Enumerative invariants and birational geometry
Spring 2024

Notes by Patrick Lei

Lectures by Various

Columbia University






Disclaimer
These notes were taken during the lectures using neovim. Any errors are mine and not the speakers’.
In addition, my notes are picture-free (but will include commutative diagrams) and are a mix of my

mathematical style and that of the lecturers. Also, notation may differe between lecturers. If you find any
errors, please contact me at plei@math.columbia.edu.

Acknowledgements

I'would like to thank Shaoyun Bai for co-organizing the seminar with me.

Seminar Website: https://math.columbia.edu/~plei/s24-birat.html


https://math.columbia.edu/~plei/s24-birat.html

Contentse 2

1 Preliminariese 4

1.1

1.2

1.3

1.4

1.5

GIVENTAL FORMALISM (PATRICK, FEB 01) ¢4

1.1.1 Introduction e 4

1.1.2 Frobenius manifolds ¢ 5

1.1.3  Givental formalism ¢ 6

1.1.4 Quantization * 8

QUANTUM RIEMANN-ROCH (SHAOYUN, FEB 08) 9
1.2.1 Twisted Gromov-Witten invariants ¢ 9

1.2.2  Proof of Theorem 1.2.3¢ 11

SHIFT OPERATORS (MELISSA, FEB 15) ¢ 12

1.3.1 Equivariant big quantum cohomology 13
1.3.2  Quantum connection ® 13

1.3.3  Shift operators ¢ 13

ORBIFOLD STUFF (PATRICK, APR 04) ¢ 15

1.4.1 Orbifold Gromov-Witten theory * 15

1.4.2 Toric Deligne-Mumford stacks ¢ 18
GAMMA-INTEGRAL STRUCTURE (PATRICK, APR 04) ¢ 19

2 Quantum cohomology of projective bundles ¢ 21

2.1

2.2

MIRROR THEOREM (CHE, FEB 22) ¢ 21

2.1.1 Setupe2l

2.1.2  The vector bundle case ¢ 21

2.1.3 Statement and discussion of the mirror theorem e 22
2.1.4 Proof of Theorem 2.1.3 ¢ 22

FOURIER TRANSEORM (KOSTYA, FEB 29) ¢ 24

2.2.1 Quantum D-modules and symplectic spaces ® 25
2.2.2  Discrete Fourier transform » 26

2.2.3 Continuous Fourier transform ¢ 27

2.2.4 Discrete equals continuous ® 28

3 Quantum cohomology of blowups ¢ 29

3.1

SETUP (KOSTYA, MAR 07) 29

Contents



3.1.1 Statement of the theorem ¢ 29
3.1.2 The master space ® 30
3.1.3 Fourier transforms ¢ 33
3.2 FOURIER ANALYSIS FOR BLOWUPS (SAM, MAR 21) ¢ 33
3.2.1 Extended Kirwan maps ® 33
3.2.2 Discrete Fourier transform » 34
3.2.3 Continuous Fourier transform ¢ 35
3.3 DECOMPOSITION (SAM, MAR 28) ¢ 37
3.3.1 A general picture ® 37
3.3.2  Decomposition of the quantum D-module * 38

Crepant transformation conjecture for toric complete intersections ¢ 41
4.1 TORIC WALL-CROSSINGS IN GW THEORY (DAVIS, APR 11) * 41

4.1.1 GIT wall-crossing * 41

4.1.2 The secondary variety * 42

4.1.3 Extending the I-functions ¢ 44
4.2 CREPANT TRANSFORMATION CONJECTURE (DAVIS, APR 18) ¢ 45

4.2.1 Gauge transformation 45

4.2.2  The Fourier-Mukai transform « 47

4.2.3 Crepant transformation conjecture ¢ 48



Preliminaries

1.1 Givental formalism (Patrick, Feb 01)

1.1.1 Introduction Let X be asmooth projective variety. Then for any g, n € Z», f € H>(X, Z), there
exists a moduli space ﬁg,n(X ,B) (Givental’s notation is X ,, g) of stable maps f: C — X from genus-g,
n-marked prestable curves to X with f..[C] = B. It is well-known that ﬁg, n(X, B) has a virtual fundamental

class
Mg, n(X, B € As(Mg n(X, ), & :fﬁCI (X) + (dim X —3)(1 - g) +3.

In addition, there is a universal curve and sections
T R
C (T Mg,n(X,ﬁ)-
1
In this setup, there are tautological classes

Yi=ci1(0;wy) € H? (Mg,n(X, B).

This allows us to define individual Gromov-Witten invariants by

n
Ty (@) Ta, (P))y 5= i [Tevi oi-vi.
gnl&, i=1

These invariants satisfy various relations. The first is the string equation:

To)Ta, (P Ta, D)X 0y 5= D Tar1 (i) [ 7a; @)
i=1 J#i g.n,pB

The next is the dilaton equation:

(MW7 @) Ta, @)y 141 5= 28 =2+ 1W(Ta (1) Ta, (P2, 5

Finally, we have the divisor equation when one insertion is a divisor D € H2(X):

(T0(D)Tay (P1) -+ Ta, (D)) g 1 :( fﬁ D)-(ml @1 Ta, @n))y

+ Y (Ta-1 i - D) [T a0
i=1 J#i gn.p

It is often useful to package Gromov-Witten invariants into various generating series.
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Definition 1.1.1. The quantum cohomology QH* (X) of X is defined by the formula

B
(a*;b,c) ::ZQ—'(a,b,c,t,...,t)é(Mnﬁ
b 3+

for any t € H*(X). This is a commutative and associative product.

The small quantum cohomology is obtained by setting ¢ = 0 and the ordinary cohomology is obtained
by further setting Q = 0.
Remark 1.1.2. Convergence of the formula does not hold in general, so quantum cohomology needs to be

treated as a formal object.

Definition 1.1.3. Let ¢; be a basis of H*(X) and ¢’ be the dual basis. Then the J-function of X is the
cohomology-valued function

X

B . .
]X(t,z):=z+t+ZZQ—'( ¢ ty...,t) @'

M
inp M 2TV 0,n+1,8

Definition 1.1.4. The genus-0 GW potential of X is the (formal) function

B
n o

The associativity of the quantum product is equivalent to the PDE
X X X
ngjﬂbenefstcdf - Z]'c‘rfﬂdenef?bCf
e, e,

for any a, b, ¢, d, which are known as the WDVV equations. Here, we choose coordinates on H*(X) and
set z = 0 (only consider primary insertions). In addition, set 7. to be the components of the Poincaré
pairing and let %/ be the inverse matrix.

1.1.2 Frobenius manifolds A Frobenius manifold can be thought of as a formalization of the
WDVV equations.

Definition 1.1.5. A Frobenius manifold is a complex manifold M with a flat symmetric bilinear form
(—,—) (meaning that the Levi-Civita connection has zero curvature) on T M and a holomorphic system of
(commutative, associative) products *; on T;M satisfying:

1. The unit vector field 1 is flat: V1 = 0;

2. Forany tand a,b,c€ TyM, (a*; b,c) ={a,b*;c);

3. If c(u, v, w) := (ux; v, wy, then the tensor (V,c)(u, v, w) is symmetric in u, v, w,z € T; M.
If there exists a vector field E such that VVE = 0 and complex number d such that:

1. VVE=0;

2. Lp(uxv)—Lpuxv—u*xLgv=uxv forall vector fields u, v;

3. Lplu,v)—(Lgu,v)—{u,Lgv) = (2—d){u, v) for all vector fields u, v,

then E is called an Euler vector field and the Frobenius manifold M is called conformal.



Example 1.1.6. Let X be a smooth projective variety. Then we can give H* (X) the structure of a Frobenius
algebra with the Poincaré pairing and the quantum product. Note that the quantum product does not
converge in general, so we must treat this as a formal object. The Euler vector field is given by

Ex=c1(x)+2(l—@)t’¢i,
i

where a general element of H* (X) is given by ¢ = Y°; t'¢;. We will also impose that ¢p; = 1. There is another
very important structure, the quantum connection, which is given by the formula

1
Vti = at[ + E(pi*t
\Y d lE * ¢+
=z— = .
a8 dz z *F Hx

Here, ux is the grading operator, defined for pure degree classes ¢ € H* (X) by

degp—dim X
g9 0

px(P) = 2

Finally, in the direction of the Novikov variables, we have
1
V,anQ = §QOQ + ;f*t .

Remark 1.1.7. For a general conformal Frobenius manifold (H, (-, -), x, E), there is still a deformed flat
connection or Dubrovin connection given by

0 1
V= —=+—-¢i*

ottt z
\Y = d lE*
L AR Pl

Definition 1.1.8. The quantum D-module of X is the module H* (X)[z][Q, t] with the quantum connec-
tion defined above.

Remark 1.1.9. It is important to note that the quantum connection has a fundamental solution matrix
SX(t, z) given by

QP i i X
Sx(t,z)(p:gb+zzng’(m,qﬁ,t,...,t)

inp "™ 0,n+2,

It satisfies the important equation
Sx(t,-2)S(t,2) = 1.

Using this formalism, the J-function is given by S% (¢,2)1 = 27 x(t, 2).

1.1.3 Givental formalism The Givental formalism is a geometric way to package enumerative
(CohFT) invariants cleanly. We begin by defining the symplectic space
H:=H*(X,A)(z")

with the symplectic form
Q(f,8) =Resz=o(f(-2)g(2)).



This has a polarization by Lagrangian subspaces
He=H' (X, N[z, Ho=z'HX Nz

giving H = T*H, as symplectic vector spaces. Choose Darboux coordinates p, g on J. For example,
there is a choice in Coates’s thesis which gives a general element of J{ as

i k Jopi -0-1
> 2 qipiz + ) ) ! (-2
k=0 i =0 j
Taking the dilaton shift
qR)=tz)—z=-z+th+ hz+ bz +---,
we can now think of X has a formal function on H, near g = —z. This convention is called the dilaton
shift.
Before we continue, we need to recast the string and dilaton equations in terms of FX. Write t, =
Y. 1;.¢;. Then the string equation becomes

1 (&) . .
T (1) ==(to, )+ Y Y.t 09T (D)
2 n=0 j

and the dilaton equation becomes
) ..
01F() =Y 1,05 (1) - 25 ().
n=0

There are also an infinite series of topological recursion relations

9}, 005 F (1) = Y- ojo§7(on" of ol ok, 5 (0.
a,

We can make sense of these three relations for any (formal) function ¥ on ...
Now let

Lz{(E,g)eﬂflgzdﬁff}

be the graph of dF. This is a formal germ at g = —z of a Lagrangian section of the cotangent bundle 7",
and is therefore a formal germ of a Lagrangian submanifold in K.

Theorem 1.1.10. The function J satisfies the string equation, dilaton equation, and topological recursion
relations if and only if £ is a Lagrangian cone with vertex at the origin q = 0 such that its tangent spaces L
are tangent to L exactly along zL.

Because of this theorem, £ is known as the Lagrangian cone. It can be recovered from the /-function
by the following procedure. First consider £ n (—z+ zJ{_). Via the projection to —z + H along J{_, this can
be considered as the graph of the /-function. Next, we consider the derivatives 9] which form a basis of

art’
Lnz3_, which is a complement to zL in L. Then we know that
oJ
z—e€ezLc [,
ot!
so )
0°J
z——€eLnziH_.
ottot]
Writing these in terms of the first derivatives % and using the fact that J is a solution of the quantum

connection, so we recover the Frobenius structure of quantum cohomology.



We will now express some classical results in this formalism. Let X be a toric variety with toric divisors
Dy, ..., Dy such that Dy, ..., Di form a basis of H?(X) and Picard rank k. Then define the I-function

v5_ s 5 o 5 T oo (D) + m2)

j=1 .
D;
B ]‘[;V=1 fn:’_@o(Dj +mz)

Ix =ze

Theorem 1.1.11 (Mirror theorem). The formal functions Ix and Jx coincide up to some change of variables,
which if ¢, (X) is semi-positive is given by components of the I-function.

Theorem 1.1.12 (Mirror theorem in this formalism). For any t, we have
Ix(t,z) e L.

Another direction in Gromov-Witten theory is the Virasoro constraints. In the original formulation,
these involved very complicated explicit differential operators, but in the Givental formalism, there is a
very compact formulation.

Define /~! = z7! and

o= Zi + l +u+ Cl(}(i
0T T2 TH '
Then define

0y =10o(zlp)".

Theorem 1.1.13 (Genus-0 Virasoro constraints). Suppose the vector field on I defined by ¢ is tangent to
L. Then the same is true for the vector fields defined by ¢,, foranyn = 1.

Proof. Let L be a tangent space to £. Then if f € zL c £, the assumption gives us ¢y f € L. But then
zlyf e zL,s0lyzlyf =01 f € L. Continuing, we obtain ¢, f € L for all n. O

Later, we will learn that the Quantum Riemann-Roch theorem can be stated in this formalism. Let £
be the twisted Lagrangian cone (where the twisted theory will be defined next week).

Theorem 1.1.14 (Quantum Riemann-Roch). For some explicit linear symplectic transformaiton A, we
have L™ = AL.

1.1.4 Quantization In the last part of the talk, we will briefly discuss the quantization formalism,
which encodes the higher-genus theory. In Darboux coordinates p,, qp, we will quantize symplectic
transformations by the standard rules

—— qaqp _ 0 . 92
= , = -, = h .
daqp 7 qaPbv =Ya 3qs PaPb 32045

This determines a differential operator acting on functions on J(,.
We also need the genus-g potential

B
Fy= ﬁzn%mw),..., (W) 0 p

and the total descendent potential
D= exp( Zoﬁglfr"?).
g=

In this formalism, the Virasoro conjecture can be expressed as follows. Let L, = 7 n + cn, Where c;, is a
carefully chosen constant.



Conjecture 1.1.15 (Virasoro conjecture). IfL_1D =LyD =0, then L,D =0 foralln=1.

In this formalism, the higher-genus version of the Quantum Riemann-Roch theorem takes the very
simple form

Theorem 1.1.16 (Quantum Riemann-Roch). Let D™ be the twisted descendent potential. Then

DW=AD.,

1.2 Quantum Riemann-Roch (Shaoyun, Feb 08)

We will state and prove the Quantum Riemann-Roch theorem in genus 0, following Coates-Givental.

1.2.1 Twisted Gromov-Witten invariants Again, let X be a smooth projective variety. Let E be
a vector bundle on X. We should note that

Mo,n+1(X, B) & Mo, (X, )
is the universal curve, and the universal morphism is simply ev,,.;. We will consider the sheaf
Eonp=Rm.evi,  Ee K'ONVon(X, ).

We need to check that this is a well-defined K-theory class. Choose an ample line bundle L — X. By
definition, for N > 1, the cohomology '
H' (X,E®LY)=0

whenever i = 1. This gives us an exact sequence
0—ker(=:A) — H'X,E® LN)® L™ N(=B) - E—0.
For any stable map f: X — X of positive degree, we obtain a long exact sequence
0—HE, f*E)— H'(E, f*A) — H'(S, f*B) — H'(Z, f*E) — 0,

so we obtain
ROzn.ev' .  E—-R'm,ev’. ,E=R'm,ev’,,B—R'm,ev’ A
* n+1 * n+1 * n+1 * n+l-<>

This expresses Ey g as a difference of vector bundles.
We will now introduce a universal characteristic class

c(-) = exP(Z Sk Chk(—)),

k=0

where s, 51, $2,... are formal variables and chy, is the k-th Chern character

W ik
_+...+_’
k! k!

where x; are the Chern roots.

Example 1.2.1. Let E — X be a vector bundle and equip it with the fiberwise C*-action by scaling. Let 1
be the equivariant parameter and p; be the Chern roots. Then

e(E) =) (A+p).
i
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We then rewrite

B (—p))*
[TAa+p) = exp(Z(logA - Zk: Y ))

i

D k-1)!
:em%deBbgA+§:L—l—%}——lchME),
k>0 A
so for the (equivariant Euler class), we obtain
so =logA
D k-1
Sk = T, k>0.

We are now ready to define the (E, ¢)-twisted Gromov-Witten invariants.

Definition 1.2.2. Define the fwisted Gromov-Witten invariants by

X,(E,c) n )
(alwfl,...,anll/ﬁ")o'nyﬁ = j[‘* Hev?(ai)wf’ U c(Ep,n,p)

Mo, (X, BV ;=1
fora; € H*(X) and k; € Z5.

We will now construct the Lagrangian cone for the twisted theory. Let R be the coefficient ring

containing Sy, 51, ... and define
HY = H*(X)® R(z)IQI.

We also introduce the twisted Poincaré pairing
(a, b)(E,c) = f aubu c(E).
X
The symplectic structure is defined by

Quw(f,8) =Res=o(f(-2)8(2) 0
There is a polarization
HY =HY o HY
with
HWY:= H*(X) ® R[z][Q]
HW:= H*(X) ® R[2][QI.
Finally, we have the twisted genus-0 descendent potential

B
grg(,tw(t) = Z Q—'<t, . t)X'(E’C).

0,n,
o n p

Identifying H%" with T* ', we obtain the twisted Lagrangian cone £Y" as the graph of d

the untwisted Lagrangian cone as L x.

Theorem 1.2.3. We have
LY =ALx,

where

Bam 2m-1
A=e Som— chy(E)z=™ .
Xp sz"oegb 2m—1+¢ em)! ¢v(B)z

Here, the Bernoulli numbers By, are defined by
ot
l—e ! 2

+ Y Bom P#m,
m=o (2m!)

F9

X tw*

Denote
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1.2.2 Proof of Theorem 1.2.3 The idea is to use the Grothendieck-Riemann-Roch theorem.
Proposition 1.2.4. We can write

— . B
Mo,n (X, A" Nehi(Eopnp)=m<| Y. — chelev, HY) |,

rel=k+1 T
r,¢=0

where
W) =y, N (Mo e (X, BT
n —_ .
=Y @)@ Mo (X, A1)
i=1
1. > vir
tod| X C0iyt 0l Zone o |-

a+b=r-2
a,b=0

Here, Zy y,11,p is formed by the nodes of m, ZO_ n+1,6 IS a double cover of Zy 11,5 formed by a choice of branch
of the nodes, v and vy _ are the y -classes at the two branches of the nodes, and

it Zoner,p = Zoner,p — Mons1(X, B)
is the “inclusion.”

Proof. We will first assume that I\_/Io,,,ﬂ (X, B), ﬁoyn(X, P), and Zy 1 p are all smooth and that (% ;,11,6)
is a normal crossings divisor. In general, we need a Cartesian diagram

ev' , E—————— 3 F

— e

Mo,n+1 (X, B \

Zo,n+1,8

~

24—
N

Mo,n(X, B)

~

Continuing in the ideal situation, we apply Grothendieck-Riemann-Roch' to obtain

ch(Ey,, p) = ch(Rm.evy, E)
=7, (ch(ev), E)-td"V Qg),

where td" is the dual Todd class, defined by ﬁ, and Q; is the sheaf of relative differentials.
We then have two short exact sequences

0_’Qﬂ_’wﬂ_’ozo,n+1,ﬁ -0

IWe need to be careful about directly applying Grothendieck-Riemann-Roch in the stacky setting (and in general we are only
quasi-smooth).
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and

n
0_)(’()7[ _’Ln+1 _>®ODI _>0)
i=1

where D; is the divisor where the marked points i, 7 + 1 collide and their component has exactly three
special points. Now we obtain

n
QH = Ln+1 - Z OD,‘ - oZO,rH—l,ﬁ
i=1

in K-theory. Using the facts that ¢ (Lp+1) = ¥n+1, DiNDj =@ for i # j, and D; N Zy 11,5 = @, we see that
Lp+1 is trivial when restricted to D; and Zp ,+1,5. Now we apply the dual Todd class.

Lemma 1.2.5. Ifx; Ux; =0, then
(td¥ (x1) - D (td" (x2) — 1) = 0.

Using the lemma, we obtain

n
td" (Qy) = td¥ (L) [[td¥ (=0p)td¥ (O 7, )"
i=1

n 1 1
@0+ 1) e 1)
( (Ln+1) ) i:zltdv(ODi) (tdv(oznﬂ’ﬁ) )

The first term in the statement comes from the dual Todd class of L,,, 1, the second comes from
0—»0(—D,-)—»O—»0Di —0

and the relation between O(-D;) and L;, and the last term can be found in Appendix A of Coates-
Givental. O

To obtain the Quantum Riemann-Roch theorem, we use the previous proposition and manipulate the
generating function. If E is convex and Y c X is a complete intersection defined by E, then £ is closely
related to Ly, so we are able to study the Gromov-Witten theory of Y using this.

1.3 Shift operators (Melissa, Feb 15)

Let X be a semiprojective smooth variety. This means that X is projective over its affinization. Also assume
that X has an action by T = (C*)™ such that all T-weights in H°(X,0) are contained in a strictly convex
cone in Hom(T,C*)g and H°(X,0)T = C. All such X imply that

(a) The fixed locus X7 is projective;

(b) The T-variety X is equivariantly formal. This means that H;(X ) is a free module over H;(pt) =
Q[Al = Q[Ay,...,A;] and there is a non-canonical isomorphism

H5(X) = H*(X) ® Hy(pt)
as H; (pt)-modules.
(c) The evaluation maps ev;: X 5,4 — X are proper.

Using (b), we may choose a basis {(pi}ﬁio of H;(X) over H; (pt). Let 7! be the dual coordinates.
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1.3.1 Equivariant big quantum cohomology Let (-, -) be the T-equivariant Poincaré pairing,
which in general takes values in Q(1). Then the T-equivariant big quantum product is defined by

(@i *r Py, ) = <<</>,-,¢,-,¢>k>>3‘;£
—Z_«Pl’(/’b BT Dgea g

This can also be defined using the evaluation maps

(evi)s: Hp(Xonsz,a) — Hy 20 dem x)

as
d n+3
b *T(szz Q 7 (€vs)s evi (@i evs (@) []evi (@) niXonssal™ | € HrOIQlITo, ..., Tul.
d,n i=4

1.3.2 Quantum connection We will define

Vi: Hr(X)[2l[Qll7] — z ' Hp(X) (2 [QII7°, ..., 7V]

by setting
0
V= p + —((,bl*)
We can view z as the loop variable by setting T = T x C*. If the extra copy of C* acts trivially on X, then
H;(X) = Hj(X)[z].
This has a fundamental solution

M(1): H%(X) [Q, 7] — H%(X)IOC[[Q’T]]

where
H;(X)loc = H;(X) ®g1,z1 Q(A(2)).
This satisfies the differential equation
0
z— M(1) = M(1)(; %),
ot!
which is equivalent to
0
—oM(t)=M(1)oV];.
or!
The solution has the form
¢]
- V’ 0,2

(M(T)(Pz,(l)]) = ((pz;(,bj) + ((,bly

1.3.3 Shift operators Let k: C* — T be a cocharacter of T. Then define a T-action p; on X by

pr(t, x)x = tu® - x
for t € T,u € C*, x € X. Under the group automorphism

b T—T  ¢rltu)= (tu™*, ),



14

the identity map (X, pg) — (X, pg) is T—equivariant, so we obtain isomorphisms
[OFA HT'p0 (X) — HT,pk(X)'
Now define the bundle
Ej = (X x (C2\0))/C*,

where C* acts by
-1, -1
s-(x,v1,02) = (SkX, s U,S ).

This is an X-bundle over P! with an action on T by
(t,u) - [x, (v, v2)] = [£- x, (v1, uV2)].
Setting 0 = [1,0] and oco = [0, 1], we see that T acts on Xo by po and X, by pg.

Definition 1.3.1. A cocharacter k: C* — T is seminegative if all weights of H°(X,©) are nonpositive with
respect to k and is negative if all nonzero weights of H°(X, 0) are negative.

Lemma 1.3.2. Ifk is seminegative, then Ey is semiprojective.

Now let 7: E;x — P! be the projection. We now consider section classes, which are those effective
classes in Hy(Ey,Z) satisfying m.d = [P']. For the C*-action on X given by k, there is a unique fixed
component Fni, whose normal weights are all positive (one way to see this is to consider the moment
map of the corresponding circle action). Therefore, there is a minimal section class o i, corresponding to

Fin.
Lemmal.3.3. Givente H;(X), there existsT € H%(Ek) such thatT|x, =7 and Tl x, = O (7).
Lemma 1.3.4. Ifk is seminegative, then
Eff(Ex)%%° = 0'min + Eff(X).
Definition 1.3.5. Let k: C* — T be seminegative. Given 7 € Hy.(X), we define the shift operator

Sk: H%po X[Ql — H%pk(X) [QI

by the formula
- QEZ\—amin
Sc@a.pf)= Y ) ()BT, T)
dEEff(Ey)sec :

where a € HX (X)and Be HS: (X). We also define
tvp(l T,pk

E, T
o,n+2,d

Sk(1) = 0. oSk (7).
Theorem 1.3.6. We have the formula
M(1) 0 S (1) =80 M(1),

where 8. is defined via the commutative diagram

8
HE(X)oe ———— HE(X)ioc

! I

. eal_ Ai(k)€72k61 .
HE (X Dioe > HZ(XDioc-
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Here, we define
rk N; 0
o ba [To- _oo(Pira,j + @+ C2)
Aj(k) = Q7omn [T [T —o—=™d
a j=1 20 (Pia,j+a+cz)

€ H;(Fi)loc[[Q]];

where
N;=Np;x = Niq
a

is the normal bundle of F; in X and p; q,j are its Chern roots.
The idea of the proof is to decompose
If,o,mzﬁl\: |7|11U12|:!n+2] do+do.u+&:dA(X0)0T,hup,d0 XF; (Xoo)()T,IZuq,doo'
Using the exact sequence
0 — Aut(C, x) — Def(f) — T" — Def(C, x) — Obs(f) — T? — 0,

we obtain the explicit formulae

Aut(C, x)™ = Aut(Cop, x0)" + Aut(Coo, Xo0)™

Def(C, x)™ = Def(Co, x0)™ ® Def(Cy, x0)™ & T),Co ® TpP' & T;Coo ® T, P".
This gives the virtual normal bundle, and using virtual localization, we obtain

Srma,p) = SiM(t,2)a,M' (', -2)B),

where
M'(1',2) = @0 M(1,2) 0 @} .

Using the unitarity property of M, we obtain the desired result.

1.4 Orbifold stuff (Patrick, Apr 04)

1.4.1 Orbifold Gromov-Witten theory Let X be a smooth and separated Deligne-Mumford
stack of finite type over C.

Definition 1.4.1. The inertia stack of X is the fiber product in the diagram

IX — X

! 1

X 2 xxx.

More concretely, we may think about I X as parameterizing pairs (x, g), where x € X and g € Aut(x).
There is another description of IX if X lives over C. In general, /X is disconnected. We will write

IX=]]X.

iel
It also has an important morphism inv: IX — IX given by (x,g) — (x,g™ ).

Definition 1.4.2. A morphism X — Y of algebraic stacks is representable if for all schemes S and mor-
phisms S — Y, the fiber product X xg Y is an algebraic space.
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Theorem 1.4.3. Let
I,X = |_| Homyep (Bpir, X)

r=0

denote the stack of representable morphisms from classifying stacks of roots of unity to X (the cyclotomic
inertia stack). Then I, X ~ IX.

We need to make one more definition, which will appear as a degree shift on cohomology. Let
(x,8) € X;. Because (g) < Aut(x) is cyclic, there is a decomposition

I.X= @ W,

0</<r;

. . o 2my/=TL . .
where V; is the eigenspace with eigenvalue e A and r; is the order of g. Then the function

1
age:=— ) (-dimVp

Ti 0</l<r;

is constant on X;, so we denote its value by age(X;).
Recall that by the Keel-Mori theorem, X (which has finite inertia) has a coarse moduli space | X|, which
is an algebraic space satisfying two properties:

¢ The morphism n: X — | X] is bijective on k-points whenever k is an algebraically closed field;
¢ | X| is initial for morphisms from X to any algebraic space.

From now on, we will assume that | X| is quasiprojective, and in particular that it is a scheme.

Moduli of stable maps

Definition 1.4.4. The moduli space of stable maps ﬁg, n(X, B) parameterizes objects

€ = —Ls x

}

T,

where

1. Cis a prestable balanced twisted curve of genus g. This means that C has stacky structure only at
nodes and marked points, and the nodes are formally locally [(SpecClx, yl/xy)/ ], where p, acts
by {(x,y) = (x,{y);

2. Z; c Cisan étale cyclotomic gerbe over T with a trivialization for all 7;

3. f: C— X isrepresentable and the induced morphism between coarse moduli spaces is a stable
map of degree  with n marked points.

We see that ﬁg, n(X, B) has evaluation maps ev;: ﬁg, n(X, B) — IX. Itis also disconnected, with the

connected components being indexed by components of IX. Let

p— n
Mg n(X, B, i1 in) = jr_]l evi ' (X)),
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Then o o
Mg,n(Xyﬁ) = ) |_| Mg,n(X»,B; il;---;in)-

Each component has a virtual fundamental class

Mg n (X, B i1, ... i) € He Mg n(X, B, i1, -, in), Q)

of virtual dimension

n
f aX)+(1-g(dimX-3)+n- ) age(X;).
p j=1

given by the relative perfect obstruction theory (R7. f*TX)V, where 7: C — ﬁg_ 7(X, B) is the universal
curve, over the moduli stack Dﬁg’f’n of prestable twisted curves. Because we chose to work with trivialized
gerbe markings, we need to multiply the virtual fundamental class as follows. Note that the j-th marked
point is

%)= Mgn(X, B, i1, in) X By, .

Here, if x = [By, — X] € X,-j c IX, then ri;=r. Then set
—_— n — .
[Mg,n(X; ﬁ) i1)~” lrl)]w = (H rij)[Mg,ﬂ(Xl ﬁr ilr”- in)]vu-
j=1

Now consider the morphism p: ﬁg_n(X B — ﬁg, »(1X1, B) given by taking the coarse moduli space.
Let Cix| — ﬁg,n(lX [, B) be the universal curve and o0 x| be the marked points. Then the descendant
classes? are defined to be

o * o
Vi=palo;oq 55, .ax.6)

Quantum cohomology We are now able to define Gromov-Witten invariants. Let a; € HPJ (Xi;,C). Then
define

n

k kX . kj
(@™, an™)g g ':_[* o Hev}fajq/j’.
[Mg,n(X,ﬁylly---;ln)]w j:l

We are still able to form generating series Fg, Jx, ... as before, and the invariants satisfy the string, dilaton,
and divisor equations (although we have to be careful that the marked point we delete is a scheme point),
so the orbifold Gromov-Witten theory has a Lagrangian cone £ x < J.

The orbifold Poincaré pairing is defined by the formula

(a,B) = f auinv* B,
X
where U denotes the usual cup product. This is well-defined because of the formula
age(X;) +age(Xinv(j)) = dim X —dim X;

when X is proper. When X is not proper, we will assume we are working equivariantly. Now we may define
the quantum product by the formula

B
(axrbc):=) Q—'(a, b,c,r,...,r)éms,ﬁ
o n

2Most people call these W, but I am extremely lazy.
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for a,b,c,7 € H*(I1X,C). Restricting to the degree 0 part and setting 7 = 0, we obtain the orbifold cup
product, which is given by
(axb,c)=(a,b, C><))(,3,o-

Denote HéR(X) = (H*(IX,C), *). The orbifold cup product is graded for the grading deg(a) = p+2age(X;)
for a € HP (X;). Using the quantum product, we may define the quantum connection and its fundamental
solution.

1.4.2 Toric Deligne-Mumford stacks We will assume the reader is familiar with the fan presen-
tation of a toric variety. If you are not, there are many references.

Definition 1.4.5. An extended stacky fan is a quadruple Z = (N, %, 3, S) of
1. Afinitely generated abelian group N of rank n;
2. Arational simplicial fan X in Ng = N®R;

3. A homomorphism f: Z™ — N. We will write b; = (e;) € N for the image of the standard basis
vector e; € Z™ and b; for its image in Ng;

4. AsubsetSc{l,...,m}

satisfying the following conditions:

1. The set (1) of 1-dimensional cones is exactly the set {Rzo -Ei |i¢ S};

2. Forallie§, Ei €.

We will now assume that |X| is convex and full-dimensional and, that there is a strictly convex piecewise
linear function f: |X| — R which is linear on each cone, and that f is surjective. From this data, we will
now obtain a GIT presentation. Define L by the exact sequence

0—>l]_—>Zm£>N—>0.

Then define K :=L® C*. Then define D; € LY to be the image of the i-th standard basis vector in (Z™)V
under the last arrow in the exact sequence

0_’NV N (Zm)v N [LV
Finally, set
Aw={Ic{l,...,m}|ScI,07isaconeof Z}.

Choose a stability condition

weCw = U {ZaiDilai€R>0}.
IeA, \iel

Then we define
X5 = [(C™?’/K].

The ample cone is C(f) c I]_%/Zies RD; = H?(Xs,R), which is defined in the same way as C, after
deleting S from the extended stacky fan, and the cone of effective curve classes is its dual.
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Orbifold cohomology First, we will describe the equivariant cohomology of X5. Let Q = (C*)"*/K. Then if
u; is Poincaré dual to (x; = 0 < (C™)%)/K, we have

HE(XZ)C) = Hg(ptyc)[ulyvrum]/(j+3))

where

m
J=(— Y (biyuil ye NO
i=1

J=([Tuil 1€ Ay).
i¢gl
There is a combinatorial description of the components of the inertia stack I Xs. Because X5 is a
global quotient, the components of the inertia stack correspond to elements g € K such that ((C™)%)8 is
nonempty. Equivalently, if we define

K:={feleQI{ie{l,...m}|D;-fe€Z} € Ay},

then the components of I X5 are in bijection with IK/L. To give a description in terms of the fan, for any
o € Z(n), define
Box(0):={veN|7= Y aib;|0<a;<1
pico
and then
Box(Z):= |J Box(0).
oex(n)

Then there is a natural bijection K/IL = Box(Z). For any f € K/L, X is a toric DM stack with K, L, w the
same as for X, and characters D; for i such that D; - f € Z. At the level of fans, this corresponds to killing
the minimal cone of X containing the corresponding v.

We will now give the orbifold cohomology of Xs. Define the deformed group ring C[N
space C[N] with product given by

1% as the vector

YOy Y1 there exists 0 € T such that ¢}, ¢, € 0
0 otherwise.
Then there is an isomorphism of rings

C[N)*
Ciesx(b)yPi 1y e NVY

Hip(Xz) =
Remark 1.4.6. This result also works in families over a base B, where C™ is replaced by a direct sum of m

line bundles on B. Then we need to add a ¢ (Ly) to the relations and obtain

H*(B)[N]*
(c1(Ly) + Ligs x(b)yPi | y € NVY’

By ._
HeR(X3) =

1.5 Gamma-integral structure (Patrick, Apr 04)

Let IX =], X, and g, : X, — X be the restriction of X — X. Let E be a T-equivariant vector bundle
on X. Recall that v corresponds to some g, € K, so we obtain an eigenbundle decomposition

qyE= @ Eup,
0=sf<1
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where E,, ¢ is the subbundle where g, acts by e?"I . We now define the orbifold Chern character to be

chB) =@ Y &/ chE,)).
veB0=f<1

Now let §,, f, j be the Chern roots of E,, . We define the orbifold Todd class to be

1 6v,0,j

f{i(E):zea H H —2mif-6y; H

veB\0<f<1 j 1-e j

1-e%v0j’
The T'-class should be a square root of this and is defined by

=@ [] [ITa-r+68.z),

veB0<sf<1 j

where we expand I" around 1 - f. The reflection formula for the I'-function implies that the X, -component
of T'(EY) UT'(E) is given by

-~ ~ * MOV . * * degy —
[F(EV) UTE)], = Qi) K@ B | o—milage@ Bl+e1(d" E) (27 1) 3" Td(E)
inv(v)

Here, deg, is the grading operator given by the degree without age shifting.

Definition 1.5.1. Define the K-group framing s: Kr(X) — H{p (X) ®p; RT[logz](]z’%[)[[Q,r]] by the
formula

_ =~ degg —~
s(E)(1,2) = L(1,2)z *zPTx u(2ri) 2 inv” ch(E),

dim X

(2m) 2

where L(7, z) is the fundamental solution to the quantum connection, p is the usual grading operator
given by %(deg— dim X) on homogeneous elements, and p = ¢, (T X) € H2(X).

Proposition 1.5.2. Define the equivariant Euler pairing by

X(E B =Y (-D*ch” EBxt* (B, F))
j

ZnMj
z

. Then

and the modified version x . (E, F) by replacing the equivariant parameters A ; by
((E)(1,e”"2),5(F)(1,2)) = x(E, F).

Remark 1.5.3. Everything we have discussed so far makes sense for toric DM stacks after specializing

Q=1.



Quantum cohomology of projective bundles

2.1 Mirror theorem (Che, Feb 22)

2.1.1 Setup Let X be a smooth projective variety, {¢;};_, be a basis of H*(X), {¢'} _, be the dual
basis, and

S .
=Y 1ip; € H (X).
i=0

We will let

X d

T _ N
Jx(M=1+-+z 122(1,...,rﬂ> Q—'
z d,nj=0 Z=Y on+1,d ™

which is the J-function in Definition 1.1.3 multiplied by z7!.!. Also, recall the inverse of the fundamental
solution of the quantum D-module

My (1) € End(H* (X)) [z 111Q, ],

which is defined by

. X d
¢ ) QL
2=V on+2,d n!

(Mx(@)pi,¢j) = (Pirpj)x + Y (i, T,...,T,
d,n

Remark 2.1.1. By the string equation, we have

Jx(T) =Mx(7)-1.

2.1.2 The vector bundle case Now let V — B be a vector bundle with rkV = 2. This has an
action of C* scaling the fibers. Then we have

HE (V)= H*(B)® C[Al.

Now we may take 7°,...,7° to be C[A]-valued coordinates.

Remark 2.1.2. Equivariant localization is required to define the Gromov-Witten invariants of V, which lie
inC[A, A7 1.

IThis is in fact the older definition of the J-function, but the one in Definition 1.1.3 lies on the Lagrangian cone

21
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In order to avoid this issue, we will assume that V"V is globally generated. This implies that V is
semiprojective, meaning that the evaluation maps ev: V; , 4 — V are proper. As before, we may define
the fundamental solution

My (1) € End(H*(B))[A, 27 '1[Q, 7]

and the J-function
Jt@) =My @) -1.

Because the evaluation maps are proper, they can be defined without localization.

2.1.3 Statement and discussion of the mirror theorem

Theorem 2.1.3. Define the H* (P(V))-valued function

e} ePt/z kekt
Ipo(1,0) = Z q
ico 1k 1H5(P+5+CZ)

p+kz

(1),

where § are the Chern roots of V, q is the Novikov variable, and p = c¢1(Opy)(1)). Then zlpyy) (7, t) lies on
the Lagrangian cone of P(V).

Let L;ﬂg be the Lagrangian cone for X, which has the explicit form

d
2.1) —z+1(R)+). ). Z - 1<t(u/), t(w,qbiwkﬁ,ﬁldQ—.
dnk=0i= 0(_ ) * ' “ nl

Definition 2.1.4. For a set of variables x = (x1, x2,...), we say that f € Jx[x] is a C[Q, x] -valued point on
Long if f is of the form 2.1 for some #(z) € H, [x] with #(z)|g=x=0 = 0.

orlg

Example 2.1.5. The point z/x (7)|;—-. is a C[Q,T]-valued pointon Ly

Given this, define L x = Lc;igle_z. By Theorem 1.1.10, we obtain

x =UJeMx(@®*Hs,

which means that any C[Q, x]-valued point on £ x can be written as zMx (1) f for some 7 € H* (X)[Q, x]
and f € H, [x] such that T|g=x=0 = 0 and f|g=x=0 = 1. This property will be used to construct the Fourier
transform later.

2.1.4 Proof of Theorem 2.1.3 We will now sketch a proof of Theorem 2.1.3. First, we will need
Quantum-Riemann-Roch for a vector bundle W — X in two cases:

(a) When the vector bundle W is convex, which means that H'(C, f* W) = 0 for all stable maps f: C —
X of genus 0, and ¢ = e(]) is the equivariant Euler class, which corresponds to setting

- logA k=0
Tl -k ko,

; _ o1
(b) When W is globally generated and ¢ = e
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In the first case, we obtain the Gromov-Witten invariants of the zeroes of a regular section Z < X of W
via
. k o X (Wiep) . k ko Z
/11117%<a11l/ e @uW Mo = ) Ty e
- ivd'=d

In the second case, we obtain the Gromov-Witten invariants of W via

k k X,(W,e; . k W
(ary™, . any™) ) 4 A =<l*a11//11~--,“nll/n”o,n,d'

We are now ready to begin the proof. Because V" is globally generated, there is a surjection
O@N _ VV

This gives an exact sequence
0-V-0"N-0Q-0

embedding P(V) — B x pN-1, By a result of Brown-Elezi, we have

0 optlz k ,kt

Jxprna (@0 =Y 7°

—JB(1).
STk (p+eaN "

Now define
Q) :=n1Qemr;0(1)

on B x P! This has a section s given by
m0(-1)— 08N\ —77Q
which satisfies s71(0) = P(V). Because Q(1) is convex, we use Quantum-Riemann-Roch in case (a) to relate

the Gromov-Witten theory of P(V) to the (Q(1), e;)-twisted Gromov-Witten theory. We now require two
more techinical ingredients.

Moving points on the Lagrangian cone via differential operators
Lemma2.1.6. Let x = (x1,Xp,...) and y = (y1,¥2,...) be formal variables. Let
FeClzl[x1{z0y,,20y,,..Y[Q, yI
be a differential operator. Then exp(F/z) preserves C[Q, x, yl -valued points on L.
Definition 2.1.7. A C[Q, 7, y]-valued point f on L is called a miniversal slice if
flo=y=0=2z+71+ Oz .
For example, the J-function is a miniversal slice.

Lemma 2.1.8. Any miniversal slice on £ x can be obtained from z]x (1) be applying exp(F/z) for some
differential operator F as in the previous lemma satisfying F|g=y=o = 0.
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The rest of the proof (ignoring convergence issues) First, we introduce
A ._ tk(W)(AlogA-A)/z
AW =e A(W,eil)'

Because log Af}v and logI'(x) have similar asymptotic expansions, we have

k
AREIAY, = TTTTA +6 +c2).
c=1§6

Using the exact sequence
0-V—-0*N-Q—o,
we see that

AAL _ AL
AYAL = Al on,

which preserves the Lagrangian cone £ p. We see that
Aé: LB,(V,egl) — L5
Applying Quantum-Riemann-Roch in case (b), we see that
2J(2) € Ly e,
and thus

Aéz]ﬁ(z) eLp.

By Lemma 2.1.8, there exists F such that
A2y (@) = "M 22150,

By Lemma 2.1.6, we obtain

epmzat)/Z]B «pN-1(T, 1) € Lpypn-1.

Now we compute

T, 0= (Aé(l))_leF(/1+Zat)/Z]BXPN—1 (tau)

ebtlz kekt
= r ! (A%
=0 [Te— (p+c2)V

ept/z kekt
_ q Al )—1(Ag+p)71Aé+p+kz]/l+p+kz

=01 L A v

)*1 eF(A+p+kZ) ]B (T)

k
ptlz k wellec e+ p+e+cz) aipine
=) eP%q%e . gy,
k=0 [ (p+c2)

where ¢ runs over the Chern roots of Q. Taking the non-equivariant limit A — 0, we obtain the I(7, ) in
the statement of Theorem 2.1.3.
2.2 Fourier transform (Kostya, Feb 29)
Technically, there are two different Fourier transforms:
1. The discrete Fourier transform QDMg (V) LLN QDM(P(V));

2. The continuous Fourier transform QDM (P(V))joc — GB;;& QDM(B).
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2.2.1 Quantum D-modules and symplectic spaces Let V — B be arank r vector bundle.
The quantum D-module of V will be

HY (V) ®Clz,AlIQ, 7],

where A is the equivariant variable, Q is the Novikov variable, and 7 = {‘L’i’k} for i counting a basis of
H* (V) and k records the degree of A. It is equipped with the Dubrovin connection

V: QDMg (V) — z ' QDM (V)

given by

0 -11k
VTi,k = m-l-z IA, ((I)i*—)

Veqog =¢Q0@ + z7MEx )
Vz,=20;— Z_I(ES1 * =)+ Ugt.

Note the last line is only C-linear. Recall the fundamental solution M{,l (T, z) is a fundamental solution in
the cohomology directions (but not the conformal direction) in the sense that

0Lk My = My'V_ik
(eQdo + Z 1My = My Veqo,

and intertwines the shift operator by

where
S=e,(V)e.

Now, the symplectic space for V is
1 « _
Hy = Hy (V)(z7)IQ,7]

with its Lagrangian cone L. It has the important property that f(7) is in £y means that there exists 7(7)
and f € QDMg (V) such that _
[=zMy(@(7),2)f,

which can be seen as a Birkhoff factorization.
We now turn to P(V). There is a decomposition

H*P(V) = H* W) [pl/ []@E +p),
o

where 6 runs over the Chern roots of V. This receives the Kirwan map
x: Hg (V) — H* (P(V)), k(1) = p.
Thus the quantum D-module for P(V) is
QDM(P(V)) = H* (P(V)) ®Clz,q11Q, 71,

where 7 = {7;} is a basis for H*(P(V)) and g is the Novikov variable of the fiber curve class. It is equipped
with the connections Vz,, Vs, Vo, Vo,
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Remark 2.2.1. Note there are no shift operators, but there is an additional g-direction in the quantum
D-module for P(V)

We also have the symplectic space J(p(y), the Lagrangian cone Lp(y), and the fundamental solution
Mp (T, 2). Finally, we will recall the mirror theorem in the form that

Iy = Z K(S—k]Mkz)qk
k=0

lies on ,C[p(v) .

2.2.2 Discrete Fourier transform

Definition 2.2.2. The discrete Fourier transform Hy — Hp(v) is the transform
~ _ A kz
JM=T= Y kg
k=0

In this framing, the mirror theorem states that the discrete Fourier transform of the J-function of V
lies on the Lagrangian cone of P(V).

Theorem 2.2.3. There exists a “mirror map”
T=7(T)e H (P(V)[q]1Q,7]

and an isomorphism
FT: QDMg (V) — 7* QDM(P(V))

of C[z]1[Q, T]-modules intertwining the connections in the natural ways.

Remark 2.2.4. One has to be careful with the Novikov variables and think about approximately eight other
points of the theorem, but we will ignore these for now.

Because the Fourier transform intertwines the connections, we have the commutative diagram
QDMgi (V) —— 7* QDM(P(V))
\LMV(T) \LMP(V)(?(T))
=7
Hy ———— Hpw)-

Idea of proof. The idea of the proofis to start from the mirror theorem (the bottom row) and apply Birkhoff
factorization. The mirror theorem states that

(My (D" = M(F(T)Y € Lpw,)
for some mirror map 7(7) and Y € QDM(P(V)). Using the intertwining properties of M, we see that

(My () (@i A*)" = M(F(T)2T*V o Y.

arhk
Defining
FT(piAY) =277V, Y
and 7T to be the mirror map appearing in the Birkhoff factorization, we are done. O
Remark 2.2.5. The mirror map satisfies
T (1) g=0=0 =k (T)

and the Fourier transform satisfies
FT($iA")g=r=0 = pip*.
Remark 2.2.6. The Fourier transform intertwines the natural pairings on the quantum D-modules.
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2.2.3 Continuous Fourier transform
Definition 2.2.7. Define

QDM(P(V))ioc == QDM(P(V)) & Clzl (¢ 7 Q. 71,
where r’ = r or 2r depending on parity.

Theorem 2.2.8. For j=0,...,1r — 1, there exist maps H* (P(V)) — H* (B) given by
~ ~ 21Vl " _1 ~
‘r»—»(j(r)e—cl(V)log(e G qr)+H B)(q~71Q,71

and an isomorphism
r—1
®: QDMP(V))ioc = P QDM (B)ioc
j=0
intertwining the pairings and quantum connections in a natural way, namely that
DA =(PL;AD.

Writing ® = (®y, ..., ®;), we have

1 k-t
(Df(qbipk)'Q:?:o:ﬁ/lf Z (¢ +0(q 7).

Idea of proof. We use another realization of the Fourier transform on QDMg: (V) and
FT: QDMg = 7* QDM(P(V)).

If we consider A%, arising from Quantum Riemann-Roch, it is given as
z Mo _(p+A
A} = \/—zzr( +1).
v I;I 27 z

1 1
A=At = A} :
14 |4 l_[ v eq %)

Shifting by —z, we see that

We now consider the transformation
4o A1
s— | gz (Ay) " My(1)-sdA

for s € QDM (V). Because this integral intertwines S with g and A with 2V 44, it formally gives a solution
to QDM(P(V)).
To make sense of this terrible expression, we use the stationary phase expansion of the integral. Setting

A ) ro~
1(s)=fe‘#/1“7/1‘ém%,)‘lﬂda,

where %M is the Stirling asymptotics of A%, given by

@A) =r(AlogA—21)—Alogg.
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The critical points of ¢ are given by

a(p(/l) =r(logl) —logg =0,
which tells us that A" = g. Thus, we obtain r solutions

2nv=1j 1
/lj:e Toqr.

We now consider the formal expansions around A ;. These produce a “continuous Fourier transform”
J=3;()
such that
IM™' ) =V2nze' zs—" .
These intertwine the quantum connection and multiplication by A, as in
FiAN=Aj+2zq0)F ;)
Fi@8D=qF;U),
so zF j(Jy (7)) is on the Lagrangian cone of B. We then use the following result:

Proposition 2.2.9. We have
F iUy () = Mp(oj(T)v;

forsomeoj,vi.

Unfortunately, &; does not intertwine V ;5 correctly. To fix this, define
(i@ =0j(T@)+71A;
and ®; by a shift of v ;. O

2.2.4 Discrete equals continuous
Warning 2.2.10. Everything in this subsection may be false.

f]‘[r(—u)]v dA.

This can be computed either using residues or using stationary phase asymptotics. Using residues, we
obtain

Consider the Fourier transform

A
Y Resp—g F(—k— i)]‘A,J’kzqg q~,
k=0 z

which is precisely

1 (_ 0 /1)
HICC:O ep+?Lz(V) z )

Using stationary phase asymptotics, we obtain the I(s) defined previously.



Quantum cohomology of blowups

3.1 Setup (Kostya, Mar 07)
Let X be a smooth projective variety, Z c X be a smooth closed subvariety of codimension r, and
@: X=Bl;X—X
be the blowup of X with center Z. Denote the exceptional divisor by
ji=D=P(Ngx) — X.

As a vector space, there is an isomorphicm
r—=2
H'X)=H*(X)e P H"(2).
i=0

Our goal is to upgrade this to the level of quantum cohomology. However, this is very tricky because of
convergence issues, so it will be a corollary of a decomposition theorem for quantum D-modules.
Recall that the quantum D-module of X is given by

QDM(X) = H* (X)[21[Q, 7]

with the Dubrovin connection
Val— ’ VEQOQ ’ vzaz

and pairing

(f(z),g(z))=fo(—z)g(z).

3.1.1 Statement of the theorem The first problem we need to fix is that the cohomological and
Novikov variables of X, Z, X are different.

Definition 3.1.1. The extended Novikov ring is defined as
CIQ1 = C[Q, xy ™, Q" Ty 1P,
where d € NEy(X) and d € NEy(X).

29
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Introducing another formal variable g, we can embed the Novikov rings of Z, X, X into C(]q_% D91,
where s is either r — 1 or 2(r — 1) depending on the parity of r (we want s to be even):
¢ C[Q] embeds as Qd — Qd;
« C[Q] embeds as Q¢ — Q?+44~1P\d,
¢ C[Qz] embeds as Qg — Q‘*dq*%, where pz = ¢1(Nz/x).
Later, we will see that g = yS‘l, where S~! will be an equivariant variable for a C* action. Denote
QDM(X)'4 := QDM(X) ®¢jo; CIQI.
We can now state the main result.
Theorem 3.1.2. There exists a formal invertible change of variables
H*(X) -~ H*(X)e H*(2)*""
denoted by
7 (r®.{¢; )2
and an isomorphism ,
r

¥: QDM™(X) = 7* QDM(X)“ & D QDM (2)2
j=0

such thatV intertwines the quantum connections and the pairings.
3.1.2 The master space

Definition 3.1.3. Define the master space

W :=Blyy o X xP' L X x P!

to be the degeneration to the normal cone of Z c X. This is endowed with a T = C*-action extending the
action
A-(xu) = (x,Au)

for (x, u) € X xPL. See Figure 3.1 for a picture of W.
The fixed locus of the C*-action is given by
wt =xuXuz.
We can also see that
N (W) =@§* Ny (X xPY) e Z[D]
=N'(X)eZ’3 (0 t,¢ a).

Note here that
NI(XxPY=pri N'(X)eZ[X]®ZA,

so a general class in NIT (W) can be written as

§" pri o+ t[X] —¢[Dl+a-A.
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X = X x {oo} . t
Z x P! H

Z €

X D 0

Figure 3.1: W = Blzx0;(X x P!) and a moment map u: W — R

The dual notion is the group of 1-cycles, which is given by
NfwWy=NnX)eZ33d, k¢, m) =B,

whose Novikov variable is
Note that
[X]-B=k, —[D]-p=2¢.

The effective curve classes are those which are equivariant, so they either lie in the fixed loci or are
1-dimensional orbits. There are classes C; lying entirely inside X, classes C, which are x x Pl forxe Z,
classes C;3 ¢ Z x P!, and classes C4 D. The corresponding Novikov variables are Qd,x, xy’l, and y,
respectively.

Lemma 3.1.4. The monoid of effective curve classes is generated by Cy,C», C3, Cy, S.

Example 3.1.5. Let X = P! x P! and Z = (0,0). Then a toric diagram for W with C;, C,, C3, C4 is given
in Figure 3.2.

The T-ample cone C1(W) of W is the dual to the cone of effective curve classes. Then & € Cr (W) if
the set of @-stable points under the C*-action is nonempty. Then there is a decomposition

Cr(W)=CxUCyg

into pieces where the GIT quotient
W/)sT=XorX,

respectively. The stable points are
¢ For & € Cy, the stable points are X x C*;
* For @ € Cy, the stable points are O (-D) \ X.

The dual cones Cy and CY, correspond to embeddings of the effective cones of X and X, respectively,
into the effective cone of W as in Figure 3.3.
Recall the Kirwan map
Ky: HE(W) — HE (W) = H* (Y)
Ky NEN(Y) — N{ (W),
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1
|
: G
!
!

C Cyc Zx P!

’
’ C4

D
Figure 3.2: Toric diagram of W for X = P! x P! and Z = (0,0) with curve classes C;, C», C3, Cj.

NE(W
x§71

ys1 yls

Figure 3.3: A schematic picture of the cones Cy and C} in N} w).

where Y is either X or X.
Now consider the equivariant quantum D-module

QDM (W) = Hp(W)[2]1[9,6]
endowed with the quantum connection and the action of the shift operators
Sp6), PeN/W)=N(X)eZ

which are defined by
§P6)=Q'x*y'sO)™",
where f is identified with (d, k, ¢, m) under the factorization N (X) & Z3.

We can obtain the quantum D-modules for X and X from the equivariant quantum D-module of W
by taking affine charts and completing. Here, we think of QDM (W) as a global Kdhler moduli space.
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M x

xy! xylq

Figure 3.4: Global Kdhler moduli space associated with QDM ¢ (W). See also Figure 3.3.

3.1.3 Fourier transforms To construct the map in Theorem 3.1.2, Iritani uses both the discrete
and continuous Fourier transforms. For f € Hyy, the discrete Fourier transform is given by

Fy(H) =Y Sy @ Ff) e HE
kez

The continuous Fourier transform for Z € (W) is given by sending f € Hy to the element of 7 given
by the formal asymptotic expansion of

f MBI AT, dA.

Remark 3.1.6. We can think of X and X either as fixed components X,Xe€ nO(WT) (corresponding to
the continuous Fourier transform) or as GIT quotients W //; T, corresponding to the discrete Fourier
transform. These are in fact equal up to a factor.

Note that Z is not a GIT quotient of W, but is a fixed component, so there is a continuous Fourier
transform to W. In total, we have three morphisms

QDM(X)

QDM (W) —— QDM(X)
r—1

QDM(Z).

3.2 Fourier analysis for blowups (Sam, Mar 21)

In this section, denote the Chern roots of Nz, x by €1,..., €.

3.2.1 Extended Kirwan maps We will begin by describing the Kirwan maps in coordinates. On
H5(W), we have
Kx: @ 'pria—a
[X]—0
—[D1—0
A—0
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forY=X
Kg: @ pria— ¢ a
[(X]—0
~[D] — —[D]
A— [D]

for Y = X. The dual Kirwan maps on N; (Y) are given by

Kyt Ni(X) — N{ (W) = Ny (X) e ZAY @ Z[X]"Y & Z(~[D))"
d— (d,0,0,0)

Y N = N[ (W) = Ni(X) @ ZAY @ Z[X]" @ Z(~ (D))"
d— (¢.d,0,~1D]-d,[D]-d)

A
i}

when Y = X and Y = X, respectively. It may appear that we don’t see the equivariant parameters in the
dual Kirwan map, but we will fix this.

Definition 3.2.1. The extended Givental space is
HP = H*(V)[2"1ICy A,
which is a base change of Hy.

The shift operators on erat Hp (W)[Z= *1[Q] are now given by

SL*(fX}fZ)fX) = (Sf|X!Sf|ZYSf|}?))

where

Mmoo (-A+cz) _

Sk k oo kza,l

fx= Hc,_oo( }L+cz) Ix

0_ T (ei—A+ oA+

5k = yh Hemeollin G AT e oo B2 0D) oy,
Hc——ooH, (€= A+ eIk (A+cz)

Sk fy = 1% _ (D] +A+c2) ek g,

HC__OO([D] +A+c2)

3.2.2 Discrete Fourier transform We are now able to make the following definition.
Definition 3.2.2. The discrete Fourier transform is
Fy: 33 Q 71 --» HE Q™!
defined by
Fy(H=Y Skxy 875 p.

kez

Because we invert the equivariant parameters, this may not necessarily be well-defined. However, we
do have the following result.

Proposition 3.2.3. The discrete Fourier transform Fy is well-defined on tangent spaces to Ly .
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To prove this result, we need various ingredients:
1. Some regularity at A = 0, which follows from properness;
2. Not needing arbitrarily high powers of Q~! (landing in the target).

As in the case of projective bundles, the shift operators satisfy various nice properties. For example,
because
(A, 8% =2*8,

we obtain the formulae

Fy(8°f)=S'Fy(f)
Fy(&f) = (26Qag +xy () Fy (f)

forany¢ e HzT(W).

3.2.3 Continuous Fourier transform Let F e {X, X, Z} be a fixed component in WT. Denote
the Chern roots of Ng by p1,..., pn. Now define

1 P —
Gpi= 1;[ = %(7’)).

More specifically, for each individual fixed component, we have

1 A (A
x= a2
—2nz z

1 A (A £ A (A—¢;
Gz:—rﬂ(—z) ZF(—)H(—Z) z F(—)
V-=2nz Z Ji=1 4

1 (Z)Mr([D]—/l)
vV—-2nz z '

This G actually intertwines all gﬁ, which are defined for all

Gz =

BeN] (W) — Hy(BT) 3 .

Given F, we have
o (F) € Ny (Ex) — N{ (W),

which are obtained by section classes on Ej. as in Figure 3.5. Now GF satisfies the equation
Gr(8P ) = (QP*7r P e PGy 1,
which follows from the same argument as in the projective bundle case.

We are now able to describe the continuous Fourier transform formally as an integral which has the
same properties as the discrete one. Define

Sr
FT: oo f Mgt G fdn,
where Sr = 01 (F). Formally, we see that
FT@Pf) = f MO8 QPP P8 Y G

= 3PFT(p),
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Figure 3.5: Toric diagram of Ex when X, Z are as in Figure 3.2.

which suggests that this is the right object to study the asymptotics of. Recall the Stirling approximation

-1 —0: 1 o B n-1
Pi !

z = n(n-1)
aloga -«
= Y —rag——logAa),
aewts(Nr/w) z
where we have the decomposition
Neiw =N,
a

Pa = €1 (N?) is the first Chern class, r, = tkN%, and A, is the quantum Riemann-Roch operator. We now
obtain

MogSp—Y o ra(aloga—a) _
?Twzfe—z [T125" frdA.
a

We have a critical point

where
-1 F=X
cr=11 F= X
—(r-1) F=_Z.
Also, for j =0,...,|cr| — 1, we have critical points
2ny/-1j
/1]‘ =e °F Ag.

Definition 3.2.4. The continuous Fourier transform is given by the asymptotic expansion

s Aj
fe’“"gTFprpd/l = \/Zﬂzer%?}jj(f);
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where we take the asymptotics as z — 0 and substitute

A=A1;exp
\/C/lj

and expand in u-powers as u — 0.
Via taking a formal asymptotic analysis of what we did before, we have
Proposition 3.2.5.

1. The continuous Fourier transform intertwines the shift operators as
T 8P )= PFp;(f;
2. The continuous Fourier transform intertwines the equivariant parameter via

FgjAf) = (2S+A)TFE;(f).

3. There is a similar property for the Euler vector field.

Now let
T =TT ().

Proposition 3.2.6. There exists
PE

_1 *
(0 € H (F)IS,,QrS™ ¢, tSE]

and
PE

_1 *
v(1) € H*(F)[211S, ¢, QrS™ ¢ , 1St ]

such that
PFE

_PE _PE
T = Sp “ Mp((DQrSy “)v.

In other words, we can recover QDM from J;; after a change of basis and an étale cover of the Kéhler
moduli space.

Proposition 3.2.7. The discrete and continuous Fourier transforms agree for Y € {X, X }. In other words, we

have
1 Py

S Fyo(f) = ey S,V Fy (f).

3.3 Decomposition (Sam, Mar 28)

3.3.1 A general picture We begin by stating some general conjectures that the blowup result fits
into.

Conjecture 3.3.1 (Dubrovin). Let X be smooth and projective. If there exists a semiorthogonal decomposi-
tion
D(X) =(D"(X1),..., D" (X)),

then there is a decomposition
QDM(X) = D QDM(X)).
i
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More specifically, if X admits a full exceptional collection, QDM (X) can be extended to O*"[z]. In addition
the Gram matrix of the pairing y(—,—) on K(X) is recovered as the Stokes matrix

_ -1
S= (DargZE(—n,O-*-E) (I)argze(o,n)

of flat sections of the irregular connection
1
z0,+—Ex *; +Ux.
z

On the level of derived categories, we have a decomposition
D*(X) =(D"(X),D"(2)q, .., D"(2);-2),

so we expect a decomposition

QDM(X)= @  QDM(X),.
HeSpec(Ex k1)

In the limit Q7 — 0, we obtain QDM(X) at u = 0 and r — 1 copies of QDM(Z) at roots of unity. The shift
away from p = 0 will correspond to the shift of saddle points in the Fourier transform.
In the equivariant setting, we have semiorthogonal decompositions

Dh(W) =(DP°(W [y T),...).
We then expect

Conjecture 3.3.2. SettingW [Jg T =Y, then

I:=Y xy(SPJw@)sP
B

lies on the Lagrangian cone of Y .

3.3.2 Decomposition of the quantum D-module First, we would like to give a more precise
formulae for the quantities appearing in Proposition 3.2.6. First, 7 is given by

T|Q=0=th+~",

where

N, N,
.. c1(Np/w) +Z(rka W, c1(NFiw)

hgj=2mij —c1(Ng ) |-

F a

Then we have
vlg=0=¢qgj(d+---),

kg
arj=\/cg' A [ [(war)) >
a

where

1mij
forAj=e r Ap.

For X, X, the continuous Fourier transform F £j intertwines SP and A with &S % and EITV * 7+ with
Eg % +ux+ % On the other hand, for F = Z, the critical points are different, so there is a shift in A. For
example, we have

0
?Ej(ﬂf) = (ZSESv +/1j

Frr(f)
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because the integral satisfies the formula

S
z

zs:—s f o8 FO-A) FGdA = / (A—1,)e8 = A=A £Gda.
A similar argument yields
1
ffp,,-((zazwﬁ E)f) = (20, +2 1 (c1(F) + cpdj + up) T g ().

We next need a space on which to compare QDM (X), QDM(X), and QDM (W) via the dual Kirwan
maps. Define
QDM(Y)*":= QDM(Y) ® C[Cy ]

and extend V trivially on C;N. As in Figure 3.4, we have 01z and My, but we also need
My = SpfC[z] [NEL,(W)1[0].
The three charts can be compared on the chart
$ = SpfCIz INEL (W) 1101 (g™ ).

The comparison of the effective cones of curves is given in Figure 3.3.
The comparison also requires a completion and localization of QDM 4 (W). In order to compare with
QDM (X) we need the action of extended shift operators SP. Define

QDM (W) = CI[Cy | ]-QDM (W) < QDM (W)(Q™").

The completion is given by
QDM (W) = QDM (WIS, yS™'].

Now let
70)=xS+---
v@)=1+---
TO@)=S+---
7@ =1+---
such that

Fx(Uw(0) = Mx(t(0))v(0)
Fz(Jw(©) = Mz (T(0)v(0).

By taking derivatives 0k, the Fourier transform is lifted to a map of quantum D-modules.
Theorem 3.3.3. There is an isomorphism
FT5: QDM (W) — 75 QDM(X)*™

and a projection
FTx: QDM (W) — 7* QDM(X)**.

They intertwine the quantum connection and the pairing up to a 5 shiftin .
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These extend to the completions, but we will not prove this here.
For F = Z and any j, there are coordinates

Uj(e):hZ,j+"‘
u]](9)=q2,1+

such that
CI(NZ

)
q T Fy 0 (0) = Mo 0))u;0).

Theorem 3.3.4. There are projections
F-TZ,]' : Q/DT/IT(W)X — o-;f QDM(Z)eXt,loc

which intertwine A with zVgsg + Aj and zV¢qg, with 2Vgp, + Ipesla=1,. Here, QDM(Z)®X1°¢ js defined by

the extension
_aWzw)d

Cl2lQz,01 — Clzllg 5 11Q,01  Q%— QUA+dg~ 74

We will now shift our variables in order to make our comparison. Let
¢j@)=0;0)—(r-1DA;.

Then
FT%, ;: QDM7(W) — ¢; QDM(2)**1°¢

intertwines the quantum connections up to a % shift in pz. Combining the Fourier transforms for the
different fixed loci, we obtain

Theorem 3.3.5 (Main theorem). The diagram

7* QDM (X)X
-1
7*QDM(X) I, QDM; (W)

\eajﬁzrz.j
@j C; QDM(Z)eXt,lOC
induces an isomorphism

7*QDM(X)®™ = 7* QDM(X)™' & @C; QDM(Z)ext,loc
i

over 3 that intertwines the quantum connections and Poincaré pairings.



Crepant transformation conjecture for toric complete
intersections

4.1 Toric wall-crossings in GW theory (Davis, Apr 11)

Our goal is to study GIT wall-crossing in toric Gromov-Witten theory. For toric varieties X, related across
a wall, we want to define M o U, such that X, € U,, as well as quantum connections on U, that restrict
to X, appropriately.

4.1.1 GIT wall-crossing Recall that the data of an (extended) stacky fan is equivalent to GIT data
consisting of
1. Avector space V of dimension m;
2. Atorus K;
3. Characters D; € char(K) fori=1,...,m;
4. A stability condition w € charg(K);
5. Asetofanticones A, ={Ic{l,...,m}|w€ ¥ ;cra;Di,a; €Rso}.
Remark 4.1.1. The DM stack X, is defined to be [U,, /K], where

U= |J @) xc!
I€A,

is the semistable locus. Therefore, if w, ..., w, are stability conditions, there is a birational map X,,, --»
Xu, induced by identifying the dense open tori.

Suppose that w; € C;,w; € C; are separated by a wall W in the space of stability conditions. Choose
wo e WNC;=WnNCQCyandlet
Xo = [Uw, /K],

which may not be Deligne-Mumford. Choose a resolution X of Xw,» Xw, completing the diagram

0

X
N
82
Xo, Xw,
’\ V
f _
X.

41
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We will assume that Z?’:[ 1, Di € W. Under this assumption, the wall-crossing is crepant:

ff< Kle = fZ* KXw2 .

Example 4.1.2. If e is a vector perpendicular to W, the G,, it generates may not be fixed. For example, let
K=G? and V =C3. Let Dy = (1,0), D = (1,2), and D3 = (0,2). Therefore,

Y a;iD; = (ay + az,2a; + 2as).

Letw = (wy,wy). f wy,wy >0, then A, > {{1,2,3},{1,3}}. Then D, appears if either
. Wy
(wx,wy) = ai(1,0) + ax(1,2) if o, > > >0
.. Wy
(wy, wy) = ax(1,2) + az(0,2) if > >wy > 0.
Therefore, there is a wall givven by 2wy = wy. In the chamber wy > 2w, > 0, we have
Ap =1{{1,2,311,3},{2,3}}
and therefore U,, = (C?\ 0) x C*. Taking the quotient, we see that
U,/K =P'/By,.

In the other chamber, we have
Aw = {{1,2)3}{1r3}) {1)2}})

which implies that U, = C* x (C?\0), so
Xy =P(2,2).

For a stability condition w( on the wall, we will obtain
Up=(C?\0) xC*UC* x (C>\0)UC xC* xC.

The middle C* is fixed by the cocharacter (2,-1), so Xy is non-DM.

4.1.2 The secondary variety

Definition 4.1.3. The wall and chamber structure on charg(K) defines a fan on charg(K) called the
secondary fan. The associated toric variety is called the secondary toric variety. For us, we will consider
the subfan consisting of cones C,,, C,,, and their faces. Call the corresponding toric variety M. This is a
moduli space of Landau-Ginzburg models mirror to the X;.

Unfortunately, M is generally singular, so we will consider a smooth finite cover M;¢g. Explicitly, we
see that
M = SpecCIC)’ ncochar(K)] U SpecC[Cy N cochar(K)].

Call the charts U, U_. Define
K;:={f €cocharg(K) |D;feZforallieI=1¢€ A,}
and let L; be the free Z-submodule of cocharg(K) generated by K;.
Example 4.1.4. Continung with the previous example, recall that
Aw, =111,2,3}{1,3},{2,3}}

If we want (fy, fy) - (0,2) € Z, then we see that f) € %Z, sol; =7 x %Z.



43

Remark 4.1.5. Recall that

H?*(X,,R) = charg(K)/ Y_RD;,
i€S

where
S={ili°¢ Au}

is the set of indices contained in every anticone. Therefore, we can split

charg(K) = [ ker(¢ ;) e PRD;.
Jj€S Jj€S

Claim 4.1.6. There exist& ;—’ such that
L E}“lw = g‘]‘.lwforallj €S, NS_;
2. Forall je S, AS_, 5]i.|w =0;
3. All f]i. eK..

Claim 4.1.7. We have a decomposition

LY = (H*(X.,RnLY) e P zD;.
J€S+

Furthermore, WnLY =WnL'.

Proof. If je Sy, then je IforallI€ A,,,so Djf € Z. Thus D € Z'lf. In the other direction, if v € ZX,
v¢; € Z because ¢ € K. Therefore,

w=v- Y (v,&)D;e [\ ker(;)nLY. O
ieSy jes

Corollary 4.1.8. There exists an integral basis for L} of the form
{pf““’p?}U{Djbes

such that p;—g € E’J_r live in the closure of the ample cones of X; and pz = p;. as classes of Cyy,.-

Now we have maps
CICY ncochar(K)] — t[:[yf—’,...,yz,{xj}jes]

given by the formulae

[ ——]
d 2 ] Dj-d
=TIy Tlx
j J€S

for cocharacters d € cochar(K).

Remark 4.1.9. We may reorder the basis p; as {qi,..., g, } such that g, is the unique vector not on the wall
W. Dually, we may write { Vi) X j} as {z1,...,2r} such that z, is dual to g,. In these coordinates, we can write

1

U, = SpecC[zf,...,z:_l,z:B]
1

U- =SpecClzy,...,2,_1,2; *1.

Let ﬁreg be the analytification of Myeg = U, U U_.



44

4.1.3 Extending the I-functions Let
d=d+ Y (Dj,d)}¢;
JES+
be the decomposition of some d € cochar(K). Then the I-functions of X, are given by

a a Dd|{*
™ =zez Y %4 [] T .
deKy  jeSs j=11lasp;-a,@=(p;-ayuj + az)

HaéO,(a):(Dj-d) (uj+az)

Precisely, we have
I € Hiy 7 (Xo,) ®g; Rr(27')1Q,0, x].

In the above formula, we will make the substitutions Q =1 and
Ly
oL=) Hi(p;f')log(yj) - Y Ajlogx;j+col.
j=1 jeSs

Here, A; =0%(D;), where 87 is the restriction to H? and coA =Y A;.
A more explicit formula is given by

g+ d Dj-d m
I, =ze> Z y H x; H
deK,  jeSs j=1 HasDj~d,<u>:(D,--d>(“j +az)

Hasoay=(p;-ay(Uj +az)

T—ap

where [—d] € K/L is the twisted sector.

Claim 4.1.10. The I-function I, defines a convergent power series.

Idea of proof. Choose f € K/L and d such that [-d] = f. Then X{ c I X, is a connected component and a
closed substack of X, . The restriction

HixD) — mpx!'h

is injective. Then
I+|Xfr x OB, X),

u; +.o
whereﬁj:%,x:yf’ ,and

asoay=(p;-ay Bj + @)

DB, x) = Z xk

tez  asp;d+kp;eiay=(D;-ay(Bj+ @

For k < 0, because R; =(D;-d)=0for jed Ir and D;-e >0, the x*-term vanishes. Convergence
follows by the ratio test. O

Because ® solves an explicit differential equation' with singularities only at 0,00, [1(D IE e)Pi¢ it can
be analytically continued to

univ cover

M, = (U \ {v° = conifold}/Deck)
For just X, there are differential operators P; such that
(z7'PiL,..., 27 P04, ) = LT,

where L™ =1+ O(z™!) and T = const + O(z). Therefore, we may determine L' by Birkhoff factorization.
This gives us quantum connections on M.

IWe can write the coefficient of x* as a ratio of products of gamma functions.
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4.2 Crepant transformation conjecture (Davis, Apr 18)

Our goal is now to relate I, to each other. More precisely, they will differ by a gauge transformation, which
is a Fourier-Mukai transform. The main tool will be to compute in localized equivariant cohomology.

4.2.1 Gauge transformation First, we will rewrite the I-functions as ratios of I'-functions:

Y _p..
IJr(J/,Z):zeUT+ Z S r(1+ = D d>) ﬂ[_d],
dext, 2P0 i F(1+%+Dj-d) Zi-a

where (_g4 is the age. We will not work directly with these. Instead, we will consider

. 1 1
Hy(y) = e 7045 1 2 T-a)-
+ () dek, Y jl:IIF(l+uj(27Ti)_1+Dj-d) [-d]
Using the T class, it is related to the I-function by the formula
-1 —cA _dimXy 4+ 4 dego _ deg(y)
2 I.(y,2) = z2mi 7z H P Tx,u@ri)™2 inv' Hy(z7 2 y).

Recall that T-fixed points on Iy, correspond to pairs (6, f), where § is a minimal anticone and
f € K4 /L. Then we compute
P Z yd e(zm)*lmé
N G MjesTA+@ud) " ujG)+Dj-d) TljesTA+@ui)uj®)+D;-d’
[dl=f

Note that for j € §, u;(6) =0. In addition, D; - d € Z, so if it is negative, then the corresponding I'-function
vanishes. Therefore, we define

6V:={delg|Dj-deZxforall j e}

and the I-function becomes

Z yd ' e(zm)*lmé

deav jes T(L+ (Zni)‘luj(é) +Dj-d) TljesT(1+ (Zni)‘l)uj(ﬁ) +D;- a’
[dl=f

* —
Yo, He =

If6 €Ay, NAy_, thent* (8, f)H, = L(*5 f)H_. Otherwise, § has the form {ji,..., jr-1, j+}, where all D, e W

fori <r and Dj, - e > 0 for the normal vector to W pointing towards w .
Definition 4.2.1. A pair (64 € A, ) are next to each other if both are of the form
Os={j1,m fror, jih
where +Dj, - e > 0. Likewise, (0., f+) are next to each other if (0.) areand f_ = f, + ae€Lg/L.
Lemma4.2.2. If6. isnexttod_, forall j and forany j- € 6_ndS,

J

uj(dy)—u;6-)= D,

e
'euj_ 04).
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Proof. Expand
r—1
Dj= Z ¢jDj, +c-Dj_.
i=1

ThenDj-e=c_Dj_-e. Because
G(Dj) =uj —/1]'
=2 cilwj; = Aj) +ci(uj = Aj)
and u;_(6-) =0, we see that

uj(5+)—)Lj = —Zciﬂji +c,(uj_(6+)—lj_)
uj(é_)—itj = —Zciﬂji +c_(uj7(6_)—itj7).

This implies that
wj(64)—uj6-)=c_uj_(64). O
Claim 4.2.3. We have the formula
. S_f- x
Us o He= Y s o Ho,
6+, f+) o) S fileo )
next to
6+,f+)

where c is some explicit matrix’> made of products of things like

sinz((2ni) ' u;6.)+Dj- fi)
osinm(@ri)lu;(6-)+Dj_ - f)

Dy
J#]-

Proof. 1dea of proofIfd€ §,,then Dj-d =0forall j€,, so we can write d = D, + ke, where d, € 64
and D, — e ¢ §Y. We now obtain

4 0o (ye)ke(Zni)‘lm,(L
L H, = * .
Orf) ™ dZy kZZOH;??ZIF(l+(2ni)‘1uj(6+)+Dj-d++ij-e)

+

Using the reflection formula

sinz(—@mi)~! ujby—Dj-dy)
/A
xT(-=@ni) 'ujd,—Dj-dy—kDj-e),

I(+@ri) ' uj(6:+)+Dj-ds+kDj-e) =(-1)kPre

we may write

H, =Res;_i(-- )T (S)['(1—35) H F(—(Zni)fluj(&r)—Dj-d+—sDj-e).
Dj~e<0

*

borro

We obtain poles at the following locations:
(1) T(1—s)gives polesats=1,2,3,...;

(2) I'(s) givespolesats=0,-1,-2,..,;

2The reason the formulae are so complicated is because we are using the wrong basis.
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(3) The last term gives poles at s = (=Dj_- e) L(eri! uj 04)+ Dj -dy—n).

We can then rewrite this as a contour integral where the contour is such that all poles of type (1) are on the
right and all poles of types (2) and (3) except the one at 0 are on the left. For small y, we have

*
L H+ = f )
Oxifs right

and for large y, we have

5 f *
l&' f+ left ZC L6 f

Choose some j_ for which D;_e < 0, we obtain

Setting 6_ = {j1,..., jr-1,j-} and

D; -dy-1
d =d, + s Sy
—Dj;-e
we use the lemma to rewrite some I'(... u;(6+)) in terms of u;(6-) and conclude. O

We have therefore obtained the formula

. e o6y R
L H - iy . H_
O fr) (5Zf) d%v Y Z T T+ i) uj0 )+ Dj-d—kDj-e) Onfs0-f-
next to
CAYAT RS
Now define
Ts,f Ts_.
Up@= Y @o——+Y Y 0w ag—t—
sealmn g 0T e o) 5Th 557 ol 101 el (N5_f)
nextfto

We have a commutative diagram

Un

H;(IXi)comp

loc

Adego
TH-z7P-Tx_u@ni)” 2 inv*a)

Hig (X iocllogzl (2~ F) —— HZp 1 (Xoiocllogz] (2 F).

> Hp (X

loc

4.2.2 The Fourier-Mukai transform We will now prove that U is given by the Fourier-Mukai
transform. Here, let X be a common toric blowup of X, as in

X r-
TN
" X_
and FM = (f,)* (f2)* == K%(X_) — K2.(X,). We see that K2(X) is generated by [L+ ()], where p € char(K)

and Kg (X) is generated by [L+ (p, n)]. We will now move to the fixed point basis and see that

es,p =L (p) 11(1 —L(D) tee M.
i¢
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Remark 4.2.4. Let x5 be a fixed point of X and p be in its isotropy. Then es,, = (i5) « p-
We now compute [FM(e(s'p).

1. f6e A_nA,, then FM(es,p) = e5,p;
2. Otherwise, we have a complicated formula.

The computation involves doing localization and relating anticones of X. to those of X. We then obtain a
commutative diagram

K(X) — KOUX,)

(4.1 =) &

* U *
Hy(IX;) —= H;(IXy)
by direct computation.
4.2.3 Crepant transformation conjecture We are now ready to state the crepant transforma-
tion conjecture.

Theorem 4.2.5. Let H(X.) := Hip ;(X4) (z"Y). Then there exists a degree-preserving symplectic transfor-
mation
U:=H(X) - H(Xy)

such that
1. I, =UI_ after analytic continuation;
2. Ifg+: X+ X— is the map to the toric blowdown, then
Uo (g*vu) = (g7vu)oU
forallve HA(X);
3. U fits into the commutative diagram (4.1).

Theorem 4.2.6 (Crepant transformation conjecture for toric DM stacks). Let (F*, E*,V*) be the quantum
connections on X.. Then there exists a gauge transformation

© e Hom(Hy 1(X-), Heg 1(X4)) ®ry (Oyo ® Rr) 2111, -0, Yr-1]
such that
1. Vfe=0V~;
2. O is homogeneous of degree 0;
3. © preserves the orbifold Poincaré pairings.

The proof starts by applying differential operators to UI_ = I, to obtain

n ‘\E

Z_lﬁili:e L;l'}/i.

We then set © =y, y=! and obtain

(€7 L, (1,27 0,2 =Ue 7 L_(y,2)™Y).
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