
Èíòåãðàëû Áàðíñà�Èñìàãèëîâà

è ãèïåðãåîìåòðè÷åñêèå ôóíêöèè

êîìïëåêñíîãî ïîëÿ

Molchanov, V.F., Neretin, Yu. A.A pair of commuting hypergeometric

operators on the complex plane and bispectrality. J. Spectr. Theory
11 (2021).

Neretin, Yu. A. An analog of the Dougall formula and of the de

Branges�Wilson integral.Ramanujan J.54 (2021).
Neretin, Yu. A. Barnes�Ismagilov integrals and hypergeometric

functions of the complex �eld. SIGMA 16(2020).

1



Èñòî÷íèê - ïðåäñòàëåíèÿ SL(2,C) ≃ SO0(1, 3) (ãðóïïû Ëîðåí-
öà) è ñâÿçàííûé ñ íåé ãàðìîíè÷åñêèé àíàëèç.

Åñëè óéòè îò ðèìàíîâà ñèììåòðè÷åñêîãî ïðîñòðàíñòâà

SL(2,C)/SU(2) ≃ SO0(1, 3)/SO(3)

òî îíè ëåçóò èç âñåõ ùåëåé êàê ñõåìà Àñêè-Âèëüñîíà èç ïðåä-
ñòàâëåíèé SL(2,R)

Íî ñ íåêîòîðûìè ìó÷åíèÿìè íà óðîâíå àíàëèòè÷åñêèõ îáîñ-
íîâàíèé.
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Äâîéíàÿ ñòåïåíü êîìïëåêñíîãî ÷èñëà

za|a
′
:= za z a′ := (z/z)(a−a′)/2|z|(a+a′)/2.

çäåñü z, a, a′ ∈ C, a− a′ ∈ Z.
Ýòî ãîìîìîðôèçì ìóëüòèïëèêàòèâíîé ãðóïïû êîìïëåêñíîãî

ïîëÿ C× â ñåáÿ.

a|a′ = k + σ

2

∣∣∣−k + σ

2

ãäå k ∈ Z, σ ∈ C
Åñëè σ ∈ R, òî ýòî ãîìîìîðôèçì â åäèíè÷íóþ îêðóæíîñòü.
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za|a
′
:= zaz a′ := (z/z)(a−a′)/2|z|(a+a′)/2.

Ãàììà-ôóíêöèÿ

Γ(a) =

∫ ∞

0

ta−1e−tdt.

È. Ì. Ãåëüôàíä, Ì. È. Ãðàåâ, Â. Ñ. Ðåòàõ, �Ãèïåðãåîìåòðè÷å-
ñêèå ôóíêöèè íàä ïðîèçâîëüíûì ïîëåì�, ÓÌÍ, 59 (2004)

Ãàììà-ôóíêöèÿ êîìïëåêñíîãî ïîëÿ.

ΓC(a∣∣a′) := 1

π

∫
C
ta−1|a′−1e2i Im t dRe t d Im t =

=
1

π
lim
r→∞

∫
|t|⩽r

ta−1|a′−1e2i Im t dRe t d Im t =

=
Γ(a)

Γ(1− a′)
=

(−1)a−a′Γ(a′)

Γ(1− a)
=

=
1

π
Γ(a)Γ(a′) sinπa′ =

(−1)a−a′

π
Γ(a)Γ(a′) sinπa.

Èíòåãðàë ñõîäèòñÿ óñëîâíî ïðè 0 < Re(a+ a′) < 2
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za|a
′
:= zaz a′ := (z/z)(a−a′)/2|z|(a+a′)/2.

Áåòà-ôóíêöèÿ

B(a, b) =

∫ 1

0

ta−1(1− t)b−1 dt =
Γ(α)Γ(β)

Γ(α + β)

Áåòà-ôóíêöèÿ êîìïëåêñíîãî ïîëÿ

BC(α|α′, β|β′) :=
1

π

∫
C
tα−1|α′−1(1− t)β−1|β′−1 dRe t d Im t =

=
ΓC(α|α′)ΓC(β|β′)

ΓC(α + β|α′ + β′)

Åñòü îáëàñòü àáñîëþòíîé ñõîäèìîñòè.
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2F
C
1

[
a|a′, a|a′
a|a′ ; z

]
:=

ΓC(b|b′)
ΓC(b|b′) ΓC(c− b|c′ − b′)

×

×
∫
C
tb−1|b′−1(1− t)c−b−1|c′−b′−1(1− zt)−a|−a′ dRe t d Im t.
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2F
C
1

[
a|a′, b|b′
c|c′ ; z

]
= 2F

C
1

[
a, b
c

; z

]
2F

C
1

[
a′, b′

c′
; z

]
+

+

{
product of
Γ-functions

}
×

×z1−c|1−c′
2F1

[
a+ 1− c, b+ 1− c

2− c
; z

]
2F1

[
a′ + 1− c′, b′ + 1− c′

2− c′
; z

]
.
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pK
C
q

[
(a|a′)
(b|b′) ;

k + σ

2

]
:=

:=

q∏
α=1

ΓC
(
aα + k+σ

2

∣∣∣a′α + −k+σ
2

) p∏
β=1

ΓC
(
bβ +

−k−σ
2

∣∣∣b′β + k−σ
2

)
.
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pK
C
q

[
(a|a′)
(b|b′) ;

k + σ

2

]
:=

:=

q∏
α=1

ΓC
(
aα + k+σ

2

∣∣∣a′α + −k+σ
2

) p∏
β=1

ΓC
(
bβ +

−k−σ
2

∣∣∣b′β + k−σ
2

)
.

Îáðàòíîå ïðåîáðàçîâàíèå Ìåëëèíà

pG
C
q

[
(a|a′)
(b|b′) ; z

]
:=

1

2πi

∑
k∈Z

∫
iR

pK
C
q

[
(a|a′)
(b|b′) ; k+σ

2

]
z

−k−σ
2

∣∣∣ k−σ
2 dσ.

Ýòî áóêâàëüíî àíàëîã ôóíêöèè Ìåéåðà (íå ñîâñåì pFq).
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ΣC
+

[
(a|a′)
(b|b′) ; z

]
:=

:= 2

q∑
j=1

zaj |a
′
j ·

∏
β

ΓC(bα + aj
∣∣b′α + a′j

)
·
∏
α ̸=j

ΓC(aα − aj
∣∣a′α − a′j

)
×

× pFq−1

[
(bα + aj)

(1− aα + aj)\j
; (−1)qz

]
×

× pFq−1

[
(b′α + a′j)

(1− a′α + a′j)\j
; (−1)pz

]
.

Ôóíêöèÿ pG
C
q

[
(a|a′)
(b|b′) ; z

]
ðàâíà Σ+:

� åñëè p < q è G àíàëèòè÷íà íà âñåé ïëîñêîñòè
� èëè åñëè p = q, |z| < 1 (è åñòü îñîáåííîñòü â z = 1)
Ìîæíî ïîìåíÿòü p c q è z 7→ z−1. Òîãäà ïîêðûâàþòñÿ ñëó÷àè:
� p > q
� p = q + |z| > 1.
Â ñëó÷àå p = q ôóíêöèÿ àíàëèòè÷íà íà C \ 1
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Ôóíêöèÿ F =p G
C
q

[
(a|a′)
(b|b′) ; z

]
óäîâëåòâîðÿåò ñèñòåìå óðàâíå-

íèé
DF = 0, DF = 0,

D := (−1)q
p∏

α=1

(
z
∂

∂z
+ aα

)
− z

q∏
β=1

(
z
∂

∂z
− bβ

)
;

D := (−1)p
p∏

α=1

(
z
∂

∂z
+ a′α

)
− z

q∏
β=1

(
z
∂

∂z
− b′β

)
.

1

2π

∫
C

pG
C
q

[
(a|a′)
(b|b′) ; z

]
· rGC

s

[
(c|c′)
(d|d′) ;

t

z

]
dRe z d Im z

z1|1
=

= p+rG
C
q+s

[
(a|a′), (c|c′)
(b|b′), (d|d′) ; t

]
.

Äëÿ (ïî÷òè) ëþáîãî ãèïåðãåîìåòðè÷åñêîãî òîæäåñòâà (äèôôåðåíöèàëüíî-
ðàçíîñòíîå óðàâíåíèå, îïðåäåëåííûé èíòåãðàë, èíòåãðàëüíîå ïðå-
îáðàçîâàíèå) åñòü äâîéíèê ñ ôóíêöèìè pG

C
q

Ó ðàçíûõ òîæäåñòâ ìîæåò áûòü îäèí äâîéíèê.
Áåðåì Áåéòìåíà èëè Àíäðþñà-Àñêè-Ðîÿ
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Ïðèìåð c áåòà-èíòåãðàëàìè.
Èíòåãðàë äå Áðàíæà�Âèëüñîíà (1972 áåç äîêàçàòåëüñòâà, 1980)

1

4π

∫ ∞

−∞

∣∣∣∣∣
∏4

α=1 Γ(aα + is)

Γ(2is)

∣∣∣∣∣
2

ds =

∏
1⩽α<β⩽4 Γ(aα + aβ)

Γ(a1 + a2 + a3 + a4)
.
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Êëàññè÷åñêèé èíòåãðàë äå Áðàíæà�Âèëüñîíà

1

4π

∫ ∞

−∞

∣∣∣∣∣
∏4

α=1 Γ(aα + is)

Γ(2is)

∣∣∣∣∣
2

ds =

∏
1⩽α<β⩽4 Γ(aα + aβ)

Γ(a1 + a2 + a3 + a4)
.

Eãî äðóãîé êëàññè÷åñêèé áëèçíåö � Ôîðìóëà Äóãîëëà (Áåéëè,
1936)

∞∑
k=−∞

k + θ∏4
α=1 Γ(bα + θ + k)Γ(bα − θ − k)

=

=
sin 2πθ

2π

Γ(b1 + b2 + b3 + b4 − 3)∏
1⩽α<β⩽4 Γ(bα + bβ − 1)
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1

4π2

∞∑
k=−∞

∫ ∞

−∞

∣∣∣∣(k + is)
4∏

α=1

ΓC
(
aα + k+is

2

∣∣aα + −k+is
2

)∣∣∣∣2 ds =
=

∏
1⩽α<β⩽4 Γ

C(aα + aβ|aα + aβ)

ΓC
(
a1 + a2 + a3 + a4

∣∣a1 + a2 + a3 + a4
) .
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Òàì áîëüøå ïàðàìåòðîâ
(Ñàðêèñÿí, Ñïèðèäîíîâ)
âûðîæäåíèå ñ ýëëèïòè÷åñêèõ áåòà-èíòåãðàëîâ
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Èçâåñòíî ìíîãî ìíîãîìåðíûõ áåòà èíòåãðàëîâ èìåíè êîìïëåêñ-
íîãî ïîëÿ (Äîöåíêî-Ôàòååâ; Àîìîòî; Áàæàíîâ, Ìàíãàçååâ, Ñåð-
ãååâ; Äåðêà÷åâ, Ìàíàøîâ, Âàëèíåâè÷; ÞÍ)

Ñàìûé ñòàðûé Äîöåíêî-Ôàòååâ (1985 áåç äîêàçàòåëüñòâà) è
Àîìîòî (1987)
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∫
[0,1]n

n∏
j=1

zσ−1
j (1− zj)

τ−1
∏

1⩽i<j⩽n

(zi − zj)
2θ

n∏
j=1

dzj =

= n!
n∏

j=1

Γ(σ + (j − 1)θ) Γ(τ + (j − 1)θ) Γ(jθ)

Γ(σ + τ + (n+ j − 2)θ) Γ(θ)
.
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∫
[0,1]n

n∏
j=1

zσ−1
j (1− zj)

τ−1
∏

1⩽i<j⩽n

(zi − zj)
2θ

n∏
j=1

dzj =

= n!
n∏

j=1

Γ(σ + (j − 1)θ) Γ(τ + (j − 1)θ) Γ(jθ)

Γ(σ + τ + (n+ j − 2)θ) Γ(θ)
.

Äîöåíêî-Ôàòååâ (1985)

σ = σ|σ′, τ := τ |τ ′, θ = θ|θ′, 1 = 1|1

∫
Cn

n∏
j=1

zσ−1
j (1− zj)

τ−1
∏

1⩽i<j⩽n

(zi − zj)
2θ

n∏
j=1

dRe zj d Im zj =

= (−1)θ·n(n−1)/2n! πn

n∏
j=1

ΓC(σ + (j − 1)θ) ΓC(τ + (j − 1)θ) ΓC(jθ)

ΓC(σ + τ + (n+ j − 2)θ) ΓC(θ)
.

(òóò äîïîëíèòåëüíûå öåëûå ïàðàìåòðû ïî ñðàâíåíèþ ñ 1985ã.)
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Åñòü ëè ãèïåðãåîìåòðè÷åñêèå ôóíêöèè êîìïëåêñíîãî ïîëÿ íåñêîëü-
êèõ ïåðåìåííûõ?
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2F
C
1

[
a|a′, b|b′
c|c′ ; z

]
= 2F

C
1

[
a, b
c

; z

]
2F

C
1

[
a′, b′

c′
; z

]
+ (

u

??)

+

{
product of
Γ-functions

}
z1−c|1−c′

2F1

[
a+ 1− c, b+ 1− c

2− c
; z

]
2F1

[
a′ + 1− c′, b′ + 1− c′

2− c′
; z

]
.
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