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1 Iwasawa algebra of one variable

Let F/Qp be a finite extension, O ⊂ F be the ring of integers, and ϖ ⊂ O be

a uniformizer. Let Γ ∼= Zp be a topological group and γ. We may start with a

Zp-Galois extension K∞/K with Galois group Γ and define Kn := (F∞)Γ
pn , Γn :=

Gal(K∞/Kn) = Γ/Γp
n .

Definition 1.

Λ = O[[Γ]] := lim←−
n

O[Γn] = lim←−
n

O[Γ/Γpn ] ∼= lim←−
n

O[T ]/〈(1 + T )p
n − 1〉

where the last isomorphism is given by γ0 7→ 1 + T .

We will show that lim←−nO[T ]/〈(1 + T )p
n − 1〉 = O[[T ]].

Definition 2. Let P ∈ O[T ]. P is called a distinguished polynomial if P is non-

constant, monic, and P ≡ T deg(P ) (mod ϖ).

Proposition 1 (Division Algorithm). Suppose P = a0+a1T + · · · ∈ O[[T ]], P 6≡ 0

(mod ϖ), and n = min{k ∈ N | ak ∈ O×}. Then for every f ∈ O[[T ]] there exists a

unique pair (Q,R) where Q ∈ O[[T ]] and R ∈ O[T ] has degree smaller than n, such

that

f = QP +R.

Theorem 1 (Weierstrass Preparation). For every f ∈ O[[T ]] there exists a unique

triple (u, U(T ), P (T )) where u ∈ Z≥0, U ∈ O[[T ]]×, and P (T ) is a distinguished

polynomial, such that

f = ϖuPU.

It is easily seen that O[[T ]] is a UFD of dimension 2 and a set of representatives

of its irreducible elements are ϖ and all irreducible distinguished polynomials.

Theorem 2. Let P1, P2, · · · be a sequence of distinguished polynomials such that

Pn ∈ (ϖ,T )n and Pn | Pn+1 for all n ∈ N. We endow O[[T ]] with the m-adic
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topology and O[[T ]]/(Pn) the p-adic topology. Then the natural map

φ : O[[T ]]→ lim←−
k

O[[T ]]/(Pn)

is an isomorphism of topological O-algebras.

Proof. SinceO[[T ]]/(Pn) is p-adically complete, it is isomorphic to lim←−ℓO[[T ]]/(Pn, ϖ
ℓ)

with each object endowed with discrete topology. Hence

lim←−
n

O[[T ]]/(Pn) = lim←−
n,ℓ

O[[T ]]/(Pn, ϖℓ) = lim←−
n

O[[T ]]/(Pn, ϖn),

where each O[[T ]]/(Pn, ϖn) is given discrete topology. Since (Pn, ϖ
n) ⊂ mn, it

suffices to show that for every n ∈ N is a ℓ such that mℓ ⊂ (Pn, ϖ
n). This is true as

the radical of (Pn, ϖn) is m.

Let Pn := (1 + T )p
n − 1. Since O[T ]/(Pn)→ O[[T ]]/(Pn) is an isomorphism by

division algorithm, lim←−nO[T ]/〈(1 + T )p
n − 1〉 = O[[T ]].

Limits and colimits of finite O[Γ]-modules are naturally Λ-modules. Therefore

we would like to study the structure of some class of Λ-modules.

Definition 3. Let M,N are Λ-modules. We say M ∼ N if there is a morphism

M → N with finite kernel and cokernel.

∼ defined above is not an equivalence relation. It defines an equivalence relation

on the class of finitely generated torsion Λ-modules.

Example 1. m ∼ Λ but the converse does not hold. If f, g are coprime,

Λ/(fg)→ Λ/(f)⊕ Λ/(g), Λ/(f)⊕ Λ/(g)

(
g f

)
−−−−−→ Λ/(fg)

are both injective with finite cokernel.

Theorem 3. Let M be a finitely generated Λ-module. Then

M ∼ Λr ⊕

(
s⊕
i=1

Λ/(ϖ)ni

)
⊕

(
t⊕

j=1

Λ/(fj)
mj

)

For some r, s, t, ni,mj, and irreducible distinguished fj. These are invariants of M .

3



When M is torsion, we define ChΛ(M) = (ϖµfM) ⊂ Λ× where µ is the sum of

all ni and fM is the product of all fmj

j .

Lemma 1 (Nakayama’s lemma). Let X be a compact Λ-module. X is finitely

generated iff X/mX is finite. In this case, generators of X/mX as abelian groups

generates X as Λ-modules.

Proof. In light of the usual Nakayama’s lemma, We should show that if X is

compact and mX = X, X = 0. Fix U ⊂ X an open neighborhood at 0. For every

x ∈ X there is an open neighborhood x ∈ Ux and nx ≥ 0 such that mnx Ux ⊂ U .

Since X is covered by finitely many Ux, mnX ⊂ U for some n ≥ 0.

If mX = X, mnX = X for all n and we have that U can only be X. Therefore

X = 0.
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2 Iwasawa’s theorem

Let K be a number field, K∞/K be a Zp-extension.

Proposition 2. K∞/K is unramified outside all places lying above p.

Proof. Let v be a place and let Iv be the inertia group in the extension, which is a

closed subgroup of Γ. Iv is trivial or Γpn for some n. If v is archimedean, Iv has order

1 or 2, hence trivial in this case. If v is nonarchimeden, consider the completion

of the extension. This is an abelian extension over Kv, whose Galois group is a

quotient of the profinite limit of K×
v . Therefore, if Iv is not trivial, Kv is a finite

extension of Qp.

Lemma 2. Suppose K∞/Kn is ramified. There is a n such that in K∞/Kn, all

primes that are ramified are totally ramified.

Proof. Find all Iv where v|p and v is ramified in K∞/K. Suppose their intersection

is Γp
n . The assertion holds for this n.

Definition 4. An is defined as the p-elementary part of the ideal class group of

Kn. Let Ln/Kn be the maximal unramified p-extension. Then Gal(Ln/Kn) ∼= An.

Let L∞ be the union of all Ln, which is over K∞.

If m ≥ n, elements in An extends to elements in Am and the norm map from

Km to Kn sends Am to An. We set

A∞ := lim−→
n

An, X∞ := lim←−
n

An

Theorem 4 (Iwasawa). There exists n0, ν, λ ≥ 0, µ ≥ 0 such that for all n ≥ n0,

logp(|An|) = λn+ µpn + ν.

Note that we may prove this by replacing K with any Km. We may assume

that in K∞/K, all primes that are ramified are totally ramified.

With this assumption, each Kn+1/Kn is ramified. Kn+1 ∩ Ln, and all Km ∩ Ln
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for m > n are therefore Kn. The surjective map

An+1
∼= Gal(Ln+1/Kn+1)→ Gal(Ln/Kn) ∼= An

corresponds to the norm map by class field theory. We see thatAn = Gal(LnK∞/K∞)

and Gal(L∞/K∞) = lim←−nAn = X∞.

Each An has a Γn-action: We lift γ ∈ Γn = Gal(Kn/K) to γ̃ ∈ Gal(Ln/K) and

define γ(x) := Adγ̃(x) for x ∈ Gal(Ln/Kn). All such liftings differ from elements

in Gal(Ln/Kn) so γ(x) is well-defined and give a group action. X∞ is therefore a

natural profinite module of Λ := Zp[[Γ]]. Let G = Gal(L∞/K∞). The Γ-action on

X∞ is given by lifting γ ∈ Γ to γ̃ ∈ G and apply conjugation on X∞.

Let p1, · · · , ps be the prime ideals of K that are ramified in K∞ and I1, · · · , Is
be their respective inertia groups in G. Each Ii∩X is trivial and Ii → Γ surjectively,

so IiX = G. We define σi ∈ Ii be the element mapped to γ. There is a unique ai ∈ X

such that σi = aiσ1. We write G = ΓX = IiX.

Lemma 3.

[G,G] = (γ − 1)(X) = TX.

Proof. (γ − 1)(X) ⊂ [G,G] by considering the action of Γ on X. Note that TX is

closed and ΓX/TX = Γ(X/TX) and it is abelian.

Definition 5. Y0 ⊂ X is the Zp-submodule generated by a2, · · · , as and TX.

Pn := 1 + γ + γ2 · · ·+ γp
n−1 =

(1 + T )p
n − 1

T
.

Lemma 4.

X/PnY0 ∼= Xn.

Proof. Let n = 0. X0 = Gal(L0/K) and L0/K is the maximal unramified abelian

extension in L∞/K. Gal(L/L0) is therefore the closed subgroup generated by

I1, · · · , Is and [G,G]. By definition of Y0, the quotient of G by such subgroup

is exactly X/Y0.

For n > 0, we replace K by Kn. We have to replace γ with γp
n . With this, σi

is replaced by σp
n

i . The equation

σp
n

i = Pn(ai)σ
pn

1
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yields that ai is replaced by Pn(ai), and [G,G] is replaced by (γp
n−1)(X) = PnTX.

All these gives that Y0 is replaced by PnY0.

Since P1 ∈ m and X/P1Y0 ∼= X1 is finite, we have that X is a finitely generated

Λ-module.

For the general case, we choose e such that the assumption holds for K∞/Ke

and define Ye be the Y0 for Ke. Let Pn,e :=
Pn
Pe

. We have Xn
∼= X/Pn,eYe for all

n ≥ e.

We compute |M/Pn,eM | for some standard choices of M . Note that Pn,e is a

distinguished polynomial of degree pn − pe.

1. M = Λ. |M/Pn,eM | =∞.

2. M = Λ/(pk). M/Pn,eM is isomorphic to the space of polynomials in Z /pk Z

with degree < pn − pe. The size is pk(pn−pe) = pkp
n+c where c = kpe.

3. M = Λ/(f) for some distinguished f of degree d. If (f, Pn,e) 6= 1, |M/Pn,eM | =

∞. Suppose this does not happen. We have Pn+2/Pn+1 acts by p times a

unit on M for all pn ≥ d. Assume n0 > e, pn0 ≥ d, n ≥ n0. We have

|M/Pn,eM | = pdn+c for some constant c.

X ∼ E = Λr ⊕

(
s⊕
i=1

Λ/(ϖ)ni

)
⊕

(
t⊕

j=1

Λ/(fj)
mj

)
.

One can prove that if M ∼ N and |M/Pn,eM | <∞ for all n, then |N/Pn,eN | <∞

for all n and the ratio between the order of these tow quotients is a constant for

n >> 0. Apply this to M = Ye, N = E, use the computation above and |An| =

|X/Ye||Ye/Pn,eYe| and we get the theorem.
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3 Iwasawa main conjecture for GL1 over Q

Let Q∞ /Q be the cyclotomic Zp-extension and Γ = Gal(Q∞ /Q). Let Λ = Zp[[Γ]].

We fix a topological generator γ ∈ Γ. Let ω be the Teichmuller character and χ be

the p-adic cyclotomic character.

We define [·] : Γ → Λ× sending γ ∈ Γ to the corresponding group-like element

and ϵΛ the universal character of GQ with value in Λ by ϵΛ : GQ → Γ
[·]−→ Λ×.

This universal character is a p-adic family of characters over the weight space. Let

ζ ∈ µp∞(Qp). We define ϕk,ζ ∈ Hom(Λ,Qp) by the character on Γ sending γ to

ζχ(γ)k. The evaluation of ϵΛ at the point ϕζ,k has the form ψζω
−kχk, where ψζ is a

character of order p-power.

Let ψ be an odd primitive Dirichlet character. The L-value L(0, ψϵΛ(ζ, k)) =

L(−k, ψψζω−k) is interpolated by the Kubota-Leopoldt p-adic L-function

Lψ =
gψ
hψ
∈ Frac(Λ)

where hψ = ξχ(γ)γ − 1 if ψ has the form ψξω
−1, or 1 otherwise. At the classical

point (ζ, k),

Lψ(ζ, k) = L{p}(0, ψϵΛ(ζ, k)).

More generally, we for a finite set of primes not including p, say Σ, we define the

imprimitive p-adic L-function as follows:

gΣψ := gψ ×
∏
ℓ∈Σ

(1− ℓ−1(ψ−1ℓ−1ϵ−1
Λ )(Frobℓ)), LΣ

ψ :=
gΣψ
hψ
.

These imprimitive p-adic L-functions are designed to interpolate imprimitive special

L-values at positive integers.

For every k ≥ 0 and primitive Dirichlet characters ψ we define the following

Selmer groups:

Sel(ψχ−k)Σ := ker
(
H1(Q,Qp[ψ]/Zp[ψ](ψχ−k))

Res−−→
∏
ℓ̸∈Σ

H1(Iℓ,Qp[ψ]/Zp[ψ](ψχ−k))

)
,

Sel∞(ψ)Σ := ker
(
H1(Q,Λ[ψ]∗(ψϵ−1

λ ))
Res−−→

∏
ℓ̸∈Σ

H1(Iℓ,Λ[ψ]
∗(ψϵ−1

λ ))

)
,
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and Iwasawa modules

XΣ(ψχ−k) := (Sel(ψχ−k)Σ)∗, XΣ
∞(ψ) := (Sel∞(ψ)Σ)∗

We omit Σ if it is the empty set. Roughly speaking, XΣ(ψ) catches an isotypic

quotient of the Galois group of a maximal abelian pro-p-extension unramified outside

Σ.

Proposition 3. Suppose for every ℓ 6∈ {p} ∪ Σ we have that the order of ψ on Iℓ

is not a nontrivial p-power (for example, Σ contains all ramified primes). Then then

there are isomorphisms

Sel(ψψ−1
ζ ωkχ−k)Σ ∼= (SelΣ∞(ψ)⊗O[ζ])[γ − (ζχk)(γ)],

and dually

X(ψψ−1
ζ ωkχ−k)Σ ∼=

XΣ
∞(ψ)⊗O[ζ]

(γ − (ζχk)(γ))XΣ
∞(ψ)⊗O[ζ]

unless k = 0 and ψ = ψζ on GQp
. In that exceptional case we have the short exact

sequence

0→ Sel(ψψ−1
ζ )Σ → SelΣ∞(ψ)⊗O[ζ])[γ − ζ]→ Qp[ψ]/Zp[ψ]→ 0

and the dual one.

The exceptional case reflects the fact that the interpolated special value is 0 for

those cases. That never happen when ψ is odd.

Iwasawa proved that XΣ
∞(ψ) is a finite Λψ-module and moreover, if ψ is odd, is

torsion. If moreover p ∤ [Q(µN) : Q] where N is the conductor of ψ, XΣ
∞(ψ) has no

nontrivial finite order Λ[ψ]-submodules.

Let (fΣ
ψ ) be the characteristic ideal of XΣ

∞(ψ).

Theorem 5 (Iwasawa’s Main Conjecture for Q). Let ψ be an odd primitive Dirich-

let character. Then

(fΣ
ψ ) = (gΣψ−1) ⊂ Λ[ψ]⊗Zp Qp .

If p does not divide the order of ψ, then moreover they are the same in Λ[ψ].
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One side of the divisibility is given by Iwasawa’s analytic number formula:

When we fix a conductor and add on the λ-invariant over all odd Dirichlet character

factoring through Gal(Q(µN)/Q), we get the same number for f and g, and also the

equality for µ-invariant when p ∤ [Q(µN) : Q]. Since such formula is not discovered

in general, the divisibility obtained from this side is often done by finding an Euler

system.
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