
Locally Symmetric Varieties.

Study Herm . Sym .
Dom. quotient by discrete subgroups.

slogan : rID B alg . variety ,
↓CHOLD)" torsion free arithmetic.

Quotients of Hermitian Symmetric Domains by Discrete Groups.

Prop . LetO be a MSD ,
&C HotD)

+
discrete

. If I torsion free ,
then r

cuts freely on D and there is a unique complex structure on MD S .

t.

# : D -> MID is a local ison . Then any 4 : rID -> Y , Y complex

manifold. 4 holo
.

Et Poit holo.

Pf. HRCD(+/Kp=D 20

· 397519P= R3 is finite

· Enond V of P S.
t . Eger-913

,
90n0= 4

· F P . 87D , PEN8 ,
Enond U of p , r of 8 S .

t
. Eget , gOn=4.

=> VID Hausdorff ,
has a manifold structure .

UC rID open , O(U)=3f : U->4I fort holo. on 03. O structure sheaf

of hol
. functions. 1/

~ torsion free ,
write DCr) = rID

.
P is universal covering of PCr) and r

fundamental group :
F PED , rE it

. (D(r)
, ps).

g1- # 90(
P





Thm . G/Q reductive , ↑<G(Q) arithmetic
.

(a) (NIG(R) 1 < too E) Mom(G , Qm) = 0. In particular holds for G semisimple .

(b) NIGLR) compact E) Hom IG , Gm1=0 and Glo has no nontrivial unipotent

rational unipotent elements correspond to creps element.

Ex. B quaternion algebra /RS. t . BROR = McCR) and G/@ alg. gop

S . t . G(Q)=[DEBINmD=1 % The choice of BORR=M2(R) determine an 130m.

G (R)ESt(M) nee on action of GCM) on 11 . Let UCGIR) anthmetic
.

BE M2(R) , G =She Semisimple ,
MISIZIN) , r171 has finite volume. But

(i) ESLz(R) unipotent => r/1) not compact .

& division algebra , G(R) contains no nontrivial chipotent element otherwise

X

& would have a milpotent element. FIGCM) compact.

Let h be a subfield of K . An automorphism of a R-r . S. V is called neat

if its eigenvalues inI generate a torsion free subgroup of K
.

For example,

no nontrivial automorphism of finite order is neat.

G /X alg . group , geG(R) is called neat it Polg) is neat for some faithful

rep . G <GL(V) , in which case plg) next for every rep . O of G over

a subfield ofI as all rep of G can be constructed from Po.

A subgroup of GCR) is called neat if all elements are

· neat => torsion free

· rcG(d) neat => F &25 neat

· rCG(Q) neat , FRC & subfield , n : G(R) -> H
, her) torsion free

· gEG(Q) neat => (9) G
**

(2) neat
.



Prop . G12 alg . group , r<G(Q) with. Thee r contains a neat subgop r of

fewrite index , andr' can be defined by congruence condition [gtr/g=1 mod NS

for some embedding G -> GLn and N.

Let & be a connected real hie group , rCH is called withmatic if there exists

G /Q algo gop , G(N)* -> 1 with compact penel and to <G(() arithmetic

S .

t. Non C(N)
*
- 5. Note that if I semisimple , we can take of semisimple .

Prop. LetM be a semisimple real he group admitting a faithful finite dimensional rep.

Every arithmetic &CH is discrete of finite covolume and it contains a

torsion free subgep of finite index.

Pf . x : G(R)
+

-H ,
To <GIR).

Rea compact => proper -> a closed .

ToCGLR) discrete => EUCGLR) " open ,
Untokera= Perc =x (GLRCT - 0)

closed in H , whose complement intersets ↑ in 915 =r discrete in H.

ro(G(R)" -) WIM => quite volume
.

↓ To next of quite index
, image of i in 1 has quite index in r

III
1 -> Rod- G(M) = H -> 1

r
,
nG(r)T

a 1- a

-n
= 1 => a "e Rean r

, discretea

=> av = 1 ,
att,

torsion free => a = 1
.







Cor. The alg . variety structure on DCN) is unique.

RMK . Torsion-freeness is necessary ·
MCK(1=A

,
c

Finiteness of the group Art (D(r) .

Def . ARemisimple group G/R is said to be of compact type if GIR) is

compact , of noncompact type if it does not contain acontrivial normal subgup

of compact type.

G IQ semisimple ,
= Bogeny G ,

x ...

x Gr -> G , Gi simple. Then G is

compact each

of monept type if no
Gi(R) is compact. In particular a simply

connected or adjent group is of noncompact type iff no simple factor is of compact

type .

Thm
.

(Borel Density) G/@ semisimple of noncompact type , then every arithmetic r<H(R)

is Zariski dense in G.

Cor . G/Q semiample of noncompact type ,
= z(G)· The centralizer in GCR) of

any with. 5 of G(R) is ZCR).



Thm
.

Let D() = rID
,

D HSD ,
r torsion free with. &HOLDt

·

Then DCr)

has only finitely many automorphisms as a complex manifold.

Pf

r torsion free=> D universal covering of olD andr transformation group

=> X : VID -> MD auto . Lifts to 2
: P - P auto -

=> V+
=r

, ver

conversely any auto
. of D normalizing + gives an auto . of VID . Here

there is a serj. MINI) -) AutCilD] , NN) normalizes in AutCD).

G/Q semisimple alg · gep ,
GCR)

"
- HORD) with compact pernel , to <G(Q)

arith . S.t. Jon G(R)
*
> W

.
We may disgard any compart isogey factors

of G and suppose G is of noncompact type. Let or t be the identity comp.

of NC) . AsI discrete ,
over) acts trivially and or is contained in the image

of2(R) neee finite ,
Narc discrete ·

NIAuti has finite volume
,

MINCR) is

then finite. III


