
 

Topology 110

Last time Liftings

Gwen covering ⾦ paths and path homilies can be

lifted uniquely

If E is path am then gin but B the lifting correspondence

fi T B bo es p Cbo is surjective

If E is smpy connected it is bje.me
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Today Applications of this result l

to classical topology
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Def X topological space A EX subspace

A retraction of X onto A is a continuous map

r X A s.t.nl t

IdAIfSuchrexists we say A is a retract of X

Fix any Xo E X A__ x
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constant map r X nos E is a retraction
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If X is connected path connected compact

then same is true for A
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Thm No retra.tn

S is not a retract of B
多 nhs
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Harder to prove need to show no retractor exists

Intuition can it punch a hole in the middle of 5



Strategy look at induced maps on fundamental groups

Lemma If A c X is a retract and let j A X

denote the inclusion then A T.CA es T x is

injete.ptLet r X A be a retraction Then

ro j A es X is A is the identity on A

r o j T.LA T X T.LA is the identity on TCA
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了
以 surjective ⼝

Proof of No retractm Thm If S c B2 is a retract

by Lemma JA T S es T 5 is injective

But this is impossible T.is Z

T 𠮩 is trivial ⼝

Exercise S'x S is not a retreat of 5 ㄨ 5
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Vallhomotopies

Lemma Let h S 7 X be continuous Then the thing
are equivalent i

h is nullhomotopic

h extends to a map k 5 X

h T.IS et T x is trivial



PI co Let Hi S'x I X be a nullhomotopy
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Now 15 S ㄨ I s x ⾏

and H I say is constant
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Sme t CBS is trivial JA is trivial then so is h 4

30 o Fix base points b.ES X h b EX

Let f I S represent l E Til d bo

Since h is trial h f is the identity of T X_x
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I nullhomotopy F Ix I 7 X between hot and

the constant map to Xo

F lost F 1 t Fls i X t s t

Undo the quotient S'x I I x I c⼼ ⼀ 1 t

F inches a nullhomotopy S'ㄨ I X between h ad

the constant map ⼝

The identity map S S is notnullhomotoprc.cohang

The mchs.ms 0 R 90 is not nullhomopie

Pmf of 5 is a retract of El So

不 ⼼ ⼀ iinje.tve and thus wind
⼝

i
Fixed pants

A port x e X is a fixed point vffiX xiff.cn_

Warm up Every continuous f o ⻔ no To ⻔ has a fixedpoint

Consider f X X and apply I VT



Brouwer Fixedpoint Thru

Every continuous f 5 no 5 has a fixedpoint

DI Suppose otherwise that f x t x F Xo 5

Define r i 5 R o
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Observation H Xt S V4 can't pomtd.veMy outward

i.e V x f l X a X tr Sone aER

otherwise fix Ha x 4 B

Denote
w vk.si is R2 ⾏

Sme v is an extension of wl 5 by earlier

Lemma w is nullhomopic

Moreover w is also homotopic to the inch J S 1𠮩⾏

via F S x I es E ⾏
homotopy

F x t t X 1 t w X avoids o

Cheuk K x Es ta oil O t Fix it

otherwise we 誉 i
j is nullhomotopic a contradiction

Dcdidnt get to cover in class


