C◦g,n,K − w

−1(∞)
)
×Mg,n,K

· · · ×Mg,n,K

(
C◦g,n,K − w

−1(∞)
)︸ ︷︷ ︸

m times

.

Consider the Cartesian square

X
wX //

��

Am
t

α

��
Cm

wm
// Am

u .

Note that (wm, φ) : Cm → Am
u ×KMg,n,K is étale at (Σ1(Q), · · · ,Σ1(Q)). Therefore, (wX , φ) :

X → Am
t ×KMg,n,K is étale at the �ber in X above (Σ1(Q), · · · ,Σ1(Q)), and this �ber maps

isomorphically via (wX , φ) to the �ber in An
t ×KMg,n,K over (0, · · · , 0, Q) ∈ Am

u ×KMg,n,K .

Thus, there is a unique point P on this �ber which maps to (0, · · · , 0, Q) ∈ Am
u ×KMg,n,K and
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P is K-rational. We de�ne Y by the �ber product

Y �
� //

��

Cm
wm

��
OConfm(A1

K − {0}/ SpecK) �
� // Am

u

Am
t −Dt

∼=

OO

� � // Am
t .

α

OO

Clearly Y is an open subspace of OConfm(C◦g,n/Mg,n). Moreover, we have the following Carte-

sian diagram,

Y �
� //

��

X

wX

��
Am
t −Dt

� � // Am
t ,

which implies that the complementD of Y inX is a normal crossing divisor locally at P , cut out

locally by t1 · · · tm = 0, where t1, · · · , tm are the local coordinates of X at P pulled back from

that of Am
t at (0, · · · , 0).

Lemma 3.3.
(1) The morphism X →Mg,n,K is dominant, and X is integral.
(2) The smooth locus of the morphism X →Mg,n,K contains Y and P .
(3) The closed subscheme S ′ ⊂ X cut out by t1 = · · · = tm = 0 satis�es the property that

X → Mg,n,K restricts to (S ′0)red
∼−→ Mg,n,K , where S ′0 is the reduced subscheme of the

irreducible component of S ′ containing P .

Proof. Note that an open dense subspace of X is isomorphic to an open dense subspace of

C◦g,n,K ×Mg,n,K
· · · ×Mg,n,K

C◦g,n,K︸ ︷︷ ︸
m times

.

As the map from this space toMg,n,K is a smooth surjective morphism with irreducible �bers,

and asMg,n,K is irreducbile, it follows that the above space is irreducible (e.g. [Sta18, Tag 004Z]).

It follows that X →Mg,n,K is dominant, and that X is irreducible.

Let

⋃
j∈J Vj be an étale chart ofMg,n,K consisting of a�ne schemes, and over each Vj ,

⋃
i∈Ij Uij

be an a�ne open cover of C◦g,n,K − w−1(∞) ×Mg,n,K
Vj . Let Vj = SpecBj and Uij = SpecAij .

Restricting w to Uij corresponds to an element fij ∈ Aij . Then, X is covered by the a�ne

schemes of the form

Spec

(
Ai1j ⊗Bj

· · · ⊗Bj
Aimj

)
[u1, · · · , um−1]

((fi1 ⊗ · · · ⊗ 1)u1 − (1⊗ fi2 ⊗ · · · ⊗ 1), · · · , (1⊗ · · · ⊗ fim−1 ⊗ 1)um−1 − (1⊗ · · · ⊗ fim))

= Spec
(
Ai1j ⊗Bj

· · · ⊗Bj
Aimj

)〈1⊗ fi2 ⊗ · · · ⊗ 1

fi1 ⊗ · · · ⊗ 1
, · · · , 1⊗ · · · ⊗ fim

1⊗ · · · ⊗ fim−1 ⊗ 1

〉
,

for i1, · · · , im ∈ I , where

(
Ai1j ⊗Bj

· · · ⊗Bj
Aimj

) 〈1⊗fi2⊗···⊗1

fi1⊗···⊗1
, · · · , 1⊗···⊗fim

1⊗···⊗fim−1
⊗1

〉
is the sub-

ring of Frac
(
Ai1j ⊗Bj

· · · ⊗Bj
Aimj

)
generated over

(
Ai1j ⊗Bj

· · · ⊗Bj
Aimj

)
by the speci�ed

elements. This ring is evidently reduced, so X is integral. This proves (1).
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As Y is an open subspace of Cm, Y → Mg,n,K is smooth. We have already seen that X →
Mg,n,K is smooth at P . This proves (2).

Note that (0, · · · , 0) ∈ Am
t is sent isomorphically to (0, · · · , 0) ∈ Am

u via α, so S ′ is sent

isomorphically to {w = 0}m via X → Cm. Note that, in a Zariski open neighborhood of P ,

{w = 0}m coincides with Σ1(Mg,n)×Mg,n · · · ×Mg,n Σ1(Mg,n) ∼=Mg,n. AsMg,n is irreducible,

S ′0 andMg,n underlie the same topological space. Therefore, (S ′0)red →Mg,n is an isomorphism.

This proves (3). �

Using Lemma 3.3 and that (wX , φ) : X → An
t ×KMg,n,K is étale atP , we can apply Proposition

2.1 to Y →Mg,n,K , with P and Q. Thus, we obtain the relative Puiseux section

sP : π1,ét(Mg,n,K , ηM)→ π1,ét(Y, ηOC),

of the natural surjective morphism π1,ét(Y, ηOC) → π1,ét(Mg,n,K , ηM), where ηOC and ηOC are

the generic point and the geometric generic point of OConfm(C◦g,n,K/Mg,n,K), respectively. As

the natural surjective morphism π1,ét(Y, ηOC)→ π1,ét(Mg,n,K , ηM) factors throughπ1,ét(Y, ηOC)→
π1,ét(OConfm(C◦g,n,K/Mg,n,K), ηOC) → π1,ét(Confm(C◦g,n,K/Mg,n,K), ηC) → π1,ét(Mg,n,K , ηM),

the relative Puiseux section sP also gives rise to the relative Puiseux section

sP : π1,ét(Mg,n,K , ηM)→ π1,ét(Confm(C◦g,n,K/Mg,n,K), ηC),

of the natural surjective morphism π1,ét(Confm(C◦g,n,K/Mg,n,K), ηC) → π1,ét(Mg,n,K , ηM), by

the abuse of notation.

3.2. Arithmetic Heisenberg local systems. Using the relative Puiseux section sP constructed

in §3.1, we de�ne the arithmetic analogue of the Heisenberg local systems de�ned in [BPS22].

From now on, we always assume thatn = 1, as was done in op. cit. The action of π1,ét(Mg,1,K , ηM)
on π1,ét(Confm(C◦η/ηM), ηC) via the section sP gives rise to a homomorphism

ρQ : π1,ét(Mg,1,K , ηM)→ Autcont π1,ét(Confm(C◦η/ηM), ηC),

where Autcont is the group of continuous automorphisms. By [Gro03, Corollary XII.5.2] and

[Lan24, Theorem 1.1], π1,ét(Confm(C◦η/ηM), ηC) ∼= π1,(Confm(C◦(C)/C), ∗)∧ for any embed-

ding of Q(Mg,1) ↪→ C. In the literature, π1(Confm(C◦(C)/C), ∗) is called the surface braid
group, and will be denoted Bm(Σg,1). On the other hand, π1,ét(Mg,1,K , ηM) is called the arith-
metic mapping class group over K , and will be denoted AModg,1,K (if K = Q we will often omit

K from the subscript). The name originates from the fact that AModg,1,K sits in between the

short exact sequence

1→ π1,ét(Mg,1,K , ηM)→ AModg,1,K → Gal(K/K)→ 1,

and the �rst term of the short exact sequence is identi�ed with the pro�nite completion of the

mapping class group Mod∧g,1 by applying the same comparison results between étale and topo-

logical fundamental groups over algebraically closed �elds of characteristic 0 to [Oda97], which

shows that π1(Mg,1(C), ∗) is isomorphic to the mapping class group Modg,1.

Thus, from the relative Puiseux section sP , we obtain a homomorphism

ρQ : AModg,1,K → Autcont (Bm(Σg,1)∧) .

This is in general a very complicated homomorphism; Autcont(Bm(Σg,1)∧) is a massive group.

For example, it is known that Outcont Bm(Σ0,1)∧ contains the Grothendieck–Teichmüller group

(see [MN22] for the detail).
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On the other hand, the metabelianization Bm(Σg,1)metab
has the structure of a Heisenberg

group (e.g. [BGG17]). Recall that, for a group G, the metabelianization Gmetab
is de�ned by

Gmetab := G/[G, [G,G]]. It is ametabelian group, i.e. a group whose commutator group is abelian.

The metabelianizationGmetab
has the universal property that any group homomorphismG→ H

to a metabelian groupH factors through the metabelianizationG→ Gmetab → H . The same def-

inition works well for �nitely generated pro�nite groups by [NS07, Theorem 1.4]
4

, which satis�es

the similar universal property for homomorphisms to metabelian pro�nite groups.

We will from now on restrict to the p-part of ρQ, where p > 2 is an odd prime number. Namely,

we consider the homomorphism

ρQ,p : AModg,1,K → Autcont(Bm(Σg,1)∧p ),

obtained by composing ρQ with the natural map
5 Autcont(Bm(Σg,1)∧)→ Autcont(Bm(Σg,1)∧p ).

Lemma 3.4. Any (continuous)6 automorphism of Bm(Σg,1)∧p uniquely induces a (continuous) au-
tomorphism of (Bm(Σg,1)metab)∧p , giving a natural group homomorphism Autcont(Bm(Σg,1)∧p ) →
Autcont((Bm(Σg,1)metab)∧p ).

Proof. For a �nitely generated group G, we claim that (Ĝp)
metab ∼= (Gmetab)∧p . The Lemma will

then follow, as the metabelianization is clearly a (topological) characteristic quotient for �nitely

generated pro-p groups. Note that the pro-p completion of a metabelian group is metabelian

(i.e. any two commutators commute with each other), so (Gmetab)∧p is a metabelian pro-p group.

Thus, the natural homomorphism Ĝp → (Gmetab)∧p factors through (Ĝp)
metab → (Gmetab)∧p . On

the other hand, the natural homomorphism G → Ĝp gives rise to a homomorphism Gmetab →
(Ĝp)

metab
. As (Ĝp)

metab
is pro-p, the universal property of the pro-p completion gives a natural

homomorphism (Gmetab)∧p → (Ĝp)
metab

. It is straightforward to check that these two homomor-

phisms are inverses to each other. �

De�nition 3.5. As per Lemma 3.4, we may construct the arithmetic Heisenberg local system on

the moduli of curves,

ρHeis
Q,p : AModg,1,K → Autcont((Bm(Σg,1)metab)∧p ).

The reason why the above homomorphism is called the arithmetic Heisenberg local system is

as follows: (Bm(Σg,1)metab)∧p has a structure of a p-adic Heisenberg group.

Lemma 3.6. Let m ≥ 3 and g ≥ 1. The pro-p group (Bm(Σg,1)metab)∧p is the central extension of
H1(Σg,Zp) by Zp,

0→ Zp → (Bm(Σg,1)metab)∧p → H1(Σg,Zp)→ 0,

corresponding to the intersection symplectic pairing ω : H1(Σg,Zp)×H1(Σg,Zp)→ Zp.

4
The correct de�nition of the metabelianization of a topological group G would be Gmetab := G/[G, [G,G]]. By

loc. cit., we do not need to take the closures of the commutator groups.

5
One way to see the existence of the natural homomorphism is as follows. As Bm(Σg,1)∧ is a �nitely generated

pro�nite group, by [NS07, Theorem 1.1], Bm(Σg,1)∧p is the pro-p completion of Bm(Σg,1)∧, from which the existence

of the natural homomorphism is obvious.

6
The continuity condition is unnecessary thanks to [NS07, Theorem 1.1].
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Proof. The metabelianization Bm(Σg,1)metab
is well-known (e.g. [BGG17, Proposition 3.13]); it is

the central extension of H1(Σg,Z) by Z, corresponding to the intersection pairing H1(Σg,Z) ×
H1(Σg,Z)→ Z. The Lemma follows from the fact that pro-p completion is exact on the category

of �nitely generated nilpotent groups (e.g. [DdSMS99, Exercise 1.21]). �

De�nition 3.7. Analogous to [BPS22] (see also [RM23]), we may de�ne an arithmetic quan-
tum local system as follows. Note that HpN :=

(Bm(Σg,1)metab)∧p

((Bm(Σg,1)metab)∧p )pN
is the Heisenberg group for

H1(Σg,Z/pNZ). By the Stone–von Neumann theorem for �nite Heisenberg groups (e.g., [Lys22,

Proposition 2.1]), given a nondegenerate character ψ : Z/pNZ→ Qp (i.e, ψ(x) = ζxpN for a primi-

tive pN -th root of unity ζpN ∈ Qp), there is a unique irreducible representation (ρψ, Vψ) ofHpN of

central characterψ overQp. This gives rise to a projective representation Aut(HpN )→ PGL(Vψ),

which can be composed with ρHeis
Q,p to de�ne a representation AModg,1,K → PGL(Vψ).

The (continuous) automorphism group of the p-adic Heisenberg group (Bm(Σg,1)metab)∧p is

manageable.

Lemma3.8. The continuous automorphism groupAutcont((Bm(Σg,1)metab)∧p ) can be identi�edwith
a parabolic subgroup of GL2g+1(Zp) = GL(Zp ⊕H1(Σg,Zp)),

Autcont((Bm(Σg,1)metab)∧p ) ∼=
(

GL1(Zp) ∗
0 GSp2g(Zp)

)
⊂ GL2g+1(Zp).

Proof. Let Autcont((Bm(Σg,1)metab)∧p )0
be the subgroup of Autcont((Bm(Σg,1)metab)∧p ) consisting

of the elements that �x the commutator subgroup Zp of (Bm(Σg,1)metab)∧p . Then,

Autcont((Bm(Σg,1)metab)∧p )

Autcont((Bm(Σg,1)metab)∧p )0
∼= GL1(Zp).

Thus, it su�ces to show that

Autcont((Bm(Σg,1)metab)∧p )0 ∼=
(

1 ∗
0 GSp2g(Zp)

)
⊂ GL2g+1(Zp).

Here GSp2g(Zp) is really regarded as GSp(H1(Σg,Zp), ω). Note that the unipotent radical is

naturally identi�ed with HomZp(H1(Σg,Zp),Zp). Given ψ ∈ HomZp(H1(Σg,Zp),Zp) and g ∈
GSp(H1(Σg,Zp)), we de�ne ϕψ,g ∈ Autcont((Bm(Σg,1)metab)∧p ) as

ϕψ,g(a, x) := (a+ ψ(x), gx).

It is straightforward to check that ϕψ,g ∈ Autcont((Bm(Σg,1)metab)∧p )0
and that this gives rise to

the desired isomorphism. �

Remark 3.9. Note that Lemma 3.8 does not mean that an element of the parabolic subgroup as

de�ned in the Lemma acts Zp-linearly. After all, (Bm(Σg,1)metab)∧p is a non-abelian group.

Taking the Levi quotient, we obtain maps

Autcont((Bm(Σg,1)metab)∧p )→ GL1(Zp), Autcont((Bm(Σg,1)metab)∧p )→ GSp2g(Zp)→ GL2g(Zp).

De�nition 3.10. We de�ne ρHeis
Q,sub,p and ρHeis

Q,quo,p be the subrepresentation and the quotient repre-

sentation of ρHeis
Q,p corresponding to composing ρHeis

Q,p with the natural maps Autcont((Bm(Σg,1)metab)∧p )→
GL1(Zp) and Autcont((Bm(Σg,1)metab)∧p )→ GL2g(Zp), respectively.
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Thus, the (a priori non-linear) information from the metabelian group gives us a linear (!)

extension of Zp-étale local systems onMg,1,K ,

(†) 1→ ρHeis
Q,sub,p → ρHeis

Q,p → ρHeis
Q,quo,p → 1.

Note that ρHeis
Q,sub,p is a character and ρHeis

Q,quo,p is of dimension 2g. Note also that the extension is

non-split, as its geometric part ρHeis
Q,p |Mod∧g,1

is indecomposable.

Lemma 3.11. The extension (†) restricted to the geometric mapping class group Mod∧g,1 is non-split.

Proof. We use the notation of [BG07, Fig. 1]. Note that the image of [δ1, δ2] ∈ Bm(Σg,1) in

Bm(Σg,1)metab
is a nonzero element in the commutator subgroup. One may thus accordinly ap-

ply Dehn twists to δ1 to obtain an element in the commutator subgroup of Bm(Σg,1)metab
. This

implies that, for any set-theoretic splitting of (†), the Zp[Mod∧g,1]-module generated by the lifts of

the elements of Bm(Σg,1)ab
in Bm(Σg,1)metab

will contain [Bm(Σg,1)metab,Bm(Σg,1)metab], which

implies that it would generate the whole ρHeis
Q,p |Mod∧g,1

. This implies that there is no splitting re-

specting the Mod∧g,1-action. �

4. Galois cohomology classes from the arithmetic Heisenberg local systems

We �rst show that the local subsystem and the quotient local system are of classical nature.

Proposition 4.1.
(1) The quotient local system ρHeis

Q,quo,p coincides with the p-adic étale local system (R1φ∗,étZp)∨,
where (·)∨ is the Zp-linear dual.

(2) The character ρHeis
Q,sub,p coincides with the composition AModg,1,K � Gal(K/K)

χcyc
p−−→ Z×p

where χcyc
p is the p-adic cyclotomic character.

Proof. We �rst show (1). The quotient local system ρHeis
Q,quo,p is, by de�nition, (R1c∗,étZp)∨, where

c : Confm(C◦g,1,K/Mg,1,K) →Mg,1,K . Let t : Pic0(Cg,1,K/Mg,1,K) →Mg,1,K be the relative Pi-

card scheme. Then, there is a natural morphism Confm(C◦g,1,K/Mg,1,K)→ Pic0(Cg,1,K/Mg,1,K),

{x1, · · · , xm} 7→ x1 + · · · + xm − mσ. As R1t∗,étZp ∼= R1φ∗,étZp, by functoriality, there is a

natural map R1φ∗,étZp ∼= R1t∗,étZp → R1c∗,étZp, and we claim that this map is an isomorphism.

As the étale site has enough points (see [Sta18, Tag 04K5]), we may check that this is an isomor-

phism by checking at every geometric point ofMg,1,K . Therefore, it su�ces to show that, for an

algebraically closed �eld k of characteristic 0 of �nite transcendence degree over K and a genus

g curve C/k with a section σ ∈ C(k), the analogous map Confm(C◦/k) → Pic0(C/k) induces

an isomorphism H1
ét(Pic0(C/k),Zp)

∼−→ H1
ét(Confm(C◦/k),Zp). We may embed k into C and

the isomorphism may be checked after base-changing k to C. By Artin comparison, it su�ces

to show that H1(Pic0(C(C)),Zp)
∼−→ H1(Confm(C◦(C)),Zp), which will follow if we show that

π1(Confm(C◦(C)))ab⊗ZZp = Bm(Σg,1)ab⊗ZZp → π1(Pic0(C(C)))ab⊗ZZp is an isomorphism.

By [BGG17, §3.2], we see that the torsion group of Bm(Σg,1)ab
is just Z/2Z, and the basis of the

torsion-free part can be given by moving one of the m points around the standard basis loops

of H1(C(C),Z) = π1(C(C))ab
. This implies that these basis elements of Bm(Σg,1)ab

are sent to

the images of the basis loops of π1(C(C))ab
sent to π1(Pic0(C(C)))ab

, translated by a particular

element. This implies that Bm(Σg,1)ab ⊗Z Zp → π1(Pic0(C(C)))ab ⊗Z Zp is an isomorphism, as

desired.
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We now show (2). The restriction of ρHeis
Q,p to Mod∧g,1 comes from the relative Puiseux section of

the homotopy exact sequence applied to Confm(C◦
g,1,K

/Mg,1,K) → Mg,1,K . Therefore, this re-

striction is the pro-p completion of the homomorphism Modg,1 → Aut(π1(Confm(C◦), ∗)metab)
coming from the topological �bration Confm(C◦g,1(C)/Mg,1(C)) → Mg,1. By [BPS22, Propo-

sition 13], it follows that Modg,1 �xes the commutator subgroup Z ⊂ π1(Confm(C◦), ∗)metab
.

This implies that ρHeis
Q,sub,p|Mod∧g,1

is trivial, so that ρHeis
Q,sub,p factors through a Galois character χ :

Gal(K/K)→ Z×p .

We use Q to obtain the splitting tQ : Gal(K/K) → π1,ét(Mg,1,K , ηM) of the homotopy exact

sequence

1→ π1,ét(Mg,1,K , ηM)→ π1,ét(Mg,1,K , ηM)→ Gal(K/K)→ 1.

Similarly, we use the Puiseux section associated with P to obtain the splitting tP : Gal(K/K)→
π1,ét(Confm(C◦g,1,K/Mg,1,K), ηC) of the homotopy exact sequence

1→ π1,ét(Confm(C◦
g,1,K

/Mg,1,K), ηC)→ π1,ét(Confm(C◦g,1,K/Mg,1,K), ηC)→ Gal(K/K)→ 1.

From the construction of the relative Puiseux section sP , it follows easily that tP = sP ◦ tQ.

Therefore, for g ∈ Gal(K/K), χ(g) ∈ Z×p is such that, for any a in the commutator subgroup Zp
of (π1,ét(Confm(C◦η/ηM), ηC)metab)∧p , we have χ(g)a = tP (g) · a.

Note that, under the presentation used in the proof of Lemma 3.8, (b, x)(c, y)(b, x)−1(c, y)−1 =
(2ω(x, y), 0), regardless of what b, c ∈ Zp you take. Therefore, applying to a = 2ω(x, y), we

see that χ(g) is the scalar such that χ(g)ω(x, y) = ω(tQ(g)x, tQ(g)y), where π1,ét(Mg,1,K , ηM)
acts on (π1,ét(Confm(C◦η/ηM), ηC)ab)∧p as the (outer) action coming from the homotopy exact

sequence (∗∗). Therefore, this is on the Galois equivariance property of ω on the restriction of

the étale local system (R1φ∗,étZp)∨ at Q. As the intersection pairing is Poincaré dual to cup

product pairing, and as the GK-representation V = H1
ét(CK ,Zp) satis�es V ∨ ∼= V (1) for any

smooth proper curve C over K , it follows that ω : V ∨ × V ∨ → Zp(1) is Galois equivariant. This

shows (2). �

Remark 4.2. One may also prove Proposition 4.1(1) by applying the proof of [Mat96, Theorem

1.1(ii)] to the context of relative Puiseux sections.

Therefore, given Q ∈Mg,1(K), the arithmetic Heisenberg local system ρHeis
Q,p gives a universal

way of obtaining a Galois extension class of the �rst étale cohomology of a curve.

De�nition 4.3. Let x ∈Mg,1(L) be an L-rational point, for a �eld extension L/K , correspond-

ing to a smooth proper curve C over L, and an L-rational point s ∈ C(L). By Proposition 4.1,

restricting (†) at x gives a short exact sequence of Zp[Gal(L/L)]-modules,

0→ Zp(1)→ (ρHeis
Q,p )|x → H1

ét(CL,Zp)(1)→ 0.

We de�ne the Heisenberg extension class

cHeis
Q,x ∈ Ext1

Zp[Gal(L/L)]
(H1

ét(CL,Zp),Zp) = H1(L,H1
ét(CL,Zp)(1)),

as the Galois cohomology class corresponding to the (Tate twist of the) above extension.

We end by showing that the Heisenberg extension class has the expected local properties at

good primes, at least away from p.
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Proposition 4.4. Let L/K be number �elds, and let Q ∈ Mg,1(K), x ∈ Mg,1(L). Let C be the
curve of genus g overK and s ∈ C(K) be the rational point, corresponding to Q, and let (C ′, s′) be
the pair of a curve over L and its L-rational point corresponding to x.

Let v be a �nite prime of L such that v - p. Suppose that both CL and C ′ have good reduction at
v. Then, cHeis

Q,x is unrami�ed at v.

Proof. We may base-change Q to L and the problem does not change, so we may assume that

K = L. We use the integral model Cg,1,OLv
→Mg,1,OLv

of Cg,1,L →Mg,1,L, which is still smooth

and proper. The construction of the relative Puiseux section carries through even for schemes

over OLv , as long as the condition f |(S′0)red

∼−→ S being an isomorphism holds integrally. Indeed

the construction of §3.1 works integrally. Therefore, there is a relative Puiseux section sP,OLv

that is compatible with sP restricted to Lv,

1 // π1,ét(Confm(C◦η/ηM), ηC)∧p // π′1,ét(Confm(C◦g,1,Lv
/Mg,1,Lv), ηC) //

��

π1,ét(Mg,1,Lv , ηM) //

��

sP,Lv

vv
1

1 // π1,ét(Confm(C◦η/ηM), ηC)∧p // π′1,ét(Confm(C◦g,1,OLv
/Mg,1,OLv

), ηC) // π1,ét(Mg,1,OLv
, ηM) //

sP,OLv

ii
1.

Here, the notation π′1,ét is that of [Gro03, Expose XIII, §4], and the homotopy exact sequence

exists on the integral level as OLv has residue characteristic 6= p.

Therefore, the arithmetic Heisenberg local system ρHeis
Q,p restricted to AModg,1,Lv factors through

AModg,1,Lv � π1,ét(Mg,1,OLv
, ηM)→ Autcont((Bm(Σg,1)metab)∧p ).

As x has good reduction at v, x extends to a point x̃ ∈Mg,1,OLv
(OLv), and the rational points give

rise to sections Gal(Lv/Lv) → π1,ét(Mg,1,Lv , ηM) and Gal(OLv/OLv) → π1,ét(Mg,1,OLv
, ηM)

that are compatible with each other. Therefore, the restriction of the arithmetic Heisenberg local

system at x, ρHeis
Q,p |x, restricted to Gal(Lv/Lv) factors through Gal(OLv/OLv), which implies that

cHeis
Q,x is unrami�ed at v. �

Remark 4.5. Although we are currently unable to prove it, we also expect that cHeis
Q,x is crys-

talline under the same hypothesis as Proposition 4.4 with instead v|p. This will follow from a

generalization of [AIK15] to the relative setting, involving crystalline local systems.
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