
Hodge Structures and TheirClassifying Spaces

Reductive groups and tensors

G reductive group over R
, chark =0.

P : G -> GL(V) be a representation.

The dual rep. PV : G->GHv) is (pighf)v= f(pg" (v)

P is called selfdual if 01".

~ tensor of V , t :
vor->n

,

+e (very

Let Grise=[gEGLIV)/tigr, , . . .
, gVr) = t(V, , . . ., Vr)) algebraic subgroup

Prop . P : G -> GLIV) faithful selfidual representation , IT quite set of tessors

s .

t. G = 1 GLVSt
.

Pf . Chevalley's theorem => EW rep. of GLVS
,

LCW one-dim subspace s .

t.

G = 3g= G(iv)/g)aL]

As rep . of reductive G in char o
,

W is semisimple , W = LOW'

Choose of = LOL"a wow then G = stab (GhIr)
. As We Wh

is a subrep. of [vOQ(V
: COS

,
which is just I(v0)"

,
neure

t = z te , te [vely"
.
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V R-U
. S., T tensors on V including to nondegenerate bilinear.

d : 2 x 2 -> N S .

t. & up, g) =0 almost all up, 8)

S d(p , g) = d(8, p)

&(, 8) = 0 unless p+8 = n

Define S(d , T] set of all Hodge structures G on V S.

t.

·am 18 = alp , 8)

· F tET
, t Hodge telsor for h

· to is polarization for n.

Thee Sca , 7) acquires topology as a subset ofT Ga UK

Thm.

St connected component of Sid , T).

(a) S"has a unique complex strue , for which (4s) is holo,

<b) St is HSD if (ns) is UMS.

(2) Every creducible USD is of the form st for same V
.

d , T.

PO .

(a)

Hodge filtration determines Hodge decomposition=> 4 : S -> Gd(vi) my ·

Si+ 7;

G = +H , UCGL(V) algebraic cubgroup S . t. UsLS) CH
,

USESt·

Choose hotst
,

vgEGCRt
· glogtes" and G(R" -XS" peigne

9 --> ghost



Deligne : G/R alg . grp , X conn component of Hom (S , G)

G. smallest <G S . t . all neX factor. Then X is

corn component of Hom/S , G . ) .

& torns , any two

=> St = G(R)". No
.

in X are conjugate · X I G ,
CR)" -

Conjugary class of

Stabno (G(R)") = Ko closed => St = (GU)
+
/Ko) no=GUR)" Ko is Smooth mod .

maps $ to G .

& = LieG , G <GLIV) => g -> End (V)
.

no makes the inclusion of Hodge structure of t 0.

=> tieko = 50 , Thost = 9/900

Thost = 5/900 -> End(v)/End (v)
"

12 12

[*]
94/70 -> End(v)c/f End (v)e

= Tho GalVe)

the Bom . (A) is because EndVc" = 24tEndVc
,

h(z ,, z274=z,zi43

= 34tEndVe ,
4 pP. 8

a uPtr, Etsy
,

and recall we have Gd(Ve)=GL(VC)/P(Fro) , LieP(File is exactly

those in End (V) I preserving Hodge filtration , i. e. Fo End (V) D.

The map from top left to bottom right is (4) no , therefore maps Thoist

as a complex subspace of Tho (GOVC) ,
here o identifies St with an

almost complex submanifold of G& Ve
.

It is integrable nee gives st the unique

complex stone . For 4 to be holo.

(b) Let n
,

not St ,
n= ghog"

, ge GIRIT

Un has weight n , ncr cuts r non v
,

VER.

Hence Gholrig" = no (r) , hor) =z(G)





RMK
.

So -> G & Va is an embedding of smooth manifolds , injective smooth

maps that are try on target spaces and maps St homeo , to its image.

Herre if 7) GQV , B smooth - C Smooth

S

a4 St & defined by holo. Family of Hodge structure

on T => a holo
.

Runk
,

Herm - Sym . Dom
.

Can be actually realized an moduli varieties for

Hodge structures (In complex manifolds) .
Also realizingHerm . Sym-Dom- as

parameter space for Hodge structures can be done using Tannakian point of
view

,


