
Hermition Symmetric Domains

Z -> F -

-H &

--- i z
-

M Smooth manifold , PEM , Omp . Tp(M) = [1 derivations Xp : Om
, p -R.?

va M open ,
X smooth vertor field on U if X = (Xp) , XpETpM Set.

# f Om (U)
,

pi-Xptp is smooth. A smooth r-tensor field on U is

a family t = <tp) , tp : (TpM)" -> R multilinea S .

t. F Smooth rector field

X , . . . . -,
Xr on U

,
P1) tp(Xp , ... , Xrp) is smooth .

A Riemannian monifold is a smooth manifold M with a smooth 2-tessor field

& s.

t. Open , Sp : TpMXTpM -> R is symmetric and positive def.

Locally for coordinates IX',
..., Xv) around p , 9p= [gijup)dx" dx" where

gijcp) = gp)i- 5)
.

An almost-complex structure on a smooth manifold M is a smooth tensor field

7 = (Jp) . Tp : TpM -> TpM , Jp=-1 . Integrable almost-complex structure

(locally X.
- - - -

X*
- y', --

, y" ,

arises from complex structure.
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A Hermitial metric on a complex manifold M is a Riemannial metric & S .

t.

9) (TX
,

JT) = g(X , ) . (M
, g) is called a Hermitian manifold.

A manifold is called homogeneous if its automorphism groupauts transitively ,
i . e.

↑ P , 8 , E4E Ant S . t . 4cp>=8. A manifold is called symmetric if it is

homogeneous and E (F) P , ESpAnt , Sp=1 , P is the only fixed point

for Sp in a nbld. The involution Sp is called the symmetry at p.

A connected Symmetric Riemannian manifold is called a symmetric space. For example

(MV
,

Edx" * dx") is a symmetric space , the transtims are Bometries and

X -> - X B a symmetry at 0 .

Let <M , 9) be a Hermitian manifold ,
Ant(M , g) be the automorphism group of

holomorphic iometries. A connected symmetric hermition manifold is called a Hermitic

symmetric space.
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Stz(E) acts on 21
, SLE) (Ant (11)

.

Sy

+9) ivx+ iy = 10 andE > E is a symmetry at i.















Prop . If Ad(2) is a Cortan involution of G
, then every f. d . R-rep of G

has a c-polarization . Conversely if one faithful f. d . R-rep of G carries a

[ - polarization , then Ad(a) is Cartan involution ,

P8. Let P : G + GL(V) be a R-rep. of G. For any G-chrariant bitea

form 4 on V
,

Yc is G(C) - Invariant ,
4'Ln , v) = 4c(U , 5). Then

4(gu , iv) = y(( , v) , vg = G(() ,
u ,

ve V(()

=> dign ,
c c+jav) = e'(n

, (r)

=> +: (gm · (Ad(>5]v) = 4: (a
,

v3

If O faithful and I is a 2-polarization ,
then 42 is positive - definite Hermitial

form=> G(Ad (R) compact -> AdC Cortan involution.

(Ad()

If G(Ad (R) compart => 0 carries a G (M) invariant positive - definite

symmetric bilinear form 4 > Yet is a c-polarization . /(

Classification of Hermitian symmetric domains.

Representation theory for splitforms -> every irreducible R-rep of O, is of

the form :

1) V = R
,

U is trivially

2) v= R
,

X+ in U
,
SR) ang as (x)" ,

no.











Thm. The isom- classes of irreducible Herm . Sym .
Dom

. are classified by special nodes

on connected Dynkin diagram.

pf. Let m be a corjngary class of nontrivial cocharacters ofG satisfying **

then M has a representative with image in 7. As the were group acts simply

transitively on the Weye chambers there is a unique M for M S.

t.

191 , 1740 for all it I.

Here the pairing is Hom(Qm
, T) x Hom(T , Qm) -> Hom(km

,
Mm) = E and the

roots as actually come from Mom ST
·

Gm) - Homit
.

4) =h

The condition ** implies (i ,150 , #15 ,
as el nontrivial ,

there is

exact one di S . t .
(di

, M) = 1 and this Xi is special.

conversely letdo be a special simple root. Then consider M s .

t.

(0
, M) = 1 and 12

, 13 = 0 for all other simple roots a
. Then (B, M)E50 , #13

for all roots B. The m
& Hom(HomdT

,
Rm)

,
2) = Hom(Gm , T). III

& Hom1T, m) ,
ga = (xeg) Ad(t3X = act)x

, VtET]
(x, M)

ME Hom(Om
, T) ,

ZE Gm
,

x & Yc
,

Ad(M(z1) X = x (M(z)) X = z X

=> LA* ) El (x , 4) E90 , #?
,

Va

Given (C , Mb = 1 => Mm arts on Ga by E.




