Algebraic Number Theory
Spring 2021

Notes by Patrick Lei

Lectures by Chao Li

Columbia University






Disclaimer

These notes were taken during lecture using the vimtex package of the editor neovim. Any
errors are mine and not the instructor’s. In addition, my notes are picture-free (but will include
commutative diagrams) and are a mix of my mathematical style and that of the instructor. If you
find any errors, please contact me at plei@math.columbia.edu.



Contents ¢ 2

1

Motivation e 4

1.1
1.2

A SpreciAL CASE OF CFT o 5
BAck TO FERMAT ® 6

Local Fields ¢ 7

2.1
2.2
23
24
25
2.6
2.7

ABSOLUTE VALUES ® 7
COMPLETIONS ® 9

EXTENSION OF ABSOLUTE VALUES AND UNRAMIFIED EXTENSIONS ® 12

UNRAMIFIED EXTENSIONS ® 13

ToTtAaLLY RAMIFIED EXTENSIONS ® 15
STATEMENT OF LocAL CrLAss FIELD THEORY ® 17
NORM SUBGROUPS ® 18

Group Cohomology ¢ 21

3.1
3.2
3.3
34

DErFINTTION OF COHOMOLOGY ® 21
CHANGE OF GROUPS ® 24

Grour HomoLoGY e 28

TaTE COHOMOLOGY ® 29

Local Class Field Theory 35

4.1
42
43

VANISHING OF FIRST COHOMOLOGY ® 35
SEcoOND COHOMOLOGY ® 37

Proor or LocaL Crass FIELD THEORY e 41
43.1 Proof of local Artin reciprocity e 41
4.3.2 Proof of Local Existence ¢ 43

Global class field theory o 44

5.1
52
53
5.4
55

IDELES ® 44

STATEMENT OF GLOBAL CLASS FIELD THEORY ® 47

COHOMOLOGY OF IDELES AND FIRST INEQUALITY ® 50

ANALYTIC ASPECTS AND SECOND INEQUALITY ® 54

BRAUER GROUPS AND PROOF OF GLOBAL ARTIN RECIPROCITY ® 60

2

Contents



55.1 Step 0 * 62

552 Steple 62

553 Step3 e 62

554 Steps2and 4 * 63

555 Step2 e 63

55.6 Step 4 e 63

5.5.7 Brauer groups ® 63
5.6 PROOF OF GLOBAL EXISTENCE ® 64
5.7 PRIMES OF THE FORM X° +ny> 66



Motivation

Here is a very classical question (that the ancients were interested in):
Question 1.0.1. Which prime numbers p can be written as p = x> +y? for integers x,y?

We can try to answer this by experiment. Clearly, 2 =1+4+1,5=1+4,13=449,17=1+16
and the other primes below 20 cannot be written as a sum of two squares. Then, because any
square is congruent to 0 or 1 modulo 4, we see that if p is an odd prime, then

Theorem 1.0.2 (Fermat, Christmas Day, 1640). An odd prime p can be written as a sum of two squares
ifand only if p =1 (mod 4).! Similarly, we have:

o 24£p=x>+2y?ifand only ifp = 1,3 (mod 8).
e 3#£p=x>+3y?ifand only ifp =1 (mod 3).

In the modern day, we should reinterpret p = x> +y? as a factorization problem in the number
field k = Q(i). Now we write our problem as p = (x + iy)(x —iy). Similarly, the second problem
can be written as p = (x + v/—2y)(x — v/—2y) in Q(v/—2) and the third problem can be expressed
in the field Q(v/—3). More generally, we can consider k = Q(V/d) for an arbitrary d, called the
discriminant of k. For a general quadratic extension, the ring of integers is not a UFD, but it is
Dedekind, so we have unique factorization of prime ideals. Therefore we can write

pip () =1
(p)=14»p 4)=-1
p? % =0(orp]ld).

What we want to know is when the ideal (p) splits, and this behavior is governed by the Legendre
symbol. This symbol satisfies the miraculous identity (due to Gauss)

Theorem 1.0.3 (Quadratic Reciprocity). Let p, q be odd primes. Then we have the identity

Q) (P) gyt
(3)(E) -

1Of course, Fermat never actually proved anything, and this statement was proved by Euler in the 1740s.
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Recall that if p is odd and p  d, then (%) = 1if and only if x> = d (mod p) has solutions.

Quadratic reciprocity tells us that the equation x> = q (mod p) is highly related to the equation
x?> = p (mod q). This ability to change the modulus is very helpful in solving these classical
problems.

Example 1.0.4. A prime p splits in Q(+/=3) if and only if (%3) =1if and only if (§) =1if and
only if p=1 (mod 3).
Now we can generalize our question about splitting in quadratic fields to more general fields:

Question 1.0.5. Is there a criterion of the form p splits in k if and only if p = * (mod N) for some N? If
so, we can generalize quadratic reciprocity. This is one of the main questions of class field theory.

Example 1.0.6. We have some examples of splitting behavior:
* psplitsink = Q(v/-5) if and onlyifp=1,3,7,9 (mod 2)0.
e p splits in k = Q(v/=5,1) if and only if p = 1,9 (mod 2)0.
e psplits in k = Q((s) if and only if p =1 (mod 5).

However, there is no congruence condition for splitting in k = Q(v/2) for any modulus N. The
question is what is different about the last example. First, the fields Q(+/—5), Q(v/—5,1), Q({s5) are
all Galois extensions of Q with Galois groups Z/2,7Z./2 x Z./2,7Z./4. On the other hand, k = Q(v2)

is not Galois and its Galois closure Q(+v/2, 3) has Galois group S3.

Definition 1.0.7. A field extension L/K is called abelian if L /K is Galois and Gal(L/K) is abelian.
This gives us the following slogan: given a number field k, class field theory
1. classifies all abelian extensions L/K in an accessible way;
2. describes factorization of primes of K in L in terms of groups intrinsic to K (for example the

class group of K).

1.1 A Special Case of CFT

Here, we will classify all unramified abelian extensions L/K. Recall that the class group C1(K) of a
number field K is

CI(K) = {fractional ideals of K}/{principal ideals of K}.

This is always a finite abelian group.

Definition 1.1.1. Let H C CI(K) be a subgroup. Then a finite unramified abelian extension L/K is
a class field for a subgroup H C CI(K) if p splits in L/K if and only if [p] € H C CI(K).

Theorem 1.1.2 (Unramified CFT). Given H C CI(K), the class field for H exists and is unique. Moreover,
each finite unramified abelian extension arises as a class field. This gives us a bijection

{finite unramified abelian extensions} <— {subgroups of C1(K)}.

Moreover, Gal(L/K) = CI(K)/H.



Definition 1.1.3. Note that the class field for H = 0 is the maximal unramified abelian extension
Hy of K, called the Hilbert class field. This gives a canonical isomorphism Gal(Hk /K) = CI(K).
Also, we see that p splits in Hk if and only if p is a principal ideal.

Example 1.1.4. For the fields K = Q, Q(1), Q(v/—2), Q(v/—3), we have CI(K) = 0 and thus Hx = K.

Example 1.1.5. The simplest example of a number field with nontrivial class group is K = Q(v/—5).
Here, CI(K) = Z/2 and Hx = Q(v/-5,1).

Remark 1.1.6. More generally, class field theory will add ramification on both sides of the corre-
spondence to obtain a correspondence

{finite abelian extensions} +— {subgroups of Cx = A /K*}.

1.2 Back to Fermat

Consider the equation p = x? 4 5y2. Recall that we have 2,5 # p = x> + 5y? if and only if p = 1,9
(mod 2)0. Note that this is different from the splitting behavior in K = Q(1/—5). This happens
because CI(Q(v/—5)) = Z/2 is not trivial, and so we need both the condition that (p) = p1p, and
that the p; are principal. By unramified CFT, we know that p; are principal if and only if they
split in Hx = Q(v/=5,1), and therefore p = x> + 5y if and only if p splits in Q(v/—5,1). In this
case, Hk /Q is abelian, so we have a nice answer.

Example 1.2.1. The primes of the form p = x2 + 14y? cannot be described in terms of a congruence
condition. The field K = Q(v/—14) has CI(K) = Z/4 and Gal(Hgk/Q) = D4 is non-abelian.

Remark 1.2.2. We can study non-abelian extensions to get some nice answers that involve modular
forms, and this is called the Langlands program, which is beyond the scope of this course.

Our outline for the semester is to prove local CFT, then prove global CFT, then do applications
if time permits. This will be done using group cohomology.



Local Fields

Recall that it is very difficult to detect whether a polynomial equation over a global field like
Q has solutions. However, we can embed Q into the local field R and then checking whether
the polynomial has real solutions is very easy because we can do analysis. To try to recover all
information about Q, we can embed Q — Q, for a prime p. We then have the following slogan,
known as the local-to-global principle:

We will study problems in Q by studying problems in all the local fields R and Qp.

2.1 Absolute Values

Definition 2.1.1. Let K be a field. An absolute value on K is a function |—|: K — R such that
1. || sends K* to R~ and 0 to 0.
2. We have [xy| = [x| - |y| for all x,y € K.
3. For all x,y € K, we have |x +y| < x|+ lyl.

Example 2.1.2. The usual absolute value on R defines an absolute value in this semse. This
induces an absolute value on Q C R usually denoted by |—|_,. This is known as the archimedean
absolute value on Q.

Similarly, any embedding K <% R or K < C induces an absolute value on K defined by
Xl = lo(x]].

There is a different kind of absolute value that is not archimedian. Here, we will strengthen
the triangle inequality.

Definition 2.1.3. If || satisfies the ultrametric inequality
Ix +yl < max{[x|, [y[}
then we say |—| is nonarchimedean.

Remark 2.1.4. Recall that R satisfies the archimedean property: If 0 # x € R there exists n € Z
such that [nx| > 1. This property fails for nonarchimedean absolute values because nx| < [x| for
alln € Z. In fact, || is nonarchimedean if and only if the set {|n - 1[},, . is bounded.
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Example 2.1.5. Let a € Q* and p be a prime. Then define ordy, (a) € Z such that

a= inordp(a)'
P

Now for any ¢ < 1, we define

— Cordp(a)
p = .
Then we simply need to check that |—|, is a nonarchimedean absolute value on Q. Here, it is easy
to check the ultrametric inequality, and this absolute value is called the p-adic absolute value. By
convention, we will choose ¢ = p~! and this is the normalized p-adic absolute value on Q.

lal

Example 2.1.6. For any number field K and prime ideal p C Ox. Then we have a normalized

p-adic absolute value
1 ordy (a)
o= (55)

Definition 2.1.7. An absolute value || is discrete if |[K*| C R is discrete under the usual topology
on RR.

where Np = #O0k /p.

Example 2.1.8. For a number field K and prime p, the p-adic absolute value |—|p is discrete. On
the other hand, ||, is not discrete.

Definition 2.1.9. Suppose |—| be nonarchimedean. Then define
1. A={a € K||a| < 1}. This is a subring of K.
2. Now define A* ={a € K| |a] = 1}. This is a subgroup of A of invertible elements.
3. Set m ={a € K| |a| < 1}. This is the unique maximal ideal of A.

Then || is discrete if and only if m is principal. In this case, a generator 7t of m is called a
uniformizer. Then every a € K can be uniquely written as a = 7" - u for some r € Z,u € A*.

Example 2.1.10. (Non-example) Consider the field Q({pl/ “},n € Z) with p-adic absolute value.
This is not a discrete absolute value.

Definition 2.1.11. An absolute value defines a metric on K by d(a,b) = |a—Db| for all a,b € K.
This induces a topology on K where a basis of open neighborhoods of a € K is given by open balls

B(a,r) ={xeK||x—a| <1}

Example 2.1.12. In the p-adic topology, we see that a,b € Q are closer under |/, if and only if
la —bl,, is smaller, which is equivalent to ordp, (a — b) being larger, which is equivalent to a —b
being divisible by a large power of p. In other words, a =b (mod p)N for N large.

Definition 2.1.13. We say two absolute values on K are equivalent, or |—|sin |—|" if they induce the
same topology on K.

Theorem 2.1.14 (Ostrowski, 1916). Let |—| be an absolute value on Q.
1. If |—| is archimedean, then |—| ~ |—| .

2. If |—| is nonarchimedean, then |—| ~ |—|p for a unique p.



Remark 2.1.15. Similarly, absolute values on a number field K are given by
1. |—|p for a prime ideal p C Ok (p-adic place);
2. ||, for some o: K < R (real place);

3. |-|, for some complex embeddings o: K < C (complex place). Here, note that complex
embeddings come in conjugate pairs.

Definition 2.1.16. An equivalence class of absolute values on K is called a place (or prime) of K.

Remark 2.1.17. When v is a complex place it corresponds to a pair of complex embeddings o, T, so
we define

x|, = lo(x)

and this is the normalized absolute value for v.

One reason for this normalization is

Theorem 2.1.18 (Product Formula). Let K be a number field. Then for all a € K*, we have

[T la, =1

v place of K

Remark 2.1.19. When K = Q, let a = T for m,n € Z. Then all but finitely many terms in the
product are finite. Now it suffices to check this formula for a =p and a = —1.

When a = p, we see that |a|, = p~! and for primes £ # p, we have |a|, = 1. Finally, we see
that |al., = p, so the formula holds. When a = —1, all absolute values are 1, so the product of all
absolute values is trivial.

For a general number field, we can simply take the norm map Ny /g to Q and check that it
behaves well with respect to the places.

Theorem 2.1.20 (Weak Approximation). Let |—|y,...,|—|,, be inequivalent absolute values on a field K.
Let aj, ..., an € K. Then for all ¢ > 0, there exists a € K such that |a —ail; < e foralli=1,...,mn.

Remark 2.1.21. This allows us to approximate any finite collection a; € K for inequivalent |—|;.

Remark 2.1.22. As a sanity check, consider K = Q and suppose |—|; = |_|pi‘ Then given ay,..., an,
we simply find a € Q such that a; = a (mod p)N, which is possible by the Chinese remainder
theorem.

Remark 2.1.23. More generally, if |[—|; ~ |—|, then one can choose a € K such that |al; > 1 and

lal, < 1. Then if we consider ﬁ as r — oo, the absolute value under |—|; approaches 1 and
under |—|, it approaches 0.

2.2 Completions

Consider the field Q equipped with the the absolute value || . Then we can complete Q as a
metric space to obtain the field R. More generally, if (K,|—[) is a field equipped with an absolute
value (a valued field), then we will produce a general completion K. Our aim is to produce a field
that contains the original field and whose arithmetic is easier to understand.

Definition 2.2.1. Let (K,|—|) be a valued field. Then a sequence {an} of elements in K is called
Cauchy if for all € > 0, there exists N > 1 such that |an — am| < € for all n, m > N. We say that K
is complete if any Cauchy sequence in K has a limit in K.
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Example 2.2.2. Consider the sequence of integers {an, =2"} =2,4,8,16,32,.... Clearly, this is not
Cauchy under the usual absolute value on Q, but then if m > n, we see that

1 n
|an_am|2 = (2) ’

so {an}is Cauchy in (Q,|—|,). We then see that |a, — 0|, = (%)n — 0 and thus the limit of the
sequence is 0.

Example 2.2.3. Consider {an} ={4,34,334,3334,...}. Then if m > n, we have

1\ ™
|an_am|5 = (5>

and therefore {an} is Cauchy in (Q,|—|,). We then see that

1 nooo

Ban —2l5 = 5 70

and therefore a,, — %
Remark 2.2.4. In general, the limit of a Cauchy sequence may not exist.

Theorem 2.2.5. Let (K, |—|) be a valued field. Then there exists a complete valued field ( ﬁ |—|) and an
embedding K — K of valued fields such that any other embedding K — L of K into a complete valued field
factors uniquely through K. In particular, K is unigue up to isomorphism and is called the completion of

(K, =D

Proof. Let K be the set of all Cauchy sequences in K under the equivalence relation where
{an} ~ {bn} where limp ;o lan —bn| = 0. Then K is equipped with termwise addition and
multiplication and absolute value [{an}| = limn ;o0 |an|. Thus K is a complete valued field.

To verify the universal property, we see that x — (x,x,...,x) embeds K — K and this satisfies
the desired universal property. O

Definition 2.2.6. Let K be a number field and v a place of K. Denote by K, = (K, |—|,). When v is
a finite place, denote by Ok, = Ok ,, = Oy, the valuation ring {x € K,: |x| <1} C K,. When v is an
infinite place, we see that K, = R, C.

Example 2.2.7. Let K = Z. Then we see that Q,, = R and Q,, has a subring Z,, which is a
discrete valuation ring. Here, elements of Z,, have a nonnegative lowest power of p.

Example 2.2.8. If K = Q(i), then K, = C and K, for p C Ox = Z[i] prime ideals are the
completions of K.

Remark 2.2.9. Let K be a nonarchimedean discrete valued field. Then K is a complete discrete
valued field and the valuation ring A C K is the closure of A CKin K. Also, the maximal ideal
m C A is the closure of m C Ain K. Finally, a uniformizer 7t of K is also a uniformizer of K.

We also see that the natural map A/m™ — A/@™ is an isomorphism. This tells us that we can
approximate elements in A up to A using elements in A.

Proposition 2.2.10. Let K be a discrete valued field. Let S be a complete set of representatives of A/m and

7t be a uniformizer of K. Then any element of K can be uniquely written as aym™ + ay 17 + - - where
a; € Sandk € Z.
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Corollary 2.2.11. Let x € Q. Then x has a p-adic expansion x = 3 ;- aipt, where a; € S = Z/pZ =
{0,1,...,p—1}and k € Z.

Remark 2.2.12. The main term of the p-adic expansion is the lowest term p¥. This is completely
unlike the situation with the decimal digits of x € R, where the highest power of 10 is the main
term.

Remark 2.2.13. Qp resembles IFy, ((T)) but is more complicated arithmetically. When we add two
power series, we simply add the coefficients, but addition in Qp, requires carrying. In addition,
we see that I, [T]]/T™ — F,[[T]] but Z,, /p™ does not embed in Z,.

Corollary 2.2.14. We have an isomorphism

A =HmA/m" = limA/m™.
— —

For example, we have
Zy, = {iLnZ/an.

Proof of Proposition 2.2.10. Let x € K*. Then x = 7% -y for some k € Z and y € A*. Then we find
the first digit ag by considering y = ag in A/m = S. Then we replace mly—ag) = aj +apm® +- -
and repeat the process. Repeating this, we simply use the completeness of K to obtain the desired
expansion. O

The advantage of completeness is that it is much easier to solve equations. Here, we take
solutions modulo a high power of p and then take the limit.

Theorem 2.2.15 (Hensel’s Lemma). Let K be a complete discrete valued field and k = A /m be the residue
field. Now let f(x) € Alx] be a monic polynomial and let f(x) := f(x) mod m € k[x]. Assume that
f(x) = go(x)ho(x) in k[x] where gg, hg are monic and coprime. Then there exist unique g, h € Alx] such
that f(x) = g(x)h(x) and g = go, h = hy.

Corollary 2.2.16. Suppose f has a simple root oy € k. Then f(x) has a unique zero o« € A such that
o = uy.

Corollary 2.2.17. Ifk = Fq for q = p*, then f(x) = x9 —x has q distinct roots in k = Fq and hence
distinct roots in K. In particular, K* contains all (q — 1)-th roots of unity, so we have a map Fg — K*,
called the Teichmuller lift.

Proof of Hensel’s lemma. Let gg, go € Alx] be arbitrary monic lifts. Then f — gohg € mA[x]. Now
inductiely we assume that there exist gn, hn, € A[x] monic such that f —gnhn € A M]. We
simply write gn 1 = gn + 7" 1u for some u € A[x] such that degu < deggn and h, 1 =
hn + "1y where degv < deghy,. Then f — gy, 1hn 1 € T 2A if and only if

f—gnhn

o (mod m)

uhn —vgn =

but we can find such u,v by Bezout’s lemma. Thus the desired g, 41, hn41 exist, and we obtain
g, h by taking the limit. O
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2.3 Extension of Absolute Values and Unramified Extensions

Let K be a complete discrete valued field and L be a finite separable extension of K. Suppose
[L: K] =n. The main result is

Theorem 2.3.1. Let K, L be as above. Then
1. |—|g extends uniquely to a discrete absolute value |—|; on L;
2. L is complete with respect to |—|; ;

3. Forall 3 € L, we have
1/n
Bl = [Nk (B)]

L

Remark 2.3.2. To perform a sanity check, if § € K, we have [p|; = ’NL/K(B) » - \B“\%(/n = Blk-

Proof.

1. We first need to prove that a unique extension exists. We know that || comes from a

discrete valuation (hence is nonarchimedean), so let A C K be the valuation ring. Then A is
a Dedekind domain. Then let B be the integral closure of A in L. Then B is also a Dedekind
domain. But then any absolute value on L extending ||« comes from a maximal iddeal of B
lying above the unique maximal ideal p C A. Therefore, we need to show that B is a local
ring.
To see this, assume not. Suppose there exist two prime ideals 3,’B> C B lying above p. Let
B € P but B ¢ Py. This implies that A[B] NPy # AlP] N*Pa. Let f(x) € Alx] be the minimal
polynomial of B. Then f(x) = f(x) mod p € A/p[x] = k[x] must satisfy f(x) = h(x)™ for an
irreducible h(x) € k[x] (otherwise it has two distinct irreducible factors and Hensel tells us
that the factorization can be lifted to A[x]). This implies that

ABI/pALR] = AlX/(p, f(x)) = kIxI/(f(x)) = kIx]/(h(x))™

has a unique prime ideal, generated by h(x), which contradicts our original assumption that
A[BI NP1, AlB] NP, were distinct prime ideals.

2. Now we show that L is complete. Let {ay} be a Cauchy sequence in L. Choose a K-basis
{e1,...,en} of L and write

ax =aj el +---+ankeén aix € K.

But then each sequence {a; x}, forms a Cauchy sequence in K. By completeness of K, we
can take a; = limy_,, ai x € K and so we have

lim ay =aje;+---+anen €L,
k—o00

and thus L is complete.
3. Let L be the Galois closure of L/K. Then we know that || also extends uniquely to L. For

any o € Gal(t/K), themapL e — IG(B)\t is also an absolute value on L extending |—|.
Therefore, by the uniqueness of the extension, we see that |3|; = |o()l;. This implies that

N = Nkl = TT loBl = TT 18l = 18I,

o: L—>L o: L—L

as desired. O
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Corollary 2.3.3. If L/K is merely an algebraic and separable extension, then |—|y also extends uniquely to
an absolute value on L, but |—|; may fail to be discrete or complete.

Proof. Note that L is the union of all of its finite subextensions. O

Definition 2.3.4. Let K be a complete discrete valued field and L be a finite separable extension.
Let Ox € Kand O C L be the valuation rings and p C O, C O be the maximal ideals. Next,
let k = Ox/p, L = O1 /B be the residue fields.

Define the ramification index e(L/K) to be the e > 1 such that pO; = €. Next, define the
residual degree f(L/K) to be f > 1 such that f = [¢ : k]. Then n = ef.

Definition 2.3.5. The extension L/K is called
1. Unramified if e(L/K) =1 (which implies f(L/K) =n and p = P);
2. Totally ramified if e(L/K) =n (which implies { = k and p = P™).

2.4 Unramified Extensions

We will study unramified extensions. Here, we will try to understand L/K via £/k.

Proposition 2.4.1. If L/K is unramified, write ¢ = k(ot), oty € (. Then for any o« € Or such that & = oy
we have L = K(o).

Proof. Let f(x) € Ok [x] be the minimal polynomial of «. Then deg? =degf = [K(a): K] < [L:K].
But then we know that deg? > [k(xp) : k] = [€: k] = [L: K]. But this implies that degf = [L : K], so
K(e) = L. O

Proposition 2.4.2. If L = K(«) with minimal polynomial of o given by f(x) such that f(x) has no repeated
roots over k, then L/K is unramified.

Proof. 1f f(x) is irreducible, then by Hensel’s lemma, we have f(x) = h(x)™ where h(x) € k[x] is
irreducible. But then because f(x) has no repeated roots, we see that m = 1. But then we see that
[€:k] = [L: K] and thus L/K is unramified. O

Proposition 2.4.3.

1. Let K C L C M be a tower of field extensions. Then M /K is unramified if and only if M /L and L/K
are unramified.

2. Assume k is perfect. If L/K is unramified and L' /K is finite, then LL' /L’ is unramified.
3. Assume k is perfect. Then if L/K and L' /K are unramified, then LL' /K is unramified.
Proof.

1. Note that M/K is unramified if and only if e(M/K) = 1, which is equivalent to e(M/L) =
e(L/K) = 1 by multiplicativity of the ramification index.

2. Suppose L/K is unramified. Then let L = K(a) and let f(x) € Ok[x] be the minimal
polynomial of «. Then the reduction f(x) € k[x] is irreducible and ¢ = k(). Because k is
perfect, f(x) has no repeated roots.

Because LL'/L’ = L'(ea)/L’, let g(x) € Oy/[x] be the minimal polynomial of «. Then
g(x) | f(x) and thus g(x) has no repeated roots, so LL’/L’ is unramified.
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3. Consider the tower K C L’ C LL’. Because L/K,L’/K are unramified, we know LL’/L is
unramified. This implies that LL’/K is unramified. O

Theorem 2.4.4. Assume that k is perfect. Then there is an inclusion-preserving bijection
{L/K finite unramified} Sk finite} L— L
Moreover, L/K is Galois if and only if {/k is Galois and Gal(L/K) ~ Gal(£/k) in this case.

Proof. We prove surjectivity. Let £/k be a finite extension. Write { = k() and let f(x) = k[x] be
the minimal polynomial of ay. Then any monic lift f(x) € Ok [x] of f(x) has a root « such that
@ = oo by Hensel’s Lemma. Then L = K(«) has residue field ¢ = k(). Because f is irreducible
and k is perfect, we know L/K is unramified.

Now we will prove injectivity. Let L/K, L’/K be unramified with the same residue field £. Then
LL’/K is also unramified with residue field €. But this implies that

[LL":Kl=[:k]=[L:K] =[L":K],

so we must have L =LL’ =1".

Now we will show the statements about Galois extensions. If L/K is Galois, then Gal(L/K)
preserves Op and pp C Op and acts trivially on Og and px C Og. This implies that any
o € Gal(L/K) induces & € Aut(f/k). If L = K(«) and g = &, then L/K is Galois if and only if
it contains «, but this is equivalent to { containing all conjugates of «j, which is equivalent to
¢/k being Galois. Then the natural map Gal(L/K) — Gal({/k) is an isomorphism because the
permutation on conjugates of o induces the same permutation on the conjuages of . O

Corollary 2.4.5. If L/K is an algebraic extension (possibly infinite), then there exists a largest unramified
subextension Ko/K of L/K. Moreover, L/K is totally ramified.

Proof. Let Ky be the compositum of all finite unramified subextensions of L/K. Then the residue
field of Ky is equal to the residue field of L (otherwise, we can create an even larger unramified
extension). This implies L/K is totally ramified. O

Corollary 2.4.6. Assume k = [Fq. Then for all n > 1 there is a unique unramified extension L/K of
degree n and Gal(L/K) = Gal(Fyn/FFq) = Z/nZ.

Proof. There is a unique degree n extension of [F. O

Definition 2.4.7. Define the Frobenius element o € Gal(L/K) when k = [F4 to be the generator of

Gal(L/K) corresponding to the Frobenius map under Gal(L/K) =, Gal(F qn/Fq). We will call this
element Frob; ,x, and Froby /k (o) = a9 (mod )py for all x € Or.

Corollary 2.4.8. When k = IFq, the maximal unramified extension of K is
K= (] K(n).
(n,q)=0

In particular, we have

Q= UJ Qplin)

(np)=1

Proof. We know Fyn = Fq((gqn_1), so Fq is given by adjoining all coprime-to-p roots of unity. [J
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2.5 Totally Ramified Extensions
Definition 2.5.1. A polynomial f(x) € K[x] is Eisenstein if

f(x) = anx™+---+a1x+qq
such that |an| =1,]ai| < 1, |ag| = |7t

Example 2.5.2. The polynomial x™ —  is Eisenstein. Note that K[x]/f(x) = K({/m) is totally
ramified.

Proposition 2.5.3. A finite extension L/K is totally ramified if and only if L = K(ot) where o is a root of
an Eisenstein polynomial.

Proof. Let « be the root of an Eisenstein polynomial. Then |x™| = HU: LT lo(ax)| = |lag| = |m.
Therefore e(L/K) > n and thus L/K is totally ramified.

Now suppose L/K is totally ramified. Let « be a uniformizer of L. Therefore (&™) = ()
and thus |«|; = Inl}_/ " Then 1,«, ..., ™! have absolute values representing different cosets in
|L*|/|K*|. Thus the minimal polynomial of « has degree n. Moreover, if we write the minimal

polynomial as

a4 an x4 a4 ag =0,
then o™ = |agl = |7l and |a;| < 1 so that the required cancellation happens. But this implies that
a is a root of an Eisenstein polynomial. O

Proposition 2.5.4. Assume k = IFq. Then there are only finitely many totally ramified extensions of K.

Proof. Recall Krasner’s lemma: Let f(x) = Y [* aixt, g(x) = Yo bix! € K[x] and assume
|ai — byl is sufficiently small for all i. If f(x) is irreducible, then so is g(x), and

{K(eq) [ (o) =0} ={K(B): g(B) =0}

Therefore a totally ramified extension depends only on a small neighborhood of (ay,...,an,_1) in
the set
{laol = I} x {lar| < 1} x - - x{lan—1/ < 1},

which is compact, so it can be covered by finitely many such small neighborhoods. O

Recall that if K is a complete discrete valued field with residue field k = IFq, there exists a
unique unramified extension L/K of degree n. Together with the proposition, there exist finitely
many totally unramified extensions L/K of degree n. This is of course false for number fields; for
example, Q has infinitely many quadratic extensions.

Remark 2.5.5. Krasner (1966) gave an explicit formula for the number of extensions of p-adic fields
of degree n and an algorithm to construct the set of generating polynomials of degree n. More
desirable is a way to organize all these extensions, and local class field theory achieves this for
abelian extensions of all local fields.

Definition 2.5.6. A local field is a valued field K that is locally compact under the topology induced
by the absolute value.

Remark 2.5.7. Recall that

1. A topological space is compact if and only if open cover has a finite subcover.
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2. A topological space is locally compact if every point has compact neighborhood.
3. A metric space is compact if and only if it is complete and totally bounded.
4. A metric space is compact if and only if all closed balls are compact.

5. This tells us that local fields are always complete. To find a limit for a Cauchy sequence,
everything is contained in a closed ball, which is complete and thus has a limit.

Example 2.5.8.
1. The easiest examples of local fields are R, C.
2. If K is archimedean and complete, then K ~ IR or C.

Lemma 2.5.9. Let K be a complete discrete valued field. Then X is locally compact if and only if the residue
field X is finite.

Proof. Let K be locally compact. Then Ox = {x € K| |x| < 1} is a closed ball. This means that O is
compact. If we consider an open cover

Ok = J (x+px),
x€k

this has a finite subcover. But all of the x + py are disjoint, so k is finite.

Now suppose k is finite. We show that every x € K has a compact neighborhood. In particular,
we will show that x + Ok is compact and therefore that Ok is compact. To do this, we need to
show that O is totally bounded. Choose r > 0 and consider the open balls B ; give a cover of
Ox as long as a € Ox/py and n is sufficiently large. By finiteness of k, we know that Ok /py is
finite, as desired. O

Theorem 2.5.10. Every local field is one of the following:
1. RorC;
2. A finite extension of Qp;

3. Fq((t)) for a prime power q.

Proof. Suppose charK = 0. Then Q C K. If K is archimedean, then K = IR or C. Otherwise,
Qp € K and by local compactness, K/Qp must be finite.
If char K = 0, then IF,, C K. Let k = IF4 be the residue field. Then

K={ > anm™|k€eZan €S =0k/pk -
n>k

By Hensel’s lemma, we have F CX] — K* and we thus have Fq C K. Therefore K = F4((7)), as
desired.
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2.6 Statement of Local Class Field Theory
Recall that a field extension L/K is abelian if it is Galois and Gal(L/K) is abelian.
Exercise 2.6.1. If /K, ,/K are abelian, then [1L,/K is also abelian.

Define K2 to be the maximal abelian extension of K. Equivalently, this is the compositum of
all finite extensions of K. Then K2 /K has infinite degree, and classifying abelian extensions of K
is equivalent to understanding Gal(Kab /K).

Definition 2.6.2. Let /K be a possible infinite extension. We call Q/K Galois if it is algebraic,
separable, and normal. Equivalently, Q is the union of all its finite Galois subextensions. In
particular, we have
Gal(Q/K) = lim Gal(L/K)
L/K finite Galois

is an inverse limit of finite groups, known as a profinite group. Then Gal(Q/K) has a profinite
topology with a basis of open neighborhoods of 1 given by Gal(Q/L) C Gal(Q/K) for finite
subextensions L/K.

Example 2.6.3. Consider Q/K = fq /Fq. Then

Gal(Fq, Fq) = lim Gal(Fqn /Fq) =limZ/nZ = Z.

n n
The open neighborhoods of 1 are given by Gal(Fq/Fqn) = nZcCZ.

Remark 2.6.4. If L/K is finite, then Gal(Q/L) is an open subgroup. In addition, Gal(Q/L) is also
closed, so it is clopen.
If L/K is any extension, then

GallQ/L)= (] Gal(Q/Ly)
L;CL
L;/K finite
is a closed subgroup.
Theorem 2.6.5 (Galois correspondence). Let QO/K be Galois. Then there is a Galois correspondence
{L/K subextension of Q0/K} «— {closed subgroups of Gal(Q/K)}.
Moreover, L/K is Galois if and only if the corresponding closed subgroup H C Gal(Q/K) is normal.

Remark 2.6.6. If H C Gal(Q/K) is not necessarily closed (for example, Z C Z is not closed and
its closure is Z), then QH corresponds to H under the Galois correspondence. In particular,
Gal(K?P/K) = G/[G, G] = G?P, where G = Gal(K/K).

This gives us the slogan, that when K is a local field, Gal(K? /K) can be understood in terms
of K*.

Theorem 2.6.7 (Local Artin reciprocity). There exists a unique ¢y : K* — Gal(Kab /K) (local Artin
reciprocity map) such that



18

1. For any finite abelian 1/K, there is a commutative diagram

Kx — % Gal(kab/K)

! |

K*/N(L*) ——— Gal(L/X).
br/x
2. For any finite unramified 1/XK and uniformizer 7 of K, we have ¢y, (1) = Froby ,x € Gal(L/K).

2.7 Norm Subgroups

Let K be a nonarchimedean local field.

Definition 2.7.1. A subgroup of K* is a norm subgroup if it is of the form N(L*) for some finite
abelian extension L/K.

Proposition 2.7.2. Assume local CFT L.
1. N(LF) NN(LS) = N((L1L2) ™).
2. N(LJ) € N(L)) if and only if Ly D Ly.
3. A subgroup of K* containing a norm subgroup is also a norm subgroup.

4. N(LON(LY) = N((L; N 1)),

Proof. Recall that there exists a unique local Artin reciprocity map K* P, Gal(K? /K).

1. Note that if K C L, C Ly, then N(L) C N(L)), so clearly for Lj, L, we see that
N((L1L2) ) € N(L) N N(Ly). Conversely, if a € N(L;) N N(Ly), then by local Artin reci-
procity, we see that a € ker ¢, /x Nker ¢, /x. But this means that c])K(a)|Ll = ¢k (a) ’Lz =
1, and thus cl>|<((1)|L1L2 = 1. But this implies that a € ker ¢, ,x = N((L1L2)™).

2. One direction is obvious. Assume that N(L;) € N(L}‘). Therefore

N(L) = N(L) AN(LF) = N((L L)),
However, we know that
Ll Kl = [K* : N((Li1p) )] = [K* e N(L)] = [ : K],
which implies that L; = L1, s0 L1 D Ly.

3. Assume H D N(L*). Let M = [ $1/x(MEGallL/K) "Then by local Artin reciprocity, we have
a commutative diagram

H/N(L*) —=—— Gal(L/M)

Lo

K*/N(L*) ———— Gal(L/K)

b

KX /H = KX/NM™) =, Gal(M/K).
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This tells us that H = N(M*) is also a norm subgroup.

4. Note that L; N L, is the largest subextension contained in both L;, [,. On the other hand,
N((Ly NLy)™) is the smallest subgroup containing both N(L;*), N(L)), and the desired result
follows. 0

Corollary 2.7.3. The map L — N(L*) defines a bijection
{L/K finite abelian} <— {norm subgroups of K* }.

The idea of local Artin reciprocity was to understand extrinsic data about extensions using
intrinsic data about the group K*. However, the notion of a norm subgroup still still extrinsic, so
we want a more intrinsic characterization of norm subgroups.

Lemma 2.7.4. Let L/K be a finite extension. If N(L*) has finite index in K*, it must be open.

Proof. Note that N: L* — K* is continuous and O is compact. Then N(0{*) C K* ic compact
and hence closed. But then O /N(O{) — K*/N(L*), and thus N(O[*) C Of is open (and closed).
But this implies that N(Of) C K* is open (because O]ﬁ C K* is open), and thus N(L*) must be
open. O

Corollary 2.7.5. If L/K is finite abelian, then N(L*) C K* is a finite index open subgroup.

Theorem 2.7.6 (Local CFT II: local existence). Every finite index open subgroup of K* is a norm
subgroup.

Corollary 2.7.7. We have a bijection
{L/K finite abelian} <— {finite index open subgroups of K* }.
Remarks 2.7 8.

1. This bijection also holds for archimedean local fields. For K = R, the two extensions R, C
correspond to R*, R~ o, while C is algebraically closed and C* is the only finite-index open
subgroup of itself.

2. If K is a finite extension of Qp, then any finite index subgroup of K* is automatically
open. However, this is not true for K = F4((t)). In fact, if H € K* has finite index n,
then (K*)"™ C H. Therefore, it suffices to show that (KX)" is open. It is easy to see that
(K" D1+ pg* for some m >> 0. Therefore the equation x™ — a = 0 has solutions in K for
a € 14 py* by Hensel for p { n and a stronger version for p | n (that does not always hold).

Now we want a reformulation of local CFT using the norm topology.

Definition 2.7.9. The norm topology on K* is given by declaring a basis of open neighborhoods
of 1 to be the norm subgroups of K*, which are the same as finite index open subgroups in the
usual topology.

Example 2.7.10. Note that O is open under the usual topology, but is not open under the norm
topology.

Remark 2.7.11. The norm topology has fewer open sets and is therefore coarses than the usual
topology.



20

Definition 2.7.12. Define K* to be the completion of K* under the norm topology:

KX = lim KX /N(L%).
<‘
L/K finite abelian

Then the Artin reciprocity map induces an isomorphism K* ~ Gal(K3 /K).
Proposition 2.7.13. We have an isomorphism K> = Og X Zas topological groups.

Proof. Choose a uniformizer 7 of K. Then KX = Oy x 2. Then a basis of finite index open
subgroups is given by (q + p*) x mZ for some m,n > 1. This implies that

KX =1im 0% /(14 p) x imZ/nZ = 0% x Z. O
O i «

Corollary 2.7.14. There is an isomorphism Gal(K3 /K) = O x Z as topological groups for any choice
of uniformizer . Therefore, we have a decomposition K3 = K - KW, where K, = (Kab)(bK(m and
KW = (Kab)cp'< O%) s the maximal unramified extension. This means that K, is the totally ramified part
of Kb,

Remark 2.7.15. More canonically, consider the short exact sequence

0— 0K =KX —=Z—0.

If we consider the profinite completion of this, we obtain an exact sequence
0= 0 KX =Z 0.

Because Z — Z is dense, so is KX — KX,

Now, it remains to prove local class field theory. First, we will construct the local Artin
reciprocity map ¢k using Galois cohomology. After we prove that ¢ has the desired property,
we will prove the local existence theorem by constructing enough norm subgroups using cyclic
extensions.



Group Cohomology

Definition 3.0.1. Let G be a group. Then a G-module is a (left) module over the ring Z[G], or in
other words, an abelian group with a linear (left) G-action.

Example 3.0.2. Let L/K be a finite Galois extension of fields and G = Gal(L/K). Then M = L and
M = L* are both G-modules.

Example 3.0.3. Any abelian group M can be regarded as a G-module under the trivial action.
Definition 3.0.4. A homomorphism of G-modules c: M — N is a G-equivariant group homomor-
phism, or equivalently a morphism of Z[G]-modules. The set of such morphisms is denoted
Homg (M, N).

We will denote the category of G-modules with G-linear maps by Modg. Because Modg =
Modyz|g), it is an abelian category with enough injectives and projectives. This allows us to develop

the full theory of homological algebra in a concrete way.

Definition 3.0.5. M € Modg is injective if the functor Homg (—, M) is exact. Dually, M € Mod is
projective if Homg (M, —) is exact.

Definition 3.0.6. An abelian category has enough injectives if any object can be embedded in an
injective object. Similarly, an abelian category has enough projectives if any object has a surjection

from a projective object.

Example 3.0.7. The free Z[G]-module M = Z[G] is projective. In fact, Homg (Z[G], M) = M.

3.1 Definition of Cohomology
Definition 3.1.1. Let M € Modg. Define its G-invariants by

ME = {x ¢ M|gx=xforallge G} C M
to be the largest submodule with trivial G-action.

Example 3.1.2. Let G = Gal(L/K). Then if M = L, Galois theory tells us that M6 =K. Similarly,
if M = L%, then M® =K*.

21



22

Remark 3.1.3. In other words, we have MC = Homy(g)(Z, M), where Z has the trivial action.
This implies that the functor M + M€ is always left-exact. Therefore, for a short exact sequence

0—-—A—=B—=C,

we have an exact sequence
0—AS¢ - BS - CC.
However, this may fail to be right-exact.

We may resolve this failure of right-exactness by constructing the derived functor of (—)S.
This will give us a long exact sequence.

Definition 3.1.4. The group cohomology H"(G, M) for any r > 0 is defined by be the functor
Ext" (G, M). This is the right derived functor of Homy[g(Z, M). It is characterized by

1. HY(G,M) = ME.

2. A short exact sequence 0 -+ A — B — C — 0 induces a long exact sequence in group
cohomology

0 AG BG CG

>
—

HY(G,A) —— H!(G,B) —— HY(C,G) —— ---

3. If I € Modg is injective, then H"(G,I) =0 for all r > 1.

Remark 3.1.5. More concretely, we can compute H" (G, M) using an injective resolution of M. If we
consider an injective resolution

(| V/ N L e

then we apply (—)€ to obtain a complex

1 5 M 5 )¢ = ..

and then we have H" (G, M) = HT((I')G).

Remark 3.1.6. We can also compute H" (G, M) using a projective resolution of Z. If we consider a
projective resolution

o+ =Py =>P1 =P —>2Z—=0,
then we apply Homg (—, M) to this and obtain a complex
HomG (PQ, M) — HomG (Plr M) — HomG (Pz, M) — e

and then H®(G, M) is just the cohomology of this complex.

Now we will give a description of the cohomology in low degree. In particular, what we will
do is use an explicit free resolution of Z.
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Definition 3.1.7. Define P, = Z[G x - - - G] where G acts on P; by
1
T+

g- (90/"-191‘) = (9901~--/99r)'

Note that P is a free Z[G]-module with basis {(1,91,...,9r)}. Now we define the morphism
Pr — Pr—l by

T
(901"'19T) = Z (_1)1(90/"'1511"'191‘)'
i=0

Lemma 3.1.8. The previous definition gives a free resolution of Z. in Modg.
Definition 3.1.9. This is clearly a complex. To prove exactness, let
Ky: Pr = Priq (go,---,9v) — (1,90,---,9r)

Then we can check that d; ok +k,_1 ocd;_; = id. Then taking the image of both sides of kerd,_1,
we obtain d, o k+(kerd,_q) = kerd,_; and thus kerd,_; C Imd,.

Corollary 3.1.10. We can compute H" (G, M) = H"(Homg (Pe, M)).
Definition 3.1.11. We have an identification

Homg (Pr,M) = {cp: G — M| lggo, ..., ggr) = 9(9(90,...,9r)}.

These are called the homogeneous r-cochains of G with values in M and are denoted by C"(G,M).
Then the differentials are given by

~ T+1
~ dT ~ ~ s ~
C(6,M) L EHUGM) (@ 9)go, - gri1) = Y (—1)lgo,. ., Give 1),
i=0
Then we have an explicit cochain description
kerd" _ {homogeneous r-cocycles}

H'(G,M) = =4 _ b
( ) Imdr—! {homogeneous r-coboundaries}

Note that homogeneous r-cocycles @: G™*! — M are determined by their values on elements of
the form (1, g1, ..., gr) for gi € G, or equivalently on elements of the form (1, g1,9192,...,91 - gr)-
Therefore we may eliminate one degree of freedom.

Definition 3.1.12. Define the group of inhomogeneous r-cochains to be the group
C"(G,M) ={¢: G" — M arbitrary function}.
Now we have an isomorphism Er(G, M) ~ C"(G, M) given by
® = 091, 9r) = 0(1,91,9192,-- -, 91 r)-

dr+1

The differentials C"(G, M) — C"*1(G, M) are given by
(d"@)(g1,---, gr+1) = 919(92, 93, -- -, 9r)

T
+ Z (_1)1@(91/ 92,---,91-1,9i9i+1, 9i+2/,-- -~ gT)
i=1

+ (71)1‘(9(91/ 92,---, gT)

Now we can define the r-cocycles Z"(G, M) and r-coboundaries B™(G, M) and the corresponding
cohomology groups H"(G, M).
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Example 3.1.13. Suppose r = 1. Then we have

ZHG,M)={p: G =M |de =0}
={@:G=>M]g10(92) —(g192) + @(g1) =0}
={9: G = MI@(g9192) = g19(92) + @(g1)}

Such functions are usually called crossed homomorphisms.
On the other hand, we have

B1(G,M) = {d% | @: {1} — M}
= {(d%)(g) =gm-m|me M}
={p: G —> M| ¢(g) = gm—m for some m € M}.
These functions are called principal crossed homomorphisms. Therefore, we have

B {crossed homomorphisms}
~ {principal crossed homomorphisms}’

HY(G,M)
Example 3.1.14. If M acts trivially on G, then Z1(G,M) = Homg,,(G, M) and BY(G, M) is trivial.
Thus H!(G, M) = Homg,, (G, M).
Remark 3.1.15. There is an explicit cochain description for H" (G, M), but computing using this
definition is extremely tedious. Instead, we will try to break G and M into smaller pieces and
then piece them back together.
3.2 Change of Groups
Definition 3.2.1. Let H C G be a subgroup and let M € Mody. Define the induced module

Indi§ M == Homg11| (Z[G], M) = {¢: G = M | ¢(hg) =he(g)}

with the action of G given by
(99)(x) = @(xg).

Example 3.2.2. For any M € Modg, we have ndE M =M.

Definition 3.2.3. Let M € Mod. Then define the restriction ResS M to be the same M but viewed
as an H-module.

Proposition 3.2.4.

1. (Frobenius reciprocity) For any M € Modg, N € Modyy, we have

Homg (M, Ind§i N) = Homy (Res& M, N).

2. The functor Ind{ is an exact functor.

3. The functor Ind$ preserves injections.

Proof.
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1. We will construct explicit mutual inverses. We will define

Homg (M, Ind{ N) <& Homy (Res& M, N)
o= B(m) = (m)(1g)
a(m)(g) = Blgm) < B

It is easy to check that these are inverse to each other.

2. Now we need to show that induction is right exact. Suppose M — N is a surjective map
of H-modules. Now let ¢ € Indfj N. Note that ¢ is uniquely determined by its values on

a complete set of representatives s € H\G. Then we lift ¢(s) € N to ¢(s) € M using the
surjection M — N. Now define ¢(hs) = h@(s) for all h € H, and now we obtain an element

® € Ind§ M mapping to ¢.

3. Let I € Mody be injective. Then Indﬁl is injective if and only if Homg(—, Indﬁ I) is
exact. By Frobenius reciprocity, this is equivalent to exactness of Homy(Res$; —, I), which is
obvious. O

Proposition 3.2.5 (Shapiro’s lemma). Let N € Modyy. Then HT(G,Indﬁ N) ~ H"(H,N) forall r > 0.

Proof. Choose an injective resolution N — I* in Mody. But then exactness of induction and
preservation of injectives imply that Indf — IndG I°® is an injective resolution in Modg. But now
we see that

H™(G,Ind§ N) = H" (Homg (Z, Ind§ 1°)) = H" (Hom}y(Z,1°)) = H"(H, N). O

Definition 3.2.6. A module M € Modg is called induced if M = Ind{® Mg for some abelian group
M.

Corollary 3.2.7. If M is induced, then for all v > 1, H" (G, M) = 0.

Proof. By Shapiro, this reduces to computing cohomology H"(1, M), but then we know that
Hom(Z,—) = (—) is exact, so all higher derived functors vanish. O

Now we will consider functorial properties of group cohomology with respect to change of
groups. Given H C G and M € Modg, we will define

1. The restriction functor Res: H" (G, M) — H"(H, M).
2. The corestriction functor Cor: H"(H, M) — H" (G, M) whenever [G : H] < oo.
3. The inflation functor Inf: H"(G/H, MH) — H"(G, M) when H is a normal subgroup of G.

Suppose we are given «: G’ — G and Modg > M Bomr e Modg- that are compatible in the
sense that
B(x(g’)m) =g'B(m)

for all g’ € G/, m € M. Then we obtain a morphism of cochain complexes
C"(G,M) = C"(G',M’) (¢:G"—>M)—=pogox’ (G -G M- M.

This is compatible with the differentials, so we obtain a morphism H"(G, M) — H"(G’,M’). Now
using this generality, we can define the three functors.
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1. (Restriction) We will set x: H = G and : M 1, M.
2. (Corestriction) We will set «: G 4, G and

B: IndGM - M @ — Z go(g™ ).
geG/H

This gives us the corestriction map by Shapiro.
3. (Inflation) We take o: G — G/H and : MH — M.
Remark 3.2.8. Suppose v = 0. Then the functors are

Res: MS — mH

Cor: MH /1 MG
m+— Z gm
geG/H

Proposition 3.2.9. The map CoroRes: H"(G, M) — H"(H, M) — H"(G, M) is given by multiplication
by [G : H].

Proof. Consider M — Ind; M — M. Then this map is given by

me (g =gm— > gelgT)= ) m=[G:Hm. O
geG/H geG/H

Corollary 3.2.10. If G is finite, then H" (G, M) is killed by |G].

Proof. Take H = 1 and apply the previous proposition together with the fact that all higher
cohomology vanishes for H = 1. O

Corollary 3.2.11. If G is finite and M is a finitely generated abelian group, then H" (G, M) is finite.

Proof. If M is finitely generated, then so is H"(G, M) because the cochain complex is finitely
generated. But then H" (G, M) is torsion, so it must be finite. O

Theorem 3.2.12 (Inflation-restriction exact sequence). There is an exact sequence

0 — HY(G/H, M) I Hi(G, M) B, H(H, M).

Proof. We will check this by hand.
First map is injective: Let ¢ € Z'(G/H,MH). Now assume that
Inf(¢): G - G/H % MH — M € (G, M)
is a coboundary. Thus there exists m € M such that Inf(¢)(g) = gm —m for all g € G. But

then @(g) = gm —m, but then for all h € H, we see that ¢(h) = hm —m = 0 because h fixes
M. Therefore ¢ is a coboundary.
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Composition is zero: Clearly we have Res o Inf = 0 because the composition
HoG—G/HEM! oM
is trivial because it passes through G/H.

Exactness on right: Assume that Res(¢) € B!(H, M). Then there exists m € M such that @(h) =
hm — m for all h € H. Now define
¢’ €Z'(G,M)  ¢'(g)=¢(g)—(gm—m).

Now ¢’, ¢ are cohomologous. We will now write ¢’ as an inflation. Because ¢’(h) =
@(h) — (hm—m) = 0, we know that ¢’ factors through G/H. Moreover, we see that

¢'(hg) =he'(g)+ ¢'(h) =he'(g)
=¢'(gh) =go' M)+ ¢'(g) = 9'(9).
This implies that ¢’ is valued in M, so it must have been an inflation. O
Theorem 3.2.13 (Inflation-restriction, general case). Let v > 1. Assume HYH,M) = 0 for all
1 < i< 1. Then we have an exact sequence

0 — H"(G/H,M™) I g, M) B 1 (H, M),

Proof. We will proceed by induction on r using a dimension-shifting argument. Consider the
induced G-module M, = Ind® M. Then look at the exact sequence

0->M—->M,— M =0,

where we have the map m +— (g — gm). But then the higher cohomology of M., vanishes, so we
have isomorphisms HY(G,M’) ~ H"*}(G,M) for all i > 1. But then M,, = Indﬁ Ir1d}1 M, so we
have isomorphisms H(H, M’) ~ H'*1(H, M) for all i > 1. Similarly, because H!(H, M) = 0, we
have an exact sequence

0 MM S HE 5 M)t o,

and therefore MH is also an induced G/H-module. Therefore H(G/H, (M’)™) ~ Hi*1(G/H, MM)
foralli>1.

Now, by assumption, we have HY(H,M) =0 for all 1 < i < r— 1. Therefore, H(H, M) = 0 for
all 1 < i< r—2 and now we can apply the inductive hypothesis to obtain an exact sequence

0 — H™1(G/H, (M) 22 H=1(G, M) 2 H=1(H, M),

This implies that

0 — H(G/H, MH) % 16, M) B yr(H, m)

is also exact. O
Remark 3.2.14. We have a more general version of the dimension shift. Given an exact sequence
0-M—=Al ... 5 AF SN0,

where each Al is induced, then H"(G, M) ~ H™t1(G,N) for all r > 1.

Remark 3.2.15. The inflation-restriction exact sequence is a special case of the Hochschild-Serre
spectral sequence. We have

ED'9 = HP(G/H, H9(H,M)) = HPT9(G, M).

In our case, only the rows q = 0, q = r are nontrivial.
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3.3 Group Homology

Definition 3.3.1. Define the G-coinvariants of M by
Mg =M/{gm—m|ge G meM).
This is the largest quotient module of M where G acts trivially.
Definition 3.3.2. The augmentation ideal is defined to be
Ig =ker(Z[G] S Z)=Zlg—1| g #1].

Then we see that Mg = M/IgM = M ®zg) ZI[G]/Ig = M ®z(g) Z. In particular, the
coinvariants functor is right-exact. Applying the derived functor package, we obtain

Definition 3.3.3. Define the group homology by

He (G, M) = TorZ!¢ (z, M)

to be the left derived functor TorrZ[G] (Z,M) of M — Mg.
Remarks 3.3.4. Group homology is characterized by
L. Ho(G,M) = Mg;

2. A short exact sequence 0 -+ A — B — C — 0in Modg gives a long exact sequence

+ — Hy(G,A) —— H:(G,B) —— H;(G,C)

(\)

H™1(G,A) — H™1(G,B) —— H"!(C,G) —— -

3. If P € Modg is projective, then H,(G,P) =0 forall r > 1.
Remark 3.3.5. Let P, = M be a projective resolution. Then H.(G, M) = H"((Ps) ).
Proposition 3.3.6. For any G, we have H (G, Z) ~ G2 = G/[G, Gl.
Proof. Consider the short exact sequence

0 1g = ZIGl S—»Z —o.
This gives a long exact sequence
Hi(G, Z[G]) — H1(G, Z) — Ho(G,Ig) = Ho(G, Z[G]) = Ho(G, Z) — 0.

This becomes
0—Hi(G,2Z2) = 1g/1 - Z > Z —0.

But this tells us that H1(G,Z) ~ Ig/ IZG. Now define the map
G — Ig/1% g—g—1
By the identity
9192—1=(g1—D+(g2—1)+ (g1 —1)(g92—-1),
we see that this is a group homomorphism. Because Ig /12 is abelian, the group homomorphism

factors through G — Ig/I%. One can easily check that have an inverse I /1% — G given by
g—1—g. O
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Remark 3.3.7. This gives a homological interpretation of Gal(L/ K)ab as Hq(Gal(L/K), Z).

Remark 3.3.8. This is analogous to the topological fact that if X is path-connected, then H; (X, Z) =

nl(X)ab. In fact, for any group G, we can define a space BG = K(G, 1) such that 71;(BG) = G and
mi(BG) =0 for i # 1. We have H;(BG,Z) = H,(G, Z), where the LHS is singular homology and
the RHS is group homology. If we choose r = 1, we recover H; (G, Z) = G?°.

Example 3.3.9.
1. If G = Z, then we have BZ = R/Z = S1.

2. G=Zx+Zx--xZ,thenBG=8'V...v/SL
_\T{_/ -

n

3.4 Tate Cohomology

The idea is that for a finite group G, we will patch both group cohomology and group homology
into a single theory.

Definition 3.4.1. Let G be a finite group and M € Modg. Define the norm map

Nmg: M - M m»—)ng.
geqG

By definition, the image of the norm map lies in the invariants and Nmg(gm —m) = 0, so the
kernel always contains Ig M. This gives us a commutative diagram

M%M

Lo

Nm
Mg —> MG

and an exact sequence

MG
SMg Ime, MG g,
IG ImNmG

0 ker Nmg

In particular, this gives us
0— H™Y(G,M) — Hy(G,M) — H*(G,M) — H(G,M) -0,
where H just means a modified version of cohomology.

Definition 3.4.2. For r € Z, define the Tate cohomology groups

H'(G,M)
_ _MS
H'(G,M) = { [mImc

T
T
kerNmg _
ToM r=-—1
T
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Example 3.4.3. Given a short exact sequence
0+A—=B—=C—=0

in Modg, we obtain a long exact sequence

. —— Hy(G,C) —— Ho(G,A) —— Hy(G,B) —— H(G,C) ———— 0

| [ [ime [ |

0 —— H%G,A) —— HG,B) —— HYG,C) —— HI(G,A) — ---

and by the snake lemma, these can be patched to form a very long exact sequence

-1(G,Cc) - H YG,A) > HY(G,B) - H1(G,C) = H'(G,A) —
Remark 3.4.4.

1. If M € Modg is induced, then H'(G,M) =0 for all r € Z.

2. The dimension shift argument works for H' in both directions. If M < IndC M, then
H"(M!) = H™*1(M), where M! is the cokernel. Similarly, if Inle M — M, then H" (M) =

Hr+1(M1), where M! is the kernel.
3. Shapiro’s lemma still holds for H.

4. The property that Cor$ o Res$ is multiplication by [G : H] holds for H.

Remark 3.4.5. Take Ps — Z to be a free resolution in Modg. Taking the dual M — M* =

1

Homyz(M, Z) where (g@)(m) = @(g~ m). This gives a resolution Z — P*. If we take P_,, =

P*

._1, We obtain

~-—>P2—>P1—>P1—)P_1=P8<—>P,2—>'~'

Then we can compute ﬁr(G, M) = H"(Homg ((Pe), M)).

Now we will compute Tate cohomology explicitly for finite cyclic groups G = (o). We can very

explicitly write down the norm map, invariants, and coinvariants:

Nmg (m ng (1+o0+0*+---+0o" m
geqG

MC =M= =ker(o—1)
IgM =Im(oc—1)
Mg = coker(o—1).

This implies that

M€ ker(o—1)
HO (G,M) = Im(Nmg) Im(l+o0+4---4+on1)
R |
“1(G, M) = ker(Nmg) ker(1+o+---+o"1)

IcM Im(oc—1)

Remark 3.4.6. All remaining ﬁV(G, M) are determined by F{O, H-L
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Theorem 3.4.7 (Period 2). Let G = (o). Then we have isomorphisms ﬁT(G, M) ~ ﬁT+Z(G, M).
Proof. Note that we have a free resolution of Z in Modg given by

—1

571G 2L ziq) Lot t oL 16 Ok 7161 & Z.

This computes the Tate cohomology and has period 2, so the Tate cohomology also must have
period 2. 0O

Definition 3.4.8. Define the Herbrand quotient

‘HO (G,M) ’
h(M) =
‘Hl (G, M) ‘

if both ﬂo/ H! are finite.
Proposition 3.4.9. If0 - A — B — C — 0 is an exact sequence, then h(B) = h(A) - h(C).
Proof. Consider the long exact sequence
0 — K = HO(G,A) — H(G,B) —» H(G,C) — H'(G,A) - H!(G,B) — H!(G,C) = Q 0.
This implies that
K- R [Rem)- [Rece) [ Rt Rt At o)] it =1
From this, we obtain

nB) 1l
R(AR(C) ~ K’

so it suffices to show that |Q| = |K|. But here, we see that
Q = coker(H!(B) — H'(C)) = coker(H"(B) — H~1(C)) =K
because Tate cohomology has period 2. O
Proposition 3.4.10. If M is finite, then h(M) = 1.
Proof. Note that we have the exact sequence

0-MS =ML M- Mg 0.

This tells us that |MG ‘ = [Mgl. Next, we note that
0— H1(G,M) = Mg N6, MG 5 HO(G,M) — 0
is exact, so ’ﬁfl(G,M)‘ = ‘ﬁO(G,M)‘. O

Corollary 3.4.11. If «: M — N has finite kernel and cokernel, then h(M) = h(N).
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Proof. Consider the exact sequence
0 — kerao = M — N — coker x — 0.

This tells us that
h(ker &) - h(M) ! h(N) - h(coker ) ! = 1.

Because « has finite kernel and cokernel, h(ker o) = h(coker «) = 1, so h(M) = h(N). O
Now we want to compute Tate cohomology for more general G.

Theorem 3.4.12. Let G be a finite group. If for any subgroup H C G we have H!(H, M) = H2(H,M) =0,
then H"(G,M) =0 for all r € Z.

Proof. 1If G is cyclic, then it follows from the period 2 isomorphism. In the general case, if G
is solvable, we can induct on |G|. If H< G is normal such that G/H is cyclic. By the induction
hypothesis, we know H'(H,M) =0 forall v € Z. Applying inflation-restriction, we have an exact
sequence

0 — H"(G/H,MM") = H"(G,M) — H"(H,M).

By assumption, H"(G, M) = 0 for r = 1,2. By exactness, we know H"(G/H, MMy =0forr=1,2,
so H"(G/H,MH) = 0 for all r € Z because G/H is cyclic. By exactness and the inductive

hypothesis, we know lflr(G, M) = 0 for all r > 1. But now the hypotheses are invariant under
dimension shift, so we obtain the desired result.
Finally, if G is an arbitrary finite group, reduce to the solvable case. If we consider the Sylow

subgroups G, C G, we know Gy, is solvable. Therefore ﬁT(Gp, M) =0 forall r € Z. By an
exercise from the homework, we see H"(G,M) =0 for all r € Z. O

Unfortunately, H? generally does not vanish, but we can still gain insight about the behavior
of Tate cohomology in this case.

Theorem 3.4.13 (Tate). Let G be a finite group. If for any subgroup H C G we have
1. HY(H,M) =0;
2. H3(H,M) = Z/H|Z,

then H'(G,Z) ~ H™*2(G,M) forall r € Z.

Example 3.4.14. We will apply Tate’s theorem to construct the local Artin map. Let G = Gal(L/K)
and M = L* and set 1 = —2. Then both conditions of the theorem are satisfied, and so

Gal(L/K)™® = Hy(G,Z) = HY(G, Z) ~ H*(G,M) = ME/Im(Nmg) = K* /N« (L*).
Now we have defined the inverse of the local Artin map!

Remark 3.4.15. Chao says that Tate was very brave to go from the object HO(G, M) that we want to
understand to an object that did not exist at the time!

Before we prove Tate’s theorem, we will give an explicit description of H2(G, M). Recall that
Z2(G,M) = {(p: G? = M| g19(92,93) — ©(9192,93) + ©(91,9293) — (91, 92) = 0}-
We also know that

B2(G,M) = {0: G = M1 0(g1,92) = 91 (92) ~ b(9192) + blg1),b: G = M}
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— Z(6M) arameterizes extensions
= B2g,m) P

Proposition 3.4.16. The cohomology group H?(G, M)
0-M—=E—=G—=0

such that the conjugation action of E/M = G on M agrees with the G-module structure. Moreover,
0 € H2(G, M) corresponds to the split extension.

Proof. Given such an extension, choose a splitting of E = G x M as sets. This gives us a section
s: E — G Then for all g1, g> € G, we have s(g1) - s(g2) = ©(g1,92)s(g1g2) for some ¢@: G2 — M.
We check that ¢ is actually a cocycle. To see this, note that

(s(g1)s(92))s(g3) = s(g1)(s(g2)s(g3))
by associativity, which gives us

(0(g1,92) + ©(9192,93))s(919293) = (919(92, 93) + ©(g1,9293))s(919293),

and therefore ¢ is a cocycle. We can check that any ¢ gives such an extension together with a
section s and that different choices of the section s give coboundary relations. O

Definition 3.4.17. For any ¢ € Z%(G, M), define its splitting module to be

M(e) =Me [ @ zX,
g7l

with the action of G given by

91 Xg, = Xg9, = Xg; + 9(91, 92)
for any choice of g1, g2 € G. By convention, we write X; == ¢(1,1) € M.
Remark 3.4.18. By construction, we have an exact sequence

0—-M—= M(p)—Ig —0,

where Xg — g—1.
Lemma 3.4.19. The image of ¢ under H2(G,M) — H2(G, M(¢)) is 0.
Proof. Note that ¢(g1,92) = g1Xg, — Xg,g, + Xg, is the coboundary of g — Xg. O

Remark 3.4.20. The extension E’ associated to ¢

0 M E G 0
| I
0 —— M(o) E/ G 0

of M(¢@) is a split extension.

Proof of Tate’s theorem. There are two steps to the proof.
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1.

We know that H*(G, M) = Z/|G|Z = (@) with splitting module M(¢). We also know that
H!(H, M) = 0. We will show that H(H, M(¢)) = 0 and H%(H, M(¢p)) = 0. Consider the
short exact sequence

0—-M—= M(p)—Ig—0.

This gives a long exact sequence
HY(H,M) = HY(H, M(@) = H'(H, Ig) = H2(H, M) — H*(H, M(¢)) - H*(H, Ig).

However, we know that H!(H;, M) = 0,H}(H, Ig) = Z/|H|Z, and H2(H,1g) = 0. We also
know that HZ(H, M) — HZ%(H, M(¢)) is the zero map (the restriction of ¢ to H2(H, M) is
a generator), so the map H!(H,1g) — H?(H,M) must be an isomorphism and therefore
H!(H,M(¢)) = H?(H, M(¢)) = 0.

. Now we know that all Tate cohomology ﬁT(G, M(@)) = 0 for all r € Z. Now we use the

four term exact sequence
0—M— M(p) > Z[Gl S Z —0.

Because ﬁr(G, M(@)) =0 and ﬁr(G,Z[G}) = 0 for all r € Z, By dimension shift, we have
H"(G,Z) = H"2(G,M). O

Remark 3.4.21. There is an alternative description of ﬁT(G,Z) ~ ﬁ**z(G, M) as a cup product
with some generator ¢ € H2(G, M). Here, if M, N € Modg, we can consider the tensor product
M ® N as a G-module with the action gilm ®n) = gm ® gn.

Now a cup product is a family of Z-bilinear maps

H'(G,M) @ H5(G,N) — H™"$(G,M ® N)

given by the following properties:

1.

2.
3.

The cup product is functorial in both M, N.

For r = s = 0, it is given by the natural map M® @ N¢ — (M ® N)C.

If0 - M’ — M — M” — 0is a short exact sequence such that
0-Ma&N->MIN-=-M"@N =0

is also exact, then for all m” € H"(G,M") and n € H®(G, N), we have d5m” Un = §(m” U
n) € H™s+1(G, M’ @ N).

If 0 - N’ — N — N” — 0 is a short exact sequence such that
0->MeN ->MaeN->MaN" -0

is also exact, then for all m € H"(G,M),n" € H%(G,N"), we have muén’ = (—1)"§(mU
n’).

The cup product exists and is unique. Given cocycles @,1, we write

(@UWV)(g1,--,9r4+s) =@(91,-..,9r) @91 Gr¥(Gr41,- -+, Grts)

and this is unique by dimension shift. If G is finite, then the cup product extends to Tate
cohomology.



Local Class Field Theory

Now our goal is to understand HY(Gal(L/K),L*) for i = 1,2. This will allow us to construct the
local Artin reciprocity map.

4.1 Vanishing of first cohomology

This result was proved by Hilbert in 1894 Zahlbericht for cyclic extensions and then by Noether
for general extensions.

Theorem 4.1.1 (Hilbert Theorem 90). Let L/K be a finite Galois extension of fields. Then

H!(Gal(L/K),L*) =0.

Remark 4.1.2. Note that this applies to extensions of arbitrary fields, not just local fields.

Proof. Choose ¢ € Z!'(Gal(L/K),L*). We want ¢(g) = 4= for some m € L*. For any a € L%,
construct

m= Y el

g€Gal(L/K)

Because g: L* — L* are distinct characters of L* for g € G := Gal(L/K), we know that they are
L-linearly independent, so the map

> 9l9)-g

geag
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is not the zero map and thus there exists a € L* such that m # 0. But now we compute

and thus ¢(g) = —gm’ so @ € BY(G,Lx). O

gm m-17

Example 4.1.3. In the case where L/K is a cyclic extension and G = (o), then H™Y(G, LX) =
H'(G,L*) =0, and thus ker Nm¢g = Im(o — 1), which means that if a € L* satisfies Nm; /x(a) =
1, then a = UT}’ for some b € L.
Example 4.1.4. Let L/K = Q(1)/Q be the simplest quadratic extension. Let a = x + iy € L* with
x,y = Q. Then we know Nmy /k(a) = x> +y2 If b=m+in € L* for m,n € Q, we see that

ob _m-—in _ m2 —n? n 2mn i

b m+in m2+n2 m24n2
By Hilbert 90, if x? +1y? = 1, then there exist m,n € Z such that

m?2 —n? 2mn

TmZinz YT miin?
In particular, this tells us how to classify all Pythagorean triples.

Remark 4.1.5. We may also consider infinite Galois extensions L/K, for example L = K*¢P, Kab,
Then we know
Gal(L/K) = @1 Gal(L'/K).
L'CL
L’ /K finite Galois

This allows us to define continuous Galois cohomology

HEw (Gal(L/K), L) = lim H(Gal(L'/K), L ).

The HJ;; can be computed using continuous cochains.

Remark 4.1.6. More generally, if G = lim, G/H is a profinite group and M is a discrete G-module
(which means G x M — M is contmuous with respect to the profinite topology on G and the
discrete topology on M), we may consider the continuous group cohomology

His(G,M) = lim H"(G/H, M™),
Ty
where the maps in the directed system are inflation.
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Notation 4.1.7. Let G = Gal(L/K). We will simply write
H"(L/K,M) = Hs(Gal(L/K), M) H"(K, M) == Hl(Gal(K*P /L), M)
for the continuous Galois cohomology.
Example 4.1.8. Hilbert Theorem 90 implies that H!(K, (K*P)*) = 0. Equivalently, we have
H.,(Spec K, Gm) = PicSpecK = 0. In other words, all line bundles on a point are trivial.
4.2 Second Cohomology

Let L/K be a finite unramified extension of local fields. Recall that
G = Gal(L/K) ~ Gal(t/k) = <FrobL/K>,

where {/k is the extension of residue fields. Our goal is to compute H2(L/K,L*) = Z/nZ, where
n = [L : K]. The idea is to break L* into pieces, so choose a uniformizer ni;. Then we have
L* = Of_( X 71%. Because L/K is unramified, we may choose 7ip = g € K*. Therefore, as a Galois
module, we have L* = O @ Z.

Definition 4.2.1. Let Uk = Oé. Then write U](g) =1+ m}< foralli>1.

This gives us a natural filtration

with short exact sequences

15U 5 U > kX =1
and similarly

1-ud™ s u k=1

fori>1.

Lemma 4.2.2. We have ﬁT(G,ZX) = ﬁT(G,E) =0forallr € Z.

Proof. By Hilbert Theorem 90, we know H!(G, {*) = 0. Because G is cyclic and ¢* is finite, we can
understand the Herbrand quotient. Therefore h({*) =1, so H2(G, *) = 0. Because G is cyclic, we
may apply period 2 to obtain the desired result.

Now we consider {. We know that { is actually an induced module by the homework, so all
Tate cohomology vanishes by period 2. O

Corollary 4.2.3. The norm map Nmy sy : £* — k> and the trace map Try /i : { — k are surjective.

30 o kX o s . . s
Proof. We know that H(G,(*) = Nimg, (7] = 0, so the norm map is surjective. Similarly, we
30 _ k _ . . .
know H"(G, ) = T (0 = 0, so the trace is surjective. O

Lemma 4.2.4. The norm map Nmy_ i : Uy — Uy is surjective.
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Proof. Consider the commutative diagram

up N g ult Mmoo

LD ]

gx Nm ., gx ¢ — T Lk

Given any a € Uy, we want b € Uy such that Nm(b) = a. Because Nm: {* — k*, we may find
1)

by € Uy such that Nm(bg) = a (mod 7). Now let a; = m S Ll](< . Because Tr: { — k is
surjective, we may find by € U(Ll) such that a; := ﬁlbﬂ € U§<2 ), Repeating this to infinity, we can
find b; € U(Li) such that aj;1 = chl(ibi) € U](SH). Setting

(e e]
b=]]bs
i=1

we know

a (D)
e[ |Uy ={1},
Nm(b) DO K

so a = Nm(b). O

Corollary 4.2.5. For all v € Z, we have ﬁT(G, Up)=0.

Proof. By the Lemma, we know that Nm: Uy — Uy is surjective, so ﬁO(G, Uy ) = 0. But then we
know H!(G,U;) € HY(G,L*) = 0 is a direct factor, so H!(G, Uy ) = 0. The desired result is simply
an application of period 2. O

Theorem 4.2.6. If L/K is an unramified extension, then H*(G,L*) = Hom(G,Q/Z) = %Z/Z.

Proof. We know H?(G,L*) = H?(G,Ur) ® H%(G,Z) = H?(G,Z) = Hom(G,Q/Z) by the home-
work. The final isomorphism is obvious. ]

Definition 4.2.7. Define the invariant map

invy /i H3(L/K,L*) ~ H*(L/K, Z) ~ Hom(G, Q/Z) ~ %2/2 CQ/Z.

Taking the limit over all unramified extensions, we obtain a map
~ 1
H2(K™ /K, (K")*) = | | ~z/Z =Q/z.
~n

To simplify our notation, we will write H2(L/K) := H2(L/K,L*), so we have
invg: H2(KY/K) ~ Q/Z.

Our goal now will be to extend this to H2(K%eP/K) ~ Q/Z.

Remark 4.2.8. We always have an injective inflation map H2 (KU /K) Inf, HZ2(K®eP/K). The map

exists, and injectivity is by Hilbert 90 and inflation-restriction. We want to prove that this is indeed
an isomorphism.
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Lemma 4.2.9. Let L/K be a finite extension of degree n. Then the diagram

H2 (KW /K) —Res . p2(pur /)

linv K lil’lv L

Qz — - Q/zZ

commuites.

Remark 4.2.10. Because L' = L - K", we may view Gal(L""/L) as a subgroup of Gal(K"*/K), and
the inclusion is comparible with (K¥)* — (LY)*, so restriction makes sense.

Proof. Recall that invy is computed by H?(KW/K) ~ H?(KY/K,Z) ~ H! (K" /K,Q/Z) ~ Q/Z.
Now we need to see the effect of restriction on the groups on the right of the chain of isomorphisms.
Note that if e = e¢(L/K) and f = f(L/K), then nif = 7y, so the diagram

(Kur) w ordg

Z
I ]
(Lur) X Ord]_ Z

commutes. Therefore, the maps on H?(K" /K, Z) — H?(L" /L, Z) are given by multiplication by e.
Finally, for ¢ € H! (K" /K,Q/Z) = Hom(Gal(K"/K),Q/Z), we see that ¢ — ¢(Froby ). Because

Froby = Frobﬂ, we see that Res(@)(Froby ) = fo(Frobg). Therefore, the final map is simply
f-e-Res =n-Res. O

Corollary 4.2.11. Let L/X be a finite Galois extension of degree n.. Then H2(L/K) contains a subgroup of
1

~Z/Z.

n

Proof. By Hilbert 90 and inflation-restriction, we have a commutative diagram

0 —— H2(L/K) by H2(ksep/K) —Res, 12(rsep /1)

J J

1 R
0 —— +Z/Z —— H2(K"/K) —=— H?(L""/L)

1A

Q/z —X - Q/Z.

Therefore, %Z /Z injects into H2(L/K). O
Proposition 4.2.12. We have |H?(L/K)| = n. In particular, H*(L/K) = 1 Z/Z.

Proof. We know this is true with L/K is cyclic. We know h(L*) = n and HY(L/K) = 0, so
|H2(L/K)| = n. In general, we will reduce to the cyclic case because L/K is always solvable
(because K is a local field). We will induct on [L : K]. Choose a tower of fields K ¢ K’ C L such
that K’/K is cyclic. Applying inflation-restriction, we have an exact sequence

0 — H2(K//K) 5 12 (L/K) B m2(L/K).
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We know that [H?(K’/K)| = [K’ : K] because it is cyclic. We also know that |[H?(L/K")| = [L: K]
by the inductive hypothesis, so ’HZ(L/K)| < [K':K]-[L:K’]l =[L: K] =n. But we know that
H2(L/K) contains a subgroup of order n, so ‘HZ(L/K)’ =n. O

Corollary 4.2.13. We have a commutative diagram

0 —— H2(L/K) 20 H2(Ksep/K) R, H2(LseP /1)

H J J

1 R
0 —— 17/Z —— H?>(KW/K) —=> H?(L"/L).

In particular, we may view H?(L/K) Inf, H2(Kur /K).

Theorem 4.2.14. There is an isomorphism H? (K" /K) Inf, H2(KseP /K).

Proof. Recall that H2(L/K) < HZ(K"r/K) < HZ(KeP /K). Taking the limit over finite Galois exten-
sions L/K, we have an injection H2(K%eP /K) < H2(K" /K) < H2(K¢P /K), but the composition is
the identity, so all inclusions are equalities. O

Definition 4.2.15. We can extend the invariant map to invy : H2(KseP /K) ~ Q/Z.

Remark 4.2.16. For any field K, define the Brauer group Br(K) = H2(K®eP /K, (KSP)*). This is in fact
Hét(Spec K, Gm). The goal of local class field theory is to compute Br(K) ~ Q/Z for a local field
K.

Remark 4.2.17. Classically, the group Br(K) classifies central simple algebras over K. In fact, it
classifies central simple algebras up to the relation A ~ B if and only if A @k Mn (K) ~ B ® M, (K)
for some n, m. The group structure is defined by [A] ® [B] = [A ®k B] with identity 0 = [M, (k)].

Theorem 4.2.18 (Wedderburn). Each class of Br(K) is represented by a central division algebra over K.

Example 4.2.19. If K is a local field, then we may define the invariant invy (B) for any central
division algebra B over K. If B = K, then invk (K) = 0. Now if B is the quaternion algebra over
K, we have invk(B) = % In fact there is an explicit construction of a central division algebra
associated to % for every n. If L/K is a quadratic extension, then

invi (Box L) = [L: Klinvg(B) =2~ =0 € Q/Z,

NI~

so Bk L=M;y(L).

Example 4.2.20. Call the element u; /¢ € H2(L/K) with invy (up k) = % the fundamental class of
L/K.

Remark 4.2.21. The local Artin reciprocity isomorphism H™2(G,Z) — H%(G,L*) can be realized
as the cup product by the fundamental class u /.
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4.3 Proof of Local Class Field Theory
Our goal is to prove the following result:
Theorem 4.3.1 (Local class field theory).
1. (Local Artin reciprocity) There exists a unique homomorphism
bz KX — Gal(K*P/K)®
such that
a) For any finite Galois extension L/K, we have a commutative diagram

KX —PK 5 Gal(ksep/K)®

| !

K% /Nm(L¥) -5, Gal(L/K)®.

b) For any finite unramified extension, &y sk (1) = Froby ,x, where 7 is an uniformizer of K.

2. (Local existence theorem) There is a bijection between norm subgroups of K* and finite index open
subgroups of K*. In addition, if char K = 0, then the finite index open subgroups of K* are precisely
the finite index subgroups of K*.

4.3.1 Proof of local Artin reciprocity To construct ¢k, we will use Tate’s theorem. Recall
that by Hilbert 90, we have H!(L/K, LX) = 0. We also computed H?(L/K, LX) = %Z/Z, where
n = [L : K]. By Tate’s theorem, we have an isomorphism ﬁV(L/ K,Z) ~ ﬁ”z(l_/ K,L*) for all
T € Z. We will specialize to the case where r = —2, and this gives us an isomorphism

H2(L/K,Z) —— HO(L/K, LX)

Gal(L/K)®® — = KX/Nm(LX).

Then we define d)ib/K = Gal(L/ K)ab to be its inverse. Taking the limit over all finite Galois
extensions L/K, we obtain a map

dr: KX — Gal(K%P /K)?®,

By construction, the property a) is satisfied.

To finish the proof, we need to check property b). Let L/K be a finite unramified extension.
Our goal is to explicitly describe the shift by 2 isomorphism produced by Tate’s theorem. Recall
that Tate’s theorem comes from M = L* and G = Gal(L/K). Then we construct the splitting
module for some ¢ € H2(G, M) = H3(L/K,L*) = %Z/Z by defining

M) =MaEP Xy  g1Xg, =Xg,g, — Xg, + @91, 92).
97#1
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Then we have short exact sequences

Xg—>g—1
0—=+M—=M(p) ———1g =0

and
0—Ig —>Z[G]9—H1>Z—>0.

Now we need to trace through the isomorphisms

H2(G,Z) ——— H1(G,Ig) —— HO(G,M)

G = <FrobL/K> S Ig/1E — = KX/Nm(L¥).

The first isomorphism is given by Frob; ,x = o + o — 1. Therefore it remains to write down the
connecting homomorphism ﬁ_l(G, Ig) — ﬁO(G, M). This is described using the exact sequences

Mg — M(o)g — (Ig)g =1c/IE —— 0

iNm le le
0 —— MS —— M(9)® ——— (Ig)©

by lifting (0 —1) € Ig/ 12G to M(¢) g and then taking Nm. This will automatically land in M6,
An obvious list of 0 —1 to M(¢) g is X, so we need to compute Nm(X, ). Therefore we have

Nm(Xg) =1+ 044+ 0" )Xy
=Xo+ 0Xg +---+0" Xy
= Xo 4+ (Xg2 — Xo + ©(0,0)) + -+ (Xon — Xgn-1 + @(c™ 1, 0))
=Xon + ¢@(0,0) + @(0%,0) + -+ @(c™ 1, 0)
=¢(1, 1)+ ¢(0,0) +@(c%,0)+ -+ @(c™ 1, 0).

Now it remains to describe this explicitly for ¢ € H2(G,M) = H3(L/K,L*) = %Z /Z.Recall that
this comes from H?(L/K,L*) = H!(L/K,Q/Z) = Hom(G,Q/Z) coming from the exact sequence

0-Z—-Q—2Z/Q—0.

Now if f € Hom(G,Q/Z) such that f(o) = %, then we can lift f to f € Z!(G,Q) and take df. This
gives us f(ol) = % € Q. If ¢ = df, then we have

@(ct,0) = o)) — f(a'1)) + ()
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This gives us

OrdK(Nm(XG)) = (P(lrl) + (p(o-/ G) + (p(o—zl G) +---+ (p(o-nillo-)
=0404+0+---4+1
=1
and thus Nm(Xg) = e K*/Nm(L*). O

4.3.2 Proof of Local Existence We will assume that char K = 0. We will establish a bijection

{norm subgroups of K*} LN {finite index subgroups of K* }.

Recall that any subgroup of K* containing a norm subgroup is also a norm subgroup. Also note
that any finite index subgroup of index n contains (K* )"". Therefore it suffices to show that (K*)™
is a norm subgroup. Our goal is to study the n-th power may using the Kummer sequence

1 i — (KSP)X XX (gsepyX

This is an exact sequence in Modg for G = Gal(K*®P /K), so it induces a long exact sequence in
cohomology

x—x™

0= pn(K) = KX 2225 KX = HY(G, ) — HY(G, (KP)*) = 0.
This gives us the Kummer isomorphism K* /(K* )" = HYG, pn).
1. In the simplest case, when p, C K*, then the isomorphism becomes
K*/(K*)™ = Hom(G, un) = Hom(Gal(L/K), un),
where L/K is the maximal abelian extension of exponent n. Now the pairing

o Vb)

Vb
is in fact a perfect pairing. Therefore [K*/(K*)"| = |Gal(L/K)], so by local Artin reciprocity,
we have the map

K*/(K¥)" x Gal(L/K) = pn (b, 0) —

$r/k: K*/Nm(L*) = Gal(L/K).
Also, we know Nm(L*) D (K*)", and therefore (K*)™ = Nm(L*).
2. In general, if puy, is not contained in K*, then take K; = K(y, ). Now we can find L; /Ky such
that Nm(L{) = (K ). Now take L/K Galois such that L; C L. Then
Nmp /i (L*) = Nmy, /x (Nmp /i, (L*))

C Nmy, x (Nmp_ /i, (L]))

= Nmy, /x (Kf9)")

< (K™

Therefore (K*)™ contains a norm subgroup, and is thus also a norm subgroup. O



Global class field theory

Recall that a number field K is a finite extension of Q. The goal of global class field theory is to

understand Gal(K/ K)ab, or equivalently to understand finite abelian extensions of K in terms of
intrinsic data associated to K. Analogously to the local case, we would like to construct a global
Artin reciprocity map

b : Cr — Gal(K/K)™

which induces isomorphisms
¢r/x: Ck/Nm(Cyr) — Gal(L/K).

Remark 5.0.1. When K is a local field, we took Cx = K*. When K is global, we can again try to
take Cx = K*, but in fact this fails.

Example 5.0.2. Choose L/K = Q(1)/Q. Then Gal(L/K) =Z/2, but
Q*/Nm(Q(1)) =Q*/{xeQ*|x=a*+ b’ a,b € Q} #Z/2Z.

For example, any p = 3 (mod 4) cannot be written as a + b?, and in fact the quotient is infinite.

Instead of K*, we will take Ck to be a generalization of the ideal class group Clg, which is the
quotient of all fractional ideals by the principal ones. Thus the class group measures the failure of
unique factorization in K.

5.1 Ideles

Our generalization of ideals will be the idele class group of K, which is again given by

_ Ik

for some group Ik. We need to define Ix and Nmy /i : Cp — Ck.

Notations 5.1.1. We will denote a (finite or infinite) place of K by v and |—|,, the absolute value
associated to v such that
H lal, =1
v

44
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for all a € K*. Then we will denote the completion of K with respect to |—|, by K,. When v is a
finite place, we write Oy C Ky for the ring of integers, p,, C Ox the corresponding maximal ideal,
and p,, C O, for the completion of the maximal ideal.

Remark 5.1.2. We may attempt to take Ix = [[,, K{f. The problem is that this group is too large in
the sense that it is not locally compact.

Instead of this, we will allow only finitely many coordinates to be not a unit in O, This will
make our group locally compact.

Definition 5.1.3. The group of idéles (from the French élément idéal for ideal element) is
Ix = {(av)V € HKff | a, € 05 for all but finitely many v}.
v

This is the restricted product of [T, K} with respect to [, Oy

Remark 5.1.4. The ideles are equipped with the restricted product topology with a basis of open
neighborhoods given by
H uV g I[K/
v

where Uy, is open in K for all v and U,, = O3, for all but finitely many v.

Let S be a finite set of places containing S, = {v infinite}. Then define
ks = [ [ K < [ o € k.
ves vES

Note the first factor is locally compact and the second product is compact, so I s is locally
compact. Then we can write
Ik = JIxs
S

and each I s is open in Ik, so in particular Ik is locally compact.

Remark 5.1.5. The group Ik has a basis of open neighborhoods of 1 given by
Uues,e) ={(ay) €lix |lay —1] < eforallve S, |ay,| =1forallv & S}
Remark 5.1.6. For all places v, there is a natural injection
Ky Ik a—(1,...,1,a,1,...),

where a goes in the coordinaate corresponding to v. The induced topology on K agrees with the
usual topology.

Remark 5.1.7. If Iy is the group of fractional ideals of K, then there is a natural surjection
Ix » Ik (ay) = HP?;rdV(aV)
vioo

with kernel given by
[T <oy =Tks.
Voo v{oo

In particular, Ix can be thought of as an enlargement of Ix with extra information from the infinite
places and units at finite places.
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Remark 5.1.8. The group Ik is completely local.
Proposition 5.1.9. The natural map

K* — g a— (a,q,...,q,...)
has discrete image.

Proof. Tt suffices to show that 1 € K* is open in its imaage. Equivalently, for some S O S, and
some ¢ > 0, we have K* NU(s, e) ={1}. Let a € K* NU(S, ¢). Then |a—1|, < e forall v € S and
lal, =1 for all v ¢ S. Note that [a — 1|, < 1 for all v ¢ S. Therefore

Hla—l\v < ¢lsl,
Y

On the other hand, by the product formula, we know [],la—1], = 1 unless a—1 = 0. In
particular, for S sufficiently large and ¢ sufficiently small, we must have a = 1. O

Remark 5.1.10. Note that K* — K has dense image for any single v. However, the product
formula implies that for a € K*, its absolute values |al, at different places v “repel” each other
and makes K* — Ix have discrete image.

Example 5.1.11. Consider the ring Z[V2] < R. Because V2 is irrational, this has dense image.
However, the embedding

ZIV2] > RxR  a+bvV2— (a+bv2,a—bV2)

has discrete image. In fact, the image is a lattice in R2.
Similarly, Z {%} — R, Qyp both have dense image, but

1
Z|-| SR
M(_) *Qp

has discrete image.
Now it should not be surprising that K* — Ik has discrete image. This is simply an infinite
dimensional generalization of this phenomenon.

Definition 5.1.12. Define the idele class group Cy = Ik /K* and equip it with the quotient topology.
Because K* is discrete, this group is locally compact.

Remark 5.1.13. The Ix — Ix descends to Cx — Clk. In particular, Cx can be viewed as an
enlargement of Cly.

Definition 5.1.14. Let L/K be a finite extension. Recall that
Lok Ky = [ [ L,
wlv

given Ky [x]/f(x) = [[(Ky[x]/fi(x)), where f; are the irreducible factors of f after the extension.
Therefore, for all x € L™, we have

Nmp k() = HNmLW/Kv((X)'
wlv
Now we can define

Nmy /x: I — I (aw)y, — (by), by = HNmLW/KV(aW).

wlv
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Definition 5.1.15. By definition, we have a commutative diagram

NmL/K
I — Ik

] e ]

LXMLX

Therefore, we have an induced map Nmy ,x: Cp — Ck.

5.2 Statement of global class field theory

Our goal is now to construct the global Artin reciprocity map. We hope to do this using the local
Artin reciprocity maps. First, we recall some properties from algebraic number theory.! If L/K is
a finite Galois extension of number fields, v a place of K, and w | v a place of L above v, we can
define the decomposition group

D(w) :={o € Gal(L/K) | ow = w} = Gal(L,,, /K5,).
Remark 5.2.1. Suppose that w’ | v is another place of L above v. Then D(w), D(w’) are conjugate
in Gal(L/K). In particular, if Gal(L/K) is abelian, then D(w) = D(w’) only depends on v. By local
class field theory, we obtain

dby: K — Gal(Ly,/Ky) = D(w) < Gal(L/K)

which only depends on v.
Proposition 5.2.2. There exists a unique continuous homomorphism
)ab

ox: Ix — Gal(f/K

such that for any finite abelian extension L/K and any place v of K, the diagram

()
Ty —%% Gal(L/K)

J J

KX Gal(Lw/Ky)

commuites.

Proof. Let a = (ay) € Ix. If a, € OF and L,,/K, is unramified (true for all but finitely many
places), then ¢ (a,) =1 € Gal(Lw,/K,). Now ¢k is uniquely determined by a finite product

dx((ay) =[] dvlay) € Gal(L/K),

where v runs over the places where a, ¢ O or L, /K, is ramified. Therefore, varying L/K and
taking a limit, this determines ¢ uniquely.

IThe note taker does not actually know any number theory. Please send help.
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Now it remains to check that ¢ is continuous. In particular, we need the kernel to be open.
Let S be the set of ramified places of L/K. Then by local class field theory, the diagram

br/x

]IK,S — Gal(L/K)

il ]

Is % Gal(L/L)
commutes. Therefore ker(¢ ,x) 2 Nmy /k (I,s), which is open. Therefore the kernel itself is also
open. O
Theorem 5.2.3 (Global class field theory).
1. (Global Artin reciprocity) The homomorphism ¢y : Ix — Gal(KaP /K) satisfies
a) ok (K*) = 1. Therefore we obtain a global Artin map $y: Cx — Gal(K2P /K).

b) For any finite abelian extension L/XK, ¢y induces an isomorphism
¢r/x: Cx/Nm(Cpr) >~ Gal(L/K).

2. (Global existence theorem) For any finite index open subgroup N C Cy, there exists a finite abelian
extension L/X such that N = Nm(Cy ).

Corollary 5.2.4. We have a bijection between finite abelian extensions L/K and finite index open subgroups
Of CK.

Before we turn to the proof of global class field theory, we will describe some consequences of
this bijection. We will begin with ray class fields.

Definition 5.2.5. A modulus of K is a function
m: {places of K} = Z>¢

such that

1. m(v) = 0 for all but finitely many places v.

2. m(v) =0,1if v is a real place.

3. m(v) =0if v is a complex place.
Definition 5.2.6. For a modulus m, define the principal congruence subgroup

K= Huv,m(w X H K\>/<,m(v)’
Voo v]oo

where U,y = O and U,; = 1+ pl for i > 1 for finite places. For infinite places, we have
K\f/o =K, and K\jl =R.o.
Definition 5.2.7. For a modulus m, define

Ig - K

Cy = T

Then define the ray class group to be
Clw = Cx/Cg".
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Here, the term “ray” comes from a positivity condition R~y C R* at real places, which
geometrically means specifying a ray.

Definition 5.2.8. Write m = [, py ™) = mp - Me. Then we have a description

{fractional ideals coprime to mg}

Cly, = .
{X € K¥,x € uv,m(v)(\’ | mo),x € Ry ~o(V] moo)}

In particular, if m(v) =0, thenm =7, p?, =1 and Cl; = Clk. On the other hand, if m = my,, then

{fractional ideals} 4

Clmo, = {x € KX | x totally positive} -k

This is called the narrow class group.

Definition 5.2.9. The abelian extension L/K associated to Cly, = Gal(L/K) under global class field
theory is called the ray class field of m. The case of m = 1 is called the Hilbert class field and is
denoted by H with Clx = Gal(H/K). The case where m = mq, gives us the narrow Hilbert class field
and is denoted by H*. This is characterized by Cl;, = Gal(H* /K). In particular, H C H™.

Remark 5.2.10. By local class field theory, the ramified places of the ray class field of m is contained
in m. In particular, H/K is the maximal abelian abelian extension unramified everywhere, and
H™ /K is the maximal abelian extension unramified at all finite places.

Example 5.2.11. If K = Q, then Clx = Cl{ ={1}and thus H=H" = Q.

Example 5.2.12. If K = Q(/3), then Clx = {1}. However, we have
X

Cl = ———
KZp-0g

=72

Therefore H = K = Q(v/3) and H* = K(i) = Q(V/3, ).
Example 5.2.13. Let K = Q and let m = (m) for some m € Z. Then

_{B)eQ*im=(sm) =1} X
Climy = {% cQX|T= (mod m)} = (Z/m)” /(£1).

If m = (m) - oo, then Cl(1).00 = (Z/m)*.

Now the ray class fields L/Q for either 2 { m or 4 | m are given by Cl(,,).oc = Gal(L/Q), where
L = Q(Gm), and the field given by Cl(,,,) is L = Q((m + ()}). In particular, by varying m, we
obtain the Kronecker-Weber theorem.

Theorem 5.2.14 (Kronecker-Weber). We have Qb = Um>1 Q(lm) and thus

Gal(Q*/Q) =lim (z/m)* = 2* =[] z;.
m P

Remark 5.2.15. Hilbert’s 12th problem asks for an explicit description of the ray class fields for a
general number field. For K = Q, we have the Kronecker-Weber theorem. For imaginary quadratic
fields, we have modular functions and elliptic curves with complex multiplication. In general, this
problem is still open.
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We will use the following strategy to prove global Artin reciprocity:

1. We will prove the first inequality2 that [Cx : Nm(Cp)] > [L: K]. This will be a consequence
of the cohomology of Ik, Ck. In particular, we will show that h(Cy) = [L : K]. This will

imply that ’ﬂO(G, CL)’ > [L: K], but this is precisely the index we need.

2. Next, we will prove the surjectivity of Ix M Gal(L/K). This is an application of the first
inequality and the weak Chebotarev density theorem.

3. We will prove the second inequality3 [Ck : Nm(Cy)] < [L: K]. This is a consequence of
Chebotarev density and we will use the analytic tool of L-functions.*

4. We will prove that ¢k (K*) = 1. This will follow from the determination of the Brauer
groups of K.

5.3 Cohomology of Ideles and first inequality

Let L/K be a finite Galois extension of number fields. Recall that if v is a place of K, then
L®k Ky = [ [,y Lw- The action of Gal(L/K) on L ® K,, induces an action on the product by
permuting the places above v. If o« = (ocw)w‘v and o € Gal(L/K), then (o«),, = 0(otw) € Low.

Proposition 5.3.1. Fix wy | v. Then there exists an isomorphism of G := Gal(L/K)-modules

H | IndiO Lo,

wlv
where Gy, = D(wy) is the decomposition group.

Proof. Recall that Ir1dgWO Lw, = {f: G = Ly, | f(t0) = 1f(0) for all T € G,y,, 0 € G}. For any
o = (otw ), We define

fo: G = Ly, 0 0(0g1y,)-

Then it is easy to compute
fo(TO) = Tcr(cx,mflw()) = T(G(xrlw()) = 1f(0).

Conversely, for f € IndgWO Lw,, we define (OCf)o.WO = of(o—1). This is well-defined by Gyw,-

equivariance, and we can check that these two assignments are inverse to each other. O
Corollary 5.3.2. By Shapiro’s lemma, we have H" (G, lev LW) = H"(Gw,, Lw,) forall v > 0.

Similarly, we have
Corollary 53.3. Forallt > 0, H (G, [Ty, L ) = H'(Guy, L, ) an1d HT (G, TTypy Unw ) = HT (G sy ).

In particular, all of these are independent of the choice of wy | v. To stress the independence,
we write G¥ := Gy, LV := Ly, and so on and so forth.

2Some other references will call this the second inequality because they prove this second.

31n the first proof of class field theory, this was the first inequality.

4This is the difference between algebraic geometry and number theory. In number theory, there are infinite places, so
analysis cannot be avoided.
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Proposition 5.3.4. We have the following cohomology of the ideles:
1. HY(G,I;) = Ik.
2. Forallv € Z, H'(G, ) = @, H"(GY, (L¥)*).

Proof.

1. We know that a = (a,,) € I is G-invariant if and only if (a.,) is G-invariant for all

wlv
places v of K if and only if a,, € K is independent of the choice of w | v for all v, and this
is equivalent to a = (aV),, € Ik.

2. Let S be a finite set of places of K containing S.,. Write
Is = TTTTws | < (TTTTuw |
veS wiv vZS wlv

Then I} = hgﬂly_,s and therefore

~

H™(G,II) = lim HT(G, I s)
= lim (H HT(GY, (1Y) ) x (H ﬁT(GV,uV)).
veSs VES

If S contains all places of K that are ramified in L, then for all v ¢ S, LV/K" is unramified. By
local class field theory, H"(GY, UY) =0, so

H™(G,1;) _hmHHT (GY, (L) * QBH* (GY, (L)~ O
veS
Corollary 5.3.5. We have H'(G, T ) = 0 and H?(G, T ) = D, n%Z/Z, where n, = [LV : K, ].
These statements follow from collecting all of the local information.

Corollary 5.3.6. Assume L/K is cyclic. Assume S contains all places of K that are ramified in L and the
infinite places. Then h(Il;,S) =[], s nv.

Proof. By local class field theory, we have

hIps) =@y [[ru) =] [T1=]]n O

ves VES veSs vEX veSs

Definition 5.3.7. Let T :={w | v:v € S} be a finite set of places of L. Define the group of T-units
of L to be
UM =L"NIs={xel*|axcUyw¢T}

Our next goal is to compute h(U(T)) and use this to prove the first inequality. First, we must
compute the cohomology of units. Let L/K be a finite Galois extension of number fields and S be
a finite set of places containing S... Let T be the set of places of L above S.
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Proposition 5.3.8. Assume L/K is cyclic. Then

where n, = [LV : K,],n = [L:K].

Proof. We need to use the following comparison result for Herbrand quotients from the homework:
let G be a cyclic group and V an R[G]-module. If M,N C V are two G-stable lattices, then
h(M) = h(N). We will apply this to the case where V = RITI = Homge (T, R).

1. Consider N = Homg, (T, Z). This is clearly a G-stable lattice. As a G-module, we have

N = P Homs(G/G", Z)
veSs

=P mndg. z.

veS
In particular, we have

h(N) = [ ] h(Indg. Z)
ves

=2

veSs

=]]le"

veSsS

“IIn

2. Now consider A: U(T) — V = RIT! given by o — (loglal,, ), c1- If M? = Im(A), Dirich-
let’s unit theorem for U(T) says that M? is a lattice of rank [T| —1 in the hyperplane
{¥ werxw=0}. Then M=M"&2Z-(1,...,1) is a G-stable lattice.

Now we know that h(M) = h(N), so h(U(T)) = h(M?) because the kernel of A is the set of
roots of unity in L, which is finite. Now we obtain

h(M) _ HVES Ty

h(Z

R(UW(T)) =h(M°) = ,
) n
as desired. 0

Now we are able to compute the cohomology of the idele class group Ck.
Lemma 5.3.9. For L/K, we have H°(G, Cy) = Ck.
Proof. The short exact sequence in Modg
1-1L* =1 - CL =1
gives a long exact sequence
0 — HY(G,L*) = H(G,I) — H%(G,C) — H(G, LX) =0,
where the last equality is by Hilbert 90. This implies that HY(G, C) = Ix/K* = Ck. O
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We need to compute the Herbrand quotient of the idele class group, so first we will rewrite Ix
in terms of S-units.
Lemma 5.3.10. Choose S containing a generating set of prime ideals in Clx. Then Iy = K* - Ik s.

Proof. Recall that we have a surjection

Ix — Ik (av), — HpgrdV(QV)~

vioo
with kernel Ik s _ . In particular, we can write
Clg =1Ix/K* =Ix/K Ik s,

By the choice of S, we have

Ix/K*Igs =Clg /{peS)=Clg/Clg =0. O
Theorem 5.3.11. Assume L/K is cyclic. Then h(Cyp) = [L: K]. In particular, [Cx : Nm(Cy)] > [L: K].
Proof. Choose S such that T a generating set of prime ideals for Cly. Then we can rewrite

Cp =0y /L =T ML v/L* =T v/I,7 NL* =T v/U(T).

Now we have
n(cy) = 2dLr) 1HV€5““ =n=[L:K. O
hUM) S TTyes v

As an application of the first inequality, we will prove

Lemma 5.3.12. Asssume L/K is solvable. If there exists D C Ty such that D C Nm(I; ) and K* - D C Ig
is dense, then L = K.

Proof. Assume L # K. Then we may find a tower K C K’ C L such that K’/K is cyclic. Then
we know D C Nm(I[} ). By local class field theory, Nm(Ix/) C Ik is an open subgroup, so
K* - Nm(Ig/) is also an open subgroup. Therefore K* - Nm(Ilg/) is also closed. By density, we see
that K* Nm(Ix/) = Ix. In particular, [Cx : Nm(Cg/)] =1, so [K’ : K] = 1, which is a contradiction.
Thus L =K. O

Proposition 5.3.13. Assume L/K is solvable. If all but finitely many places v of K split completely in L,
then L = K. Equivalently, if L # K, then there are infinitely many places v of K that do not split completely
in L.

Proof. Choose S to contain the set of all v that do not split completely in L. Also choose
D={(ay), |lay €KS(vES),a,=1(v¢S)} C k.
Then if v ¢ §, it splits completely in L, so LV/K, is a trivial extension. Therefore D C Nm(I ). On

the other hand, by weak approximation, any (ay),cs can be approximated by a global element
a € K¥,so K* - D is dense in Ik. By the previous lemma, L = K. O

Proposition 5.3.14. Assume that L/K is solvable. Then {FrobW /\,} generate Gal(L/K).

v unramified
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Proof. Take H = <FrobW /\,> C Gal(L/K). Choose E = L. If v is unramified in L, then v splits

completely in L". But this means that E = K because only finitely many places are ramified, so
H = Gal(L/K). O

Corollary 5.3.15. Assume L/K is abelian. Then the Artin map ¢y : Ix — Gal(L/K) is surjective.

Proof. By local class field theory, if v is unramified in L, then ¢« (1,1,...,m,1,...) = Frob,, ,,,. We
know that the Frob,,, /,, generate Gal(L/K), so ¢ is surjective onto Gal(L/K). O

5.4 Analytic aspects and second inequality

Recall that if L/K is solvable and L # K, then there exist infinitely many places of K that do
not split completely in L. For example, if L/K = Q(i)/Q, then p splits in L if and only if p = 1
(mod 4). Thus there are infinitely many primes p =3 (mod 4). This result is sometimes called
the weak Chebotarev density theorem, so what is the strong Chebotarev density theorem? In our
example, we expect that half of all primes are congruent to 1 modulo 4 and that the other half are
congruent to 3 modulo 4. Of course, there are infinitely many primes, so we need to understand
what is meant by “half of all primes” here.

Definition 5.4.1. Let P be a set of primes in Z. Define the natural density of P to be

W(P) = lim #p §P lp<x}
x—oo #{p prime | p < x}

if this limit exists.

Definition 5.4.2. Let P be a set of finite places of a number field K. Define the natural density of P
to be
#p e P|Np<x}
P)=1
H(P) a0 #p finite place | Np < x}

if this limit exists.

Of course, this definition is a terrible way to do analysis because we are throwing away so
much information, so we would like a definition better suited to analytic methods.

Definition 5.4.3. Define the Dirichlet density

N —S
§(P) := lim ZpePiﬁ
s—1+ Zp Np—s

if this limit exists.

The fundamental fact, proved in any first course in analytic number theory, is that if u(P)
exists, then 8(P) exists and p(P) = 6(P). Thus natural density is a stronger notion than Dirichlet
density. The proof of this fact uses the prime number theorem and is omitted here because this is
not a course in analytic number theory.

Remark 5.4.4. 1t is possible that the Dirichlet density exists, but the natural density does not. For
a €{1,...,9}, choose P4 to be the set of primes starting with the digit a. Then pu(Pq) does not

exist, but 8(Pq) = log;, (1 + %), a result due to Bombieri.?

5This pattern also appears in many other places, and is called Benford’s law.
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Dirichlet density is easier to study because we can use the tool of L-functions, which generalize
the Riemann zeta function.

Definition 5.4.5. The Riemann zeta function is defined by

1 1
C(s): Z;znl_pis.

n>1 P

For a general number field K, the Dedekind zeta function is defined by

1 1
ST W Q"
aCOk PCOK
ideal prime ideals

These series converge when Re(s) > 0. When K = Q, (g(s) = ((s).

Definition 5.4.6. Let x: (Z/m)* — C* be a character. The Dirichlet L-function of  is given by

(n) 1
Lisx) =) XM - —,
= lgllfx(ph)

where x(n) = 0if (n,m) # 1. When x =1, then L(s,1) = {(s).

Definition 5.4.7. Let K be a number field and m be a modulus of K. Let x: Cl,, — C* be a
character. The Weber L-function of x is given by

_ x(a) 1
o= 2 N = 1 g

aCOx pEOx
ideal prime ideals

Again, we write x(a) = 0 if (a,m) # 1. These series converge absolutely when Re(s) > 0. When
K =Q, m = (m):co and we have Cl).oc = (Z/ m)*, so the Weber L-function recovers the
Dirichlet L-function. Of course, when x = 1, we recover the Dedekind zeta function.

Theorem 5.4.8 (Analytic properties of Weber L-functions).
1. If x #1, then L(s,x) has an analytic continuation to all s € C and L(1,x) # 0.

2. If x =1, then L(s,x) = Ck(s) has an analytic continuation to all s € C\ {1} and a simple pole at
s = 1. The residue Ress—1 Cx (s) is given by the class number formula for K.

3. The function L(s,x) satisfies the functional equation relating the values at s and 1 —s.

Remark 5.4.9. In general, there are more complicated complicated notions of L-functions, although
this is a vaguely defined notion. In general, L-functions are series of the form }_, -, {1 satisfying

1. The series has an Euler product [ ], W.

2. The series has an analytic continuation to C except for poles for ((s) at s = 1.

3. The analytic continuation satisfies a functional equation relating the values at s and 1 —s.

ﬁ (this means the difference is analytic at

Corollary 5.4.10. For any number field K, log Ck (s) ~ log
s=1).



56

Proof. By the theorem, (i (s)(s —1) is analytic at s = 1, so log (x (s) = log Ck (s)(s —1) —log(s —1).
Because log Ck (s)(s —1) is analytic at s = 1, so we obtain the desired result after rearranging. [

Proposition 5.4.11. We have the identity

1
log Cx (s) ~Z Nps
s

Proof. We compute

1
log tk(s) =log ] | T-Np s
P

=—> log(1-Np~¥)
p
-y y R

p n>1
1 Np—ms
Y ey e

p P n>2
The second term is analytic at s = 1, so we obtain the desired result. O
Corollary 5.4.12. We can rewrite

N —S
5(P) — lim PP NP

1
s—1+ log -

Theorem 5.4.13. Let L/K be a finite Galois extension and P be the set of primes of X splitting completely
in L. Then

Example 5.4.14. Let K =Q,L = Q(i). Then we have 6(p =1 (mod 4)) =5(p =3 (mod 4)) =

N—

Proof. We can rewrite

5 11 1
S S
ZoNps T ILiK S5 N
f(q)=1
1 1
[L:Kl &5, Na®
1
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because the terms with f(q) > 2 contribute to an analytic function and the second item on the
right hand side is ¢ (s). Now we obtain

N —S
5(P) = lim Zpepilp
s—1+ loga

1 1
— lim K log 5=
s—1+ log slfl

Now we want to use these tools to prove the second inequality. The idea is to show that

1 S 1
[Cx :Nm(Cp)] = [L: K]’

We will reinterpret the right-hand side as the density of primes of K that split completely in L.
Now we will reinterpret the left-hand side as a certain density also. Recall that for m = mg-my a
modulus of K, we have the ray class group Cly,.

Theorem 5.4.15. Let K™ C H C IR. Then let A € I}t /H be an ideal class. Then

Sl(p € Al) =
T

Proof. Let x be a character of I}Y /H. This is a quotient of Cly,, so it induces a quotient of Cly,.
Now let L(s,x) be the Weber L-function. But now

x(p)
Nps

logL(s,x) ~
ptm

x(p)
Belp /H peB

- Y Y g

BelP/H pEB

But now we want to pick out a single ideal class, so we need to use some Fourier analysis. We use

the fact that
_ )6l g=1
%X(g)_{o 041

for any g € G. Multiplying x(A) ! and summing over all x, we see that

gx(A)’l logL(s,x) ~ ; %x(A’lB) > o

peB

1 1
IOgSi1 :HI]?:H]Z W/

and thus 8(p € A) = ﬁ, as desired. O
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Remark 5.4.16. Every finite abelian extension L/K admits a modulus m such that
Cx/Nm(Cx) ~ I /K™ - Nm(I{").

is a quotient of the ray class group Cly,. In particular, we may reinterpret the global Artin map as
amap ¢ x: I[§ — Gal(L/K) given by p + Froby.

Theorem 5.4.17 (Second inequality). We have [If : K™ - Nm(I{*)] < [L: K].
Proof. Apply the previous theorem to H = K™ - Nm(I{") and A = [0]. Then we know

1
[[%: K™ - Nm(1)]

S(peA)=

On the other hand, we know

d(p splits completely in L) = ﬁ

But now we know p splits completely in L only if p € Nm(I"), which is the same thing as p € A.
Thus (p € A) > &(p splits completely in L), as desired. O

Before we continue with the proof of global class field theory, we will prove an important
result in analytic number theory.

Theorem 5.4.18 (Chebotarev density theorem). Let L/K be a finite Galois extension of number fields.
Let 0 € G == Gal(L/K) and Cg be the conjugacy class of 0. Then

_ Gl

5(]3 ‘ Frobp S Co‘) = ﬁ

Proof. We will use global Artin reciprocity, so in the future we will not be using the Chebotarev
density theorem. By global Artin reciprocity for abelian extensions, we have an isomorphism
I¥'/H — Gal(L/K) for some modulus m. But then it is easy to see that

11
IGI (I} : H]

=08(peA)=23(pe Co)
because G is abelian. Now when /K is nonabelian, we will reduce to the abelian case. Let 0 € G
and write M = L{9). Applying the abelian case to the abelian extension L/M, write

S1:={q C Om | Frobg = o € Gal(L/M)}.

We know 6(sl)ﬁ. Now consider a subset of degree 1 primes of M and write

Sy ={q €51 [f(a/p) =1}
We know that 5(S1) = 8(S,). Finally, consider
Sz :={p | Frob, € Cs}.
Now we have a surjection Sp — Sz and the fiber has size % This is because if q — p with

Frob, = o, then tq + p if and only if Frobrq = TFroby ! if and only if To = o1. Therefore
tq = q if and only if T € D(q) = (o) = Gal(L/M). Then we know that

L 5(s0) = 8(s5) - 12619
o] lo]

7
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and therefore

_ 1G]
553) = Ze o = 1ol

Example 5.4.19. Suppose 0 = 1. Then Cs = {1}, so Chebotarev density tells us that

. . 1
5(p splits completely in L) = K
Example 5.4.20. Choose K = Q and L = Q({n), where either N is odd or 4 | N. Then we know
G = (Z/N)*. If we choose 0 = a € (Z/N)*, then C; = {a}, so by Chebotarev, we see that
1

S(p=a (mod N)) = PN

Thus we have recovered a strengthening of Dirichlet’s theorem on primes in arithmetic progression!

Remark 5.4.21. The original proof of Chebotarev density does not rely on global Artin reciprocity.
Instead, it reduces to the cyclotomic case, where global Artin reciprocity is known explicitly. In
fact, Artin’s proof of global Artin reciprocity was inspired by Chebotarev’s proof (will be reduced
to the cyclotomic case).

Example 5.4.22 (Simplest nonabelian example). Let K =Q and L = Q[x]/ (x3 —x% 4 1). This is the
cubic extension with minimal |dy |, and here d; = —23. Then Gal(L/Q) = S3. Now S3 has three
distinct conjugacy classes (1), (12), (123). These correspond to f(x) splitting completely in IFy,, f(x)
splitting into a quadratic and a linear factor in IF},, and f(x) being irreducible in IF},, respectively.
Now we can compute (possibly using a computer) the table

Table 5.1: Primes in each conjugacy class

o P
(1) 59,...
(12) 5,7,11,17,19,37,43,53, ...
(123) 2,3,13,29,31,41,47, ...

Chebotarev predicts that the three classes will occur in a ratio of 1:3: 2.

Remark 5.4.23. There is no simple congruence condition on p to determine Frob,. However, there
is a criterion on p in terms of modular forms. For example, for z € H, we may consider the function

flz)=q [J(1—q™M@1—q®") q=e*
n>1
n>1

Now some of the coefficients are

Table 5.2: Coefficients at primes

p 2 3 5 7 11 13 17 19 23 29 31 37 41 43 47 53 59
ap -1 -1 00 0 -1.0 0 1 -1 -1 0 -1 0 -1 0 2
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So we see that the conjugacy classses corresppond to the coefficients being 2,0, —1. In fact,
these are the character values for the two-dimensional irreducible representation p of S3. By a
miracle, we have Tr p(Frobp ) = ap!

Remark 5.4.24. Recall that abelian extensions can be understood in terms of the ideéle class group
using Artin reciprocity. But if we write Ig = Aé, we can consider the idele class group as a space
related to GL;. But now abelian extensions now correspond to 1-dimensional representations of
Gal(Q/Q), and the Langlands program gives a conjectural correspondence between n-dimensional
representations of Gal(Q/Q) and automorphic forms on [GL,] = GL, (Aq)/GLn(Q). For example,
when n = 2, the 2-dimensional representations correspond to modular forms relating Tr p(Frob,)
and coefficients ap of the modular form f(z).

5.5 Brauer groups and proof of global Artin reciprocity

We have already proved the first inequality that [Cx : Nm(Cy)] > [L : K], at least when L/K is
cyclic. We have also proved the second inequality that [Cx : Nm(Cy )] < [L: K] in general.

Corollary 5.5.1 (Global version of Hilbert 90). Let L/K be finite Galois. Then H'(G, Cr) = 0.

Proof. We begin in the case when G is cyclic. Here, [Cx : Nm(Cy)] = [L : K]. However, h(Cy) =

[Cx:Nm(Cr)] _ p. 1 _
HiG,C [L:K],so H(G,Cy)=0.

Now it remains to reduce the general case to the cyclic case. First, we will consider G solvable
and induct on |G|. Consider H < G such that G/H is cyclic. Then inflation-restriction gives us an
exact sequence

Inf Res

0 — HYG/H, Cyn) = HY(G,Cp) = HY(H, Cp).

Now the two outside terms vanish by G/H being cyclic and the inductive hypothesis, so
H!(G,Cy) =0.
Finally, if G is an arbitrary group, we simply consider the restriction to all Sylow subgroups

HY(G, Cp) E>]‘[Hl (Gp,Cp) =0.

However, this restriction is injective by a past homework, so we are done. O

Now our goal is to compute the Brauer group H?(K). We will do this in terms of the local
Brauer groups.

Proposition 5.5.2. The natural restriction map H?(L/K) — D, H2(LY/Ky) is injective.
Proof. The short exact sequence
0—-L* =1, -C. —0
gives a long exact sequence
0 — HYG,Cr) — H*(G,L*) — H(G,Ip).

But now from the computation of the cohomology of ideles and the previous corollary, we have
an injection
H?(G,L*) = H3(L/K) < H?(G,1;) @Hz (LY /Ky). O
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Corollary 5.5.3. Given B € H2(K), there exists a cyclic extension L/K with L C K(Cm) for some m such
that B is split by L (B € H?(L/K) = ker(H?(K) — H2(L))).

Proof. By the proposition, we know that 3 € H2(K) is completely determined by its local restric-
tions {B+},. We also know that all but finitely many {3, vanish. By local class field theory, we
know that B € H?(K,) = Q/Z (the isomorphism is given by the invariant map). But now there
exists m > 1 such that m - inv,,(f3,) = 0 for all v. However, by functoriality of inv, for w | v, we
obtain

invy, (Resy (B)) = [LY : K, Jinv, (B+)

by one of the homeworks. Once we prove the following lemma, we will be done. O

Lemma 5.5.4. Let S be a finite set of finite places of K and m > 1. Then there exists a cyclic cyclotomic
extension L/K such that m | [LV : K,] for all v € S.

Proof. First we reduce to the case K = Q. Here, we can just take the composite with K and replace
m with m- [K : Q]. Also, we will reduce to the case where m = (%, wheere { is some prime.
Here, we can just take the composite of the extensions for all prime power factors of m. We need
€5 [ [LP : Qp] for some cyclic cyclotomic extension L/Q. Now

Z/0—1xZ/0 1 (odd

Gal(Q(Cer/Q)) = (Z/1") = {Z/z CZ/? i—2r32

Now we can form a cyclic cyclotomic extension

L Q)" 1 todd
T Q@) =2

Now we can compute for all p € S that

o) p=t

[Qp(Czr):Qp]Z{t _y

Where t is the smallest integer such that £" | ‘]F:t

[Qp (Cpr) : Qpl — 00, s0 [LP: Qp] — oo as we increase 1, so we may choose 1 > 0 such that
€ [P : Qpl. O

= pt — 1. In particular, as we increase T,

We have already proved that ¢ /x: Ix — Gal(L/K) is surjective, so it remains to show that it
factors through Cx/Nm(Cy). We need to prove that

Theorem 5.5.5. K* is contained in the kernel of Gy sx. This means ¢y /i (K*) =1,

This will imply that the global Artin map is an isomorphism. To prove this, we will use a
global relation from Brauer groups.

Theorem 5.5.6. For all p € H%(L/K), we have
B € ker (HZ(L/K) S ALY /Ky) 2 Q/Z>-
v

Equivalently, )_, inv, () = 0.
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Our strategy will contain the following steps:

0. We will prove Theorem 5.5.5 for L/K = Q((m)/Q.

1. Next, we will prove Theorem 5.5.5 for L/K cyclic cyclotomic.
2. Next, we will prove Theorem 5.5.6 for L/K cyclic cyclotomic.
3. Next, we will prove Theorem 5.5.6 for L/K finite abelian.

4. Finally, we will prove Theorem 5.5.5 for L/K finite abelian.

5.5.1 Step 0 Choose a € Q*. We need to show that ¢(a) =1 € Gal(Q((m)/Q) = (Z/mZ)*.
It suffices to treat the case where m = (" is a prime power, so we compute explicitly ¢ =[], ¢p.
There are several cases:

1. p # (s finite. Then p is unramified, so ¢p(a) = (Cer — C‘e”:) = ps € (Z/1")*, where
a=u-ps.

2. p = (. Here p is ramified, so ¢p(a) = ((er = C‘E{l) =ule(Z/")*, where a = uls.
3. p =o0. Here, ¢oo(a) =sign(a) € {£1} = Gal(C/R).
To show that ¢(a) = 1, it suffices to consider a = p, {, —1.

1. If p # ¢, then ¢p (p)de(p) =p-p ' =1.
2. Ifp=2{ then (f) = pe(0) =171 =1.

3. Finally, $(—1) = p¢(—1)doo(—1) = (1) ' (-1) = L.

5.5.2 Step 1 We will prove the following result. Because we already proved Theorem 5.5.5
for cyclotomic extensions, this will give us the result for cyclic cyclotomic extensions.

Lemma 5.5.7. If Theorem 5.5.5 holds for L/K, then it also holds for subextensions M/K of L/K and for
composites L' /K’, where L' = L-K’.
¢
Proof. By functoriality of the local Artin maps, ¢k = Ik RAZAN Gal(L/K) — Gal(M/K). There-
fore if o /x (K*) =1, dpm/x(K*) =1 also.
For the composites, we use functoriality of the local Artin maps to obtain a commutative
diagram

by
T, —5% Gal(L//K')

bo, ]

K

Ix —— Gal(L/K).

But now the desired result follows from diagram chasing with (K’)*. O

5.5.3 Step 3 Every p € H?(K) is split by a cyclic cyclotomic extension by Corollary 5.5.3. This
means there exists L/K cyclic cyclotomic such that € H2(L/K). This reduces the finite abelian
case to the cyclic cyclotomic case.
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5.5.4 Steps 2 and 4 We will relate the global Artin maps with Brauer groups. Recall that
H2(G,Z) = HY(G,Q/Z) = Hom(G,Q/Z). Denote this map by 6y — x. Now the cup product
with &, gives us a map HO(G,M) — H?(G,M). If L/K is an extension of local fields, then for
M = L*, we have a commutative diagram

¢
HO(G, LX) = K* —“% G = Gal(L/K)

[ s

H2(G,L%) = H3(L/K) —™— Q/Z.
If L/K is an extension of global fields, we consider M = Iy . Then we have a commutative diagram

[
KX Tk L/x G = Gal(L/K)

(5.1) \[USX luz’)x J{x

H2(L/K) —— H2(G,IL) = @, H2(LY/Ky) —="" Q/Z.

5.5.5 Step 2 Assume that Theorem 5.5.5 holds for L/K cyclic cyclotomic. Then the top row is
trivial, so because G is cyclic, the bottom row is also trivial (in the cyclic case, the shift in degree
map is an isomorphism). But this means that 3 € H2(L/K) satisfies Y inv,, (B) = 0, which is the
same thing as Theorem 5.5.6 holding for L/K cyclic cyclotomic.

5.5.6 Step 4 Assume that Theorem 5.5.6 holds for L/K finite abelian. But this means the
bottom row of (5.1) is trivial, so in particular, X (¢ ,x (K*)) = 0. But x is arbitrary in Hom(G, Q/Z),
so ¢ /k (K*) = 1. This gives Theorem 5.5.5 for all finite abelian extensions.

5.5.7 Brauer groups As a consequence of global Artin reciprocity, we can determine the
Brauer group of an arbitrary number field.

Theorem 5.5.8. Let K be a number field. Then
HZ(K) = ker (@ HZ(KV) >, invy, Q/Z> )
v

Proof. By Theorem 5.5.6, we know that H?(K) is contained in the kernel. It remains to prove the
reverse inclusion. Consider (3,) € ker. We know there exists L/K cyclic cyclotomic such that
(Bv), €D, HZ(LV/Ks). Because L/K is cyclic, we have an isomorphism of exact sequences

0 —— K*/Nm(L*) —— 5 Tx/Nm([;) —— Cx/Nm(Cy) —— 0

luzsx luéx r

0 —— H2(L/K) ——— H2(G,Iy) = @, HA(LV/K,) 2% 1 7/7 0.

By definition, the top row is exact, so the bottom row is also exact. But this means that for
(Bv) € ker (Y_invy,), there exists p € H?(L/K) such that (B,) = B. O
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Example 5.5.9. Consider K = Q. Then we have a map

H?(Q) = {central simple algebras B/Q} — @ H?(K,) = {(By) | By, CSA over Q, .

This is given by B, = B ® Q,,. Now by the theorem, we note that (B, ), comes from B/Q if and
only if } inv,(By) = 0. For example, we have

invo (B — {? By =Ma(Qy)

5 By is quaternion algebra.

This means that quaternion algebras B/Q are in bijection with the set of (B,), where an even
number of B,, are not M5 (Q,,).

5.6 Proof of global existence

We will now complete the proof of global class field theory. We need to prove the following
statement:

Theorem (Global existence). For any finite index open subgroup U C Cy, there exists a finite abelian
extension L/K such that U = Nm(Cy ).

Definition 5.6.1. A subgroup of Cy is a norm subgroup if it is of the form Nm(Cy ) for some finite
abelian extension L/K.

Now global existence is the same thing as every finite index open subgroup being a norm
subgroup.

Lemma 5.6.2. Any subgroup containing a norm subgroup is also a norm subgroup.

Proof. Assume U = Nm(Cy) and V O U. Then global Artin reciprocity implies that Cx /U ~
Gal(L/K). Now we have a commutative diagram

Cx/U —— Gal(L/K)

| !

Cx/V —— Gal(M/K)

by the fundamental theorem of Galois theory. By construction, V = ker(Cx — Gal(M/K)), so in
particular, V = Nm(Cpy ) by global Artin reciprocity. O

Now it suffices to produce a enough norm subgroups such that every finite index open
subgroup contains a norm subgroup. Here, we will use Kummer extensions. Let K be a field and
tn C K. Then if Ly, is the maximal abelian extension of K with exponent n, then by considering
the Kummer sequence

1 — pp — (K5P)< — (K®P)* — 1
a(Vb)
Vo
bijection between finite subgroups of K* /(K*)™ and finite abelian extensions of K of exponent .
Here, to a subgroup B, we associate field L = K( ¥/B) given by adjoining all n-th roots of elements
in B and to an extension L/K we simply take the n-th powers of all elements in L*. Here, it is
easy to see that [B| = [L: K].

we obtain a perfect pairing Gal(Ly, /K) @ K* /(K* )" = e given by (o,b) — . This gives a
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Example 5.6.3. Let K be a local field and assume p, C K. Then L, /K is finite and

n2

L, K] = ‘KX/(KX)n‘ =

Here, we know KX = 0f x Z, so KX /(KX)" = O,ﬁ/(@ﬁ)rL X Z./n. Because Oy contains a finite
index subgroup isomorphic to Oy, we have ‘Ofé/((‘)ﬁ)n‘ = |un(05)] - 10k /MOK| = nﬁ, as

desired.
Now assume K is a number field.

Lemma 5.6.4. Assume pn, C K. Assume that S O Soo U{v|n}. Assume S is large enough so that
Ix = K*-Ixs. Let a € KX such that a € (Kvx)nfor allv e Sand a € U, forall v ¢ S. Then
ae (K™

Proof. Let L = K( ¥/a). Then we see that LY = K, for all v € S and LV/K,, is unramified for all
v ¢ S. By local class field theory, in the first case we have Nm((LV)*) = K{, and in the second

case Nm(UY) = U,,. Therefore Nm(I;) D Ix s, so K* Nm(I;) DO K*Ix s = Ik, and therefore
Nm(C;) D Cg,soL =K. O

Proposition 5.6.5. Assume p1, C K. Let U C Cy be a finite index open subgroup and assume Cy /U has
exponent n. Then U is a norm subgroup.

Proof. Let S O Soo U{v|n}and

E=]]&O"]] Uy €Ik

veSs VES

Then let V = K* - E/K* C Cik. Because Cx /U has exponent n, we know U D V for S sufficiently
large. It remains to show that V is a norm subgroup. Enlarging S we may assume that Ix =
K*Ik s.

Let U(S) = K* NIk s be the S-units. By the previous lemma, K* NE =U(S)NE = U(S)™. Set
L = K( ¥/U(S)). This is a finite abelian extension of exponent n unramified away from S. By local
class field theory, we know Nm((LV)*) D (K )" forall s € S and Nm(UY) = U, forall v ¢ S. But
now E C Nm(I; ) and thus Nm(Cy ) O V. Now we show that Nm(Cy) = V.

We will show that [Cx : Nm(Cy )] = [Ck : V]. But now we have

[Ck : V] =[x :K*-E]
:[KX-HKleX-H

(Ix,s : E]
KX Nlgs: KX NE]

Now we compute
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We also compute
[K* NTk,s : K*NE] = [U(S): U(S)"]
= |zm)*

[s]

=N

by Dirichlet’s unit theorem. Thus [Cx : V] = n!Sl. On the other hand, we have

[
= [us)- (")

= [us)/us)n "
= [U(S)/U(S)™

K

using Kummer theory and the Dirichlet unit theorem. This implies that V = Nm(Cp). O
To finish the proof of global existence, we reduce to the case of Kummer extensions.

Lemma 5.6.6. Let U C Cy be a finite index open subgroup and V.= Nm.; .. (L) for some finite extension

K’ /K
K'/K. If V is a norm subgroup, then so is L.

Proof. Write V.= Nmy ,x/(Cr) for some finite abelian L/ K’. Now let M be the maximal abelian
subextension of L/K. Then

Nmpy/k(Cm) = Nmp /x (Cr) = Nmy//x (Nmp /x/(Cr)) = Nmg/,x (V) C U
Therefore U is a norm subgroup. O

We are now able to complete the proof of global existence. We will induct on [Cx : U] and
assume p | [Cx : U]. If up C K, choose Uy € Ck containing U such that [Ck : Uj] = p. Then U,
is a norm subgroup, so write U; = Nm(Cpr). Now Nmy ,x: Cp — Cx /U has image U; /U with

kernel V .= NmE}K( ). Then [Cy : V] = |Uy/U| = CK ul , and by the inductive hypothesis, V is a

norm subgroup, so U is also a norm subgroup.

If pp € K, then take K’ = K(pp). Now U/ = ng’l/K

above, so by the lemma, U is also a norm subgroup.

(U). Then U’ is a norm subgroup by the

5.7 Primes of the form x? + ny?

In this section we discuss a classical application of class field theory. This was discussed at
the beginning of these notes. Recall that if K = Q(v/d) with discriminant dg, then the splitting

behavior of
d _
pipz (5¢) =1
(P)=9qp ) — 1

P
p>  pldk

is determined by the Legendre symbol (%).



Example 5.7.1. Consider K = Q(+/—1) with dx = 4. Then p splits in K if and only if (%) =1,
which is equivalent to (%1 =1, is equivalent to p =1 (mod 4) by basic arithmetic.

On the other hand, Ox = Z[i] is a PID, so p splits in K if and only if p = (x + iy)(x —iy),
which is equivalent to p = x> +y? for integers x,y € Z. Combining the two equivalences, we see
that p = x> +y? if and only if p =1 mod 4.

Example 5.7.2. Consider K = Q(+/—5) with dx = —40. Then p splits in K if and only if (%5) =1,

and by quadratic reciprocity this is equivalent to p =1,3,7,9 (mod 20). However, Ox = Z[v/—5]
is no longer a PID, so we have a different criterion for p = x? + 5y°.

Theorem 5.7.3. If p # 2,5, then p = x*> +5y? ifand only if p = 1,9 (mod 20).

Some examples are given below.

Table 5.3: Primes of the form x? 4 5y

)

(x,y)
29 (3,2)
41 (6,1)
61 (4,3)
89 (3,4)

Similarly, we have
Theorem 5.7.4. Ifp # 2,3, then p = x> + 6y ifand only if p = 1,7 (mod 24).

Some examples are given below.

Table 5.4: Primes of the form x? + 6y>

P (xy)
7 (1,1)
31 (5,1)
73 (7,2)

Our goal is to explain the proof of these results using class field theory.

Lemma 5.7.5. Let p be a finite prime for a number field K. Then p is principal if and only if p splits
completely in Hy, where Hy is the Hilbert class field of K.

Proof. By global Artin reciprocity, Clx = Gal(Hg/K). But then p is principal if and only if [p] € Clk
is trivial. However, this is equivalent to Froby, being trivial, which is equivalent to p splitting
completely in Hy. O

Proposition 5.7.6.
1. Ifp #2,5, then p = x> + 5y if and only if p splits completely in Q(v/—5,v/—1).
2. Ifp #2,3, then p = x2 + 6y? if and only if p splits completely in Q(v/—6,/—3).
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Proof.

1. If p # 2,5, then p = x? 4+ 5y? if and only if (p) = p1p> splits as a product of principal
ideals in K = Q(v/—5). By the lemma, this is equivalent to py, p, splitting completely in
Hx = Q(v/—5,v—1), and combining, we see this is equivalent to p splitting completely in
Hg.

2. This is the same argument, except Hx = Q(v/—6,v/—3) when K = Q(v/—6). O
Therefore, to prove the main theorems, it remains to prove the following result.
Proposition 5.7.7.
1. p splits completely in Q(/—5,v/—1) ifand only if p = 1,9 (mod 20).
2. p splits completely in Q(v/—6,+/=3) if and only if p = 1,7 (mod 20).

The key to this result is that in these cases, Hx/Q is an abelian extension, so we may apply
global Artin reciprocity. Recall that for Q, Cl(n)..o = Gal(Q({n)/Q) = (Z/ N)*. Then under the
Artin reciprocity map, p =1 (mod N) if and only if p splits completely in Q(In).

Example 5.7.8. When N = 4, we have Q({4) = Q(1), so we recover the result that p =1 (mod 4)
if and only if p splits in Q(i).

More generally, the global existence theorem gives a bijection between finite index open
subgroup of Cq and finite abelian extensions of Q. In particular, we obtain a bijection between
finite subgroups of (Z/N)* and finite abelian subextensions K/Q of Q({yn). This is given by
Gal(K/Q) = (Z/N)* /H. Thus we see that p € H if and only if p splits completely in K.

Example 5.7.9. Let N = 5. Then (Z/5)* = Z/4, and so the possibilities for H are H =
{1},{£1},(Z/5)*. Clearly the trivial subgroup corresponds to Q((s) and (Z/5)* corresponds
to Q, and {£1} corresponds to Q({s + Cgl) =Q(V5). By global class field theory, this is the only
abelian subextension K/Q of Q({s).

Note that because quadratic extensions are abelian, every quadratic extension is contained in a
cyclotomic extension. For example, V5 = (5 — C% — Cg + Cg.

Example 5.7.10. Consider N = 20. Then (Z/20)* = Z/4 x Z/2. Now the subgroups and
corresponding subextensions are given below.

Table 5.5: Subgroups and subfields

H C (Z,/20) K
{1} Q(20)
{£1} Q(&0 + t)
{1,11} Q(ds)
{1,9,11,19} Q(v5)
{1,9,13,17}  Q(¢4) = Q(i)
{1,9} Q(v5,V1)

{1,3,7,9} Q(v-5)
(Z/20)" Q
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This gives us the following diagram of field extensions:

Q(C20)

RN

Q(C0 + le)} Q(
Q(v5) Qi) Q(

~.

In particular, we see that p = 1,9 (mod 20) if and only if p splits completely in Q(+/—5,v—1).

V5,1)
|
—5

V=5)

Example 5.7.11. When N = 24, then (Z/24)* = Z/2 x Z/2 x Z/2. Then we see that Q(v/—6)
corresponds to {1,5,7,11} and Q(v/—3) corresponds to {1,7,13,23}, so Q(+/—6,v/—2) corresponds
to {1,7}. Therefore p = 1,7 (mod 24) if and only if p splits completely in Q(+/—6,v/—3).

Remark 5.7.12. When K/Q is abelian, class field theory gives us a congruence condition for primes
splitting completely in K. On the other hand, when K/Q is nonabelian, then such a congruence
condition does not exist.

Lemma 5.7.13. Denote by Spl(L/K) to be the set of primes p of K splitting completely in L. Then L1 C L,
if and only if Spl(L1/K) D Spl(Ly/K). In particular, Ly = Ly if and only if Spl(L;/K) = Spl(L2/K).

Proof. One direction is clear. In the other direction, suppose Spl(L;/K) DO Spl(Ly/K). Then
Spl(L;L2/K) 2 Spl(Ly/K). But now Chebotarev density tells us that [L;L, : K] < [L; : K], and this
is only possible if L1L; = L, which means L; C L. O

Proposition 5.7.14. If K/Q is nonabelian, then there does not exist a congruence condition for p splitting
completely in K.

Proof. If there exists such a congruence condition, then choose p € Spl(K({n)/Q). Thus p €
Q(¢n/Q), and therefore p =1 (mod N). By the criterion, {p =1 (mod N)} C Spl(K/Q). But this
means that Spl(Q(Cn)/Q) C SpUK/Q), so Q(Cn) 2 K. This implies K/Q is abelian. O

Example 5.7.15. If K = Q(v/—14), then Clx = Z/4, so Hx = Q(v/2v/2 —1) with Gal(Hk /Q) = Dj.
Thus there is no congruence condition for p = x* + 14y?.

Remark 5.7.16. Even though there is no congruence condition, non-abelian reciprocity gives us a
condition using coefficients of modular forms.
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