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1CellularBases
R commutativedomainwith1
A associativeunitalRalgebrafreeas an Rmodule
Wewant a basis of A with particularproperties

Let In 2 be afiniteposet sith foreach X Ed TCA is afiniteindexingset
and C CEla en s ten is a basis of A

For her let 1 span cut men m a uivetwsr.su odue
Defy C A is a cellularbasis of A if

Effy is an algebra anti isomorphism of A

For ten tee a a EA there exist ru ri such that
for all seeCa

Cia Eaves modÉ
if A has such a basis it is a cellular algebra

Ext A RED A IN withtheusual ordering
For ne N take Tcu n cistern anA x RED Calltermsofdegreehigherthan

new

id is an anti isomorphism
for a atng.ggÉÉ

Aot Etaiakti
aox modIn

so forany seeCA theonlyoption is sen

we have cotta dot Modi
F

Ext A Matan R A n Ecu 1,2 n C Eijl isi jenThen C N is a cellular basis of A

consider n 2 E l et12 K g E A
D E I 687623 6 a I É

6 2 Eu E 1 I I 1 8 8 a Eu bear



a

so rita rit b

Ext Let A 74153 I IK bi ba bi cqtq1 bi
bibbi bi babibaba

Let 1 2 3 2,1 13 partitionsof3 withlexicographicorder

Given A Ed take Cla to be the set of standard
Young tableaux of shape a ie

263 s The Cece D t117 a 113 ecus v ME

Let cis bibzb bi babibz ba
CEE bibz CE be
cÉt bi

guys
cute bib

Claim this is a cellularbasis for A H S3

The map is induced by bi bi

Themultiplication condition
It sufficesto check for at bi bae A

37 s ECU at b EA

Weneed a b Iris's's
Cst b bibebi bi bi

bib z 1 b
Cbibz 1 qtq

1 bi
Cqq Cs

syfmettrically b tqq
712,1 te2112,1 a be I c's

CE b I recti truck modi
bibabi E re b bat ru b mod I

II
This is satisfiedby re 0 ru 1

For a ba bbabe I rebibztrub mod
bi q qDbz rebib rub mod



bi E re bat ru bub mod

qtqDbz I rebatrubab mod t
This is satisfied by re qtqt ru 0

The computations for uecca are similar

13 v ECC1311 I bi b

cut b I ruci mod I
bi Eru mod143
take ru 0

Similarly beErr modAct
take ru 0

II

2 Properties
Fix CC 1 a cellular basis of an algebraA For Ted let
A be the R module with basis cut Imel u u veEcu
Note that É EA and A Aa has basis est ti I s tea

We note some preliminaryconsequences of the definition of
cellular bases Numberingcorresponds to the book

lemma2fi Let a ed

i let seeca att For all tecca
atCs'tEugeniacuemodÉ

thisfollowsfromafpty.nameIoRparI
of the definition

ii the R modules A and t are ideals of A
A being an idealfollowsfrom and
At Am givesthe result for it

iii let s t EEC Thereexists rster such that
forany u VETCA cu'sCivErstCivmodA

use part i of this lemma and
part of the definitionto write cutsciv as
a linear combination of thecellularbasiselements

The cellular basis gives us a filtration of A via the A
and part Ciii of the lemma tells us that there is a
bilinear form on each quotient AVI of thefiltration



Given a ed se RCA we define of CA It as the
R submodule with basis ok A I teed
This is a right A module by20 and the A actiondoes not depend on s This gives of ICE for site Ca
so we define the right cell module ca as the
right A module with basis c't I tech where
for a EA Cia Eyrich the nu as in

C ICs for any seta via cite as 1 forteEca

We define the left cell module C't as the free Rmodule
with basis cell tech and A action ate gemruce
att ru as in J

This is a left Amodule and C't I Hom CC R

As A A bimodules via Csi 1 es cÉforstem
A 1 I C't C E Is

so A I I C as a right A module
lemma2fi Let a EC yet Then ay 0 unless aZee
PI Fix se CA andidentify C ICs Bydefinition ay o facesiff cityEA for all teECT

A A CA areideals so cÉyEA nA but if
74m A Manet

I

Lemma 2.3 Ciii tells us that there is a unique bilinear map2 ca xc R such that for site ex es CE is
givenby es I oh case modi

This map is both symmetric and associative

Prop21 Let Ael x yeai x y Ly xii xa y x ya for all aEA
iii you x cutcat forall u v ETA

Defy Let rad C exec x y o for all yetThis is an A submodule of C so wedefine D Chadca
Recall the Jacobson radical of a module is the intersection

of its maximal ideals



Prop1 Let R be a field and med be such that Dato
i The rightAmodule Dm is absolutely irreducibleLii TheJacobson radical of Cm is nad C

Pf Let a 0 be in Cml radar so x y 0 for some
y ECM We can assume x y 21 Since yeawe can write y Eases for some user
For teen let yo fearsCsi EA
Nyt AEarsCst

SEEtest
prop2.9 iii guys x Cst CE
Cbilinearity Lox Eggs CE

x y CE
CI

so x generates cu as a right A module for
any axe cml rad cm so D is irreducible and
rad cm is the uniquemaximal proper submoduleof C so it is equal to theJacobson radical ofCd
The same argument gives us that Dm is irreducible
for any extension field of R and so isabsolutelyirreducible

prop.z.ci Let R be afield and let a men Dato
Let ME C be a propersubmodule and assume
O C Calm is an A modulehomomorphism

i If 040 then Asu
Lii If ya then I ro ER such that
013 Mt roz Y z ECM so
HomaCCM CMM E R

PI Choose x y EC suchthat x y L andfor te tu let
ye fearsCst Asseen CE Nyt

Cox M t do for some aceEC so

OCce OCÉyÉÉÉÉgÉ Mtaoyt forany teen
Since aye 0 unless I 2M Lemma2.7 ifOto
we must have Atm whichproves i



If Xue then Ao ECM so

Oct Miao yo
Mtaoffset
MtEarsdoCst

2.9Ciii M fearsLaoes CE

Cbilinearity M t CELao y
so that O is the natural projection CmsCMM
composedwithmultiplicationby rotao y proving ii

corz.BE If R is a field and u AEI are such
that Dato and DM D then MA

there exists a nonzero O Cm DA so aye
and by symmetryMax so n x

We will soon see that all irreducibleA modules
are of this form

3 Simple Modules in a CellularAlgebra
For this section we will assume at Los and so
dim A Las

Cellular bases give us many filtrations of A

Deff Ten is a poset ideal if met a u
implies AET

For such a subset t let Act CA be the
R submodule with basis cut tret u ve cu
Then ACT IgA is an ideal

LemmazI Let 42To Ct C CTR fist maximalchainofidealsin1
Thenthere is a totalorderingme sun ofA suchthatTi Eunsuforall i and O Alto ACt A Th A
is a filtration of A with composition factors
A Ti ACT I C mix Cui

PI Sincethechain is maximal Tilt I for it l k There is
thereforeatotalorderingme uh oftheelementsin A suchthat
j i when nitug and Ti Emi mi IE i je k



Therefore 1mi E ACT and cut'tActa un etui
is a basis of the ideal ACTi A Tin so that the
R linearmap ACti Actin mix Cui

cuti A tin to cut Ami
is an A A bimoduleisomorphism for it l

Recall that C n rCM C am as a right A moduleso each irreducible composition factor of A is a
composition factor of some cell module which we
will investigate
lemma2tt suppose ted isminimal thenc D recallDa cladCa

Pf Weneedto showthat radar O
Suppose aeradca and write x Erect for some reERFix SETCA and let I EreCsi so I EA and

I e t iff x 0 Since xeradd Lay tofor all yea so for u veCCA

rich EgatestCiv

Effort CEcut est
Bilinearity Lox cut Csu

O mod A
so Ia et for all AEA and so A IN EAT
which gives us a o as desired

D
let to Well DM 03 ie m such that is non zero
on M C D't cut radon so Du 0 if radon cu ie
there is some x ECM such that x y to for some yea
Thm2.16CGrahamLehred Assume R is a field lilies
Then DM Melo is a complete set of pairwise
inequivalent irreducible A modules
PI If DM 0 it is irreducible prop 2.11 andDM D for Atu Corollary2.13 A has afiltration

with compositionfactors the cell modules of A
Lemma 2 14 so it sufficesto prove that everyirreducible composition factor of a cell module ca
is isomorphic to DM for some Melo



By induction on elements of theposet r
If a Ed is minimal C D 0 Lemma2.15 Sotelo

If a Ed is notminimal let D be an irreducible
compositionfactor of C Either D D or D is a

composition factor of radar

Let a Even I at v3 This is aposetideal
in A so Alt is an ideal of A

A annihilates nadCa Prop2.9 init but if
ET EX then C AV 0 Lemma 2.7

so rad Cx ACT 0 so every compositionfactor of radar is a composition factorof A ACT

Extending 0 c n ed to a maximal chain
of poset ideals Lemma 2.14 gives us a
filtration with composition factors isomorphic
to cell modules c v T lie a v1

By induction since v4 every irreduciblecomposition factor of C is isomorphicto
some D meh

Deft For Melo X Ed define dam C D'T the composition
multiplicity of the irreducible Dmc ca this is
well defined by the Jordan Holder theoremThe decomposition matrix of A is D dam Aer nero

corollary2fi Let r be a field Then D is unitriangularlie du I dam 0 only if Asu
Pf dam 0 iff there are submodule M N CC

s th DM I N M so there is a nonzero
homomorphism O C calm s th
imO M I N IM I DM So if dam O Atu Prop2.121

If Az OCz Mtroz f z Ecm Prop2.12 il
and Occur cm M EDM and D is simpleBut by Prop 2.11 i D is theuniquesimple
quotient of Cm so Marad C andduelD

For a Edo we have both a simpleDa and a principal
indecomposable P uniquely determinedby PYradPID



Lemma 2.18 Assume R is a field and take aero Vel

Fra dimeHoma p C dim p Ctu

Deff Form E do let can P D be the composition
multiplicity of DMC Pa Then C Ccaa Aguero is theCartanmatrix of A

LemmazyniasFor P a projectiveAmoduleand ke lilan A module filtration 0 PoEP E ePm p
such that the nonzero Pilpin are isomorphic to
the nonzero modules Pacer or C with each
vet occurringexactly once

PEEkyi.ge1 i atiYias'Écetminettitration
For R a field and lakesthmz 20CGrahamLehnf.ca ptp and so is symmetricPfl Let a me to and take p P in Lemma2.19

Then Pa has a filtration with composition
factors the nonzero P ACCA or Crwhere each vet occurs at most once

So can Pt DM En p ACN RC DM

EndimRCP ACH CC Dry
Lemma 2.18 Endradon

SO C DtD

moz III
hr

i g ignore
then can CELEBI cayce D's

means C AD
By Thin 2.20 C DTD SO DTD AD

If D is square by corollary 2.17 it
is invertible and so DEA and
CM DOJ Epa CMJ

We will see more details about this later


