
Complex multiplication : the Shimwa-Tariyama formula.

&) defined over number field E that action of Ant (C/E) on SUC)

Hodge type : of Aut (DIET ,
02A ,

... 3 = [OA, ... ]

Goal : = action of Aut(C/E) and it arises from models over E
.

Ex
. Selliptic curves/43 > r(K) 18

5 AmCI/R) ,
[A] = PEr(1)1z ,

o . p = [OA] and jCop) = Ojcp) .

Of AutIDIE) preserves E in D => VIEEGallElE) xE, olE .X=oEX .

Although the action of Act (CIE) is not explicit , for special pants whose

coordinates are in Eas
, the action factors through Gal(E

*

/E) and could

be described wing class field theory .

Goal : the explicit action on special points determines the "canonical" model.

Review of AV.

& /R AV , a endomorphism of A
,

E ! monic polynomial Pa(T) with integer

coefficients S . t . (Pa(m)) =

degin-a) ,
ne 2.

Pa is the char
. poly of a cuting on VeA ,

+ charr.

















The Shimura-Taniyana formula .

femma
.

(A , i) AV/K number field of CM type CE
, 1) With good reduction

at up to LE , i) / R
.

R = Oklp=Eg .
Then ITE < TCE) .

Pf .
Write = ITE -

As VeA is Gree EQaRe-mod of ranR 1 ,
so is Ve.

Here the cution of it on Ven commutes with the action of EQRe,

it itself lies in EQUe nee TCEQQQe1EndA=ICE) . 1

Thm
. Assume further that K/& Galvis and ECK . Then for fulp of E

① EIQ Gatos , K = E
, 8 = Vo , Gro = Dro

art Hv = ODro
,

oto=r ,
all He have

some size
.

& v comes from a nonsplit place ofF
where Hr = <0 : E-> K/ Ptcp = Pr 3 .

=> v = F
,

11 -1 : E (Hr)
.

RMK
.

(a) The theorem determines it up to a root of unity and depends only on

the CM type CE
, EC

.
Thus different pars over 1 of CM type (E , 1)

could give different it , but they differ only by a root of unity,

(b)*complexconjugationon AT,
ordT+ord-of. .

ord- it
- Ill
ordv8 (40)







Recal Serve -Tate thm :

(R, m) complete local Noetheian ring with residue char p

G connected p-divisible group over R of height n , then Oa=Oan

is topologically ison. to R&X, , . . .
.

Xd with (M , X) - adic topology,

hence a commutative formal te group for which [P] is finite flat of deg

ph

& tip"go ; met E
= To

Gin ? ~

cmito=dmA=I1=dmG= 11
.

Clam dimG=1Er1 .

# T()
= TCE)

· TCG) is OEQzpOkw component of TCEo)

as OzRz Okw E Oz
, pQzp Okw-module

. Compute the dimension at generic

fibre of SpecOkw and base change to Ep , To (Amp)=ttp)+
nence the dimension correspond toa component is exactly(Erl.

Write [Ev : Rp) = h , /Irl=d= is a wit.

Conside the connected - etale sequence

· -> G : + Gr - Gi - 0



Pass to geneic fibre then take Tate module

0 - T(G)kn
-> Tp(Quike -> Tp(G)kw - o

and the middle tem is free OEr-module of rank 1. As each term is

finite free OEr-module
,

either G: =0 or G = 0
.

Suppose Gi = 20 Gr isetall. Then d=0 , Frobauts as an out

=> it is a wit in DE :
/ga 1 a wit.

et
Suppose Gr = so Gr is connected. Note that the map [P] on Go

is finite flat of order p"=/PIE thue the map

Or-203 -> p

X 1-> deg)[x]av)

agrees with I-IEr

ETS it" and go have the same degree.

deg 189]ar= gan

To show deg[it]an
= 9% look at the closed fibre where it outs via

Frob. Note that the g-power map on MIX, ..., Xd B has degree

&
8 and as Gr connected

, deg[T]Gu =

deg [it] G:

Serrelate
deg 2 . C

&

RDX..... Xd B

= 89 "


