
Shimura Varieties.

Why nonconnated ?

①

Langlands : reductive groups instead of semisimple groups

②
& Its have models over number fields , depending on realization of G as derived

group of reductive and on r
, e . g. VINs17 defined one 55N]· How

to define them over the same number field ?

Y + i =0 in $2 defined over RTi] = YH = 0 defined over &

Idea : Lower the field of definition by taking other connected components ,
i . e .

disjoint union of its conjugates.

Reductive groups.

G IQ reductive
,

G(M)+= (g) G(N)) E G
**

CR3 is in G*C" , G(Q7+= G(Q)1G(R)+

e. g. GLz(Q)+
= (g = Gr2(@>/det g >0 3.

In the diagram Gabr
semimpte

where T is the largest commutative quotient of

↓ ↓
G. The vertical and horizontal sequences are

2(G) + G -> Ga
short exact , and a, B are isogenie with

3) Kernel 2n gaer

This gives 5. - 2. S ,

1 + 2ng -> 2xga + 4 + 1 .

ad
G outs on G by Adjoint action,









ri= +

<G ,
X) SD , n : $ +Gr in X , by SV 1 ,

R" ->
"

ari trivially

on fieGe => ncr> 2219](R) => N/m is independent of h
,

deloted by W
,

called the weight homomorphism .

↑ GR->Ghv
, Pow gives V= Un which is the weight decomposition of

the Hodge Structure (V , Pon) for my neX.

Prop.
(G

, X) SD
.

Then X has a unique structure of complex manifold s . t . for

every P : GR +Chr
. (V , pon)nex

is a nolo. family of Hodge structures

and each family is a VMS
.

In particular X is finite disjoint uion of USD.

PF .
Choose P : Gi -GLv faithful and repeat the proof for UHS. All other

rep. of G can be constructed from P .

SV1 implies Griffens transversality.I

Shimma Variety.

<G , X) SD
.

Lemma. For every conne · component x of X
-

G(Q)+ (x
+

x G(Af) == G(x))x x G(Af).

Pf . G(Q) dense in GCR) , GCR) acts transitively on X
, every XEX is of

the form 8X" for geG(Q) , x+eX
*

=> Surj

Let (x , a) ,
(x)

,
a) =X

+
x G(Af) have some image , the





X GM(M)" - Ant(x
+ ) +

,
bord compact . Tg = gkg+ 1G(R)+ neat = T (g) ( Gade) neat

i = G(m) +
- ) Ga(rt =>NotLig) toraon fiel

Let (x , a) EX
+

x G(Af) ,
a = ggk for some gEG(R)+ , get , keK here

(X
,

a) = (8+X
, 9) lies in the image of rgIX"-

Suppose (X , 97= <X
, 9) , 9 , g'te .

The x=gx
, gl = ggm = g = g ! 11

Eg is arithmetic subgrp of G(R) , nece its image in Ga
*
(R) is arithmetic

t

and by definition its image in Ant(X") 1s withmetic .
When K small enough,

↑ will be next for all get and its image in Aut(x+) + will be torsion

free ·
ThenrgIX+ is an aithmetic locally symmetric variety , and Shk(G , X

is finite disjoint union of such varieties.

For KC K small open compact subgeps , the natural map Chp (6 ,
x)+Sh

,
36 , x)

is regular .
Thus we get an inverse system of alg . varieties (SUPCG , X)(K.

G (Af] cuts on the invest system naturally , gEGLAf) ,
1 ->g+ k9 and

T(g) : Shp(G , x) -> Sgtg(G , X)
,

(X , as > (X
, ag) · Clearly this

is a right action
,

T(gh) = ↑(h) · (9).

Det . (G , X) SD
. A Shimwa variety relative to (G , X) is a variety of the

form Shp(G , X) for some small compact open K. The Shimura variety attached

to <G , X 13 Sh(G , X) , themvese system (ChR(G , X() K endowed with

the action of GLAf) .






















