Problem Set 5 for Lie Groups: Fall 2024

September 30, 2024

For the first 3 problems we use the notation from the lecture: S is a finite
set, F'(S) is the free associative algebra generated by S, F'L(S) is the free Lie
algebra generated by S and ¢: U(F(S)) — T(S) is the isomorphism between
the universal enveloping algebra for FL(S) to the tensor algebra of S. All
these algebras are graded algebras induced from the grading Se = [ [, Sn

Problem 1. Let P: FY(T(S)) — FYT(S)) be the map defined by the

linear extension of
P(z1®29® - ®x,) = ad(z1) o ad(xg) o - - 0 ad(zp—1)(zn),

for x1,...,xy € S. Show that P preserves the gradings, has image contained
in FL(S), and is the identity on S C T'(5).

Problem 2. We keep the notation of P for the map defined in Problem 1.
Define a map 6: T'(S) — End(FL(S)) by setting 6(z) = ad(z) for x € S
and extending to all of T'(S) using the fact that 7'(S) is the free associative
algebra generated by S.

(a) Show that the restriction of # to F'L(S) is a Lie algebra map from FL(S)
to End(FL(S) that sends u € FL(S) to the endomorphism ad(u).

(b) Show that for all u € FL(S)) and all v € FY(T(S)) we have P(uv) =
O(u)P(v) for P the map in Problem 1.

(c) For u,v € FL(S) show that Plu,v] = [P(u),v] + [u, P(v)].

(d) Show that for every k, the restriction of P to FL*(S) = T*(S)N FL(S)
is multiplication by k, so that the function P defined by

1
T = @@%PW(S): T8(S) — FL*(S)

is a projection 7: T'(S) — FL(S) (meaning that 7|prs) = Id).

Problem 3. Fix positive numbers m, r, s. Define a(m,r, s) to be the set of
pairs of sequences r = (r1,...,7r,,) and s = (s1,..., Sy,) with the properties



that (1) for each ¢ we have 15, s; > 0 and r;+s; > land (2) [r| ==Y " =7
and [s| := 3" s; = 5. Let a(m) =3 . a(m,r,s). We denote sequences
in a(m) by (r,s). We denote by |r| = > r; and by |s| = >, s;. Show
that
m
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Problem 4. For (r,s) € a(m): if s, > 1 set

1 X)riad(Y)s X)mad(V)sm—1
Hr)(X,y) = AT adQ)ad0)™ )
Ir| + |s| rils;! T !Sm!

and if s, = 0 set

| X)riad(Y)* X)rm=1
H(r,s)(X,Y) = ad@O)nad(¥)™ | adX)™ xy,
lr| + |[s] 718! !

(a) For all r, s set

1
H =) ()" t— :
)XY =)L S HEs)(X,Y)
m (r,8)€a(
Show that H(r,s) is a finite sum of elements in F'L(S), each being a bracket

of exactly r copies of X and s copies of Y. Show that we have an equality
of formal power series.

log(exp(X)exp(Y)) = Z H(r,s)(X,Y).

7,8

m,r,s)

[Hint: Use the fact that log(exp(X)exp(Y)) € FL(S).]

Problem 5. Consider the function f(u,v) = —log(2 — exp(u + v)). The
power series centered at (u,v) = (0,0) for f is
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Show that this series is absolutely convergent for u,v > 0 and u + v < 2.

Problem 6. Let L be finite dimensional real Lie algebra. Fix a positive
definite inner product on L with associated norm denoted | -|. Show that
there is a 1 < M < oo such that |[U, V]| < M|U||V| for all U,V € L. Show
that for any fixed r, s and for elements U,V € L

[H (r,s)(U, V)] < M™ UV "y,

Problem 7. Show that with L a finite dimensional real Lie algebra and
M as in the previous problem, the Hausdorfl series > H(r,s)(U,V) is

absolutely convergent for U,V with |U|,|V| < 4;.



