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272 Complete Metric Spaces and Function Spaces Ch.7

Theorem 44.1. Let I = [0, 1]. There exists a continuous map f : I — 1% whose
image fills up the entire square I°.

The existence of this path violates one’s naive geometric intuition in much the
same way as does the existence of the continuous nowhere-differentiable function
(which we shall come to later).

Proof.  Step 1. We shall construct the map f as the limit of a sequence of continuous
functions f,. First we describe a particular operation on paths, which will be used to
generate the sequence f;,.

Begin with an arbitrary closed interval [a, b] in the real line and an arbitrary square
in the plane with sides parallel to the coordinate axes, and consider the triangular path g
pictured in Figure 44.1. It is a continuous map of [a, b] into the square. The operation
we wish to describe replaces the path g by the path g’ pictured in Figure 44.2. It is
made up of four triangular paths, each half the size of g. Note that g and g’ have the
same initial point and the same final point. You can write the equations for g and g’ if
you like.

Figure 44.1

Figure 44.2

This same operation can also be applied to any triangular path connecting two
adjacent corners of the square. For instance, when applied to the path % pictured in
Figure 44.3, it gives the path 4.

Step 2. Now we define a sequence of functions f, : I — I2. The first function,
which we label fj for convenience, is the triangular path pictured in Figure 44.1, letting
a = 0and b = 1. The next function f] is the function obtained by applying the
operation described in Step 1 to the function fy; it is pictured in Figure 44.2. The next
function f> is the function obtained by applying this same operation to each of the four
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Figure 44.3

triangular paths that make up fi. It is pictured in Figure 44.4. The next function f3
is obtained by applying the operation to each of the 16 triangular paths that make up
fa; it is pictured in Figure 44.5. And so on. At the general step, f; is a path made
up of 4" triangular paths of the type considered in Step 1, each lying in a square of
edge length 1/2". The function f,4] is obtained by applying the operation of Step 1
to these triangular paths, replacing each one by four smaller triangular paths.

fp

/—\

Figure 44.4

fs

Figure 44.5
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