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5. The notion ofSu

Modular curves

H = (x + iy = 4
, 4203

Q
az + b

SLz(R) (a)z = Tz+ d

U

r = 3(a) = 222(2))(* ) = (6) mod wp

H/r is a Riemann surface

Adelic language

She mm) Gra

7) m X = C - R

no :
( -> GL(R)

atbi - ( )



X = D- R > GL2(R)-corg class of no

i Do

K compact open subgroup <GL2)Af) , At=TRp Gi
is

e.g . k = 59(GL() = Grp) 19=(i) mod

adelic version of modular curve :

Snk = a(z(@))X + Gh(Af)/k
6

G

cuts diagonally cuts only on Grz)Af)

Shk is a one-dim X med with finitely many connected components.

Shk is a moduli space

V (h ,g) X x Ghz)Af)

n : * -> GLz(M) = R has a complex structure via h

RE = En is an elliptic curve

Rational Tate module FCEn) = (enEnIN))QQ is an Af-mod o

=> F(En) = As



compose with g .
En

. g : VIEn)=As As

Upshot : <h . 9) ~) (En
, Eng)

6

up to Taking up to K-action

Bogeny

Shk is the moduli space of such pars over I

Conside same moduli problem/R ,
it is reple by a quari-proj,

Smooth vaciety/@ I assume K small enough

This is "canonical model" of Shi over Q.

1960's Shimwa found many generalizations to higher dim cases

Moduli space of AV + PEL

1971 Deligne .
More abstract point of view

· SD (G , X

4/2 reductive group

X GCR) -

Cory class of some no : $ = ResRAM->GR

i.e .
no : c

*

-> GLR)

( R-algebraic &
t axioms

polynomials in X , Y , where z=X+iy.













RMK
. Actually one wants to understand the commuting action of

GalCE/E) xH(kIG(Af)/k) on HE(SU ,
E , Re) .

Fix feH(k/G(Af)/k)
, need to (fx Frobp") HEF) .

Assume K = 1
*

Kp , f = f
*
fo , f H(KPIGCA/198) and

tp=1kp . By linearity , assumefo = DgKP. The

= (1)"tr (fX Fobp(Hef) = # fixed points of the correspondence

Groppa
3(king" 1997kp -> 3(kn9+kg)kp

9J 9L

51kp 5k0kp
Kottwitz's precise conjecture

(G , X) SD , E = ECG , X) .

For simplicity ,
assume E=R

, oper simply connected.

k < G(Af)

fix p prime St. K = k
*
Kp .

KP<G(A)

Kp CG(Rp) hyperspecial

(for fixed K
,

all but finitely many
(c- e . 1 Gp reductive group scheme/Ep

kp are hyperspecial ( Sp , Rp
= GRp

Kp = Gp(Ep) <GlOps(



Cong. For such p , shik has a smouth "canonical" model SK/Ep

and 95kOKYkP is a finite etale system with an extended GCAP) - action.

Cory · (Kottnitz)
volume (twisted) orbital integral

# Sx(Fpr) = ((ro ,
v

, 8) · Or (1xp) · TOg (fu ,n)
(Vo ,

r
, 8)

· (Vo ,
U

, 5) Kottwitz triple

Vo : Semisimple element in G(Q) up to GIE)-cory

Vo is contained in an elliptic maximal torus in GCM)
-

compact after mod center

V : element of GAG) up to GLAS) -

corj·

-

SS.t. V is cory to to inside GLAPQQQ

8 : element of GCRpn) up to O-conj·

5 Frob in Gal(Rpr/Op]

5-conj : 9 . 8 . 0(g)" , ge G(pn)

S .

t. 8 . 08..... U8 EG(Rpm)

and it is corp to Vo inside GlOp

Additional : a certain cohomological invariant defined by (Vo ,
v , 5)

should vanish

C collect all local obstructions coming from cory/E , Ep , should come from

some global obstruction



· (CV ,
V

, 5) is a certain volume term

· Or(1) = S
CGAGAG

[p(gtvg) do orbital integral
&

· TOoLfu) = S fun (9"5019) dg
&g(G(ph) · gSo(g)"=534(2px)

furn : GlRpn) -> So , 13 does not depend on M

-
charcuteristic function of Gp(Epu) ·Mcp) · Gp(Epr) <GCRpr)

where M is a cocharacte Km -Gp defined over up

S . t . over Ep , it is long to en for some ne X.

For G=GLn , elements wrj In large field are already cory: in original

field => V 13 determined by Vo
, SV, VOL is determined by S

=> sum over certain s

Kottwitz's cory is bad for trace formula as

·

range is too complex

· twisted and untwisted orbital integral at the same time

· Or(1pp) depends on GLAS)-cory dass of V ,
not GIAGORE) -

cony · days






