
Problem 1

1. True. Using classification theorem for finite abelian groups, there are
precisely three isomorphism classes for an abelian group of order p3:
Zp3 ,Zp × Zp2 ,Zp × Zp × Zp.

2. False. From classification of finite abelian groups there is only one of
them which is Zpq

∼= Zp × Zq.

3. False. WLOG say q < p. By Sylow’s theorem it has a p-Sylow subgroup
of index q. Therefore because np|q and np ≡ 1 mod p we have np = 1,
so the p-Sylow subgroup is normal. Therefore any group of order pq
cannot be simple.

4. True. The 5-Sylow subgroup has order 125 and index 8. Now n5|8 and
≡ 1 mod 5, so it has to be 1.

Problem 2

(a)

Conjugacy classes in S6 corresponds to partitions of {1, 2, 3, 4, 5, 6}, or equiv-
alently by different types of disjoint cycles. Elements from each conjugacy
class and their centralizer are given by

1. e : S6 of size 6! and index 1.

2. (1 2): {everything that does not contain (1 2)}×〈(1 2)〉 of size 48 and
index 15.

3. (1 2 3): {everything that does not contain (1 2 3)}×〈(1 2 3)〉 of size 18
and index 40.

4. (1 2)(3 4): 〈(5 6), (1 3)(2 4), (1 2), (3 4)〉 of size 16 and index 45.

5. (1 2 3 4): 〈(5 6), (1 2 3 4)〉 of size 8 and index 90.

6. (1 2 3)(4 5): 〈(1 2 3), (4 5)〉 of size 6 and index 120.

7. (1 2 3 4)(5 6): 〈(1 2 3 4), (5 6)〉 of size 8 and index 90.
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8. (1 2 3 4 5): 〈(1 2 3 4 5)〉 of size 5 and index 144.

9. (1 2 3 4 5 6): 〈(1 2 3 4 5 6)〉 of size 6 and index 120.

10. (1 2 3)(4 5 6): 〈(1 2 3), (4 5 6), (1 4)(2 5)(3 6)〉 of size 18 and index
40.

11. (1 2)(3 4)(5 6): 〈(1 3)(2 4), (1 5)(2 6), (3 5)(4 6), (1 3 5)(2 4 6)〉 of size
48 and index 15.

Z(S6) = {e} has size one. Combined we have

1 + 15 + 40 + 45 + 90 + 120 + 90 + 144 + 120 + 40 + 15 = 720 = 6!.

(b)

{e}, (1 2 3), (1 2)(3 4), (1 2 3 4)(5 6), (1 2 3)(4 5 6) are conjugacy classes
in A6. (1 2 3 4 5) is not because (1 2 3 4 5) and (1 3 5 2 4) belong to two
different conjugacy classes in A6.

Problem 3

(a)

Indeed, from high school algebra knowledge we know |zw| = |z||w| so this is
a homomorphism. The image is R>0, the set of positive real numbers and
the kernel is U(1) or the unit circle or {z ∈ C× | |z| = 1}.

(b)

Take any G ⊂ C× finite and g ∈ G. Then g has finite order, say gn = 1.
Then |gn| = |g|n = 1 and |g| ∈ R>0, so |g| = 1.

(c)

Since G ⊂ C× is finite and from (b) G ⊂ U(1). Say G = {g1, ..., gm}. Now
every element gi ∈ G has finite order, say ni, and gi = eic for some c ∈ R.
Since gni

i = 1 we deduce that c = p2π
ni

for some integer p, and gi ∈ 〈e
2iπ
ni 〉.

Therefore G ⊆
󰁖m

i=1〈e
2iπ
ni 〉 = 〈e 2iπ

n 〉 where n = lcm
i

ni. So we deduce that G

is a subgroup of a cyclic group, so it is cyclic.
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Problem 8

(a). Let G be a group of order p2. By the class equation, every p-group has nontrivial center, so the
center Z(G) of G is nontrivial. Its order can be either p2 or p. If its order is p2, then G = Z(G), and
therefore G is abelian. If its order is p, then the quotient G/Z(G) has order p, so G/Z(G) is cyclic.
This implies that G is abelian, so G = Z(G), which is impossible since we assumed that |Z(G)| has
order p. Thus, G is abelian.
(b). Consider the Heisenburg group modulo p, consisting of matrices of the form1 x y

0 1 z
0 0 1

 ,

where x, y, z ∈ Zp. It is easy to check that this group satisfies the group axioms, since it is closed
under multiplication, contains the identity matrix, and that1 x y

0 1 z
0 0 1

−1

=

1 −x xz − y
0 1 −z
0 0 1

 ,

which belongs to the Heisenberg group modulo p. Moreover, this group clearly has order p3, and it
is nonabelian because 1 0 0

0 1 1
0 0 1

 ·

1 1 0
0 1 0
0 0 1

 =

1 1 0
0 1 1
0 0 1

 ,

whereas 1 1 0
0 1 0
0 0 1

 ·

1 0 0
0 1 1
0 0 1

 =

1 1 1
0 1 1
0 0 1

 .

Problem 9

We prove a stronger statement: the size of any conjugacy class of G must divide n. For any g ∈ G,
let Cl(g) be its conjugacy class. Recall that |Cl(g)| = [G : CG(g)], where CG(g) is the centralizer of
g. Because Z is a subgroup of CG(g), we have

n = [G : Z] = [G : CG(g)][CG(g) : Z].

In particular, we get that [G : CG(g)] divides n. Hence, |Cl(g)| divides n.

Problem 10

The Klein group K4 is isomorphic to Z2 × Z2. We can think of this as a vector space over Z2, and
any autmorphism on Z2 × Z2 is an invertible linear map, represented by the matrix(

a b
c d

)
,
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where a, b, c, d ∈ Z2. There are exactly 6 such matrices:(
1 0
0 1

)
,

(
1 1
0 1

)
,

(
1 1
1 0

)
,

(
0 1
1 0

)
,

(
1 0
1 1

)
,

(
0 1
1 1

)
.

Therefore, Aut(K4) contains 6 elements. Alternatively, we can think of K4 as

K = {id, (1, 2)(3, 4), (1, 3)(2, 4), (1, 4)(2, 3)}.

Any automorphism of K4 must fix the identity and permute the rest of the three elements, so
Aut(K4) ∼= S3, which contains 6 elements.
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