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1 Setting from Tate’s thesis

By a local field, we mean F' = R, C, the archimedean local fields, or F' is the frac-
tional field of a discrete valuation ring with finite residue field, the non-archimedean
local fields. In the later case, we set o the integer ring, p the maximal ideal, w a uni-
formizer, k = F, the residue field. F is either a finite extension of some p-adic field,
the mixed characteristic case, or F' = F,(t). In all cases, we have a normalized norm
|u|dx = dux for all Haar measure on F. If F' =R, |- | is the usual absolute value.
If F =C, |-|is the square of the usual absolute value. If F' is non-archimedean,
lu| = ¢~*). We also define u the subgroup of elements of trivial norm.

For a non-archimedean local field ' and a nontrivial additive character 1, we
define ¢(¢0) = p~¢ the conductor of ¢ as the maximal fractional ideal p=¢ C F on

which v is trivial.

Proposition 1. For every nontrivial character 1, ¥,(z) := ¥ (ax) defines an iso-

morphism from F' to .

The self-dual Haar measure is given as follows:
1. F =R, ¢(x)=e* dr is the usual Lebesgue measure.
2. F=C,(z) =¥ TG dy = 2dady.

3. F is non-archimedean. Let p~¢ be the conductor of 1. Then dz is the Haar

measure with Vol (o) = ¢~%2.



In general, if dz is self-dual with respect to ¢, |a|'/?dz is the self-dual with respect

to U,.

dx dx
It is obvious that — is a Haar measure of F*. We choose d*a = — for
|| . ||
F=RorC, and d*a = LH—JC for F' non-archimedean. In the later case, d*« is
qg—1|z

normalized so that Vol, (u) = ¢~%/2.

Let f € S(F'), x be a quasi-character on F'* and we define the local integral

Z(s,x: f) = . O] -P)@)d + a,

which converges absolutely when R(s) >> 0 and has meromorphic continuation on

C. Consider the Fourier transform

J/t\(a> = /Ff(l’)w(—ax)dx.

The local theory in Tate’s thesis says the ratio

-~

Z(l B Saxil’f)
Z(s,x, f)

is an meromorphic function on s that depends on x and %, not on f. The ratio is

denote by the gamma factor

-~

Z(l B 37X_17f)
Z(s,x; [f)

The local L-function of L(s,x) is defined as the normalized ged of all possible

Y(s,x, %) =

Z(s,x, f). In the nonarchimedean case, when x is ramified, L(s,x) = 1; when
1

1= (x| - ")(w)
Tr(s) == 7*/*T(s/2), Tc(s) :=2(2n)~°T'(s) = Tr(s)[r(s + 1).

X is unramified, L(s, x) = . In the archimedean case, we define

When F' = R, L(s,sgn| - |*°) = I'r(s + so +€). When F' = C, L(s,c,| - |*) =
Ce(s+ so+|n|/2).

In all cases, we also define the e-factor by

L(s, x)

(s, x,¥) = T0—sx D)

Y(s, X, %)

It is an exponential function.



Let K be a global field. We choose a nontrivial additive character ¢ = [[, 1,
on A, which is trivial on K. Let da = [], da, be the corresponding self-dual Haar
measure. This induces an isomorphism Ag — &;( and K, Ax/K are dual to each
other. The induced measure on Ay /K is the normalized Haar measure.

Let ® € S(Agk), x be a quasi-character on Ix/K* and define the global zeta

integral

Z(s,x,0) = / B(t)(x] - ) ().

Ik

The global theory in Tate’s thesis gives meromorphic continuations for global zeta

integrals and the functional equation

Z(s,x,®)=2Z(1— S,X_l,gf)).

2 Induced representations
Let B(F) C GLy(F') be the subgroup of upper triangular matrices. The modular

character dp is

a b
0p = |a/d|.
0 d

For some quasi-characters y1, x2 of F*. We define

B(x1, x2) == Iﬂdg(F)(X),

a b -1
where x = x1(a)xa(d). Let |x;| = |- |%. Let wg := and n(z) :=
0 d 1 0
1 =z
. We have the Whittaker functional
01

f|—>/Ff(w0n(x))d:c: lim f(won(z))dz,

N—o0 ‘Z"SQN

which gives a Whittaker model for all induced representations.

We define the intertwining operator

M(f)(g) = / f(won(x)g)dz.



The integral is absolutely convergent when $(s; — s3) > 0, and defines an inter-
twining operator from B(x1,x2) to B(xs, x1). For general case, we consider the
family B(x1, x2,$) := B(x1| - |%, x2| - | %) and have the meromorphic continuation of
intertwining operators as follows: When ;x5 is ramified,

M(f)(g) = lim f(won(z)g)dz.

N—oo |x|§qN

When 1Y, ! is unramified,

F9)xaxa '] %) (@)
1—(axa 'l 1) (@)

N—o0

1 =z
M(f)(g) = lim /||<Nf wo - g | dx + Vol(o™)

The only simple poles occur when xix5 | - |?* is the trivial character.

We define the Godement sections as follows: Let ® € S(F?).

Joxs(9) = Oal- |S+1/2)(det(g))/ ®((0,t)g)(xaxa | - [P (0)d"t.

®

Proposition 2.

f@,x,s S B(Xh X2, 3)'

Moreover, every element in B(x1, x2,s) has the form fg ;.

We consider the symplectic Fourier transform on S(F?):

@(u,v) :—/F/F@(x,y)w <x y) _01 (1) : dxdy

_ /F /F B (x, y)ib(xv — yu)dedy,

If = &), @ by,
b =D, ® D).

Hence & = .

Proposition 3.

M(X? S)(f‘hx#) = 7(1 - 257 XI1X27 ¢)qu.7xc’,3-



We consider the Weil representation of GLy(F) on S(F?) with respect to a

given nontrivial character ¢). The representation (r,, S(F?)) is given by

a 0 1 b
e C 0| @) = lal@(ar.ay). r, B(r,y) = ¥ (bay)B(, ),
0 a” 01
a 0
roun)@(a,y) = [ [ Sl 0potuy + va)dud, v, O(z,y) = Dlaz, ).
FJF 0 1

Lemma 1. Let ® be the partial Fourier transform

CID(x,y):/FCI)(x,u)w(uy)du.

Then

We define the Whittaker function Wg , s by

Wax.s(9) = (xal - |5+1/2)(det(9))/ (ry(9) @)t (axa '] - ) (B)dt.

*

Proposition 4.

1 =z
[ta () o) waite = Wato)
F 0 1

In other words, We . s(g) is the Whittaker function corresponding to fEIst under

the Whittaker functional

1 =«
f'—>/Ff Wo 01 g | v(—x)dz.

3 Fourier expansion, constant term, and mero-
morphic continuations

Let x1, x2 be characters and f € B(x1, x2,5). We define

E(f.5)(g) = / f(r9).

YEB(K)\ GL2(K)
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The summation converges absolutely when R(s) > 1/2 and admits meromorphic
continuation on C.
In this GLjy case, we have Fourier expansion. Assume s is in the range of

convergence and consider the function
1 =z
v B fs, g
0 1
on Ag /F. Define

1 =z
Oa(gvf>:/ El /s, g | Y(—ax)dx.
A/F 0 1

Then we have
1 =z
E|fs, 9] = calg, No(az).
01 acl

In particular,

E(f,5,9) = calg, ).

a€l
LA
A set of representatives of B(F)\ GLy(F) is {lo} U ¢ wp . Hence
01 AEF
1 z 1 =
cal9, f) :/ f g ¢(—ax)dx—|—/f wo g | v(—ax)dx
AF 0 1 A 0 1

1 «x
= f(g)w(—ax)dwr/f Wo 01 g | v(—ax)dx.

AJF A

The first term is nonzero iff « = 0 and in that case we get f(g). To summarize, we

have
1 =«

calgs f) = JuT | wo 0 1/’ v(-ao)dr, a#0

f(g) +M(f)(g) a=0

The Fourier coefficients can be formulated in terms of the Whittaker model. Let

1 =z
Wf(g):/Af wo 01 g | Y(ax)dz.



«
Then Cy(g, f) = Wy g | The image of a flat section under the intertwin-
0 1

ing operator is not a flat section. In terms of Godement sections we have an elegant
functional equation. We consider the Eisenstein series along a Godement section

fr.o.s € B(xi, x2,s) and denote by E, (®, s, g) the associated Eisenstein series.

Theorem 1. E,(®,s,g), defined on Res(s) > 1/2, has meromorphic continuation

on C with the functional equation
E\(®,s,9) = Eye(g,®,—s).

The constant term is fy a5+ f,c 5 _,, and E (®,s,9)—(fyos+ fied _,) has analytic
continuation.

Furthermore, the function
E(®,s,9) — S5(2,s,9)
where
5(@.5,9) =~ ) etl)2(0.0) [ (g PO

[tI<1

+(xal - 77 (det(9))®(0, 0)/ O el - 172 (D',

lt]<1
is entire and bounded in every strip with finite width when F' is a number field
(E\(®,s,g) is a rational function in ¢~* when F is a function field). When y;x; " is

ramified, S(®, s, g) = 0 and the Eisenstein series is entire.

The proof involves a two dimensional version of Poisson summation formula and
is similar to the meromorphic continuation for global L-function in the GL;-case.
The Fourier expansion is valid for all s where the Eisenstein series doesn’t have

a pole.

4 Local newform theory

Let F be a non-archimedean local field, (7, V') be a generic irreducible representation

of GLy(F') with central character w and conductor ¢(w). For every m € Zsq, we

7



consider the group

b
To(p™) =4 [© | Gato) | cep < GLafo)
C

Definition 1. The subspace of vectors of level m is defined as

a b a b
M@p™,m)=<veV |V e Io(p™), v =w(d)v
c d c d

for m > 0, and the subspace of spherical vectors for m = 0.

Theorem 2.

_ m—c(m)+1, m>c(n),
dime (M (p™, 7)) =
0, m < ¢(m).
To be explicit, let 1) be a nontrivial character of conductor ¢(1) = 0. Then M (p™, )

consists of vectors v € V with W(Is,s,v) being a polynomial in ¢ of degree <

m — ().

From the theorem we have that dime(M (p™, 7)) = 1 and ¢(r) is the least
possible m with M (p™, 7) nonzero. Nonzero elements in the space are called new

vectors.

Definition 2. New vectors in the Whittaker model and the Kirillov model are
called Whittaker newforms and Kirillov newforms respectively. We also define the
normalized Whittaker newform W and the normalized Kirillov newform ¢° as fol-
lows: When c(v) = o, ®(1s, s, ¢,) are constants. We define the normalized Kirillov
newform as the Kirillov newform ¢® with ©°(1) = 1. As ¢ varies, we have canonical
isomorphisms between Kirillov models. We define the normalized Kirillov newform
in each Kirillov model as the image under the isomorphism. The normalized Whit-
taker newform is the Whittaker newform corresponding to the normalized Kirillov

newform.

Proposition 5. When m > ¢(r), every vector in I'y(p™) has the form



for some polynomial P of degree < m — c¢(w) and a fixed new vector v°.

We assume that ¢(¢)) = 0. Then the normalized Kirillov newform is the function
¢° that satisfies ©°(uz) = ¢°(z) for all u € u and ¥(ly,s,¢°) = L(s,m). For
the normalized Whittaker newforms, we still need to compute wop® and use the
functional equation. The normalized Kirillov newform for induced representations

are given as follows: Let m = B(x1, x2). We have 3 cases:
1. X1, x2 are ramified. We have ¢° = 1, and wop?® = €(1/2,7,9) 1, —c(m Wo-

2. xi is unramified while 5 is ramified. We have ¢° = 1,x4| - ['/2.
wop® = €(1/2, x2, ) (x| - [V (1) DD —ctna o xa - |12,

3. X1, X2 are unramified.

m+1 m+1
12 X1 T X2

0 0
@0 = wog’ = Lo| - [P
’ x1(m) — xa2(m)

5 Classical Eisenstein series

Here we compute some Eisenstein series in terms of automorphic forms that recovers
classical Eisenstein series. I don’t know who wrote down the choice of local sections
first. I learn the choice at oo from an unpublished note by Ming-Lun Hsieh and
Shih-Yu Chen.

Let x1, x2 be two Dirichlet characters, algebraically identified with Hecke char-

acters of I/ Q*, with conductor

(i) = [
p

We consider the Eisenstein series associated with the normalized newform of

2mix

B(x1, x2,s). Here we choose 9 so that ¢ (z) =€

1. x1, x2 are unramified at p. Consider

O(z,y) = 1z,(2)1z,(y).



We have ® = ®. We have the Godement section

a b -1 25+1 *
fo. |1 ) = [ rmttens oo P @
c d Q

*
P

= [ a1 PO = Ls L)

ZP
a b
for € K,. The corresponding element in the Whittaker model is
c d
a 0 s5+1/2 -1 —1| |2s *
Wa s =0al- P a) | g, (at) 1z, (77) (xaxg | - [7)()d"t
0 1 Q;
0
=1z, (@0al- )@ Y (axe'l- )™
t=—vp(a)
vp(a)
=1z, (a)p~ TN "5 (p) 7 o (p) P

=0
. X1 is unramified while x» is ramified at p. Consider

B 17, (7)1 4p2p Zy (y)
Voly (1 + p2r Zy,)

(z,y)

We have

~ Vol (1 + p©» Z
(I)(Jf,y) zlzp(fL‘)lp—Q,p Zp(y) +( b p)
p

1, (@)1, () ()G ()

(y)Volx (1 + p®* Z,)

The Godement section is

b
foo |1 =607 [ 1,001, e (0 ) 0 P (0
c d Q;

=Lye202, () L, (d) (x| - 7)) (7% )x2()e(0, X3, )

a b
for € K,. The corresponding element in the Whittaker model is
d

C

a 0 . 1z, (at) 11 202, (1)

-1 2s *
: t)d't
Q VOIX(l + pczp Zp) <X1X2 ‘ ’ )( )

—(54+1/2)vp(a)

=1z, (a)p x1(a).
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3. x1 is ramified while x» is unramified at p. Consider

D(x,y) = Ly, (x)x1(z) 1z, (y).

We have ® = ®. The Godement section is

a b -1 —1|  |2s+1 x
o6 = xa(ad — be) / Ly, (fe)xa (te) ™ g, (td) (xaxg | - [P7) (8)d7t
c d Q;
ad — bc
=1,
(Oxa ( c )
a b
for € K,. The corresponding element in the Whittaker model is
c d

a 0
W, . Z(Xll-ls“”)(a)/@* Ly, (at)xy (at) 1z, ) (axz |- 7)) d*t

:1Zp (a)p*(s+1/2)vp(a) (Xz (p)p28)vp(a) )

4. x1, x2 are ramified at p. Consider

Ly, (2)x1(2) M 1420z, ()
VOIX (1 + pc27p Zp) ’

P(z,y) =

We have
B (2, ) = Ly (@)x1(2) 1y en 5 (W)U (1) G (1) 7

The Godement section is

a
fo.s
C
600 () [ a0 e s - PO
C Q;

ad — be

c

Lz (O (D ( ) (- ) ol d)e(0, 137, )

11



a

for € K,. The corresponding element in the Whittaker model is
c d
a 0
WCI>7S
0 1
Ly, (at)xi(at) ™ 1y e g, ()
— L |s+1/2 P +p p —11 129 (1) d¥t
(ul - [0 0) [ =i D g )

P

=1,,(a).
5. p=o00. Let k € N such that x;x;'(—1) = (—1)* and define
Op(z,y) = 27F(x + iy)ke @ V),
Then we have

f&»k s(/fe) ZQ_kike““‘g/ t* Sgn(t)k|t|1+2sd*t

*

=2 FiF ey (25 + k4 1).

The corresponding element in the Whittaker model is

a 0 -
Wao () = 0ul 1)@ / / Bu(ta, t2) (xig| - ) (1) d e
R E3

:(X1| . |)s+1/2(a)2—k/(a —I—’i:)ﬁ)k(CLQ _I_I,Q)—[s—f—%]e_zm‘xdx‘
R

The integral exists only when R(s) >> 0, but it admits meromorphic contin-
uation coming from the classical result of meromorphic continuation for the

integral

/ (z +iy) " (z — iy) Pe 2.

—00

-1
Ifs=—— t
S 5 , We ge

Wars () = ul @200 [
“\o 1 g (x +ia)k
-2 Nk—1
:1R>0 (a)ak/2(—27ri)_kr(k)(_Qﬂ_i)e—QWG% — 1R>O(a>ak/26_2ﬂ—a.

(k—1)!

12



a 0 —2mix k=1
W<1>k,s _ (X1| . |1_k/2)(a)2_kﬂ_1i/ e (CL —|— Zl‘) d
01 R (z +ia)

=1g_,(a)a* 227k nYi(—2mi)e 2 (2a)" ! = 1p_,(a)a"?e 2™

x
We consider the Fourier expansion on ‘H. Take g = Y . Then
[e.e]
a 0 : : a 0
Wes g| =@ D (ag)V TT Wy, ,
0 1 p<oo 0 1

which is nonzero only if & € N. The nth Fourier expansion is

v 20" xa(n/d)xa(d)d* !

din
k—1
if s = , and
20" xaln/d)xa(d)d!
dn
1—
if s = —k
2
y
We also compute the constant term. We first note that fx 3 = 0 if
" \0 1

[e.9]

X1 # 1. Suppose x1 = 1, xa(—1) = (=1)*. Let @/ (t) = ®,(0,¢). Then

y x S = — S *
fs — T / T ('] [t
0 1 g

o0

S“/QHZ (2s + 1, x5 ,<I>’ = SH/QHZ —25, X2, ®,).

p
If p < oo, by construction, Z,(—2s, X2, ®,) = L(_ZS,XQ). We consider p = oo.

Consider the functional equation

L(=2s,x2) _ -1 3
Zoo(—2 P )= e (=2 00)Zoo(25 4+ 1, x5, ).
( Sy X2 oo) L(25+17X>6 ( SaX27¢ ) ( s+ » X2 oo)
Suppose s is even, then e = 1. We get
k- ['r(—2s)
Zoo(—2 P ) =27 Tp(2s + bk +1)— 2
( S, X2, oo) l R( S5+ K+ )FR(2S+ 1)

=125k 25T (25 4 k + 1)D(—2s) cos(s).
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E—
h = —
When s 5

cos(ms) ik 1

Zoo(—2 ) =iF li = =
(=28, x2 B) =i 5_1% sin(—2sm)  2cos(kmw/2)) 2

1—k
h = —
When s 5

Zoo(—25, X2, @) = 227 2Fn =R PR ()T (k — 1) cos((1 — k)7 /2) = 0.

Suppose Yz is odd, then € = 1. We get

FR(—ZS + 1)
FR<28 + 2)

25—k L2 (96 4 o 4+ 1)1 (—25) sin(sm).

Zoo(—28, X2, PL) = 27MF T (25 + k + 1)

kE—1
h = —
When s 5

. k—1 1
I (g W) = * Qg ST =3
( S, XZ) oo) t s_i]g% Sln(23ﬂ') 2 COS((k - ]_)71-/2) 2

When s =

and k > 1,
Zoo(—28, xo, @) = 22 =A T ()T (k — 1) sin((1 — k)7/2) = 0.

We note that @ is our choice of ® when we interchange y; and y» and get the
following conclusion: When k > 1, the constant term is

L(1 B k?XZ)

y*25(x1) 5

if s =
L(]' - kle)

y*25(xo) 5

if s = % When k£ =1 and s = 0, the constant term is

L(1—-k
+yk/26<x2) ( aX1>‘

Ll —k,
yk/25(X1> ( 5 X2) 5

These Eisenstein series we obtain are classical Eisenstein series EX**(q).
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