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Basics of Homotopy Theory

1.1 Categorical Notions

We will use the book Algebraic Topology by Tammo tom Dieck. We will use categorical language,
even if we don't strictly need it. We will denote the category of (Hausdorff) topological spaces
and continuous maps by Top. There are two ways of thinking about algebraic topology:

1. Extracting algebraic invariants from spaces;
2. Doing algebra with spaces.
Homotopy is an equivalence relation on Top(X,Y).

Definition 1.1.1. A homotopy from f to gisamap H : X x I — Y such that Hoiy = f and
H oi; = g. Intuitively, this is a way to interpolate between f and g. Alternatively, a homotopy is a
path in Y with the compact-open topology.

To show that homotopy is an equivalence relation, it is easy to show that f is self-homotopic. To
see that homotopy is symmetric, we can simply reverse the interval. Finally, to see that homotopy
is transitive, we can just perform each homotopy twice as fast and then concatenate.

Definition 1.1.2. The homotopy category hTop is the category whose objects are spaces and whose
morphisms are homotopy classes of maps. We need to check that composition preserves the
notion of homotopy.

Now denote the category of based spaces by Top*, where a based space is a space X with a map
* — X. The corresponding homotopy category is denoted by hTop*. Here, the homotopy is
required to fix the basepoint.

Remark 1.1.3. The transition from spaces to based spaces is like upgrading from semigroups to
monoids.

Remark 1.1.4. There is a functor

Top — Top*
X — (X U{x},*).

Example 1.1.5. It is easy to see that Top(x, X) = X. Similarly, Top*(S°, (X, *)) = X. Then, we can
see that hTop(*, X) =2 hTop(S?, X) is the set of path components of X.
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1.2 Fundamental Group and Groupoid

Example 1.2.1. We will now consider morphisms from the circle. The set Top(S?, X) is the free
loop space £X. In the based case, we get the based loop space QX. Then hTop(S!, X) is the path
components of £X, and similarly, h'Top* (S!, X) = 71 (X, *), where 1 is the fundamental group.

It should be surprising that [S!, X] is a group. In fact, it is independent on the path component
of * up to inner automorphism. However, we can distinguish a class of isomorphisms up to
conjugation. The identity of this group is the constant path at the basepoint. Next, we need to
consider the product in the group. This is simply concatenation, which is given by the (cogroup)
operation S! — S! Vv S'. Because the two components of the wedge cannot be swapped by a
homotopy, this operation is not commutative.

Next, we need to check that this is compatible with homotopy. Then the operation on homotopy
classes is the product in 711. To check associativity, we can check that the total operation of pinching
at 1/3 and pinching at 2/3 commutes.

Finally, the inverse of a path g is simply t +— ¢(1 —t). To construct an isomorphism between
m1(X, *1) and 711 (X, *3), choose a path g between the two basepoints and then send f ~ ¢! fg.

We will now discuss an unbased analogue of the fundamental group. Beginning with the path
space Top([0,1], X), we can consider the evaluations at 0 and 1. Then over (x,y), can consider
homotopy classes of maps with fixed endpoints to obtain the set ITX(x, ).

Proposition 1.2.2. I1X(x,y) are the morphisms of a groupoid with objects X.

Remark 1.2.3. TIX(x, x) = 71(X, x). The fundamental group is much nicer, but is hard to compute
because it depends on the basepoint.

Definition 1.2.4. A homotopy equivalence f : X — Y is a map that induces an isomorphism in the
homotopy category.

Proposition 1.2.5. A homotopy equivalence X — Y induces an equivalence of categories I1f : IIX — I1Y.
Recall here that an equivalence of categories is a fully faithful and essentially surjective functor. Equivalently,
it is a functor has an inverse up to natural isomorphism.

Proof. The homotopy defines a natural transformation from idyx to IIgf. Let ¢ be a homotopy
inverse, and H be a homotopy and let H be a homotopy from idx to gf. We can evaluate H on
the path -, and this gives a homotopy between x — y — g(f(y)) and x — g(f(x)) = g(f(v)).
Therefore, we have equality up to homotopy, so this gives a natural transformation. Because we
are working in a groupoid, this is automatically an isomorphism. O

Corollary 1.2.6. Homotopy equivalences induce isomorphisms of fundamental groups.

Suppose we have a diagram of the form

ALBl

(1.1) l )

B,

Then a pushout C is the colimit of this diagram. This means that there exist maps g1, g2 such that

A1 B
(1.2)
1.2 lfz . lgl



commutes and (C, g1, g2) is universal: For any X and commutative diagram, there exists a unique
map such that

(1.3)

commutes.

Theorem 1.2.7 (Seifert-van Kampen Theorem). Let X be a topological space and Xg, Xy subspaes whose
interiors cover X. Then set Xo1 = Xo N Xq. Then

HXOl Emd HXO

(1.4) l l

IIX; —— IIX

is a pushout diagram of groupoids.

Proof. Consider a groupoid G and commutative diagram

HX01 L HXO

(1.5) lfl lhg .

nx, — 5 G

We will construct ITX 2% G. Then we need to write h(x) as an object of G. If x € Xj, set
h(x) = h1(x), and if x € Xy, set h(x) = hy(x). Because (1.5) commutes, this is well-defined. Now
we define & on the level of morphisms. Subdivide paths so that all segments lie in either X; or Xj.
Then on each such segment, the diagram specifies h(vy;), and define h(y) = h(yo)h(y1) - - - h(n).

Finally, we need to prove that this definition is independent of the choice of representative of
homotopy class. We can subdivide the homotopy so each equare lies in either Xy or Xj, and then
hy, hy are well-defined, so & is independent of the homotopy class. O

Example 1.2.8. We can use Seifert-van Kampen to compute the fundamental group of S!. If we
choose X(.X; to be two arcs, then Xp; is homotopy equivalent to two points. Then computing
combinatorially, we can recover 7 (Sl, x) = Z.

Corollary 1.2.9 (Standard statement of Seivert-van Kampen). For connected Xy, we obtain a pushout
diagram in the category of groups.

1.3 Covering Spaces

Definition 1.3.1. Let B be a topological space. Then p : E — B is a covering map if it is locally
trivial with discrete fiber.



Example 1.3.2. Consider S! x Z — S!. Another covering map to S! with fiber Z is the projection
R —R/Z =S

Proposition 1.3.3. Every covering of I is trivial.

Proof. Let F = p~1(0). Then over Uy > x, we can trivialize the cover. Because I is compact, we
can choose a finite cover {U;} over which p is trivial. By indexing the U; and removing the
unnecessary ones, we can assume U; N U; # @ if and only if i — j = 1. By induction, we want
to extend the trivialization on the first n elements of the cover to the union with U,;1. The
trivialization gives us an isomorphism p~1(0) = p~1(t) for all t € Uy, so if t € U, 1, we the
local trivialization to obtain an isomorphism p~1(t) = p~1(#) for all ' € U, . Then compose
p~1(0) = p~1(t) = p~1(#'). The procedure terminates by compactness. O

To generalize this result to contractible spaces, we need more tools. The limit of the diagram

E
(1.6) L
X ——B
is called the pullback.
Lemma 1.3.4. The pullback of a cover is a cover.

Proof. 1f E — B is trivial over U C B, then i*E is trivial over f~1(U) C X. O

Lemma 1.3.5. A homotopy X x I i) B induces an isomorphism of covers

* f* *
foF ————— AE

(1.7) \ ) /

Proof. Use the idea of the proof in the case of the interval. We can transport the fibers from fj to
f1, so this gives a homeomorphism. O

Corollary 1.3.6. If X is contractible, all covers are trivial.

Proof. Then choose Hy = id and Hj to be constant at x. Then we obtain a homeomorphism
between E — X and X x p~!(x) — X. O

Corollary 1.3.7. If p : E — B is a cover, then the assignment b — Ej, = p~'() o — «, defines a functor
Ty : 1IB — Set.

Definition 1.3.8. A cover B P5 B is a universal cover if there exists bo to B such that T}, is isomorphic
to the functor b — TI(b, by) (equivalently if T, is representable).

Lemma 1.3.9. If B is locally simply connected and path connected, then the universal cover exists.

Proof. We will build the space by equipping B = | |, I1(b, by) with a topology. We want locally
that B is homeomorphic to U x I1(b,by). At every point b € B, we can choose U which is path
connected and simply connected. In U, there is a canonical isomorphism I1(bg, b) = T1(by, b’)
because between any two points, there is a unique homotopy class of paths between them. This

determines the topology. O



Note, B = E is a principal G := 711 (B, by) bundle over B. In particular, the map G x E — E is
equivariant over B and G x E, — Ej is isomorphic to G x G = G.

Now we will give a classification of coverings. Assume the universal cover exists. Then there
exists a bijection between the following data:

1. Coverings E — B up to isomorphism.
2. Functors I1B — Set up to isomorphism.
3. Actions of 711 (B, by) on a set F up to isomorphism.

Proof. The bijection between 1 and 2 is given by the transport functor. Between 2 and 3, we
simply restrict the functor to a single object. Finally, we can consider the associated bundle

gXF/T[l(B,bo). O

Definition 1.3.10. A cover E — B is regular if there exists a norma subgroup of 7r1(B, by) such
that pil (bo) = m (B, bo)/N

This implies that E is a principal H-bundle for a quotient H of 711(B, by), and in fact this is an
equivalence.

How do we recognize the universal cover? Let E — B be a cover. Fix basepoints b,b and
consider the map 711 (E, b) — 71 (B, b).

Homotopy Lifting Property: Consider two paths ¢, y1 in B with the same endpoints. Then if
we consider the diagram

Ix{0,1} —— B

L

Ixl —2 B

there is a unique I x I — B such that the entire diagram commutes.

To prove this, we can consider the pullback p*(H), which is a cover of I x I, which is trivial.
This property implies the map on 7r; is injective.

Transport: The transport of b defines a map 711 (B, b) — 7(Ep, b) and the “kernel” agrees with
71 (E, b). The inclusion of 7r; (E) in the kernel comes from the homotopy lifting property,
and in the other direction, any loop that lifts to a path taking b to itself must have come
from a loop.

Components of the cover: If B is path connected, then 7r9(Ey, b) /711 (B, b) = o (E, b).

To see this, we will map 719(E;,, b) — 7o(E, b) induced by the inclusion E;, C E. To check
that this is well-defined, note that each v € 711 (B, b) lifts to a path between two points of E.
To check surjectivity, choose x € E and p(x) the projection. Choose a path 7 from p(x) to b
and then transport from the fiber at b to x. To show injectivity, we simply use the homotopy
lifting property. If f, f’ are points in E;, lying in the same component of E, we can project
the path to B.

Corollary 1.3.11. If B is locally simply connected and path connected, then a universal cover of B is
characterized by being simply connected.

Proof. The lemma shows that 7tg(Ey, b) /1 (B,b) ~ m;(E,b) = *. Thus 7my(Ep, b) = 711 (B,b). O



Now it is easy to check that R — S! is a universal cover and that any Riemann surface of
genus ¢ > 11is H /T for a finite group I'.

1.3.1 Existence of lifts Suppose we have a diagram

B
(1.9) f777 lp
z- 1B
with Z path connected.
Theorem 1.3.12. A lift exists if and only if f(r1(Z,z)) C Im(r;(B,D)).

Proof. Define f(z) = b. We want to extend this to all x € Z. If v is a path from z to x, f() is a
path in B with endpoint at b, f(x). Then we lift to a path in B starting at b, and the other endpoint
of this path is defined to be f(x).

We need to check that this is well-defined. If we choose a different path 7/, we can form a
loop f(v)f(7') € Im(7t1(B, b)). Because this loop lifts to a loop, f is well-defined. Continuity is
checked by local trivialization. O



Understanding the Homotopy Category

One problem in algebraic topology is that various constructions in Top are not homotopy invariant.
For example, consider the diagram

[

(2.1) J{

X,

The pushout of this diagram is simply a point. However, if we replace the point by D", then
the pushout becomes S”. This is not homotopy equivalent to a point (for example, compute the
cohomology), but we have not developed enough tools in the class to see it. We will now discuss
homotopy limits and colimits.

2.1 Homotopy Pushouts

Consider a map f : X — Y. To make this map nicer so we can perform various constructions, we
will define the mapping cylinder, which is the pushout

XUX — XUY

(2.2) J l

Xx I —— Z(f).

Note that the inclusion Y < Z(f) is a homotopy equivalence by pushing the X x I onto Y. In
addition, if we have a commutative diagram

x Ly

(2:3) o]

X —Y,

Then this induces a map Z(f) — Z(f’) by doing « at the top and B at the bottom. If the diagram
only commutes up to homotopy, then fix a homotopy ® between B o f and f’ o a. This induces
a map of mapping cylinders by « at the top, ® in the middle, and B at the bottom. Thus the
construction of the mapping cylinder is functorial in the homotopy category.

9
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Theorem 2.1.1. If « and B are homotopy equivalences, then Z(f) — Z(f') is a homotopy equivalences.

Proof. Choose homotopy inverses a_, _. We need to construct the correct homotopy inverse
P_:X'xI—=Ytod Wewillset ®;: Z(f') x I — Z(f) to be the picture

- I

t N
"{'.'E- W _?:ﬁ- : ?ﬁ "'i.',;;‘:
/

= uf

i,

Figure 2.1: Picture of ®;

Here, ¢ is a homotopy from aa_ to idyx: and g is defined analogously. Then the three
components are first f f'ih, , then f_®a_, and finally ¢gfa.
Finally, it is easy to check that the piecewise homotopies agree at the boundaries. O

Remark 2.1.2. This is not a true inverse! However, they are homotopic.

The mapping cylinder generalizes to a double mapping cylinder Z(f,g) for spans B & A i> C.

Lemma 2.1.3. If the diagram

AN
(2.4)

(I rvaie S

> —

—

homotopy commutes, then we can fit the mapping cylinder Z(f,g) into the diagram with an arrow
Z(f,g) — X. However, this arrow depends on the choice of homotopy.

Definition 2.1.4. X is a homotopy pushout of the diagram in the previous lemma if Z(f,g) — X is
a homotopy equivalence.

Note this is not unique in Top, but is unique in hTop.

Example 2.1.5. Consider the projections X <— X X Y — Y. Then a homotopy pushout is the join
XxY.

Example 2.1.6. The homotopy pushout of * «— X — x is the unreduced suspension ¥'X.

Then recall the reduced suspension £X = ¥'X/ x xI. Then this is related to another familiar
construction. The key fact is

FUZX,Y) = {y: X xI =Y |7(x,t) = gforall t,y(x,0) = y(x,1) = y = F'(X,QY).

This tells us that the suspension and loop space functors are adjoint. Also note that concatenation
makes QY into an H-space , which is a monoid in hTop’.
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Concretely, concatenation is homotopy associative and y € Y is a (pointed) homotopy unit.
Therefore, [X, QY] is a group. To see this from the point of [XX, Y], we see that X is a comonoid.
The map XX — XX V XX is simply given by collapsing X x {1/2}.

Consider the diagram

X%Y

(2.5) l |

* —— Y/X.

Then we have a series of maps FO(Y /X, B) — FO(Y,B) — FO(X, B). Then define C(f) = Z(f)/X x

{0} U {x} x I. We now have a map X i> Y — C(f). We will use the mapping cone to replace the
quotient.

Lemma 2.1.7. The sequence [C(f), B]° — [Y, B]° N [X, B is exact at [Y, B]° for any based space B. In
other words, the composition sends [C(f), B] to the constant map X — B.

Proof. Given a map Y — B and a homotopy ®, construct C(f) — B by using the construction for
the double mapping cylinder. O

Now we can extend to the left by considering the map C(f) — XX given by collapsing Y. This
gives us a diagram

x4 et sex Bvy S -

Finally, we only need to check that Y — C(f) — X and C(f) — X — XY are coexact. To check
this, note that X is homotopy equivalent to C(Y < C(f)) and the other one is easy.

Corollary 2.1.8. For each space B, we have an exact sequence
-+ = [2C(f), B = [2Y, B]° = [£X, B’ — [C(f), B]" = [Y, B]° — [X, B]".

If we extend to the left, we obtain abelian groups because the double loop space is a commutative H-space.

2.2 Homotopy Pullbacks
Now we will dualize everything and look for
[B,X]° = [B,Y]" = [B,?]° — - --

The cone is a homotopy pushout, so we will define an analogous homotopy pullback for

(2.6) l
Y.

X —

This will be known as the homotopy fiber. In the usual category of Top, this is the actual fiber. To do
this, we will replace the point by FY = {y: I — Y | 7(0) = y}. This is contractible by retracting
every path to y, so we will define F(f) to be the pullback of the above diagram.

Lemma 2.2.1. The sequence [B, F(f)]° — [B, X]° — [B, Y]? is exact.
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Proof is given by using the interval direction to construct the map from B to F(f). In more
words, we interpret a homotopy B x I — Y as a map B — FY. In addition, this lemma constructs
a fiber sequence

= QF(f) = QX = QY - F(f) = X =Y,

which yields a long exact sequence

- = [B,QY]° — [B,F(f)]° — [B, X]° — [B, Y]°.

2.3 Fibrations and Cofibrations

Assume that X is Hausdorff.

Definition 2.3.1. A map A 4 Xisa cofibration if any diagram

A——Y!

(2.7) i 7

-

X —Y
admits a lift. This is called the homotopy extension property.
In other words, we can extend diagrams of the form

Al AxI

(2.8) /

i Y
/ B
X — X x L

Proposition 2.3.2. Pushouts preserve cofibrations. In other words, for a pushout

ALB

(2.9) | L
X —,
if j is a cofibration, then so is J.

Proof. We will diagram chase. We construct the full diagram

A AxI

N -~

B— BxI

(2.10) j T 7 /
/ F\\\

Y ——— Y xI

/7 S

X X x I
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Then the map X x I — Z exists by cofibrations, and then the arrow Y x I — Z exists because
Y x I is a pushout. O

This proof is completely formal, and we had no idea what is going on.

Example 2.3.3. {0} C I is a cofibration. To see this, note that we can identify I with two sides of
the square, and the retract the square onto the two sides of the interval. Note that two sides of the
square form the mapping cylinder of 0 € I.

Proposition 2.3.4. A C X is a cofibration if and only if it satisfies the homotopy extension property for
Z(i).

Proof. Suppose the lift X — Z(i)! exists. Then this induces a map Z(i) — Y. Then we can map
X x I — Z(i) and compose. O

Proposition 2.3.5. A C X is a cofibration if and only if it is a neighborhood deformation retract. This is
defined by v: X — I and ¢: X x I — X wuch that

1. v1(0) = A.
2. P(a,t) =aforallac At €L
3. Ifv(x) <1, then (x,1) € A.

4. ¥(x,0) = x.

The proof uses the previous criterion. The point is to deformation retract X x I onto Z(i).

We want to be able to compute things, and we will start with cofibrant replacements. Because
{0} C Iis a cofibration, so is X — Z(f) for any f: X — Y. Then inclusion Y — Z(f) is
a homotopy equivalence, so we can factor f into a homotopy equivalence and a cofibration.
Functoriality of the mapping cylinder was discussed previously.

Question 2.3.6. Let f: X — Y be a homotopy equivalence such that X,Y are equipped with extra
structure. Can the homotopy equivalence be made compatible with this extra structure?

Example 2.3.7. Suppose X, Y live under a space K. Then we can define a homotopy equivalence
under K.

Proposition 2.3.8. Ifi: K = X, j: K — Y are cofibrations, then f: X — Y is a homotopy equivalence in
Top if and only if it is a homotopy equivalence in TopK.

Proof. Let ¢ denote the homotopy inverse of f. Then consider the space (X, g o j) under K. If
we fix a homotopy gf ~ id, this induces an isomorphism ¢: [(X,1), (X, ¢fi)]X — [(X,1), (X,i)]K.
This is done by extending to X x I — K by the homotopy extension property.

Note that ¢ is a transport map. If i: A — X is a cofibration and ¢: Ax [ — Y is a
homotopy. O

Proposition 2.3.9. Let A L Xand BL Y be cofibrations. Then if f: A — Band F: X — Y make the
diagram commute, then (f,F) is a homotopy equivalence of pairs if and only if f and F are both homotopy
equivalences.

If we dualize everything, we replace Y! by X x I. Now we consider a map p: E — B.
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Definition 2.3.10. A map p: E — B is a Hurewicz fibration if all diagrams of the form

X —— E

P
(2.11) l 7 lp

XxI ——B

admit a lift. This is called the homotopy lifting property.

Definition 2.3.11. A map p: E — B is a Serre fibration if it satisfies the homotopy lifting property
for all cubes.

Lemma 2.3.12. Pullbacks preserve fibrations.

The test object we will use to study fibrations is the pullback W(p) = {(e,w) | p(e) = w(0)} C
E x Bl.

Proposition 2.3.13. W(p) — E is a hommotopy equivalence. In addition, p is a fibration if and only if it
has the homotopy lifting property for W(p).

Now, let X i> Y be an arbitrary map. Then we can factor X — W(f) — Y as a fibration and a
homotopy equivalence.

Example 2.3.14. All covering maps are fibrations. Also, if A — X is a cofibration, the dual
BX — B4 is a fibration. Similarly, if E — B is a fibration, then so is ZE — 7B,

Now suppose f: X — Y is a homotopy equivalence of spaces over B. Then if p: X — B
and g: Y — B are fibrations, f is a homotopy equivalence in Top if and only if it is a homotopy
equivalence in Topg.

2.4 Homotopy Groups
Let X be a based space.
Definition 2.4.1. The n-th homotopy group of X is
(X, %) = [(I",0I"), (X, )] = [1"/oI", X]°.
Definition 2.4.2. Given a pair (X, A) of based spaces, the n-th relative homotopy group is
T (X, A, %) = [(I",0I"1, 7™), (X, A, %))
where J" = 9I" x [UI" x {0}. Here, the source triple is homotopy equivalent to (D"*1, 5", x).

We will attempt to develop some tools to compute homotopy groups. Let F(X,A) =
{w: I — X |w(0) = x,w(1) € A}. By splitting (F(I"*1,01" 1, 7), (x, A, %)) = F((I", ), (F(X, A), *))
and using the suspension-loop adjunction, we obtain

(X, %) = w1 (QX, %) =2 -+ =2 (X, ).

Therefore the relative homotopy group is the set of components of the n-th loop space of F(X, A).
The loop space appears in the fiber exact sequence, and F(X, A) is simply the homotopy fiber of
A — X, so if we set B = S°, we obtain from the long exact sequence

= O(F(X,A) 2 QA - OX - F(X,A) - A= X
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the exact sequence of homotopy groups
o= p(QF (X, A)) = QA — QX — mo(F(X, A)) = mo(A) — mp(X)
which becomes
o m(X,A) o m(A) - m(X) = m(X,A) = mp(A) = mo(X).

Warning 2.4.3. The relative homotopy group is not the same as the homotopy group of the
quotient.
Here, we were very sloppy with basepoints and all of our homotopy groups should have

carried basepoints. Last time, we showed that a homotopy K x I %, X induces a transport map

(4,0, (X, 90)" = [(4,1), (X, 1))
if K — A is a cofibration. Applying this to K = pt, A = 5", we obtain a transport 7, (X, *) —
T (X, +').

Proposition 2.4.4. The assignment x — 711,(X, ) defines a functor T1X — Set. If n > 1, the target of
the functor can be replaced with Grp.

Corollary 2.4.5. 1. Up to some isomorphism, the n-th homotopy group is invariant of the choice of
basepoint. The choice is not canonical unless 7ty acts trivially.

2. If f+ X — Y is a homotopy equivalence, then the induced map on homotopy groups is an isomorphism.
3. 11(X, ) acts naturally on 71, (X, *).

Now suppose E %+ B is a fibration. Then the homotopy fiber is homotopy equivalent to the
actual fiber F, so the relative homotopy groups of F in E are isomorphic to the homotopy groups
of the base. To construct an explicit map 71x(E, F,*) < 7;(B, *), we begin with a sphere in B.
Then we use the homotopy lifting property to obtain a disc in E with boundary in E.

It is easy to see the following;:

1. If X is contractible, then 77;(X, *) = 0 for all i > 0.

2. The argument we gave for 711 (S", %) for n > 2 also shows that 711 (5", %) = 0 for i < n. To see

this, consider S L) §" = R" U co. First, we can find a homotopic map f’ which is smooth
and transverse to co. This implies the image lies in R” if i < 1, so f’ is nullhomotopic
because IR" is contractible.

3. If X — X is a covering map, then 77;(X, ¥) — 71;(X, x) is an isomorphism for i > 2. To see
this, we use the lifting property for maps

st —

because 0 = 711(5") — my(X).

As an example, this allows us to compute 771 (S!) = Z, and 71;(S') = 0 for i > 1 because the
universal cover IR is contractible.
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4. Consider the Hopf fibration S! — S3 — S2. Applying the long exact sequence, we have
0=m(S%) = ma(S?) = my(S) — m(S°) =0
and observe that 715(S?) = Z.

We would naively expect that 77;(S") = 0 for i > n, but this is incorrect. However, it is true
that 77,,(S") = Z. For higher homotopy groups, it is easy to see that an analog of the Seifert-van
Kampen theorem does not hold. If we write $2 = D2 U D?, then D? and S! both have trivial 71y,
but S? does not.

What does hold is Blakers-Massey. Assume that Y = Y7 U Y5, where the Y; are open. Suppose
that Yo = Y7 NY> is nonempty. Then we have a map

m (Y2, Yo) — mi(Y, Y1)
called the excision.

Theorem 2.4.6 (Blakers-Massey). Assume that (Y1,Yy) is p-connected and (Y,,Yp) is q-connected. Then
excision is an isomorphism in degree i < p + q and surjective in degree i = p + q. This means that excision
is (p + q)-connected as a map of pairs.

Note that a pair (X, A) is p-connected if 7r1(X, A, *) = 0 for 0 < i < p. This is equivalent to
mi(A) ~ m;(X) for i < p and 7, (A) — 71p(X).
Now we can prove that 77, (S") = Z. First consider n = 2. Then we have a long exact sequence

o = m(D?,8Y = m(SY) - m(D?) — - -

and we see that mp(D?,S') = Z. We now apply excision for mp(D?,S) — mp(S?,D2) =
7%(S?) = Z. To see that excision is an isomorphism, use the Hopf fibration.

In the next dimension, we use the same computation to see that 713(D3,S?) = Z and the
pairs (D3, 52), (D3, S?) are 2-connected. Then the map (D3,5%) — (S®,D?) is 4-connected, so
m3(S3) =2 3(S3, D3 ) = m3(D3,5%) = Z.

Theorem 2.4.7. If Y1 — Y and Y, — Y are p and q-connected, then F(Y1,Y1,Yo) C F(Y1,Y,Y>) is
p + q — 1 connected. Here, F(Y1,Y1,Yo) are paths w: I — Y such that w(0) € Y, w(1) € Yp.

This implies Blakers-Massey by taking the fiber over 0. Note that the homotopy fiber of
Yo — Yiis
F(*,Yl,Yo) _— F(*,Y,Y2)

| |

F(Y1,Y2,Y0) — F(Y1,Y,Y2)

J{evo J{CUU

Y, ——— V1.

Then using the long exact sequence of homotopy groups, we obtain the desired result.
Now consider the special case Y = D! Ugs Yy Usp DPFL. This is the pushout

STSP —— DItlyprtl

| |

Yy —— Y.
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and looks something like

L Pt

gH

Figure 2.2: Attaching two cells to Y

The key idea is that if " < F(Y) is a family of paths, then generically, the subfamily Q C I"
of paths which intersect the origin in D7*! has dimension 1 — gq. To see this, appeal to the fact
that locally D7*! is a manifold and then use Sard’s theorem. If a path is not in Q, then we can
retract it to F(Y1,Y1,Yp) “radially” in D7+1. Such a path lies in DP*1 U Yy U D7+ \ 0.

If our path lies in Q, then we have a dimension 1 — g — p locus passing through 0 € DP*1.
If n < g + p, then the dimension is negative, so it is empty. Thus generically, every path misses
either 0 € DP*! or 0 € D7t Then we can retract Q to F(Y, Y>,Y>). But then we can move the
basepoint along Y, back to Y, so we retract to

YO — F(Yo,YO,Yo) C F(Yl,Y1, Yo)

We will ignore the details needed to make this precise. To handle the general case, we simply
need to consider the case where an arbitrary number of cells are attached and then use CW
approximation.

Here are some applications of Blakers-Massey:

Corollary 2.4.8. Say A C X is a cofibration. Then suppose A is m-connected and (X, A) is n —1
connected. Then (X, A) — (X/A,x*) is n +m — 1 connected.

Proof. Take the mapping cylinder Z(f). Cover this by C(A) Uy X. Then A is m-connected if
and only if A — CA is m-connected. Using the fact that (X, A) is n — 1 connected, we use
Blakers-Massey to obtain the desired result. O

Corollary 2.4.9 (Freudenthal). Assume X is well-pointed and n — 1 connected. Then m;(X) —
711 (XX) is an isomorphism for i < 2n — 2 and is surjective for i = 2n — 1.

Proof. Note that XX = C; X Ux C_X. The only thing we need to check is that the map from
Blakers-Massey is the same as the suspension map. O

Corollary 2.4.10. If X is n-connected and Y is m-connected, then X A\'Y is n + m + 1 connected.

Proof. Note that XAY = X x Y/X VY. We need to understand 77;,1(X x Y, X VY). But then
7'[1'(X X Y) = 7'[1'(X) S5 7'[1'(Y), SO

7T1‘(X\/Y) = 71'1‘(X) 5> 71'1'(Y) D 7T1‘+1(X X Y,XVY)
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Then using excision to compute 77;(X V' Y) = 7;(X) @ 11 (Y) in the range, we obtained the desired
result. O

In the text, there is more discussion of the homotopy groups of RIP”, which has 5" as its
universal cover. Then if we take the colimit of

RP! c RP?>C ---

and obtain RIP®, this has trivial homotopy. We can prove this by noting that 5% is contractible.

We can also consider the action of O(1) on S"~!. We then obtain a fiber sequence O(n — 1) —
O(n) — S"1. Then we can use induction to compute the difference between 71;(O(n — 1)) and
7;(O(n)). For i < n — 2, the groups are isomorphic. Then we consider the colimit

On—1)—=0n) —>0n+1) -

to obtain the group O(oo) with periodic homotopy groups Z,,Z,,0,7,0,0,0, Z by Bott periodicity.
We can do the same computation for the unitary group.



CW Complexes and Homology

3.1 K-Spaces
Recall that whenever X, Y are locally compact, then we have the adjunction
F(XxY,Z)— F(X,F(Y,Z)).

We want this to always hold, so we will need to study infinite complexes. For example, an infinite
wedge of circles is not locally compact. Our solution will be to change the topology on F and on
X.

Definition 3.1.1. X is a K-space if, for all A C X, if f~1(A) is closed for all f: K — X with K
compact Hausdorff, then A is closed.

Now we define a functor K: Top — Top. Here, KX is X as a set with closed sets those such
that f~1(A) closed for all f: K — X continuous in the original topology. Because KX has more
closed sets than X, then we have a natural transformation between K and the identity.

Proposition 3.1.2. X is a K-space if and only if the following hold: Any map f: X — Y is continuous if
and only if K — X — Y is continuous for all K — X with K compact Hausdorff.

Let kTop C Top be the full subcategory of K-spaces.
Theorem 3.1.3. Products exists in kTop.
Theorem 3.1.4. We have the adjunction
kF(X xY,Z) =2 kF(X,kF(Y,Z2)).

We did all of this because non locally compact spaces show up relative naturally.

3.2 Simplicial Complexes
A simplicial complex is a set V with a collection S of finite subsets o C V such that o \ {v} € X for
allv € 0.

Letting A(0) = {Y_peo iv = 1} C I?, then we have natural maps A(c \ {v}) C A(o).

19
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Definition 3.2.1. The geometric realization |K| of a simplicial compex K is the space
| | A(e)/ ~c 1Y
o€S
where ~ is the equivalence defined by the maps above.
If we have a homeomorphism |K| = X, then this is said to be a trianglation of X. All smooth
manifolds can be triangulated.
This is very rigid, which is bad for homotopy theory, so we give an alternative viewpoint. Let

K" = (V,S"), where S" is the subsets of size at most n + 1. This is called the n-skeleton, so the
geometric realization |K"| induces the simplices of dimension at most n. Then we have a pushout

|_|0-65n+1\5n aA(U') _— |K1’l|

| !

UA(e) ——— K"

Lemma 3.2.2. |K| = colim, |K|".

To prove this, we check that the topology agrees. Unfortunately, the maps from simplices are
too rigid, so to derigidify, we will relax the notion of the attaching maps.

3.3 CW complexes

Definition 3.3.1. A CW decomposition of a space X is a filtration X = colim X; > Xy = pt such
that we have pushouts

_ ¢
Uiec, SI™! —— X

! |

LliECn Dln —_— X'rl'

Remark 3.3.2. Let E" = D"\ S". We obtain a decomposition as a set

X = |_| ex

AeU, Cu

where ¢, is the image of E}' in X.

A key property is that if K C X is compact, then K intersects only finitely many cells. To see
this, note that K C X" for some n. Then K lies in an infinite union of disks, so it must intersect
finitely many of them.

Remark 3.3.3. The abbreviation CW stands for closure-finite (C) and weak topology (W).

Definition 3.3.4. A CW decomposition of a pair (X, A) is a filtration X = colimX; where X_; = A
and X, is given as a pushout

-
Uiec, Si7" —— Xu1

! |

LlieCn Dzl'q > Xin.

Here, the cell attachment happens in dimension #.
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If A = ®, we have a CW decomposition of X. Then we say that dim X < n if all cells have at
most that dimension. Now there are two ideas for working with CW-complexes.

1. Suppose A i> Y is a map. If (X, A) is a relative CW complex, we want to extend f to
F: X — Y. The obstruction is as follows. Say we only have one cell. Then S""! — A — Y
defines an element of 77,,_1(Y), and this vanishes if and only if an extension exists. If X has
more cells, then proceed by induction (we have a sequence of obstructions, and we need
them all to vanish).

2. (Cellularity) Say that (Y, B) is n-connected. If X is a CW complex and f: X — Y is a map
with dim X < #, then f is homotopic to some f" with f'(X) C B.

To prove this, use induction. We know that Y, B have the same components, so we may
deform f so that X° maps to B (use the transport with X% C X a cofibration). Then each
1-cell of X determines an element of 7r; (Y, B) = 0, so we can make X! map to B.

Here are some consequences:

1. If 1;(Y) =0 forall i > n and (X, A) is a relative CW complex which is (n 4 1)-connected,
then [X, Y] ~ [A, Y]. Note all obstructions to the extension vanish.

2. Say f: B — Y is an n-connected map. If X is a CW complex, then [X,B] — [X,Y] is an
isomorphism if dim X < n and a surjection if dim X = n. Here, use the mapping cylinder to
reduce to the case of an inclusion and then note that obstructions vanish.

Remark 3.3.5. Conditions on 71; of the target are in some sense dual to the source having no cell in
a given dimension (replace this by vanishing cohomology).

We can now let n = oo (i.e. a weak homotopy equivaence).

Proposition 3.3.6. A map f: X — Y of CW complexes is a homotopy equivalence if and only if
fur i(X) — m;(Y) is an isomorphism for all i.

Proof. For any n-connected Z, we have an isomorphism f.: [Z,X] — [Z,Y]. Thenif we let Z =Y,
note that [Y, X] — [Y,Y] and choose an inverse fo idy. Alternatively, this is just the Yoneda
Lemma. O

Remark 3.3.7. If dim X = dimY < k, then we only need to check 7; for i <k.

Remark 3.3.8. 1f it not true that CW complexes are determined up to homotopy equivalence by
their homotopy groups. The counterexample is X = BU and Y = \V K (Z, 2i), but to prove this, we
need to use cohomology.

Proposition 3.3.9. For any space Y there exists a CW complex X and a map X — Y which is a weak
homotopy equivalence. This is not a homotopy equivalence in general (see the pseudocircle from the
homework), but for Y a manifold, it is a homotopy equivalence.

Proof. By induction on n, we want X" — which is n-connected. Using the mapping cylinder, we
can assume that X" < Y. Consider 7,,1(Y, X"). Define X"*! as the result of attaching n + 1
discs to X" indexed by a basis of this group. Extend the map to X"*! and use the long exact
sequence to see that X"*! — Y is n 4 1 connected. To see that we can extend, note that we have
the diagram

s X" Y

-1
-
-
-

Dn+1 Xn+l’




22

Then we can extend from the disk by using the associated element of 77,1 (Y, X). Now we have a
diagram

i1 (X") —— T (X —— 1, (XML, X)) —— (X7

l- l | -

M1 (X") —— 11 (Y) ———— w1 (Y, X)) ——— m (X™).

Then we can show that the left middle arrow is surjective, and then by surjectivity of the whole
diagram, we see that the desired arrow is surjective. O

Now we give a useful computation. Suppose that 77;(Y) = 0 for all i > n > 2 and that X is a
(n —1)-connected CW complex. Then [X, Y] = Hom(7,(X), 71, (Y)).

Surjectivity is easy (use lemma about [X, Y] = [A, Y] ...). To prove injectivity, we sill reduce to
X being the cone of \/ S" — \/ 5", by assumption, n > 2, so X is a suspension. Then we have a
sequence of groups

(A, Y]° - B, Y] XY+ [24,Y)°

[~ [~ | !

Hom(7,(A), 71,(Y)) «—— Hom(7m,(B), 1, (Y)) +—— Hom(m,(X), m,(Y)) +— 0.

Then we use Blakers-Massey to prove exactness and then obtain the desired result.

3.4 Eilenberg-Maclane Spaces

Now recall that the universal cover Y — Y satisfies

1. m(Y)=0

2. (YY) =2 m(Y)ifi> 1.

We want to generalize this to a general procedure (n-connected cover), which will be a fibration,
but not a covering space.

Given a space Y and integer n, let Y[n] be the result of attaching cells to kill 7t; for i > n. This
means that 77;(Yy,) = 0 for i > n and 71;(Yy,) = ;(Y) otherwise.

Z i=
Example 3.4.1. There exists a space §"[n + 1] with 71; = = L.
0 otherwise

Let 7t be a group and n € IN.

Definition 3.4.2. A CW complex X is a K(7,n) if

m(x)_{o i#n

T oi=n

The key fact is that K(7, n) is unique up to homotopy equivalence by a previous lemma. To
show existence, we will present 7 as a quotient of F! — F/ (free if n = 1, free abelian if n > 2).
Then consider the cone of \/; §" — \/; §". The 7, is correct by Blakers-Massey, so we simply kill
the higher homotopy groups.
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Now there is an additive structure on the K(7t,n). If 77 is abelian, then addition is a homo-
morphism 7t @ 7t — 7. This gives a natural map K(7 @ 7r,n) — K(7,n), but K(7r,n) x K[, n] =
K(7t & 7, 1), so we see that K(7r, ) is a commutative H-space. We have a diagram

K(m,n) x K(rr,n) —— K(n@® m,n) —— K(m,n)

e e~

K(mt,n) x K(t,n) —— K(m & 7, n).

Then because the two rightmost arrows come from the same map 77 ® 7w — 7, we see that this
diagram homotopy commutes.

Remark 3.4.3. In fact, we can make K(7r, 1) into a commutative group. It is also possible to show
that these are the only abelian groups in hTop.

Now we will consider multiplicative structure. By excision, note that K(7r1, n) A K(7p, m) is
n +m — 1 connected. To compute 77,4, look at the n + 1 and m + 1 skeleta. We get that

Cone(A;+1 — An) ANCone(By+1 — By) = Cone((Ays+1 A Bm) V (An AByi1) = An A Bp)

where the wedge of smashes comes from the relations of 717y ® 7 and A, A By, comes from the
generators. This gives us a map to K(71y ® 7, m + n).

If 7t is a ring, then we obtain a map K(7t,n) AK(7r, m) — K(7r,n+ m), which makes \/ K(7r, N)
a graded ring.

3.5 Eilenberg-Steenrod Axioms

Definition 3.5.1. A homology theory is a functor {h, }, .
hy: Top(2) — R-mod
and natural transformation 9,,: h, — h,_1 o K such that
1. hy is homotopy invariant.
2. There is a long exact sequence

s = (X, A) = hy1(A,0) = by 1(X,0) = hy (X, A) = hy2(A,0) — - -

3. (Excision) If U C A, then h, (X \ U, A\ U) — hy(X, A) is an isomorphism.

To produce such i, we can let Y be a based space. Then set 1,(X, A) = 1,(XT AY, AT AY).
Then both of the first two axioms are clear, and the long exact sequence comes from the cofiber
sequence. Unfortunately, excision is false because Blakers-Masset does not hold in general.
However, it does hold in some range, and so we can extend this range by suspending everything.
T}I}us the groups 7, 1 (X+ A ZFY, AT A ZkY) stabilize, and are stably isomorphic to 77,4 (X/A A
ZvY).

Definition 3.5.2. For any space Y, the homology theory & is

(X, A) — colimy [S"*F, X/ ANERY] = 3 (X/ANY).
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Remark 3.5.3. The connecting map is just the boundary map for the pair (Xt AY,AT AY).
Alternatively, we can produce a boundary map 7,(X/A) — 7,_1(A) that commutes with the
arrows to 7t,(XA). However, we have a sequence A —+ X — X/A - XA. If Y = S0 then we
obtain stable homotopy. This is easier to compute than ordinary homotopy, but is still mysterious.

Unfortunately, ordinary homology is not an /) for some Y. Instead, we have spaces E(n) and
mapy4 XE(n) — E(n + 1), which form a prespectrum. In this setting, define

hE(X) = colim Tk (X A E(K)).

Then we have h% (X, A) = hE(X/A), so we only need to do this for spaces. Unfortunately, these
homotopy groups do not stabilize in general, and thus we need additional assumptions to get
excision.

Example 3.5.4. Let G be an abelian group. Recall we have QK(G,n+1) — PK(G,n+1) —
K(G,n+1). Thus we have QK(G,n + 1) = K(G, n). This is now adjoint to a map XK(G,n) —
K(G,n+1).

For example, if G = Z, we have K(Z,0) = Z, K(Z,1) = S', and K(Z,2) = CP*. Next, for
G = Z/2, we have K(Z/2,0) = Z/2 and K(Z/2,1) is obtained from S! by attaching a 2-cell that
is twice the generator of 7r; and then attaching n-cells to kill higher homotopy, and thus we have
K(Z/2,1) =~ RP™.

Thus for every abelian group G we have a homology theory

hS (X, A) = Hy(X, A;G) = colim 7, 1 (X/A ANK(G, k))
where A C X is a cofibration.

To construct the boundary map, we use the map X/A — XA, where X/A ~ C(X,A) and
thus we have the boundary map

Tk (X/ANK(G,K)) = ik (SANK(G,K)) = musx(ANK(G k+1))

and maps 77, (ZA AK(G,k)) — Hy(2A,G) =2 Hy_1(A; G) < 7,k (AANK(G, k+1)). To see the
middle isomorphism is really an isomorphism, we know that K(G, k) is k-connected and thus
the homotopy groups stabilize. To establish excision, we simply use Blakers-Massey. Then the
homology theories associated to prespectra satisfy additional properties:

5. (Additivity) Homology preserves coproducts, that is,

hu (\/ Xi> = P ha(X;).

This follows from additivity of stable homotopy groups.

6. Weak homotopy equivalences induce isomorphisms on homology. This follows from the
homework problem we were unable to solve (smash of weak equivalences is a weak equiva-
lence).

7. (Dimension) H,(pt,G) = G if n = 0 and vanishes otherwise.

Remark 3.5.5. Cohomology satisfies the additivity axiom with the direct sum replaced by a direct
product. If we take the “dual” to cohomology, then we should obtain the dual to the product, and
this is clearly not a direct sum. To see failure of weak homotopy equivalence, this fails because
spaces can be nasty (like the topologist’s sine curve circle).
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Our long term goal is to show that any homology theory satisfying all six axioms is represented
by K(7t,n). Our first computation is that

G d=0,n

H,;(S",pt; G) = coli S"AK(G,k)) = .
4(8",pt; G) = colimy f 7r44x( (G,k)) {0 otherwise

Now from the axioms, we consider D!. Because this is contractible, we see that H*(Dl) =
H.(pt) = G and that we have a long exact sequence

0 — Hy(D',0D') — Hy(aD') — Hy(D') — Hy(D?',aD!) = 0.

Then we have H;(D',dD') = Hy(D') = G and then the map on the left is given by a
(#, —a) and the map on the right is the sum of the two projections. Thus we have H,(S?, pt) =
H,(D?,S') = Hy (S, pt) 2 G proceeding by induction.

Next, we will define the reduced homology groups by &, (X) = ker(h,(X) — hy,(pt)). Then
looking at the diagram

hn(pt) —— hu(pt) —— hu(pt,pt) —— hy_1(pt) —— -+~

| [ f [ I

I (A I (X) —— hp(X, A) —— hy1(A) —— hy_q(X)

)
T w 1
)

hn(A EH(X) I En(X/A) — En—l(A) — En—l(X) —_—

|

|

we get that the bottom row is exact. Then if A C X is a cofibration, then we can write (X, A) ~

h(X, A). This follows from the long exact sequence on C(X, A) for
1y (CA) = hy(C(X, A)) = hy(C(X, A),CA) — 0.
Corollary 3.5.6. Suppose (X, A, B) is a triple. Then the sequence
<+ hy(A,B) = hy(X,B) = hy(X,A) = hy, 1(A,B) — - -

1s exact.

Proof. If we take the quotient by B and then use reduced homology. If the inclusion of B is not a
cofibration, then replace everything with the mapping cone. O

This is a key ingredient in the proof of Mayer-Vietoris. In fact, we can go further with homology.
We have a natural map 77, (5") — End(f,(S")) that sends f: S" — S" to the map induced by f.
This is clearly a homomorphism, so first we recall that addition in 77, is induced by 5" v §" — S".
But then we have /1,(S" VV §") 2 11,(S") @ h,,(S") and so the map is addition. Now, er know that
[id] € 7,(S") maps to id € End(f,(S")), so by linearity, k € Z = 11,(S") goes to multiplication
by k.

Corollary 3.5.7. If h.(pt) = Z, then the map 71,,(S") — hy,(S™) is an isomorphism.
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We should caution that 71 (S") — hZ(S") is not an isomorphism.

Now assume that X = A U B. We want to compute 1, X given h.A, hB, h.(A N B). We do this
if A and B are open. Here, h.(X, A) = h,(B, AN B) by excision on U = A\ B, and so we have a
long exact sequence

hi(A) = ho(X) = ho(X,A) =2 he(B,ANB) = h,_1(ANB).
Theorem 3.5.8 (Mayer-Vietoris). The sequence hy(A) & h«(B) — h«(X) — h«(A N B) is exact.

Proof. Let N(A,B) = Ax0U(ANB)xIUBx1C IxI. Then we have h.(N(A,B),AUB) =
hi((1,0I) x AN B) = h,_1(A N B) using excision. Now we have homotopy equivalences X —
N(A,B) — X x I, 50 hy(X) = h«(N(A, B)), and thus the long-exact sequence

he(AUB) = hy(N) — hy(N,AUB)
for relative groups gives us the desired result. O

Now note that for unbased spaces, additivity tells us that

h <|_| Xi> = P h.(X;)

for arbitrary indexing sets. If the indexing set is finite, then this is a consequence of excision,
because in the long exact sequence

h.(B) = h.(AUB) = h.(AUB,B) — h,_1(B),

we have h, (AU B, B) = h,(A) and the sequence splits because we have the map A — A U B. Thus
Mayer-Vietoris does not depend on additivity.

Remark 3.5.9. There is a relative version of this. For C C AN B, we have a long exact sequence
- = h(AC)@hy(B,C) = hi(X,C) = hy_1(ANB,C) — ---

To prove this, we can collapse C when it is a cofibration and then replace it by a cofibration when
it is not.

Example 3.5.10. Now we will compute the homology of lens spaces. Recall that

L(piq) = S°/(z,w) ~ (Lpz, {pw)

is the quotient of the sphere by the action of y, with weights 1,4. Note that if ¢ = 0, then this
action is not free and has fixed points (0, w) for w € S'. Freeness is needed to ensure the quotient
is a manifold.

Now we decompose S® as a neighborhood of S! = (z,0) and S}, = (0, w), where our neighbor-
hoods look like D? x S!. We can choose this to be invariant under i, by taking invariant tubular
neighborhoods. Then the intersection is a copy of S! x S!, which is explicitly the set of points
{(z,w) | |z| = |w|} with equal norm.

This gives us a decomposition of the quotient L(p;q) as A ~ D? x S! = D? x S/ Hp and
B ~ S! x D?. Now the S' factor of A is a (1,0) curve in S' x S and the S! factor of Bis a (p,q)
curve in S! x S!. Here, a (p,q) curve is simply a line of slope q/p in the square. The asymmetry
comes from the choice of identification of A N B with S! x S2.
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Finally, we compute H(T?) = Z%2 and H(T?) = Z by covering the torus with two halves,
and now we can use Mayer-Vietoris to compute

0 —— H3(L(p,q))

Hy(S' x S') —— Hy(S') @ Hy(S') —— Ha(L(p,q))

H (S' x S') —— Hy(S') @ Hy(S') —— Hi(L(p,q)

Hy(S' x 8') —— Hi(S8") @ Ha(8') —— Ho(L(p,q)) —— 0

0O ——— Z
z/o Hy(L(p, 7))

7> —— Z&Z — Hy(L(p,q))

and then this becomes

T,-1)
7Z —— Z&Z —— Hy(L(p,q)) —— 0

This tells us that Hy(L(p,q)) = Z, so we now have the exact sequence
0 — Hy(L(p,q)) = Z* - Z&Z — Hi(L(p,q)) — 0.

We simply need to compute the middle map, coming from S! ﬂ St x st ﬂ This is injective,

so Hy(L(p,q)) = 0 and Hi(L(p,q)) = Z/pZ.

This leads us to the following question: All of these spaces for a fixed p have the same
homology. Are they homeomorphic? In fact, they are homotopy equivalent, but they are not
homeomorphic (although proving they are not diffeomorphic is easier).

Now we want to compute homology for colimits. Consider a sequence of space Xog — X3 — - - -.
We now have a map colim k1, (X;) — h(colim X;). If we assume X; C Xy, is a cofibration, we
can consider the mapping cylinder. The inclusion of the mapping cylinder in [0,1] X X1 is a
homotopy equivalence relative to X, . Iterating this, we can simply stack all of the mapping
cylinders on top of each other to form the mapping telescope T (i) C X x [0, c0). The key fact is that
this is a homotopy equivalence. More generally, if we consider any sequence of maps

%o B x5y .

we can similarly define the mapping telescope T(f). Then we have a map T(f) — colim; X;,
where we send (x;,£) — [x;].

Theorem 3.5.11. The map colimy h(Xy) — h.(Tfs) is an isomorphism.
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The idea is that the diagram
Xj — T(f)

L~

Xiv1
commutes up to homotopy.

Remark 3.5.12. We should think of T(f) as the “homotopy colimit” of the diagram f, and thus we
obtain the slogan that homology commutes with (homotopy) colimits.

If additivity fails, then this is false for the sequence
Yo = YoUY = YoUYUYy — -+
where Y = | J; Y. In fact, additivity is equivalent to commuting with homotopy colimits.
Proof. Consider the decomposition given by

1

A:T\UXZI-\{ZI'—#;} B:T\UX2i_1\{2i—2}.
i i
Then additivity tells us that
hi(A) = @h*(Ai) h.(B) = @h*(Bi),
i i
but analyzing the pieces tells us that this becomes

hi(A) = @h*(Xzi) h.(B) = @h*(XZi—H)'

Finally, we obtain &, (A N B) = @, h.«(X;). Now by Mayer-Vietoris, we have an exact sequence

o s (ANB) L 1 (A) @ B (B) = B (TX) = ---

and then we obtain that h,(TX) is the cokernel of @; h.(X;) — @, h.(X;). O
Going back to the case of cofibrations, we obtain
Corollary 3.5.13. If X = UU; X; and X; — X1 is a cofibration, then h,(X) = colim h.(X;).

This can be used to compute the homology of CIP™.

3.6 Cellular Homology

Let 1 be a homology and X a CW complex. We will consider the relative homology groups
h(X",X"1). We have a diagram

]’l(X", anl) I h(xnfll Xn72)

|
h(X" 1)

of degree —1 and thus we can attempt to form a chain complex.
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Proposition 3.6.1. d,,_1 09, = 0.

Proof. If we paste two such diagrams together to obtain

h(X" Xn— 1 h(X" 1 Xn 2) In-1 h(Xn 2 Xn 3)

£1/ o

then the sequence i(X" 1) — h(X"~1,X"2) — h(X"~?2) is the long exact sequence of the pair
(X"~1,X"2) and thus we obtain a chain complex. This is a bounded complex if and only if X
has cells in only finitely many dimensions. O

This gives us a chain complex
C— (X%, XY = (X, X0) = m(X0,0).

As for how this is related to /1(X), this is simply the “first page of the spectral sequence” which
computes such homology. Also, this makes sense for any filtered space X because we have not
used any information about CW complexes. Now consider the case when & satisfies the dimension
axiom, which says that . (pt) is supported in degree 0.

Theorem 3.6.2. If h satisfies the dimension axiom, then the complex defined in the previous proposition
computes h(X). This means h,(X) = ker(9,)/Im(0,41).

Proof. We prove this by inducting on the dimension of X. Note this requires additivity, which is
the same thing as homology commuting with homotopy colimits. The base case is simple:

x%) = @ h. (pt).
X0

Now assume that the complex
0— (X", X" 1) 5 h(X" 1, X"2) =5 . = (X, X0 = (X% =0

computes 7(X"). Now recall that we have the long exact sequence

h(X”) h(Xn—i-l)

~

h(xn+1’ Xn)

and so now we need to understand the connecting map h(X"*1, X") — h(X"). In the cell complex,
this only interacts with 7(X", X"~!). Thus we need to know that the long exact sequence only
changes in two degrees. We use the isomorphism

he (X", X") = P (D), S =0
ecE

unless * = n + 1, where E is the set of (1 + 1)-cells. Here, the final isomorphism comes from the
dimension axiom. Thus h,(X") = h (X" 1) if ¥ < nand * > n + 1.
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For x = n + 1, we simply see that

By (X" = ker(R(X™HL, X™) — R(X™))
= ker(h(X", X") = h(X™) < h(X",X"71))
= ker(9"1)

because 1, (X") = ker(h, (X", X"~1) — h,_1(X"1)) by the inductive hypothesis. For x = 1, we
have the diagram

By (XML, X)) —— 1y (X)) —— by (XY —— By (XL, X7 =0

| H

Imd,;; ——— kerd,

Then we have hy, (X"1) = h,(X")/ Im(h,, 1) (X", X™). This is clearly isomorphic to ker d; / Tm d,, 1.
0

In order to compute this, we need to understand the map #(X"*1, X") — h(X", X"~1). Denote
the set of (1 + 1)-cells by E and the set of n-cells by F. Then we have

R(X"L, X" = P (DI, SE) = @D ha(SE) = P Ze[n).

ecE

Here, if A is an abelian group, A[n] is the chain complex A shifted in degree by n. In addition, we
have

WX, X" = (X" /X" = @ ha(DF /DY) = P Zg[n)-
f f

The attaching map gives rise to S — D}/ 5?71 of degree d(e, f). Note this choice relies on

orienting all of the cells. Then the matrix M = (d(e, f)) computes the map h(X"*!, X") —
h(X", X"~1), which is really

D Zn+1] % Pzsln).
This formula also arises from the study of the compatibility of homology with suspension. Now

we define the chain complex CSW(X; R) to be the free R-module given by the n-cells of X. The
differential is simply the degrees of all attaching maps.

Exercise 3.6.3. Directly prove that d> = 0 by analyzing X" 2 — X"~1 — X".

In fact, the differential is always given by the matrix M defined above, and this implies
uniqueness of homology theories on spaces which are homotopy equivalent to CW complexes.

Now if X — Y is a cellular map, then we obtain maps h, (X", X"~1) — h,(Y",Y""1) and these
are maps of complexes. These are again given by the degree. (Note that all maps X — Y are
homotopic to cellular maps). Now the problem is to compute the maps h,(X) — h.(Y) from the
cellular point of view. If we consider the commutative diagram

Xy — Yy

[ |

Xn—l — Yn—l
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then we see that the map 7y (X, /X,—1) = h«(Yyn/Yy41) is given by the degrees of the maps of
cells and thus all maps h.(X) — h.(Y) are axiomatically determined. Thus h.(X) is determined
axiomatically as a functor, not just as a group.

Example 3.6.4. Consider X = T2. Then all differentials vanish because the attaching map to

S v Sl is the element afa~1B~! and thus the mapis Z -+ Z & Z w Z. In degree 1,
the loop in the fundamental square is still «fa~'8~! and thus we have the same map. Thus, we
have

Hy(T>)=7Z H(T?)=Z®Z Hy(T?) =2Z.

The same analysis works for both §" x §" and for higher genus surfaces %,.

3.7 Simplicial Homology

Simplicial homology is one of the original versions of homology. Let E be a partially ordered
set and S be a subset of 2F such that for alls € Sand v € s, then s\ v € Sand all s € S are
totally ordered. Thus we can write s = [0y, ..., v,] as an n-simplex. Then let |K| be its geometric

realization. Now define C(K;R) = C;C;imp(|K| ; R) to be the free R-module generated by n-simplices.
Note that attaching maps in this case all have degree £1 because they are linear, and this is why
we choose orientations using a partial order. The differential is given by

n ‘
vy, ..., vn] = Y (=1)'[vg, ..., i ..., vn).
i=1

1

This is a very old and famous formula. The (—1)’ is simply here to keep track of orientations.
Also, we can consider |K| as a CW complex and then the CW and simplicial chain complexes are
the same. Then we can collapse the n — 2 skeleton to obtain a wedge of spheres, and then we have
maps of degree 1. The sign is determined by the orientation, where we will consider clockwise
to be the standard orientation. For example, consider a single 2-simplex:

Figure 3.1: Simplicial orientations.

Now if K — L is a map of “simplicial sets,” then we get maps |K| — |L|. We can try to
compute hy|K| — h.|L|, and this is determined by the cell complex, which is the same as the
simplicial complex. Suppose s € S,. Then if s = [vy, ..., v,], either all f(v;) are distinct, in which
f(s) = [f(v0),. .., f(vn)], or we have f(v;) = f(v;) and then we set s — 0.
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(Here, K" /K"l — 1" /1"~ 1 commutes with A" /dA" — A" /IA" or the map from A" — K" —
L" factors through L"~! and hence the quotient factors through a point.)

Now if X is a simplicial complex, we can consider the groups /(X), C®!(X), Cs™P(X). The
first is small, the second is medium, and the last is large. Then there is no differential for h(X)
and the cellular differentials are hard to compute, but the simplicial differentials are very easy to
compute.’

Now we can define a very weak invariant from homology: the Euler characteristic

X(X;R) = ) (~1)'Rk(H;(X, R)).

If x is defined, it is in fact independent of R. It is very easy to compute this for Riemann surfaces.
For finite CW complexes, x is given by the alternating sum of the number of n-cells.

3.8 Singular Homology

We will define the complex So(X) of singular chains for any space X. We will see that this is
functorial and that X — He(S.) is a homology theory. If X has the homotopy type of a CW
complex, we get the same result as for cellular homology. This satisfies the dimension axiom and
is ordinary homology.

Let S, (X) be the free abelian group generated by maps A" 7y X. First, we identify
A}’l = {(to,. ..,tn) | Ztl = 1[0 S tl} C an+1,

We can now think of this as a convex polytope in Euclidean space, and it is thus the convex hull
of the vertices v; = (0,...,1,...,0). Next, we define §;: A"~1 < A" given by Span(v]- | i #7)
induced by R” — R"*! skipping the i-th component. Now we define

9:Su(X) = Su1(X) o Y (—1)iros;.

Like in the simplicial case, the sign comes from the transposition. We can avoid explicit signs by
assigning to A" its orientation line op». Now from an orientation on A", we induce an orientation
on the boundary, so we can set

Sp(X) = @og

and define the map by simply restricting orientation to the boundary. The advantage of this
secondary approach is that we can see that 3> = 0 topologically instead of combinatorially. On a
manifold with corners, when we consider the intersection of two facets, the two restrictions are
clearly opposite to each other:

*This is a common tradeoff in mathematics, where making one aspect of our computation easier tends to make
something else much harder. Later, we will define singular homology, which has massive chain groups but is useful for
proving various exactness results.
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Figure 3.2: Tracking orientations

Now for A C X, we clearly have an inclusion S, (A) < S,(X). Then define S, (X, A) to be the
quotient S, (X)/S,(A). Note that this is different from S,,(X/A). If two maps agree away from A
but are different in A, then they correspond to different elements of S, (X, A).

Corollary 3.8.1. There exists a long exact sequence
H,(A) = Hp(X) — Hu(X, A) = Huy(X, A)[1].
This comes from the definition of the singular chain complex as a quotient complex.

Functoriality is clear at the chain level. For f: (X, A) — (Y, B), the map of chains is simply
o — f oo, and checking that everything is well-defined is easy.

Now we check the dimension axiom. First, note that Hy(Se(pt)) ~ Z and H;(Se(pt)) = 0
otherwise. Then in the chain complex

=2 =7 =7,

we see that
n

dor =Y (-1)icos =Y (1)
i=0
and thus when we pass to homology, we see that everything vanishes except in degree 0.
To check additivity, we simply see that

se(LX:) = @Dsa(x)

because A is connected. Then we pass to homology.

This leaves homotopy invariance, excision, and weak homotopy. Homotopy invariance will be
proved by using the acyclic model theorem or by using prisms. Excision follows from barycentric
subdivision, and weak homotopy is proved using cellular approximation.

First we will prove that the homology of a contractible space is trivial. If X is contractible
to x € X, then there exists h: X x I — X such that h(x/,0) = x’ and h(x/,1) = x. We want to
associate to this a homotopy between idg and

Se(X) — Se(pt) — Se(X).

Here a homotopy between f,g: Co = Do is a map H: Co — D41 such that dH — Hd = f — g.
This H is given by the diagram

At 2 L x

V

ATl+l
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Here, the map A" x I — A"t is simply given by collapsing one of the interval segments. Now we
note that 0H(c) = Ho(0) + o — x, where the last x is the constant 0-simplex at x. Now we obtain
that 0Ho — Hdo = 0 — x and thus they are homotopic. As a corollary, this gives an isomorphism
in homology.

Corollary 3.8.2. If X is contractible, then Hq(Se(X)) is isomorphic to Z.
Now consider the two inclusions iy, i;: X = X x I.

Lemma 3.8.3. The two maps S(iy), S(i1) are homotopic.

Proof. This is easy to see on Hy by sending every ¢ to the component of its image. Then the

isomorphism on homology is clear. Now consider the functors X N S(Xx1),X LN S(X). We
see that F is free and G is acyclic, so by the acyclic model theorem, any natural transformations
F = G are chain homotopic. O

Note that a direct proof of this uses the subdivision of the prism into simplices. The idea is that
the map ¢ x I: A" x [ — X x I has domain not a simplex, but there are maps p,: A"t — A" x I.
Then we send

oY (0 xidp) o pa.

Next, we use the fact that (A" x I) = A" x 9] UdA" x I to give the fact that 0 o H = S(ip) —
S(i1) + Hoa.

To prove excision, let X = X; U X; and suppose their interiors cover X. We will show that
He(Xa, X1 N X2) ~ He(X, X1). Then consider the subcomplex S¥(X) C S(X) given by o such that
Im(c) C X7 or X5. We have the diagram

S(Xy) —— SK(X) —— SK(X, Xq)

| | |

5(X1) —— S(X) —— S(X, Xq).

By definition, we see that S¥(X, X1) = S(X», X1 N X3). Now we need to prove that S¥(X) — S(X)
is a quasi-isomorphism, and we will do this using barycentric subdivision. This defines a chain
map B: S(X) — S(X), and so we obtain a map S(X) — S¥(X) given by iterating B until all B(c)
are excisive.

We will now fill in some details about the acyclic model theorem. This generalizes the idea
that if M is a free module over a ring R with basis {b;}, then any map M — N is specified by the
values f(b;). For chain complexes, we need additionally f(db;) = df(b;).

Definition 3.8.4. A functor F: C — Chg is free if there exist models {b;};-, € C such that F(X) is
free (as a graded R-module) with basis F(f)(b;) indexed over all models and maps f: b; — X.

Example 3.8.5. The singular chain functor X — S.(X) is free with models {Ai}.

Definition 3.8.6. A functor G: C — Chy is acyclic if H*(G(b;)) = 0 for all « # 0. This means the
homology of the models is supported in degree 0.

Here, for the singular chain functor, we know that all A" are contractible, and thus S.(A") is
acyclic. However, we need to prove this explicitly without appealing to homotopy invariance.
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Theorem 3.8.7. If F is free and G is acyclic, then every natural transformation H'F = HO(G) lifts
uniquely up to chain homotopy. In other words, we can find a natural transformation F = G and any two
such choices are chain homotopic.

This arises in our proof of homotopy invariance, where if we consider the map S(X x I) LN

S(X) %% S(X x I), we can see that this is the same on homology as the identity.

Now we will prove that if X — Y is a weak homotopy equivalence, then the induced map on
H, is an isomorphism. By the use of the mapping cylinder, it suffices to consider an inclusion, so
if (X, A) is n-connected, then Hq(A) — Ho(X) is an isomorphism for e < 7.

For each ¢: A’ — X, choose a homotopy Py: Al x I — X from the identity to a simplex in A.
In fact, if 71o(A) — mo(X) is surjective, we can always take a homotopy to make ¢ lie in A.

Inductively, we will get dP, = P,,. Starting with 0-simlices, the union of ¢ with P, defines
an element of 7;(X, A) = 0. Now we can proceed by induction, and therefore we have H;(A) —
H;(X) is an isomorphism for i < n. Letting n — oo, the we see that H,(X) depends only on the
weak homotopy type.

3.9 Comparison of Homology and Homotopy

Now going back to cellular homology, we know that if X is n-connected, then H,(X) = 7, (X). To
prove this, use the fact that the Moore space M (7, (X),n) is an n-connected approximation of X.
For example, if X = K(7,n), then we get H, (K(7,1); Z) = 7w and H;(K(m,n);0) for 0 < i < n.
For i > n, the homology is actually nonzero! This is related to Steenrod operations.
To fix this, we will show that if X, Y are simply connected, then f: X — Y is a weak homotopy
equivalence if and only if it induces an isomorphism on homology. Combining this with the
Whitehead theorem, we obtain

Corollary 3.9.1. If X, Y are simply connected CW-complexes, then f: X — Y is a homotopy equivalence
if and only if it induces an isomorphism on homology.

Note that the simple connectivity assumption is essential because there exist groups G with
H.(BG) = 0 but G is nontrivial. This can be resolved by generalizing homology to homology
with local coefficients, where the input is a local system. Also note that this result does not say
that if He(X) = He(Y) then X ~ Y. We can find X, Y with isomorphic homology, but this is not
induced by any map. An example of such spaces is X = S? vV §*,Y = CP2.

3.10 Homology with Coefficients

Consider S¢(X; G) = S¢(X) ® G. Then the homology of this is He(X; G). One reason to consider
this is to obtain better structure than when we use Z-coefficients. For example, Ho (RIP", Z/27Z)
is much nicer than H, (RIP"”, Z). The same is true for the lens space with Z/ pZ-coefficients.

A natural problem is to compute He(X; G) given Hq(X,Z). The answer is purely algebraic. If

we consider the chain complex Z i> Z, the homologies are 0, Z/2Z. However, if we tensor with

Z./2Z, we obtain Z/2Z % Z/2Z. The first Z/2Z comes from He(X,Z)® G and the other one
comes from the derived functor. In fact, there is only one derived functor Tor because all abelian
groups have a two-step free resolution. Now we define

A®"B 2> H,(Py ®Pg) = He(A® P3) = Ho(P4 @ B)

where P, is a projective resolution 0 — F; — [, — A — 0 of A. The key facts are (A ®& B)y =
A®Band (A®LB); 20ifi #0,1.
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Now all of this is the same for graded abelian groups, but instead of resolving each component,
we can instead pick a free chain complex with A as its homology. If C, is a chain complex of free
abelian groups, then

Ho(Co ® G) = Ho(C,) @ G.

Now if X is a topological space, we have
He(X) ® G = Ho(X,G) — Tor(He-1(X),G)

and in fact this exact sequence splits. Note that this splitting is not natural in X. This means that
we can compute all torsion in He (X, Z) from He(X,Z/pZ). The idea is that every two copies of
Z/p'Z in consecutive degrees give rise to one copy in the higher degree if they don’t come from
the Z /p"Z homology for arbitrary n. Now we can consider He(X,Z/p"Z) — Ho(X,Z/p" "' Z).
The free part of He(X,Z) contributes a copy of Z/p"Z on the left and Z/p"~'Z on the right,
and so these will stabilize for arbitrary #n. (Here we assume X is a finite CW complex).

Remark 3.10.1. This reconstruction is not canonical.



Cohomology

A cohomology theory is a functor h*: hTop,”’ — Mod% together with natural transformations
h=1ox L5 1" such that

1. The sequence

+1
S HUXA) = X)) = B(A) S X A) s

is exact.
2. If U C Int(A), then the map h*(X, A) — h*(X \ U, A\ U) is an isomorphism.
Just like with homology, we can add two axioms:
3. (Additivity) h* (L; X;) = TT; 1* (X;).
4. (Dimension) h*(pt) vanishes when * > 0.

If all of these hold, then h*(X) is determined by its value on CW complexes and agrees with
ordinary cohomology. A key difference with /, is that the map

h* (COlil’nl‘ XZ) — 111’1’1 h* (XZ)
i

is not always an isomorphism when X; — X1 are cofibrations. The error term is lim! i* (X)),
which is the derived functor. Here, the sequence

1
0 — limh*(X;) — h*(colim; X;) — imh*(X;) — 0
1

is exact.

Now we will discuss constructions of cohomology theories. Recall that we have prespectra,
which are sequences of spaces Y, with maps XY, — Y,,11. Now the prespectrum is an Q)-spectrum
if the induced map QY;, ~ Y, _1 is a homotopy equivalence. For example, QK(G,n) = K(G,n —1).
Now let Y be an O-spectrum. Then we can define 1}.(X) = [X, Y,]. Because we assumed Y is an
()-spectrum, we have

Wy (X) = (X4, Ya] & [2X4, Y] & (22X, V] 22

37
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Another approach is to use singular homology with coefficients in an abelian group G. Define
S*(X;G) = Hom(S.(X), G) with differential ¢ = (—1)""'¢ 0d. Then the cohomology of this
complex is denoted by Hg (X, G) and is called singular cohomology. This agrees with hg g for
spaces homotopy equivalent to CW complexes by the same argument as for CW complexes.

Now for X a CW complex, we can take Céyy (X, G) = Hom(CSW(X), G) and take the cohomol-
ogy. This is called cellular homology, so in some sense h* is the “derived dual” of k..

4.1 Multiplicativity

For singular chains, define

¢r —9i(0) = (—1)’”’(/’(0

), )
[0,...,p] [P ptq]

This defines a product on the set of singular chains. The meaning is that given a choice of an
approximation of the diagonal, ¢ — () should be ¢ x (A o 7). Intuitively, we want to make
the diagram

AP X A XX

\ T

AP x A1

work in a simplicial manner. Now we can check that the cup product makes S®(X) a differential
graded algebra. To do this, we check the graded Leibniz rule

dp — p=dyp — ¢+ (-1)Vp — dg.

Passing to cohomology, we see that H*(X) is a graded algebra. In fact, we have graded-
commutativity, which says

o] — [y = (=1)"¥I[y] — [g].

Warning: this equality is not true at the chain level. In fact, there is no way to construct the cup
product that makes the chain a commutative dg-algebra, which leads to the theory of Steenrod
operations. We can actually derive all of this from the homotopical point of view by noting that if
is a ring, then

K(k,n) AK(k,m) — K(k,n +m)

induces a map
(X4, K(k,n)] x [X4,K(k,m)] = [ X+ A Xy, K(k,n+m)] = Xy, K(k, n+m)].

If we want an algebraic structure on homology, recall that we have a natural map Co(X) ® Co(Y) —
Ce(X x Y). Now we consider the diagonal map C.(X) — C.(X x X), which gives a map
H.(X) — Hy(X x X). Unfortunately, there is no way to obtain a coproduct because the Kunneth
formula has an extra Tor term. However, if the homology of X is free, then there is a coproduct.
The other problem here is that coproducts are unintuitive (even if they are probably the same for
a computer).

Next, we will show that £ is a module over /*. In the setting of spectra, a homology class is a
map S' — X A K(k,n) and a cohomology class is a map S/ — Map(X, K(k,m)). The only way to
do this is

St~ i ASl — X AK(k,n) AMap(X,,K(k,m)) — Xy AK(k,n) AK(k,m) — X AK(k,n+m).
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In fact, there are other products, like the slant product. In the singular theory, the formula for
SKX) @ 8y (X) = S,_x(X)(X) is given by

90— (~D" Ho(o([v, 4., 00)) - 0([00, -, 00 k).

This defines a chain map, so it descende to homology, and we obtain a map H*(X) ® H,(X) —
H, ;(X) satisfying

(p—9)~o=9~(p~o0)
Now we can axiomatize this setting as a (co)-homology theory equipped with cap products. If (h*, h., ~)

are such that h*, h, are ordinary, then this is determined by h°(pt) ® ho(pt) — ho(pt). Now we
are ready to state Poincaré duality.

Theorem 4.1.1. If M is a closed manifold of dimension n, then there exists a class [M| € H,(M;F,),
then the map
HYM;Fy) =M B (M3 TFy)

is an isomorphism.

Remark 4.1.2. We can remove the compactness assumption using compactly supported homology
(or the one-point compactification) and we can allow boundaries by using relative homology.

To state the result for general homology theories, we need the local system of orientations.
Recall that i, (M, M\ pt) = h,(R",R"\ 0) = h,(R",R" \ D) = h,(S"). Then we have suspension
isomorphisms h,_, (pt) = h.(S"). Suppose hy(pt) has a distinguished element e.

Definition 4.1.3. An h-orientation of M is a class [M] € h, (M) (called the fundamental class) whose
restriction to . (M, M \ pt) is e for all points in M.

Proposition 4.1.4 (Poincaré Duality). If [M] is an h-orientation of a closed manifold M, then the cap

product h* (M) LN hy—« (M) is an isomorphism.

Now, we can use Mayer-Vietoris to analyze the problem of the existence of orientations.
Orientations restrict along open inclusions. First, if A C M, then we can define a notion of
an orientation of M along A to be a class [M] € h,(M,M\ A) such that the image of [M] in
he (M, M\ pt) is e € h,(R",R" \ pt) for all points in A.

Next, this is functorial for inclusions, as in if B C A, then an orientation along A induces one
along B. Every point has an open neighborhood along which M has an h-orientation, which is
just a coordinate chart.

We will now use Mayer-Vietoris to produce

wo = h(M,M\ (AUB)) = he(M,M\ A) @ hi(M,M\ B) = he(M, M\ (ANB)) — - -
and so we need [M] 4 and [M]p to agree.
Lemma 4.1.5. Every M has a Z /2Z orientation. Moreover, H{(M,Z/2Z) = 0 for i > n.

Proof of this is by taking a cover U, and running the above argument noting that 1 = —1 in

characteristic 2. However, there is not always a Z-orientation, where the classic example is the
Mobius strip.
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4.2 Proof of Poincaré duality

Let M be a compact manifold with fundamental class [M] € h,(M). First, if we have x € U an
open neighborhood, we can cap with the image of [M] in (U, U \ X) to get h*(pt) = h*(U) —
he—n (U, U\ X). Now we will consider compact subsets K of M. Define

h(K) = colimgy h* (U).

If we take a represented cohomology theory, then this is isomorphic to #*(K). Unfortunately, this
is false for singular cohomology, where the counterexample is the pseudocircle.
Now capping with the image of [M] gives i*(K) — hs_,(M, M\ K). Here, we use the diagram

(M]

h*(K) —— hy_n(M, M\ K)

) 25 (MM ).

Theorem 4.2.1 (Alexander Duality). If K is compact, the above map is an isomorphism.

Proof. First, we will establish that if Alexander duality holds for K, L, KN L, then it holds for KU L.
To see this, we use the Mayer-Vietoris sequences

h*(KUL) i (K) @ (L) *(KNL)

| | |

(M, M\ (KUL)) —— hy(M, M\ K) @ he(M, M\ L) —— h.(M,M\ (KNL)),

note that two of the vertical arrows are isomorphisms, and then use the five lemma.

The next step is to prove continuity. If Alexander duality holds for compact sets K;, we
will prove that it holds for N K;. To see this, we note that /&, commutes with colimits, so that
he(M, M\ K) = colim h;(M, M \ K;). Also, we use the definition of Cech cohomology.

Finally, we have reduced to subsets of R", and the result clearly holds for convex subsets of
R", so to complete the argument, we use the fact that any compact set can be written

K = () Byi(K).
keK

Thus we write By ,;(K) = Ukek B1/i(K), and this can be handled by compactness (reduce to a
finite cover), so now we have a reduction to By ,;(0) C R". But then we have 1" (R",R" \ 0) =
]’l”(]Rn,IRn\Bl/i(O)). O

Corollary 4.2.2. For compact M, we have h*(M) ~ hy_,(M).

Proof. Set K = M and use Alexander duality. O
Here are some consequences of Poincare duality:
1. If M is an odd-dimensional manifold, then (M) = 0. If we use field coefficients, we

know that dim H;(M) = dim H (M) = dim H,_;(M), and when 7 is odd then i,n — i have
different parity, so they cancel in the alternating sum.
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2. Assume M is an orientable manifold. If we consider the diagram

—

H"(M) ® H" ¥(M) ————— H"(M)

J(A[M] lA[M]
HK(M) ® Hy(M) Hy(M)
\ ) /

For ordinary cohomology, commutativity follows from either the actual cup and cap product
formulas or from Eilenberg-Maclane spaces. This tells us that the cup product gives us
a perfect pairing H*(M) ® H" (M) — H"(M) ~ K. This tells us that cohomology is a
graded algebra A with a map A % K such that A¥ @ A" — A" 5 Kisa perfect pairing.
This is sometimes called a Frobenius algebra or a Calabi-Yau algebra.

It is better to do this at the chain level for singular cohomology. Here, we consider the map

ckM) @ C R (M) S vy M oM s Colpt) ~ Z

3. Consider the case when M has dimension 2n = 4k +2 = 2(2k + 1). Then we get a map
H"(M) ® H"(M) ® K. For n odd, we see that « U = —p U a, and thus we have an even
antisymmetric pairing, which is a symplectic form. This can be decomposed into pieces that

look like (_01 é) . This implies that the Euler characteristic is even.

If dim = 4k, then x(M) can be arbitrary. For example, x(CIP?) = 3 and x(S*) = 2. We can

also produce 4-manifolds of arbitrary Euler characteristic from this process by taking linear

combinations of 2 and 3.

Now consider manifolds with boundary 9B"*! = M". The statement of Poincaré duality for
manifolds with boundary is that the fundamental class lives in [B] € H,;1(B, M) and capping
gives us an isomorphism H*(B) — H,_;.1(B, M). Also, M is orientable and [M] is the image of
[B] under the boundary homomorphism. Now capping with [B] gives a commutative diagram

. ~|B
1(B) —%, 1,1 (B,M)

(M] J

H!(M) —— H,_;i(M).
If we consider the middle dimension cohomology where dim M = n = 4k, we have a commutative
diagram

i*

H2(B) —~— HZ*(M) ——~ H2*1(B, M)Hy(B)
Hyg1(B,M) —2— Hy (M) ———— Hy(B).

Note that rank(Imi*) = rank(Imd) = rank(Imé). Also, rank(H?(M)) = rank(Imi*) 4 rank(Im ),
so rank(Im H2¥(B)) = 1 rank(H?*(M)). Moreover, the map

Hi(B) — H (M) ™5 H,_,(M) - H,_;(B)
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is zero by exactness. Dualizing, we see that the pairing

H'(B) @ H*!(B) — H"(B) — H"(M) M,

vanishes, so the intersection pairing vanishes on Im(H?(B)) and thus the pairing is isotropic. If
we do the same thing for n = 4k + 2, we obtain a Lagrangian subspace.

Now consider a Riemann surface embedded in R®. This bounds some manifold B. There
are some curves bounding discs and some curves bounding “holes” of the surface, and these
are the symplectic basis for the intersection pairing. In summary, the map H"(B) — H"(M) has
half-dimensional image. Unfortunately, we can make the homology of B more complicated by
adding stuff, so we cannot say anything about the entire homology of B.

Finally, suppose that dim(M) = 4k. Over R, a nondegenerate form splits into positive and
negative-definite parts V., V_.

Definition 4.2.3. Define the sign of a manifold M as sign(M) = dim V; —dim V_.
Theorem 4.2.4. If M = 0B, then sign(M) = 0.

Proof. The image of H*(B) — H?(M) is half-dimensional, but the pairing vanishes on it (because
[B] lives in degree 4k + 1), and then by linear algebra the only way this can happen is when
dimVy =dimV_. O

This means there are manifolds which cannot be boundaries (all 3-manifolds are boundaries
of 4-manifolds), such as M = CIP2. Here, the form is Z ® Z — Z and is positive definite.
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