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1 Higher Composition Law 1
Some terminology and notations need to know: An n-ary k-ic form is a homogenous polynomial
in n-variables of degree k. For example, a binary quadratic form is a function of the form

f(z,y) = ax® + bxy + cy? for some coefficients a, b, c. We write (Syme”)* the (n T Z - 1)_

dimensional lattice of n-ary k — ic form with integer coefficients; We write Sym"*Z" for the

sublattice that the coefficient of z{'...x¢"(e; + ... + e, = k) is a multiple of <e g . ) For
155 6n

example, (Sym®Z?)* is the space of integer-coefficient symmetric binary cubic forms f(x,y) =
az® 4+ by + cxy® + dy?, while Sym®Z? is the space of such forms with b and ¢ divisible by
3. Finally, we also has the space AFZ" of n-ary alternating k-forms, i.e., multilinear functions
Z" X ... x 2" — Z that change sign when any two variables are interchanged.
Let Cy denote the space Z? ® Z? ® Z? consisting of cubes of integers
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Where a,b,c,d, e, f,g,h € Z. A cube of integers A € Cy defined as above can be partitioned
into two 2 X 2 matrices in three ways:
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Define a group action of I' = SLy(Z) x SLy(Z) x SLo(Z) over Cq as
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t u

; ) € SLy(7Z)

t
and these three factors commute with each other.

Theebnme(r Z) € SLy(Z) lies in the ith factor of T' = SLy(Z) x SLy(Z) x SLo(Z)

For any cube A € Cy, and 1 < i < 3, define a binary quadratic form Q; = Q2 by

Qi(r,y) = — det(Mjz — Nyy)

The form @ is invariant under the action of the subgroup {id} x SLs(Z) x SLs(Z), and the
remaining factor of SLy(Z) acts in the standard way on (). The unique polynomial invariant
of this action is Disc(Q1). Such a conclusion also holds for @2 and @3, and it is surprising
that Disc(Q1) = Disc(Q2) = Disc(Q3), which we also denote as Disc(A). Explicitly, we have

Disc(A) = a®h*+b*g* +c* f2+-d*e* —2(abgh+cdef +acfh+bdcg+aedh+bfcg)+4(adf g+beeh)

Let D = 0, 1mod4. Inspired by the group law on elliptic curves, we define an addition axiom
on the set of (primitive) binary forms Q, @', Q4 arising from a cube A of discriminant D,

QU +Q3 +Q5 =0
More formally, we consider the free abelian group on the set of primitive binary quadratic
form of discriminant D modulo the subgroup generated by all sums [Q4] + [Q4] + [Q4]. Since
Q1] + [Q2] + [@3] = [Q}] + [Q2] + [@3] = 0, the cube law descends to a law of addition
on SLsy(Z)-equivalence classes of forms of a given discriminant. Also, given @1, @2, Q3 with
[@Q1] + [Q2] + [Q3] = 0, there exists a cube A of discriminant D, unique up to I'-equivalence,
such that Q; = Q#, Q2 = Q4, Q3 = QF.

The natural choice of identity element of composition law is

D 1—-D
Qid,p = 2% — Z?JQ or Qiqp = z® —xy + T?J2

follows from the triply-symmetric cubes
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We use (Sym?Z?)* to denote the lattice of integer-valued binary quadratic forms, and
we use Cl((Sym?Z2)*; D) to denote the set of SLy(Z)-equivalence classes of primitive binary
quadratic forms of discriminant D equipped with the above group structure.

We say a cube A is projective if the forms Q4!, Q4 and Q%' are primitive.

Let D be any integer congruent to 0 or 1 (mod 4), and let A;; p be the triply-symmetric
cube defined above. Then there exists a unique group law on the set of I'-equivalence classes
of projective cubes A of discriminant D such that

(a)[Aiq,p] is the additive identity;

(b)For i = 1,2, 3, the maps [A] = [Q#] is a group homomorphism to C1((Sym?®Z?)*; D).

In fact, for every projective cubes A, A’, since [Q1!] + [Qfl] + Q4]+ [Q‘;l] + Q4]+ [Q{?l] =0,
there must exists projective cube A” such that [Q#] + [QiA/] = [Qf‘//] for i = 1,2,3. We define
the composition of [A] and [A'] by [A] + [A] = [4"].

We denote the set of I'-equivalence classes of projective cubes of discriminant D, equipped
with the above group structure, by Cl(Z? ® Z* ® Z?; D).

The above law of composition on cubes also leads naturally to a law of composition on
SLy(Z)-equivalence classes of integral binary cubic forms px® + 3qz?y + 3rzy® + sy>. For just
as one frequently associates to binary quadratic form pz? + 2qzy + ry? the symmetric 2 x 2

p

matrix Z , one may naturally associate to a binary cubic form px?® + 3qz*y + 3rzy® + sy

the triply symmetric 2 x 2 x 2 matrix
q —r
p
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which gives a natural inclusion ¢ : Sym*Z? — Z? ® Z? ® Z?. The preimage of the identity
cubes under ¢ are given by



Cid,D = 3x2y + gy:g or Cid,D = 3x2y + 3.1'1/2 + #Zﬁ

Denoting the SLy(Z)-equivalence class of C' € Sym®Z? by [C]. Let D be any integer
congruent to 0 or 1 mod 4, and let Cjqp be defined as above. Then there exists a unique
group law on the set of SLs(Z)-equivalence classes of projective binary cubic forms C' of
discriminant D such that

(a)[Cia.p] is the additive identity;

(b)The map given by [C] — [.(C)] is a group homomorphism to C1(Z? ® Z* ® Z?; D).

We denote the set of equivalence classes of projective binary cubic forms of discriminant
D equipped with the above group structure by Cl(Sym®Z?; D).

Consider the cubes that hold a twofold symmetry
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These cubes can be naturally viewed as a pair of binary quadratic forms (az? + 2bxy +
cy?, dz? + 2exy + fy?).

If we use Z? ® Sym>Z? to denote the space of pairs of classically integral binary quadratic
forms, then the above association of (az?+ 2bzy + cy?, da? + 2exy + fy?) with the cube above
corresponds to the natural inclusion map

): 7% @ Sym?Z? - 7P @ 77 ® 7*
The preimage of the identity cubes A;; p under j are seen to be

D D+3
Biap = (2ry,2° + Zyz) or Bigp = 2wy +y°, 2% + 2xy + Ty2)

Denoting the SLy(Z) x SLo(Z)-class of B € Z* ® Sym®Z? by [B]. Let D be any integer
congruent to 0 or 1 mod 4, and let B;qp be given as above. There exists a unqgiue group law
on the set of SLy(Z) x S Ly(7Z)-equivalence classes of projective pairs of binary quadratic forms
B of discriminant D such that

(a)[Bia,p) is the additive identity;

(b)The map given by [B] — [3(B)] is a group homomorphism to C1(Z? ® Z* ® Z*; D).

Consider the natural Z-linear mapping

id® Moo L RT* QT — 1> @ N°Z*

taking 2 x 2 x 2 cubes to pairs of alternating 2-forms in four variables
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Let I' = SLy(Z) x SLyo(Z) x SLo(Z) as before, and set [V = SLo(Z) x SLy(Z). For any
pair F = (M,N) € 7Z* ® N*Z* of alternating 4 x 4 matrices, one can naturally associate a
binary quadratic form Q = Q¥ given by

—Q(x,y) = Pfaff(Mz — Ny) = \/(det(Mz — Ny))

(Let A be a 2n x 2n matrix. A Paffian is a polynomial over the entrees of A defined as
Pfaff(A) = ﬁ > ves,, Sen(o) [T @o2i—1),0(2)- In particular, when A is skew-symmetric, we
have Pfaff(4)? = det(A).)

The space of elements (M, N) € Z? @ A*Z* possesses a unique polynomial invariant for the
action of IV = SLy(Z) x SL4(Z), namely

Disc(Pfaff(Mx — Ny))

We denote this invariant of F' as Disc(F"). Denote [F] as the ["-equivalence class of F. Let
D be any integer congruent to 0 or 1 mod 4, and let Figp = id ® Na2(Aiap) be written as
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Then there exists a unique group law on the set of I'-equivalence classes of projective pairs
of quaternary alternating 2-forms F' of discriminant D such that:

(a)[Fiq,p) is the additive identity;

(b)The map given by [A] + [id ® Ag2(A)] is a group homomorphism from Cl(Z? ® Z? @
7?,D);
(c)The map given by [F] ~ [QF] is a group homomorphism to Cl((Sym?Z?)*; D).

For any trilinear map
¢ZL1XL2XL3—)Z

in Z2? x 7?2 x 72, construct the alternating trilinear map

¢ = Nooa(d): (L1 ® Ly ® L3)* = Z



given by

O((11,72,73), (51, S2, 53), (t1,t2, t3)) = dgt(ﬂ s,t) = Z(—l)gﬁb(%(l)a S50(2): to(3))

oES3

This is an integral alternating 3-form in six variables, and so we obtain a natural Z-linear
map

Nooo  LP X TP X 72 — N(Z* © Z° © Z°) = N*Z°

We say that an element E € A3Z° is projective if it is SLg(Z)-equivalent to Agg2(A) for
some projective cube A. The projective classes in A3Z° of discriminant D should also turn into
a group. In fact, this group, denote as CI(A3Z®; D), always consists of exactly one element,

which is [Eiqp| = [AN222(Aidp)]-

Now we turn to discover the relations of these composition laws with ideal classes in
quadratic orders.

Let D be the set of integers congruent to 0 or 1 mod 4. There is a one-to-one correspondence
between the set of elements of D and the set of isomorphism classes of oriented quadratic rings
by the association

Zlz]/(=*) D=0
D+ S(D)=<Z-(1,1)+VD(Z®Z) D >1isasquare
Z[D+\/5] otherwise

2

Where ”oriented” means that the specific choice of v/D is already made.

There is a canonical bijection between the set of nondegenerated SLo(Z)-orbits on the
space (Sym?®Z?)* of integer-valued binary quadratic forms, and the set of isomorphism classes
of pairs (5, I), where S is a nondegenerated oriented quadratic ring and [ is a (not necessarily
invertible) oriented ideal class of S. Under this bijection, the discriminant of a binary quadratic
form equals the discriminant of the corresponding quadratic ring. Also, this bijection is
restricted to a correspondence

Cl((Sym?Z2)*; D) <+ CI*(S(D))

Here C17(S(D)) is the narrow ideal class group. To be specific, consider an oriented ideal
(I,€). Iis any (fractional) ideal of S in K = S ® Q having rank 2 as a Z-module, and € = £1
gives the orientation of I. For any element x € K, the product x - (I, €) is defined to be the
ideal (kI,sgn(N(k))e). Two oriented ideals (I1,€1) and (Is,€;) are said to be in the same
oriented ideal class if (I1,€;) = k(I3 €2) for some invertible kK € K. With these notations,
the narrow class group can then be defined as the group of invertible oriented ideals modulo
multiplication by invertible scalars k € K, (equivalently, modulo the subgroup consisting of
invertible principal oriented ideals ((k), sgn(N(k))).)

We say that a triple (Iy, I, I3) of oriented ideals of S is balanced if [11,I3 C S and
N(I;)N(I2)N(I3) = 1. Also, we define two balanced triples (11, I, I3) and (11, 5, ;) of S to



be equivalent if I} = k1], Iy = r3l}, Is = k3l for some elements Ky, ko, k3 € K. In particular,
we have N(kikoks) = 1. Throughout the paper, N(I) is the norm of the ideal I, which is
defined as

_
|IL/S]

Where L is any lattice in K = S ® Q containing both S and I. (We sometimes omit the
orientation of I if not necessary.)

There is a canonical bijection between the set of nondegenerate I'-orbits on the space
Z2R7*Q7* of 2x 2% 2 integer cubes, and the set of isomorphism classes of pairs (S, (I1, I, I3)),
where S is a nondegenerate oriented quadratic ring and (11, I, I3) is an equivalence class of
balanced triples of oriented ideals of S. Under this bijection, the discriminant of an integer
cube equals the discriminant of the corresponding quadratic ring. Specifically, let (1,7) be a
positively oriented basis of S such that 72 — % =0or 72 —7+ % =0. Let Iy = (o, ), Is =
(B1, B2), I3 = {71,72) denote the Z-basis of the ideals I, I and I3. We write

N(I,e)

QB = Cik + ik T
for some set of sixteen integers a;;, and ¢, (1 < 4,7,k < 2). Then A = (a;;;,) is our desired
cube. This bijection is restricted to correspondence

Cl(Z* ® Z* @ 7Z*; D) +> CIT(S(D)) x CIT(S(D))

which is an isomorphism of groups.

There is a canonical bijection between the set of nondegenerate S Ly(Z)-orbits on the space
Sym®Z? of binary cubic forms, and the set of equivalence classes of triples (S, 1,d), where S
is a nondegenerate oriented quadratic ring, [ is an ideal of S, and ¢ is an invertible element
of S ® Q such that I? C §-S and N(I)®> = N(§). Here two triples (S,I,4) and (S,I',")
are equivalent if there is an isomorphism ¢ : S — S” and an element x € S’ ® QQ such that
I' = ko(I) and & = K*¢(§). Under this bijection, the discriminant of a binary cubic form is
equal to the discriminant of the corresponding quadratic ring. Specifically, let 7 be as before,
and I = (o, B) with (a, 8) positively oriented. We write

o’ = §(co + apr), ®B = 6(cy + ar7), aB* = 6(c1 + ar7), B = 0(c3 + asT)
For some eight integers a; and ¢;. Then C(z,y) = aoz® + 3a12? + 3aszy® + azy® is our
desired binary cubic form. This bijection restricts to a surjective group homomorphism
Cl(Sym®Z?; D) — Cl3(S(D))

The special case where D corresponds to the ring of integers in a quadratic number field
deserves special mention. Suppose D is the discriminant of a quadratic number field K. Then,
there is a natural surjective homomorphism

Cl(Sym®Z?; D) — Cl3(K)



There is a canonical bijection between the set of nondegenerate SLy(Z)-orbits on the
space Z? ® Sym?®Z?, and the set of isomorphism classes of pairs (S, (I1, I, I3)), where S is a
nondegenerate oriented quadratic ring and (/y, I5, I3) is an equivalence class of balanced triples
or oriented ideals of S such that I = I5. Under this bijection, the discriminant of a pair of
binary quadratic forms is equal to the discriminant of the corresponding quadratic ring.

There is a canonical bijection between the set of nondegenerate SLo(Z) x SLy(Z)-orbits
on the space Z2 ® A?Z*, and the set of isomorphism classes of pairs (S, (I, M)), where S is a
nondegenerate oriented quadratic ring and (I, M) is an equivalence class of balances pairs of
oriented ideals of S having ranks 1 and 2 respectively. Under this bijection, the discriminant of
a pair of quaternary alternating 2-forms equals the discriminant of the corresponding quadratic
ring. (See the paper for details and important definitions.) Specifically, let (1, 7) be a Z-basis
for S as before, and suppose (a1, as) and (5, fBs, B3, 54) are appropriately oriented Z-basis for
the oriented S-ideals of I and M respectively. By hypothesis, we may write

a; det(B;, Br) = ngk) + ag.i,g

for some set of 24 constants cglk) and ayk) such that

@ _ @ (
Cik = ~Ckj jk

for all i € {1,2} and j,k € {1,2,3,4}. Then the set of constants F' = {ayk)} € 7*®
A2Z* is our desired pair of quaternary alternating 2-forms. This bijection is restricted to
correspondence

ClZ* ® N*Z*; D) <+ CI(S(D))

which is an isomorphism of groups.

There is a canonical bijection between the set of nondegenerate SLg(Z) on the space
A3Z°, and the set of isomorphism classes of pairs (S, M), where S is a nondegenerate oriented
quadratic ring and M is an equivalence class of balanced ideals of S having rank 3. Under this
bijection, the discriminant of a senary alternating 3-form is equal to the discriminant of the
corresponding quadratic ring. Specifically, let (1, 7) be a Z-basis of S, and (a1, s, a3, ay, as, ag
is a positively oriented Z-basis for the S-module M. By the hypothesis that M is balanced,
we may write

det(Oéi, aj, Oék) = Cijk + AT

for some set of 40 integers {c;;x} and {a;;} satisfying

Cijk = —Cjik = —Cikj = —Ckji

and

Qijk = —Qjik = —Qikj = —Qkji

for all i, 7,k € {1,2,3,4,5,6}. The set of constants E = {ai h1<ijr<e € A*Z° is then our
desired senary alternating 3-form.



Finally, let us summarize this whole section. We have natural discriminant-preserving
arrows

sym®z2 — 2 72 @ sym?72 -2 72 0 72 © 72

L(3) L(‘l)

(Sym?Z2)* 72 @ N*Z4

(5)
o

N375

Specifically,

The arrow (1) maps pz® + 3qz2y + 3ray? + sy3 to (px? + 2qzy + ry?, qx? + 2ray + sy?),
which is an injective map;

The arrow (2) maps (az? + 2bxy + cy?, dz? + 2exy + fy?) to the cube

S

b

e f

A

c

which is an injective map;
The arrow (3) maps (az? + 2bzy + cy?, dz® + 2exy + fy?) to the binary quadratic form
B ar —dy br—ey\ _ o 2 - 2 2.
det (bx ey e fy) = (b* — ac)x® + (af + cd — 2be)xy + (e* — df )y*;
The arrow (4) maps the cube

€ f

S

a b

vz
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To the pair of alternating 2-form in four variables ( , ),
—a —c —e —g

—b —d —f —h
which is an injective map;
The arrow (5) maps the pair F' = (M, N) € Z*> @ N*Z* of alternating 4 x 4 matrices to the
binary quadratic form given by —Pfaff(Mz — Ny);
The arrow (6) is also injective; we omit the details here.

These arrows above lead to the group homomorphisms

(1)

Cl(Sym®Z?; D) — ®

Cl(Z? ® Sym*Z?, D) — Cl(Z? ® Z* @ 7?; D)

l(S) j(4)

Cl((Sym*Z?)*; D) Cl(Z* @ N2Z*; D)

j(ﬁ)

CI(A3Z°; D)

(5)

Where arrows (3) and (5) are bijective, arrow (2) is injective, and arrow (4) is surjective,
and the group CI(A3Z°; D) is trivial; Specifically in the language of ideal classes,
The arrow (1) maps (S, 1,0) to (S, (11, Is, I)), where Iy = I;

The arrow (2) maps (S, (11, I3, I5)) to itself, which must be an inclusion;

The arrow (3) maps (S, (I1, I, 1)) to (S, 1), which is a bijection;

The arrow (4) maps (S, (11, I, I3)) to (S, (I1, s & I3)), which is a surjective map;
The arrow (5) maps (S, (I, M)) to (S, ), which is a bijection;

The arrow (6) maps (S, (I, M)) to (S, I & M), which is actually the zero map.

10



2 Higher Composition Law II

We study the action of the group T' = G'Ly(Z) x GL3(Z) x GL3(Z) on the space of Z?®7Z* @ Z3
on the pair of 3 x 3 matrices, i.e. the space of pairs (A, B) of 3 x 3 integer matrices. In
fact, it suffices restrict the T-action to the subgroup I' = GLy(Z) x SL3(Z) x SL3(7Z), since
(=1, —1I3,I3) and (—1Iy, I3, —1I3) in [ acts trivially on all pairs (A, B). Moreover, the group I’
acts faithfully.

The action of SL3(Z) x SL3(Z) on Z* ® Z3 ® Z? has four independent invariants, namely
the coefficients of the binary cubic form

f(z,y) = det(Ax — By)

The group GLy(Z) acts on the cubic form f(z,y), and it is well-known that this action
has exactly one polynimal inviant, namely the disciminant Disc(f) of f. Hence the unique
GLy(Z) x SL3(Z) x SL3(Z)-invariant on Z* @ Z* ® Z?* is given by Disc(det(Az — By)). We
call this fundamental invariant the discriminant of (A, B), and denote it by Disc(A, B).

(Let f = az® + bxy + cxy? + dy® be a binary cubic form. We define its discriminant to be
Disc(f) = b*c® — 4ac® — 4b3d — 27a*d? + 18abed. This comes from the symmetric polynomial
a(z1 — x2)% (29 — 13)% (23 — 11)%)

If Disc(A, B) is nonzero, we say that (A, B) is a nondegenerate element of Z? ® Z? @ Z3.
Similarly, we call a binary cubic form f nondegenerate if Disc(f) is nonzero.

The parameterization of cubic ring: Let R be a cubic ring (i.e., any ring free of rank 3 as
a Z-module), and (1,w,#) be a Z-basis for R. Translating w, § by the appropriate elements of
7, we may assume that w -6 € Z. We call a basis satisfying the latter condition normalized
or simply normal. If (1,w,#) is a normal basis, then there exist constants a,b,c,d,l,m,n € Z
such that

wl =n,w=m+bw—ab,0?=10+dw—cl

The associative law relations indicate that (n,m,l) = (—ad, —ac, —bd). To the cubic ring
with multiplication as above, we associate the binary cubic form f(z,y) = az®+ bz?y + cxy® +
dy?, which implies the following theorem:

There is a canonical bijection between the set of G Ly(Z)-equivalence classes of integral
binary cubic forms and the set of isomorphism classes of cubic rings by the association

[ R(f)

Moreover, Disc(f) = Disc(R(f)). Here the discriminant of a free ring of rank n with
Z-basis (a1 =1, an, ..., ) is defined as the determinant of the matrix (Tr(a;a;)1<ij<n)-

The symmetric elements in Z? ® Z3 ® Z> are precisely the elements of Z? ® Sym?Z3, i.e.,
pairs (A, B) or symmetric 3 x 3 integer matrices. The cubic form f = det(Az — By) and the
disciminant Disc(A, B) = Disc(f) = Disc(det(Ax — By)) are defined as before. Again, we
say an element (A, B) € Z* ® Sym®Z? is nondegenerate if Disc(4, B) is nonzero. The group
GLy(Z) ® SL3(Z) acts naturally over Z? @ Sym?>Z?>.

11



Consider the natural map

id@N33: 2P RZP QL — 72 @ N*Z°
defined by sending

ey Plp f)

The resulting skew-symmetrized space Z? ® A?Z° has a natural action by the group
GLs(Z) x SLe(Z), and this group action again possess a unique polynomial invariant. In-
deed, a complete set of invariants for the action of SLg(Z) on Z* ® A*Z° is given by four
coefficients of the binary cubic form

f(z,y) = Plaff(Az — By)

and so the unique GLy(Z) x SLg(Z)-invariant is given by Disc(Pfaff(Ax — By)), which
again call the discriminant of (A, B). As usual, we say (A, B) € A*Z° is nondegenerate if it
has nonzero discriminant.

Now, let us discover the relations of these above with ideal classes in cubic rings.

Let R be a cubic ring. We say that a pair (I,I’) of fractional R-ideals in K = R® Q is
balanced if II' C R and N(I)N(I') = 1. Two balanced pairs (I1,I]) and (I, I}) are called
equivalence if there exists an invertible element x € K such that I} = kI and I} = £ I}.

There is a canonical bijection between the set of nondegenerate I'-orbits on the space
7?73 Q73 and the set of isomorphism classes of pairs (R, (I, I')), where R is a nondegenerate
cubic ring and (I, 1’) is an equivalence class of balanced pairs of ideals in R. Specifically,
let (1,w,f) be a normal basis of R, and let (ay, s, a3) and (B, B2, 53) denote any Z-basis
for the ideals I and I’ having the same orientation as (1,w,#).(”Same orientation” means
that the linear transformations that map (1,w,8) to (ay, ag, as) and (S, B2, 53) have positive
determinant.) Since I1" C R, we must have

Oéiﬁj = Cij + bijw + aijé’
for some set of 27 integers a;;, b;; and ¢;;, where 4,7 € {1,2,3}. Let A and B denote the
3 X 3 matrices (a;;) and (b;;) respectively. Then (A4, B) € Z? ® Z* ® Z? is our desired pair of
3 X 3 matrices.
Under this bijection, the discriminant of an integer 2 x 3 x 3 box equals the discriminant
of the corresponding cubic ring. This bijection restricts to correspondence

CUZ* @ Z° @ Z; f) + CI(R(f))

which provides a composition law on the left side and becomes a group isomorphism. In
particular, when f(z,y) = ax®+ bx?y + cxy® + dy?, the identity element of C1(Z* ® Z* ® Z3; f)
could be written as



There is a canonical bijection between the set of nondegenerate GLo(Z) x SL3(Z)-orbits
on the space Z? ® Sym®Z® and the set of equivalence classes of triples (R, I, ), where R is a
nondegenerate cubic ring, I is an ideal of R, and J is an invertible element of R ® QQ such that
I?> C (8) and N(6) = N(I)2. Specifically, for a triple (R, I,d) as above, we first show how to
construct a corresponding pair (A, B) of ternary quadratic forms. Let (1, w, §) denote a normal
basis of R, and let (aq, as, a3) denote a Z-basis of the ideal I having the same orientation as
(1,w, 0). Since by hypothesis I is an ideal whose square is contained in 0 R, we must have

OéiOéj = (S(Cij -+ bijw + aiﬂ)

for some set of integers a;;,b;; and ¢;;. Let A = (a;;) and B = (b;;) denote the 3 x 3
symmetric matrices. Then, the ordered pair (A, B) € Z? ® Sym®Z? is our desired pair of
ternary quadratic forms.

Under this bijection, the discriminant of a pair of ternary quadratic forms equals the
discriminant of the corresponding cubic ring. This bijection is restricted to a surjective map

Cl(Z* ® Sym*Z?; f) — Cly(R(f))

which provides a composition law on the left side and therefore, becomes a group homo-
morphism.

We consider rank 2 modules M over R that could be embedded into K@ K, here K = RRQ.
We say a rank 2 ideal M C K & K is balanced if det(M) € R and N(M) = 1. Two such ideals
are equivalent if one could be mapped into the other ideal via an element of SLo(K). There is
a canonical bijection between the set of nondegenerate G'Ly(Z) ® SLg(Z)-orbits on the space
7Z? @ N*Z°, and the set of isomorphism classes of pairs (R, M), where R is an nondegenerate
cubic ring and M is an equivalence class of balanced pairs having rank 2. As before, this
bijection preserves discriminant from both sides. In particular, suppose R = (1,w,6), and
M = (ay, ..., a5) denote an appropriately oriented Z-basis. We may write

det(ai, O./j) = Cyij + bijw + aijﬁ

for some integers c;;, b;j, a;; satisfying

Cij = —Cji; bij = —bji, aij = —aji
for all 4,57 € {1,2,3,4,5,6}. Let A = (a;;),B = (bi;), and the pair (A, B) is what we
want. This fact indicates that the group CI(Z* ® A?Z°; f) is trivial for all cubic forms f.
In particular, if f corresponds to the ring of integers in a cubic field, then there is only one
element (A, B) € Z, up to SLg(Z)-equivalence, whose binary cubic form invariant det(Ax—By)
is f(x,y). This unique element is given by id® A3 3(A, B), where (A, B) is the identity element
of Cl(Z? @ Z3 @ Z3; f) (see above).

Finally, let us summarize this whole section. We have natural discriminant-preserving
inclusions

7P @Sym’Z® - 7* Q7 @ 7° — 7* @ N°Z°
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The former arrow maps symmetric matrices (A, B) to itself; And the latter arrow maps
sl _y g )
These arrows above lead to the group homomorphisms
ClZ* @ Sym?Z3; f) — ClZ* @ Z* @ Z°; f) — Cl(Z* @ N*Z5; f)

Where the former arrow maps (R, I,d) to (R, (I,1671)); The latter arrow maps (R, (I,1'))
to (R, (I & I')), which is actually the zero map.
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3 Higher Composition Law III

The main goal of this paper is to prove the following theorem:

There is a canonical bijection between the set of GL3(Z) x G Lo(Z)-orbits on the space
(Sym®Z?)* ® Z? or pairs of integral ternary quadratic forms and the set of isomorphism classes
of (Q, R), where @) is a quartic ring and R is a cubic resolvent ring of Q.

Here an element (g3, 92) € Gz = GL3(Z) x GLy(7Z) operates by sending (A, B) to

(93, 92)(A, B) = (rgsAgs + s93Bgs. tgs Ags + ugs Bgs)
where we written g, as (: z) € GLy(Z).

Furthermore, this bijection also leads to the following corollaries:

(a)There is a canonical bijection between isomorphism classes of nontrivial quartic rings
and GLs(Z) x GLF*(Q)-equivalence classes of pairs (A, B) of integral ternary quadratic forms
where A and B are linearly independent over Q. Here "trivial quartic ring” refers to the
ving Z + Za, + Zvy + Zaz with all z;z; = 0, and GL3'(Q) is the subgroup of G'Ly(Q)
having discriminant 1. This corollary indicates that two pairs of ternary quadratic forms
are associated to the same quartic ring if and only if they are related by a transformation in
the group GL;"(Q).

(b)There is a canonical bijection between the primitive quartic rings and G Ly(Z) X G L2(Q)-
equivalence classes of pairs (A, B) of integral ternary forms where A and B are linearly inde-
pendent over Q. Here we define the content of the ring () as the maximal integer n such that
there exists a ring T that satisfies

Q=7Z+nT

and "primitive” means that the ring has content 1. This corollary states that primitive
quartic rings correspond to pairs (M, V'), where M is a free Z-module of rank 3 and V is a
two-dimensional rational subspace of the (six-dimensional) vector space of @-valued quadratic
forms on M. Equivalently, primitive quartic rings () correspond to pairs (M, A), where A is a
maximal two-dimensional lattice of Z-valued quadratic forms on M.

Now let us define the Si-closure of a ring of rank k. Let R be a ring of rank k& with
basis (a; = 1, ..., ax). Then the discriminant of R is defined as the determinant of the matrix
(Tr(ovi)1<ij<n). Suppose R has nonzero discriminant, and let R®* denote the kth tensor
power R®* = R ®; R ®z ... ®z R of R. Then R®* is seen to be a ring of rank k¥. Denote by
I the idea in R®* generated by all elements of the form

z019.01)4+(10z0..01)+.+(1®1®..0z) - Tr(z)

and let Jg denote the Z-saturation of the ideal Ig; i.e. let

Jr = {r € R®* : nr € Iy for some n € Z}

for x € R. The Sj-closure of a ring R of rank k is the ring R given by R®*/Jp.
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To introduce the cubic resolvent of a quartic ring, let us first consider the quadratic resol-
vent of a For a cubic ring R, the quadratic resolvent ring S™(R) of R is the unique quadratic
ring S such that Disc(R) = Disc(S).

Give a cubic ring R, there is a natural map from R to its quadratic resolvent ring that
preserves discriminants. Indeed, for an element z € R, let z, 2, 2" denote the S3-conjugate of
x in the S5 closure R of R. Then the element

(2= ) (@' = )" = )P + (2 — )& = ") (o — )

&3,2(33) = 5

is contained in some quadratic ring, and 95372(@ has the same discriminant as z. We define
the quadratic invariant ring

S™(R) = Z[{¢s2() : = € R}

We must have S™(R) C S, and the order will be discussed later. The map g5372 descends
to the mapping

¢372 : R/Z—) S/Z

as a map of Z-modules, thus well defined as an integral binary cubic form up to GLs(Z) X
G Ly (Z)-equivalence.

Now let us consider the case when () is a quartic ring. Define a function q54,3 over () as

&47?’(%) _ IL"ZL‘/ + x//x///

And define

R™(Q) = Z[{pas(x) : x € Q}]
Here we carry out the definition of the cubic resolvent ring of (). A cubic resolvent ring
R of Q is a cubic ring R such that Disc(Q) = Disc(R) and R 2 R™(Q). The order will be
discussed later. Note that the cubic resolvent ring must exist but might not be unique.
The map ¢4 3 descends to

¢473 . Q/Z-) R/Z

As a map between Z-modules, this map is a quadratic map from Z3 to Z? and thus
corresponds to a pair of integral ternary quadratic forms, well defined up to GL3(Z) x GLy(7Z)-
equivalence. This indicates that isomorphism classes of quartic rings should be parametrized
roughly by pairs of integral ternary quadratic forms up to integer equivalence.

Finally, we directly write down the bijection mentioned at the beginning of this section.
On one hand, let (1, oy, g, ag) and (1, wy, ws) be bases for ) and R respectively such that
the map ¢4 3 is given by

Ga3(t10q + tads + t303) = B(t1, ta, t3)w1 + A(tq, ta, t3)w2
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where @y, G, g, w1, ws denote the reductions modulo Z of aj,as. Then the matrices
(A, B) € (Sym*Z?®)* ® Z? are the pair we want;

On the other hand, suppose we are given the pair (A4, B) € (Sym®Z®)* ® Z? of integral
ternary quadratic forms. Writing out the pair (A, B) of ternary quadratic forms as

A(l’l,ﬂfg,l’g E Qi TiTj

1<4,5<3
B(xy, w9, 23) = Z bijr;x;
1<4,5<3
and letting a;; = a;; and bj; = by, define the constants X\, = A\? (A, B) by

aij bij

N4, B) = ag b

the )\z thus take up to 15 possible nonzero values up to sign.
Let (1,1, as,a3) and (1,w;,wy) be bases for @ and R respectively. We write out the
multiplication law of @) explicitly as

3

_ 0 § k

where ¢; € Z for i,j € {1,2,3} and k € {0,1,2,3}, then the condition that the basis is
normal is equlvalent to

12 1 _
Clg =Cjp = C13=0

For any permutation (i, j, k) of (1,2,3), we have

cly = ENE+ Cy, ;= 2N,

" g
= j:2)\” + Cj,cw = £\

where we have used £ to denote the sign of the permutation (i, 7, k) of (1,2, 3), and where
the constants C; are given by

Cl )‘%?7 CQ /\537 C3 = )‘ég

Finally, we write the formula for c;:

3

0 __ r ok r k
cij - § (Ckkc CZ_]C’I‘k>

i=1
for any k # i, which ends up the construction of ; We also write out the multiplication
law of R as

wiws = —ad, wf = —ac + bwy — an,wg = —bd + dw; — cws

where the constants a, b, ¢, d satisfies
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az® + br?y + cxy® + dy® = 4det(Az + By)

which gives the construction of R. One could verify that the maps between (@, R) and
(A, B) are reciprocal inverse mapping, and R = R(A, B) is indeed the cubic resolvent of @) =
Q(A, B). Therefore we are done. Furthermore, the bijection is also discriminant preserving.
i.e., Disc(Q) = Disc(R) = Disc(A, B). Here the discriminant of the pair (A4, B) is defined to
be

Disc(4 - det(Azx + By))

Notice that this definition is different from the definition appeared in Section 2.

We also define the content ct(A, B) of a pair (A, B) of integral binary forms to be the
content of the corresponding quartic ring, i.e.,

ct(A, B) = ct(Q(A, B)) = gcd{ A\ (A, B)}

We have the following statement that gives the formula for orders:

(a)Let R be a cubic ring, S™(R) be the quadratic invariant ring of R, and S the quadratic
resolvent ring of R. Then [S : S"™(R)] = ¢(R)ct(R), where ¢(R) = 2 if R = Z + ct(R) R, with
Ry ®7Z? =73, and ¢(R) = 1 otherwise. In particular, S™ (R) = S if and only if R is primitive
and R ® Z? is not isomorphic to Zj.

(b)Let @ be a quartic ring, R™(Q) be the cubic invariant ring of @, and R be any cubic
resolvent ring of Q. Then [R : R™(Q)] = ct(Q). In particular, R™(Q) = R if and only if Q

is primitive.

An alternative description of cubic resolvent that does not involve the notion of Sj-closure:
Let @ be a quartic ring, R a cubic ring, and ¢ : A*(Q/Z) — A*(R/Z) an isomorphism. Then
we call a quadratic map ¢ : Q/Z — R/Z a resolvent mapping if

(a)The identity

Ele Ny ANay) = o(x) A dy)
holds for all x,y € Q;
(b)The identity
[Disc(¢)]z = 2z A 2*
holds for all z € R. Here Disc(¢) = nodisco, and n = &1 @ &1 @ . See the paper for
details.

Let @ be a quartic ring. A cubic resolvent ring of ) is a cubic ring R equipped with an
isomorphism £ : A*(Q/Z) — N*(R/Z) and a resolvent mapping ¢ : Q/Z — R/Z.

With these definitions, the theorem at the beginning of the section immediately extends
to cases of zero discriminant.

A quartic ring ) with a nonzero discriminant is said to be maximal if it is not a subring
of any other quartic ring. (This definition comes from the ring of integers in a number field.)

18



() is maximal if and only if it is maximal at every prime p. If () is not maximal at p, then
there exists a Z-basis (1, a1, as, a3) of @ such that at least one of the following is true:

(1)Z + Z(c1 /p) + Zas + Zas forms a ring;

(2)Z + Z(o /p) + Z(ay/p) + Zag forms a ring;

(3)Z + Z(a/p) + Lo /p) + s p) forms a ring,

We can translate the conditions (1)(2)(3) into the conditions respectively on the A-invariants
of (A, B):

(A3, AL AL AI2 are multiples of p, and M3, A\]3 are multiples of p?;

(2)A33: Adzs A3, Ad3, A3, A33 are multiples of p, and A3, A3, A33 are multiples of p?;
(3)All the \J)’s are multiples of p.

Now we want to understand those pairs (A, B) or integral ternary quadratic forms cor-
responding to maximal orders in quartic fields. To be specific, we consider pairs (A, B) or
ternary quadratic forms over the p-adic ring Z, and its residue field F, = Z/pZ. The intersec-
tion condition of the two conics related to A and B actually gives information about whether
@ is maximal at p. (Here we consider the projective space IP’2 and view A and B as projective
curves.) Let U, denote the subset of elements (A, B) such that Q = Q(A, B) is maximal at p.
In fact, the measure of U, could be written as

pUy) =p-1"pp+12@*+p+)@*+p*+2p+1)/p?

See the paper for more details that we omit here.
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4 Higher Composition Law IV

The main goal of this paper is to prove the following theorem:

There is a canonical bijection between the set of GL4(Z) x SLs(Z)-orbits on the space of
7* @ N*Z° of quadruples of 5 x 5 skew-symmetric matrices and the set of isomorphism classes
of pairs (R, S), where R is a quintic ring and S is a sextic resolvent ring of R.

Here an element (g4, g5) € Gz = GL4(Z) xS Ls(7Z) operates by sending A = (Ay, As, Az, Ay)
to

(945 95) (A1, Ag, Az, Ag)' = ga(g5A105, g5 AagE, g5 Asgh, g5 Aagh)*

Let R be a quintic ring, and (1, oy, e, vz, o) be a Z-basis of R. The definition of Ss-closure
R of R is the same as Section 3.

Consider the six fundamental index 6 subgroups M(1),..., M(6) in S5, called the meta-
cyclic subgroups. Each of these subgroups is generated by a 5-cycle and a 4-cycle. For
M(1) = ((12345), (2354)), M(2) = ((12354), (3254)), while M) (1 < i < 4) is obtained by
conjugating M) by the 5-cycle (12345)". These six metacyclic groups form a set of conjugate
subgroups.

For simplicity, we shall write M = M®. The ring RM fixed pointwise by the action of
M is evidently a ring of rank 6 (i.e., a sextic ring), which we call the sextic invariant ring
and denote S™(R). We will be looking for the sextic resolvent ring of R inside the sextic
Q-algebra S™(R) ® Q. (Unfortunately, unlike Section 3, the order is not known in this case.)

Let (x,y)r = Trf(xy) be a symmetric quadratic form on R, and (g, o, a3, af, o) denote
the dual basis of (ag = 1, a1, s, a3, ay) with respect to this pairing. We write R* for the
Z-dual of R with Z-basis «f, o}, a3, af, . A sextic resolvent of R is a rank 6 sublattice
S ¢ RM ® Q such that Disc(S) = (16Disc(R))?, and such that any one of the following
equivalent conditions holds:

(a)f(z,y,2) € R for every x,y,z € S. Here R = Za} + Zajy + Lo + Zal, C R* is a
sublattice, and f: S x § x § — R* with the form

, 2 @ B _ 6 @) _ 6
W) _y@ B _ O @) _ y6)

[y, 2) = —=——
16Disc(R) L) _ @) L6) _ ,6) (4 _ ,06)

Here for s € S, s, s®), ... s(® denote the conjugates of s € R ® Q,labelled so that they
are stabilized by MM, M@ MO respectively;

(b)Let (8o = 1, B1, ..., B5) denote a Z-basis of S, and S* be the Z-dual for S with dual basis
(85, 815+, B5). Let S =Zp7 + ... + ZP5 C S* be a sublattice. Then this condition states that
g(u,v) € R for every u,v € S. Here g : S x S — R has the form

g(u,v) = M u® 0@ 4B L y® @ Ly
48Disc(R) oD £ 0@ B 4 6 (@) 4y

Where 4/Disc(S) is defined analogously to y/Disc(R), namely, as det[(ﬁi(m))ogi,m_lgg,];
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(¢)Tr(a - f(z,y,2)) € Z for every a € R and x,y,z € S

(A)Tr(a - g(u,v)) € Z for every a € R and u,v € S.

Notice that the definition of S above only gives a lattice structure on S. However, we could
prove that it is actually a ring.

Finally, we directly write down the bijection mentioned at the beginning of this section.
On one hand, let (1, aq, as, a3, aq) and (1, By, Bs, B3, B4, f5) be bases for @ and R respec-
tively. We keep the notations as above and write

* * * * * *
9(B7, B7) = arijad + agijas + azijas + asijag

Then the set of forty integers A = {a,i; }1<i<a1<i<j<s gives the element of Z* @ A?Z° we
desired.

On the other hand, suppose we are given A = (A, Ay, A3, Ay) = (a,45) € Z* ® N*Z°. For
any X € A?Z5 and 1 < i < 5, define the ith 4 x 4 signed sub-Pfaffian @; of X to be the
(—1)"! times the Pfaffian of the 4 x 4 principal submatrix obtained from X by removing its
1th row and column. Let

QX] = [Q1, .., Qs]'

be the column vector of signed 4 x 4 sub-Pfaffians of X. Let Q(X,Y’) denote the corre-
sponding symmetric bilinear form such that Q(X, X) = 2Q(X). To be specific, 2Q(X,Y) =
QX +Y, X +Y) - Q(X,X) — Q(Y,Y) implies Q(X,Y) = Q(X +Y) — Q(X) — Q(Y). For
i,7,k,l;m € {1,2,3,4}, let us use the shorthand

{igklm} = Q(A;, Aj)" - Ay - Q(Ay, Ayy)
We write out the multiplication law of R explicitly as

4

_ 0 Je
Qi = Cj; + g Cij Ok
k=1

for 1 <1i,5 < 4. The normal basis assumption implies that

1 _ 2 _ 3 _ 4 _
Clg = Cly = C3y = C34 =0

For any permutation (i, j, k,1) of (1,2,3,4), we have

ok = £{iiljj}/4
. = £{liiik}
ol — by, = £{jklii} /2

1

c.—d — b =+{ijlki}

k23 7

and also the equality
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4

0 _ r k r k

Cij = E :(Cjkcm' - Cijcrk:)
i=1

for any k # . This marks the ending of the construction of the multiplication law of R.
And now let us turn to the ring structure of S = (1, 31, ..., B5):

5
Bify = di + Y di By
k=1
Define invariants DJ; = DJ;(A) for A by

P L
K 2304

Ok, Uy o, b ks, Ug; Feay L) O (K3, 1 kg, Uy RS, 055 ey, L) O (R 15 S U kg, 155 KL 1)

oL, o GULKI o (K Laksls) o (K Kk, o (kaokl k1))

Where we have used o(ng,...,n5) to denote the sign of the permutation (ng,...,ns) of
(1,2,3,4,5), and

Aliyjy Q251 A3y Adiggy

. .. .. .. . a1i2j2 agz‘zjz a3i2j2 a4¢2j2
(i1, s 12, o3 13, Ja; ia, Ju) = G o s an
ligjs 2i3J3 3i3]3 4i3j3
Aliggs 26455 A3igga  Adiggs

Let

df; = D,
dzz = sz
dgj - dfk = ng - ka
diz - dgj - dfk = sz - Df] - ka

Also, we may assume

diQ - d%2 = d§4 = d§4 = di5 =0
And finally, we obtain

5
dgj = Z(d}”k% - dgjdfk)
r=1
for any k # i, which gives the construction of S. One could verify that the maps between
(R,S) and A = (A, Ay, Az, Ay) are reciprocal reverse mapping, and S = S(A) is indeed the
sextic resolvent of R = R(A). Therefore we are done. Furthermore, the bijection is also
1

discriminant preserving, i.e., Disc(4) = Disc(R) = +=Disc(S)"/?. Here the discriminant of A

is defined to be equal to the discriminant of R = R(A), and therefore the first = must holds.

Consider the classical resolvent map
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Yv:R—SxQ
deﬁned by @Z)(O[) — 1 (a(l)a(Q) _|_ a(Q)a(3) _|_ a(3)a(4) _|_ a(4)a(5) _|_ a(5)a(1) — a(l)a(3) —
Disc(R)
a®al® —a®a? — a@a —aWaW), Let t = (ty,ty,t3,t4) € Z* and a(t) = tioy + tray +
tsaz + tyay € R/7Z. Then we have the following equation

P(aft)) = 4Q1(t)5~1 + ..+ 4@5(15)35

Which links the entries of the 4 x 4-Pfaffians and the resolvent map. Moreover, the image
of v lies not only in S ® Q, but in S itself! Therefore, the map ¢ also descends to

V:R/Z— S

An alternative description of cubic resolvent that does not involve the notion of Sj-closure:
Let Q be a quintic ring and S a sextic ring. We call a Z-linear map ¢ : R/Z — A*(S/Z) a
sextic resolvent ring if R(¢) = R and S(¢) = S. (The ring R(¢) and S(¢) are obtained by the
way we already introduced.)

Let R be a quintic ring. A sextic resolvent ring of R is a sextic ring S equipped with a
sextic resolvent mapping ¢ : R/Z — N*(S/Z).

With these definitions, the theorem at the beginning of the section immediately extends
to cases of zero discriminant.

A quintic ring R with a nonzero discriminant is said to be maximal if it is not a subring
of any other quintic ring. (This definition comes from the ring of integers in a number field.)
R is maximal if and only if it is maximal at every prime p. This part is similar to the quartic
case, except that we consider the intersection of the sub-Pfaffians in ]P’% (and not the skew-

P
symmetric matrices). Let U, denote the subset of elements A = (A, Ay, A3, Ay) such that
R = R(A) is maximal at p. In fact, the measure of U, could be written as

pw(Uy) = (p—1%p(p+1)' 0>+ 1)*@* +p+ 1)° (0 + 0> + 0 +p+ 1) (p* +p* +2p* + 2p+1) /p®

See the paper for more details we omit here.
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5 The density of discriminants of quartic rings and fields

This section aims to prove theorems 1-5 of the paper. (See the paper for description and
details.)

Theorem 1: Let N4i) (&,m) denote the number of Sy-quartic fields K having 4 — 2i real
embeddings such that £ < Disc(K) < 7. Then

- N9, x 1 .
hmM H(1+p Pg—p4)

X —00 X 48
IR MURSINES § AR
X—oo X 8 ;

(2)(0 X)
1' 4 Y 1 —3_ —4
dim === LA+ =97 =)

p

Theorem 2: Let M (f n) denote the number of quartic orders O contained in S,-quartic
fields having 4 — 2i real embeddings such that £ < Disc(O) < n. Then

MP0,X)  ¢(2)%¢(3)

S TG
oy MVX0) <> ¢(3)
XX 8¢(5)
L MP0.X) (%)
X—oo X 16¢(5)

Theorem 3: Let p be a fixed prime, and let K run through all S;-quartic fields in which
p does not ramify, the fields being ordered by the size of the discriminants. Let Ks; denote
the Galois closure of K. Then the Artin symbol (Ks4/p) takes the values (e), ((12)), ((123)),
((1234)), and ((12)(34)) with relative frequency 1:6:8:6 : 3.

Theorem 4: When ordered by absolute discriminant, a positive proportion (approximately
17.111%) of quartic fields have associated Galois groups D,4. The remaining 82.889% of quartic
fields have Galois group Sj.

Theorem 5: For a cubic field F', let hy % (F') denote the size of the exponent-2 part of the
class group of F'. Then

2 hs(F)
X—o0 ZFl _5/4

™ ZFZT ) 3

Where the sums range over cubic fields F' having discriminants in the ranges (0, .X) and
(—X,0) respectively.
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Let Vi denote the space of pairs (A, B) of ternary quadratic forms over the real numbers.
Let Vz C Vi denote the subset of pairs of integral forms. According to Section 3, there is a
canonical bijection between the set of Gz = GLy(Z) x SL3(Z)-equivalence classes of elements
(A, B) € Vz and the set of isomorphism classes of pairs (@, R), where @ is a quartic ring and R
is a cubic resolvent ring of (). Under this bijection, we have Disc(A, B) = Disc(Q)) = Disc(R).

From the point of view of the statement above, we would like to restrict the elements of
V7 under consideration to those that are irreducible in an appropriate sense. More precisely,
we call a pair (A, B) of integral ternary quadratic forms in V absolutely irreducible if

(a)A and B do not possesse a common zero as conics in P?(Q); and

(b)the binary cubic form f(z,y) = det(Az — By) is irreducible over Q.

Equivalently, (A, B) is absolutely irreducible if A and B possess a common zero in P2
having field of definition K, where K is a quartic field whose Galois closure has Galois group
either Ay or Sy over Q. Absolutely irreducible elements in V7 correspond to (@, R) where Q
is an order in either an A4 or Sy-quartic field.

The action of Gg = GLs(R) x SL3(R) on Vi has three nondegenerate orbits VR@, V]Rgl), Vﬂf),
where V]Rgi) consists of those elements (A, B) in Vg having 4 — 2i common zeros in P*(R). For
0<i<2,let Vz(i) = Vﬂéi) N V7 be the subset of V]Rgi) consisting of integral forms. Let N(Vz(i); X)
denote the number of Gz-equivalence classes of absolutely irreducible elements (A, B) € VZ(i)
and satisfying |Disc(A4, B)| < X. Then we prove the following theorem, which plays an
important role in proving theorem 1-5:

NV X)) ¢(2)%¢(3)

Wy TR
1), 2
N X))
X—o0 X 8
(2). 2
LN X) (%)
X—o0 X 16

Let F denote a fundamental domain for the action of Gz on Ggr by left multiplication.
We also assume that F C Gpg is semi-algebraic and connected, and that it is contained
in a standard Siegel set, i.e., F C N'A'KA. (See the paper for the definition of the sets
K, A", N' A.)

Next, for i = 0,1, 2, let n; denote the cardinality of the stabilizer for Gr of any element
v E Vi . The group Gr acts transitively on V(i). The group of stabilizer for v € V(i)
res%)ectlvely Sy, Cy x Cy, Dy for i = 0,1, 2, Wthh has order n; = 24,ny = 4 n3 = 8. For any

, J, will be the union of n; fundamental domains for the action of GGz on V]R Therefore, we
view F, as a multiset, and the multiplicity is between 1 and n;. It is an important conclusion
that the stabilizer in Gy of an absolutely irreducible element (A, B) is always trivial, we
conclude that for any v € V]R , the product n;- N (VZ(Z), X) is equal to the number of absolutely
irreducible integer points 1n F, having absolute discriminant less than X.

Thus to estimate NV (VZ ; X), it suffices to count the number of integer points in Fov for

some v € V]Rgi). The number of such integer points can be difficult to count in a single such Fuv,

so instead, we average over many Jv by averaging over certain v lying in a box H with measure
|Disc(v)|~'dv. In this paper we let H = {(A, B) € Vi : |aijl, |bi;] < 10;|Disc(4, B)| > 1}. (In
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fact, any nonempty H with nonzero volume is okay.) Let ® = & denote the characteristics
function of H. Then we have

Loevo @) - #{z € FonV,” abs.irr. : 0 < [Disc(z)| < X}|Disc(v)|'dv

NV, X) =
(V275 X) ;- [ ey @(v)|Disc(v)[~tdv

We chose the measure |Disc(v)|~'dv because it is a Gg-invariant measure. More generally,
for any Gz-invariant set S C Vz, we may speak of the number N (S; X) of irreducible Gz-orbits
on S having discriminant less than X. Then N(S; X)) can be expressed similarly as

Joev @) - #{x € Fun S abs.irr. : 0 < |Disc(z)] < X}|Disc(v)| ™ dv

N(S; X) =
(5;.X) n; - [ ey ®(v)|Disc(v)|~tdv

Then, from lemma 11 to lemma 16 in the paper, we turn to estimates on the not absolutely
reducible pairs of (A, B). Our result is that the expected number of integral ternary quadratic
forms (A, B) € Fuv such that |Disc(A, B)| < X, and (A, B) is not absolutely irreducible is
o(X) when X — o0, i.e., most of the pairs (A, B) € Fuv are absolutely irreducible. Therefore,
it suffices to count the number of all the integral points in F, with discriminant less than X,
which afterwords could be estimated as the volume of Ry = Rx(v), the submultiset in Fv
having discriminant less than X. To sum up,

Let v take a random variable in HNV ® uniformly with respect to the measure |Disc(v)|~'dv.
Then the expected number of absolutely irreducible integral elements in Ry is

; 1
NV X) = —Vol(Rx) +o(X)

Then we compute the volume of Rx:

3 X1/ 2
I Vol(Ry) = 7 / 150t / dg = 2B y
0 Gz\GE!

Which ends our proof.

Also, due to the work that people have done before, we know that the contributions from
the Galois groups Cy, K4, and Ay are o(X), which are negligible in comparison. Therefore,
we write the theorem in the language of quartic rings and cubic resolvents, and it leads to the
following theorem:

Let M, ® (&,m) denote the number of isomorphism classes of pairs (@, R) such that () is an
order in an Sy-quartic field with 4 — 2i read embeddings, R is a cubic resolvent ring of (), and

¢ < Disc(Q) < n. Then

M;(0,X)  ¢(2)%(3)

am e =
o MY(=X0) C(2)%¢(3)
lim =

X—00 X 8
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o MET0.X) (%)
X—o0 X 16

Actually, it should be ” A4 or S, quartic field”, but we are allowed to neglect the A4 part.

The following theorem is also important for our proof. Suppose S is a subset of VZ@) defined
by (possibly infinitely many) congruence conditions. Then

i VEOVOX) 2P0 1, )

Where p,(S) denotes the p-density of S in V7, and n; = 24,4, 8 respectively.
Now, we can start proving theorems 1-5. We omit the details here since they can be found
in the paper.
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6 The density of discriminants of quintic rings and fields

This section aims to prove theorems 1-4 of the paper. (See the paper for description and
details.) The techniques we write down are just the same as in the last section.

Theorem 1: Let Néi) (&,m) denote the number of Ss-quintic fields K having 5 — 2i real
embeddings such that £ < Disc(K) < 7. Then

N%0,x) 1

lim s OA) L 142 pt_ 5
im T X 240 p( tpT o =)
W, x) 1
i 5 U, _ 1ap2_pt_ 5
T X 24 ,,( L ey
NP(0,x) 1
1' 5—7 —_ 1 —2 _ —4 _ -5
am T X 16 p( At e

Theorem 2: Let Méi) (€,7m) denote the number of quartic orders O contained in Ss-quintic
fields having 5 — 2i real embeddings such that £ < Disc(O) < n. Then there exists a positive
constant a such that

M0, X) a

lim ————— = —

Xoo X 240
1

i MV (=X,0) _ o

X5 X 24
2

lim —Mé )(O’X) _ @

X =00 X 16

In fact, we have o = H,p oy, where

p—1 1
o, = —— ,
P D [RP%:B |Autz, (R,)|Disc,(R,)
Theorem 3: Let p be a fixed prime, and let K run through all Ss-quartic fields in which
p does not ramify, the fields begin ordered by the size of the discriminants. Let Kj5y be
the Galois closure of K. Then the Artin symbol (Ki9/p) taking values (e), ((12)), ((123)),
((1234)), ((12345)), ((12)(34)), ((12)(345)) with relative frequency 1 : 10 : 20 : 30 : 24 : 15 : 20.

Theorem 4: When ordered by absolute discriminant, a density of 100% of quintic fields
have associated Galois group Ss.

Let Vg denote the space of quadruples (A, B, C, D) of skew-symmetric over the real num-
bers. Let Vz C Vi denote the subset of quadruples of integral forms. According to Sec-
tion 4, there is a canonical bijection between the set of Gz = GL4(Z) x SLs(Z)-equivalence
classes of elements (A, B,C, D) € V; and the set of isomorphism classes of pairs (R, S), where
R is a quintic ring and S is a sextic resolvent ring of ). Under this bijection, we have

Disc(A, B,C, D) = Disc(R) = +Disc(5)"2.
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From the point of view of the statement above, we would like to restrict the elements of V7
under consideration to those that are irreducible in an appropriate sense. More precisely, we
call a quadruple (A, B, C, D) of integral ternary quadratic forms in V7 absolutely irreducible
if

(a)A, B,C, D is irreducible, i.e., it possesses a zero in P? having field of fractions K, where
K is a quintic field extension of Q;

(b)The fractional field of its associated quintic ring is an Ss-quintic field. Equivalently, if
the fields of definition of its common zeros in P? are Ss-quintic fields.

Absolutely irreducible elements in V7 correspond to (R,S) where R is an order in an
Ss-quintic field.

The action of Gg = GL4(R) x SL5(R) on Vg has three nondegenerate orbits VR@, V]Rgl), VH@,
where VR@ consists of those elements (A, B, C, D) in Vi having 5 — 2i common zeros in P?(R).
For 0 < i < 2, let VZ(i) = Vﬂéi) N Vz be the subset of Vﬂéi) consisting of integral forms. Let
N (VZ@;X ) denote the number of Gz-equivalence classes of absolutely irreducible elements
(A,B,C,D) € VZ(i) and satisfying |Disc(A, B,C,D)| < X. Then we prove the following
theorem, which plays an important role in proving theorem 1-4:

NV X)) C(2)%(3)%C(4)%¢(5)

P 240

i NOEYX) C@%CE)*C@)¢(5)
Xooo X 24

i NOZ X)) C2%CE)@)(5)
Xoeo X 16

Let F denote a fundamental domain for the action of Gz on Ggr by left multiplication.
We also assume that F C Gpg is semi-algebraic and connected, and that it is contained
in a standard Siegel set, i.e., F C N'A'KA. (See the paper for the definition of the sets
K, A", N A.)

Nexfc7 for i = 0,1, 2, let n; denote the Cardinality of the stabilizer for G of any element
v € V ) The group Gg acts transitively on V ) The group of stabilizer for v € V )
res;jaectlvely S5, S3 x Cy, Dy for © = 0,1, 2, which has order ny = 120, ny = 12 n3 = 8. For any

, JF, will be the union of n; fundamental domains for the action of Gz on V . Therefore, we
view JF, as a multiset, and the multiplicity is between 1 and n;. It is an important conclusion
that the stabilizer in Gz of an absolutely irreducible element (A, B, C, D) is always trivial, we
conclude that for any v € Vﬂé , the product n;- N (VZ(Z), X)) is equal to the number of absolutely
irreducible integer points in ., having absolute discriminant less than X.

Thus to estimate NV (VZ@;X ), it suffices to count the number of integer points in Fv for
some v € Vﬂéi). The number of such integer points can be difficult to count in a single such
Fuv, so instead, we average over many Jv by averaging over certain v lying in a box H with
measure |Disc(v)| 'dv. In this paper, we let H be any nonempty H with nonzero volume. Let
® = &y denote the characteristics function of H. Then we have

Joeve @) - #{x € Fon Vz(i) abs.irr. : 0 < |Disc(z)| < X }|Disc(v)|'dv
;- [ oy ®(v)|Disc(v)|~tdv
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We chose the measure |Disc(v)|~'dv because it is a Gg-invariant measure. More generally,
for any Gz-invariant set S C V7, we may speak of the number N(S; X) of irreducible Gz-orbits
on S having discriminant less than X. Then N(S; X) can be expressed similarly as

Joev @) - #{x € Fun S abs.irr. : 0 < |Disc(z)] < X}|Disc(v)| " dv
;- [ ey ®(v)|Disc(v)|[~tdv

N(S;X) =

Then, from lemma 8 to lemma 14 (except from proposition 12) in the paper, we turn
to estimates on the not absolutely irreducible quadruples of (A, B,C,D). Our result is
that the expected number of integral ternary quadratic forms (A, B,C, D) € Fuv such that
|Disc(A, B,C, D)| < X, and (A, B,C, D) is not absolutely irreducible is o(X) when X — oo,
i.e., most of the pairs (A, B,C, D) € Fuv are absolutely irreducible. Therefore, it suffices to
count the number of all the integral points in F, with discriminant less than X, which af-
terwords could be estimated as the volume of Rx = Rx(v), the submultiset in Fv having
discriminant less than X. To sum up,

Let v take a random variable in HNV @) uniformly with respect to the measure |Disc(v)|~dv.
Then the expected number of absolutely irreducible integral elements in R is

NV X) = ivOl(RX) + o(X)

(2

Then we compute the volume of R x:

1 20 [ C(2)2¢(3)2¢(4)%¢(5)
n—iVol(RX) = n—z/o t7d 75'/GZ\G§1 dg = om, X

Which ends our proof.

Also, we write the theorem in the language of quintic rings and sextic resolvents, and this
lead to the following theorem:

Let M:% (¢, ) denote the number of isomorphism classes of pairs (R, S) such that R is an
order in an Ss-quintic field with 5 — 2i read embeddings, S is a sextic resolvent ring of (), and

¢ < Disc(Q) < n. Then

M0, X)  C(2)%C(3)2¢(4)%¢(5)

lim =

X—00 X 240

o M5 X000 C2PPCB)CA)0)
X—00 X 24

o M50, X) _ C(2%C3PC(4)(5)
X —o00 X 16

The following theorem is also important for our proof. Suppose S is a subset of VZ(i) defined
by (possibly infinitely many) congruence conditions. Then

N(SNVIX)  ¢(2)%C(3)°¢(4)%¢(5) T 1m(5)

li =
Xl—r>rtl>o X 2n;
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Where p,(S) denotes the p-density of S in Vz, and n; = 120, 12, 8 respectively.
Now, we can start proving theorems 1-4. We omit the details here since they can be found
in the paper.
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