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Disclaimer

These notes are a transcription of handwritten notes that were taken during lecture. Any errors are
mine and not the instructor’s. In addition, my notes are picture-free (but will include commutative
diagrams) and are a mix of my mathematical style (omit lengthy computations, use category
theory) and that of the instructor. If you find any errors, please contact me at plei@umass.edu.
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Basic Notions

A complex number is a sum z = x + iy, where x,y € R and i is a symbol satisfying the identity
i2 = —1. Addition and multiplication work as one would expect. The set C of complex numbers
is a field. This means that (C,+) is an abelian group, (C \ {0}, -) is an abelian group, and that
multiplication distributes over addition.

Remark 1.0.1. If F is a field and f € F[x] is irreducible, then we can construct a field extension K/F
such that K has a root of f by setting K = F[x]/(f). In this way, we have C = R[x]/ (x241). The

Galois group Gal C/R is generated by complex conjugation.

1.1 Holomorphic Functions

Let Q C C be an open set. Here, the topology is the Euclidean topology on C = R2. Then
f: Q — C is holomorphic at a point zy € Q if the limit

. f(zg+h)—1(zp)
lim ————
h—0 h

exists. If it does, we write f/(zg) for the derivative at zj.

Example 1.1.1. The function f(z) = Z is not holomorphic. To see this, the difference quotient has
different limits on the real and imaginary axes.

Example 1.1.2. The function f(z) = z" is holomorphic for n € N, and f'(z) = nz" 1,
Remark 1.1.3. The usual formulas for differentiation (chain rule, product rule, linearity) hold in
this case.

We will now compare holomorphic and real differentiability. Rewrite F = u + iv. Recall that F

is real differentiable at a = (xo, yo) if

. |IF(a+h)—F(a) — Ah||
lim =0
h—0 i

for some linear map A. We say that A is the derivative of F at a. Moreover, A is given by the
Jacobian matrix
du  du
(88
ox oy
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Note that F is differentiable if and only if the partials exist and are continuous. Then recalling that
holomorphic means that
flzo+h) = f(zo) — f'(z0)h

li =0,
h1g10 h

we see that f is holomorphic if and only if f is differentiable and ]z, F corresponds to multiplication
by a complex number.

Remark 1.1.4. The standard definition of holomorphic is that the differentiability condition is
satisfied in an open neighborhood around zj.

Now recall that if A = a+ib € C, multiplication by A is given by the real matrix (¢ ).

Therefore, we must have uy = vy and uy = —vx. These are the Cauchy-Riemann equations.

Theorem 1.1.5 (Cauchy-Riemann). The function f: U — C is holomorphic if and only if it is real
differentiable and its Jacobian satisfies the Cauchy-Riemann equations.

We can also write A = 7(cos 0 +isin 0) = re'® € C in polar form. We know that multiplication
by A is rotation by 0 followed by dilation by 1, so in particular it preserves angles. Suppose
f: U — C is holomorphic at zg and y1,v2: (—1,1) — U are parameterized curve with vy;(0) = zg,
then we define the angle between y1,y» to be the angle between y;(0) and v, (0). We also obtain
the curves fyy, fyp. If f/(zp # 0), then the angle between fy, fy; equals the angle between y1, v».
To see this, the chain rule gives us

(fy1)'(0) = f'(v1(0))y{(0) = f'(z0)y{(0).
Remark 1.1.6. Note that the condition that f’(zg) # 0 is necessary. In fact, f is conformal at z; if

and only if f'(zg) # 0. For example, consider f(z) = 22, which satisfies f/(0) = 0.

1.2 Power Series

Theorem 1.2.1. Let ) v_ anz™ be a power series with an € C. Then there exists R € R U oo such
that

1. The series converges absolutely for |z| < R;
2. The series diverges for |z| > r.
1/n

1 s
Moreover, we have = limsup,, _, _ |an|

Recall that if by, is a sequence of real numbers, we define

limsup by, = nllinoo sup bn.
n>m

This exists if by, is bounded below because the sequence of supremums is decreasing.

Proof. Define R by the formula. Given ¢ > 0, there exists N € N such that Ianll/ < % + ¢ for

n > N. Then N
1
lanz"l = (Janl"/™:N)" < ((R +e> |z|) :

so if |z] < %H, then the series converges absolutely by the comparison test. Then ¢ is arbitrary, so
3

the series converges absolutely for |z| < R.



If |z] > R, then fix p such that |z] > p > R. For all N € |NJ|, there exists n > N such that

lan V™ > %. Now
n <ZI>“
lanz™ > — ] — o

p

as n — oo, because % > 1. O

Theorem 1.2.2. Let f(z) = Z?:o anz™ € Cl[zl] have radius of convergence R and Q) = {z | |z| < R}.
Then f: Q — C is holomorphic and f'(z) = 3 %°_ nanz™ ! has the same radius of convergence.

Here is the most important example of a power series.

Example 1.2.3. Define e* — 3 7, %n, This has radius of convergence R = co because

1 . 1\~ N 1/2
R= lim sup (') > limsup (—) = 00.

n—oo \T- n—oo V2

Alternatively, we may use the ratio test instead of the root test.

It is easy to see that %ez = e* from the power series. Then we have

e
n!
n=0
X 1 &« /n
_ k,,,n—k
-y Ly k)z w
n=0 k=0
e
- [ — k!
=5 k! (n—Xk)
x _k 0 ¢
z w
k=0 =0
= ¢%e

because if ) an, ) bn are absolutely convergent and cn = ) 1_ axbn_k, then ) ¢y is absolutely
convergentand ) cn =) an-) bn (see baby Rudin for a reference).
Now we may define

0 2n iz —iz
_ n Zz e~ +e
Ccosz = nE:O (—1) o)l 5
o 2n+1 iz —iz
z et —e
i = —1 n =
smz HZ:O( V anT 2

It is easy to see from the power series that e*'* = cosz 4 isinz. The formulas for the derivatives

from basic calculus hold.

Example 1.2.4. Consider the series ) ;_,z". This has radius of convergence R = 1 and diverges
for |zl > 1. In fact, f(z) = ﬁ for |z] < 1. In this case, the power series f(z) extends to a



holomorphic g(z) = 12 defined on C \ {1}. More generally, if g: Q — C is holomorphic and
zo € Q is a point, then it has a power series expansion

X g(m) "
g(Z) _ Z 9 (Zoi‘f‘z ZO)
n=0 '

valid in the largest open disc contained in Q). This means that g is an analytic continuation of f.
Note that convergence for |z| = R is very delicate.
1. The series ) z™ has R =1 and diverges when |z| = 1;

2. The series _ %zn has R = 1 and converges absolutely for |z| = 1;

3. The series >_ %z“ has R =1 and diverges for z = 1 but converges for |z| =1,z # 1.

1.3 Integration along curves

A paramaterized curve is a continuous function z: [a,b] — C. We will call it smooth if z is
continuously differentiable. We also assume that z’(t) # 0 for all t € [a, b].

Example 1.3.1. The circle centered at zp with radius r is given by
2:[0,2] = C  z(t) =z +rett =zo+r(cost+1isint).

Two parameterized curves z;: [a,b] — C,z;: [c,d] — C are equivalent if there exists a c!
homeomorphism t: [c, d] — [a, b] with t’(s) =0 for all s € [c,d] and z; = z; o t. Therefore, we can
define a smooth curve to be an equivalence class of parameterized curves. It is closed if z(a) = z(b)
and simple if z(s) # z(t) for all s # t unless s,t = a,b. Given a curve y with parameterization
z: [a,b] — C, we write —y for the curve

z: [a,b] - C t—z(a+b—1).

We may finally define integration along a curve. If f is continuous and vy is a smooth curve, we
define

b
J f(z) dz ::J f(z(t))z'(t) dt
Y

a

for some parameterization z: [a, b] — C of y. We need to check that this is well-defined, and we
have

b d
j flza (1)) (1) = J flza (t(s)))2] (t(s))t'(s) ds

a C

d
:J f(za(s))24(5).

C

Example 1.3.2. Let y'be a circle of radius r centered at the origin with parameterization z: [0,271] —
C given by z(t) = re'*. Then we have

1 27T 1 . 27T 1 .
J “dz= J- _(relt)’ = J —.tire"'L dt = 2mi.
v o Tet




It is easy to see that [ f(z)dz = — [ f(z) dz. We may also define the length

b b
|z'(t)]dt:J ()2 /(12 dt.

a

length(y) = J

a

This has an easy bound given by

b
J f(z(t))z' (1) dt

a

b b
< J f(z(t)l|z'(t)] dt < sup \f(z)lj |2'(t)| dt = sup[f(z)| - length(y).
a zey a zey

Theorem 1.3.3 (Fundamental Theorem of Calculus). Let f: Q — C be continuous ans assume there
exists a holomorphic F: QO — C such that F' = f (in other words, a primitive for f). Then

J f(z)dz = F(z(b)) — F(z(a)).
v

In particular, if v is closed, then jv f(z)dz = 0.

Proof. By definition, we have

J f(z)dz = | f(z(t))z'(t)dt
N

Il
e
(]
n
=
Q.
=y

= F(z(b)) — F(z(a))

by the fundamental theorem of calculus over R. O



Local Theory

2.1 Integrals of Holomorphic Functions

Theorem 2.1.1 (Cauchy). Let f: QO — C be holomorphic and vy be a simple closed curve in Q such that
the interior of 'y is contained in Q. Then

J f(z)dz = 0.
v
Warning 2.1.2. It is very tricky to precisely describe what is meant by “interior” and we need the

Jordan curve theorem from algebraic topology to do so.

Sketch of Proof. We write

J f(z)dz = J. (u+ ) (dx +1idy)
Y Y

:J udx—vdy—HJ' vdx+udy
Y Y
ov  ou ou ov
= — — — | dxd i — — — | dxd
L(ax ay) * “lL(ax ay) e
0

by Green'’s theorem and the Cauchy-Riemann equations. O

Of course, this assumes that the partial derivatives of u,v are C*°, which we do not know yet.
Instead, we will give a more careful proof of a weaker theorem.

Theorem 2.1.3 (Goursat). Let f: QO — C be holomorphic and T C Q be a triangle. Then
J f(z)dz = 0.
oT

Proof. Bisect each side of T and create four smaller triangles T!. Then we have
4

LT f(z)dz = ZJ f(z)dz

1
i—1voT;
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and thus

<4

LT f(z)dz J8T1 f(z)dz

for some i. Now write T! = T!. We may repeat this process to obtain
ToT'oTo...0T .-,

and thus we have

<4t

LT f(z)dz LT“ f(z)dz

and length(9T™) = 27" length(3T). Now set zg =(,,»; T". We now use the holomorphicity of f
to estimate the integral, and we have f(zg +h) = f(zg) + hf’(z9) + h(h), where limp_,op(h) = 0.
Therefore

j f(z) dz J flzo) + (2 — 20} (z0) + (2 — z0)b(z — z0) dz
oTn oTn

J (z— 20)(z — z0) dz
oTn

< length(0T™) - sup |z—zolhp(z—z0)
z€0Tn

éleng’th('c)T“)2 sup p(z—zp)l.
zeoTn

Therefore, we have

< 4™(27 " length(0T™)) sup hWp(z—zg)l — 0
z€eoTn

JaT f(z)dz

as n — oo. O

Corollary 2.1.4. The same result holds for a rectangle.
Now we want to discuss the existence of local primitives.

Proposition 2.1.5. Let f: D — C be holomorphic on an open disc D = Dy (zg). Then there exists
F: D — C holomorphic such that ¥' = f. In particular, fy f(z) dz = 0 for any closed curve y C D.

Proof. Define F as an integral

Here, we define v, as
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Figure 2.1: Path of integration

Now we need to prove that F/(z) = f(z). Note that

F(z+h) —F(z) :J

Yz+h

f(w)dw —J f(w)dw.
Yz

Then note that the path of integration is given by

z+h z+h z+h
z z /
z
T = =
1
H
H
Figure 2.2: Equivalent paths
Call the final path [z, z + h]. Therefore,
F(z+h) —F(z) :J' f(w)dw
[z,z+h]
:J (f(z) +W(w—2z))dw
[z,z+h]
=f(z) hj P(w—z)dw,
[z,z+h]
SO ,
F’(z):f(zH-lime P(w—z)dw,
h—0h [z,z4+h]
but then
L wv—zdw < ﬂw sup  hp(w—2) -0
hJizz+n] h welz,z+h]

as h — 0.
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Now we will relate the function f itself to some integral of points neearby f.

Theorem 2.1.6 (Cauchy integral formula). Let f: Q — C be holomorphic and D be an open disc such
that D C Q. Then
1 J’ f(w)

f(z) = — dw
oD W—2Z

S 2mi
forall z € D.

Proof. First, if Q' is a disk with a segment of a radius removed, then any holomorphic f has a
primitive on Q' by the same argument as before. Now define the path v, 5 by

Figure 2.3: Contour v, 5

f(z)

where the radius of the circle around z is 6 and the width of the corridor is 2e. Now 25 18
holomorphic on the interior of v, s, so there eixists a primitive. Therefore, fys,é i\EV_Vi dz = 0. Now
we let ¢ — 0. Because ;Ev_vi is continuous on the rectangular corridor, we have

J Fw) dw%J' fw) dw
Ve, Y

w—z s W—zZ
as ¢ — 0. This is because if f is continuous on some rectangle, then
b b
J f(s,t)dt — J f(sp, t) dt
a a
as s — so by uniform continuity on compact sets. Now we see that

oLé fw) dw:L fw) dw—J )y,

Z—wW DZ—W «g Z—W

where o is the circle of radius 6 centered at z. Then we can rewrite

f(w) B f(z) f(w) —f(z)
w—ziw—z+ w—z

and the last term approaches f’(z) as w — z. Therefore it is bounded, so

[ =g
«s W—2Z
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as & — 0 because length(xs) — 0 as & — 0. Therefore, we have

L Fw) dw = lim L fw) dw

DW—z 50 w—z
= limJ fz) dw
53—=0 s Z—W
= f(z) lim J dw
00y 2—W
= 2mif(z). O

Corollary 2.1.7 (Higher derivatives). Let f: Q — C be holomorphic and D C Q be a disk. Then

n n! f(w)
fM(z) = %LD mdw.

This formula is obtained by differentiating under the integral sign with respect to z, and this is

Ok because in general
b

d (° d
EJ (p(x,t)dx:J &(p(x,t)dx
a

a
as long as o, %‘E are continuous. Again, a reference for this is baby Rudin. Alternatively, we can
use the following theorem.

Theorem 2.1.8. Let f: Q — C be holomorphic and D C Q be a disk. Then

(M) (z9) 1 f(w)

o0
— — n — — R A—
f(z) TlZ:Oan(z zg)", an - o LD T dw
forall z € D.
Proof. Fix z € D. By the Cauchy integral formula, we have f(z) = [, va(f)z dw. Expanding out
1 1
w—z (w—2zy)—(z—2z)
B 1 1
i
1 > (z—zo >
w—zp = \w—2
o 1
= (z—2z0)"™,
nZ:O (W ZO)TI+1
we obtain
1 - 1
f(z) = =— f(w —————(z—2zp)"dw
@)= 5| Al )Y e
o0
1 f
= Z <2J' % dW) (Z—Zo)n.
o \“™Jop (w—2z)
n+1mn

Note that f(w) is bounded on 9D and the sum ) (w—z)

(z—20)
we can interchange the sum and the integral. O

converges uniformly on 9D, so
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Corollary 2.1.9 (Cauchy inequality). Let zq be the center of our disk with radius R. Then we see that
1 n!
fln )(7.0)‘ — 2R sup [f(w)lo—5 <o sup  [f(w)l.
‘ 2 weoD Rn1 R™ wllw—zp|<R
Theorem 2.1.10 (Liouville). Let f: C — C be holomorphic. If f is bounded, then f is constant.

Proof. Write f(z) = Y 3, anz™, and this is valid for all z € C. By the Cauchy inequality, we have

] :

1
lan| = 0 Swn sup{f(w) [W|=R} < - =0
as R — oo. Therefore, a, =0 for n # 0. O

Theorem 2.1.11 (Fundamental Theorem of Algebra). Let f € C[z] be a nonconstant polynomial. Then
there exists o« € C such that f(«) = 0.

Proof. Suppose no root exists, so we may consider the entire function g(z) = %Z) Then there

exists R > 0 such that [f(z)| > 2Ian:f,“l for |z| > R. Then

1 2 1 2
. <

f(z) [anl ‘Z|n = lan|

lg(z)| =

On the other hand, g is bounded for |z| < R, so by Liouville’s theorem g is constant. Therefore f is
constant. O

In particular, if f has degree n, then it has n roots counting multiplicity.

2.2 Analytic Continuation

Theorem 2.2.1. Let f: O — C be holomorphic with ) open and connected. Suppose there exists a sequence
zn of distinct points of Q such that z, - € Qasn — oo and f(zn,) =0. Then f = 0.

Proof. Expand flz) =Y % pgan(z— )" =Y X an(z— &)™ for some m. In particular, we have
flz) =(z—a)™ g( ), where g(z) is holomorphic on D C Q centered at . Thus f(z) # 0 for z close
to . But then g(z) # 0 for [z— «f < ¢ and g(«) = am # 0. But this gives a contradiction, so we

must have a,, = 0 for all n. Now we show that f = 0 on all of Q. If Q; is the interior of the set
{z € Q| f(z) = 0}, then we know (), is closed by the argument above, so by connectedness of (),
we see that Q = Q. O

Given f: Q — C holomorphic and Q ¢ Q c C, an analytic continuation of f to Q is a
holomorphic function f: Q — C such that ﬂQ = f. By the theorem, the analytic continuation is
unique.

[e¢]

el % admits an analytic continuation to

Example 2.2.2. The Riemann zeta function {(s) = }_
C\ {1} from {s | Re(s) > 1}.

Theorem 2.2.3. Let f: O — C be holomorphic with Q connected. Assume that fneq0. Given zy € Q,
then there exists an open neighborhood U of zo, g: U — C holomorphic, and n € Zxq such that
f(z) = (z—2z0)"g(z), where g(z) # 0 forall z € U.

Proof. Expand f(z) = Y 2 g ar(z—20)* = an(z—20)™ + 0(z™1) = (z—20)™(an + O(2)). O

We say that f has a zero of order n at z = z.
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2.3 Poles

Let f: Q — C be holomorphic and D* ={z|0 < |z—zg| < r} C Q. Then we say that f has an
isolated singularity at z = zy. We say that f has a pole at zj if

9(z) = {”lz) 7

0 z =2z
is holomorphic in a neighborhood of zy. In particular, if z = zj is a pole, then ﬁ — 0as z — zo.
Better, write g(z) = (z—z9)""h(z) for some holomorphic h with h(z) # 0 for z near zy. Then
we can write f(z) = g(lz) = (z—2zp)” "k(z) for some holomorphic k. Then we say that f has a pole

of order m.

Example 2.3.1. Consider f(z) = glz) _ [(z—zo)Tklz) _ nHMEE)  Then if m > n we

h(z) = (z—z)"l(z) — (2= 20) 0(z)"
have a pole of order m —n and if m < n we have a removable singularity and can extend to a
holomorphic function with a zero of order n —m.

Now we say that f is meromorphic on Q) if there exists a discrete set S C Q such that f: Q\S — C
is holomorphic and f has a pole at each s € S. If f has a pole of order n at zg, then f(z) =
(z—2zp)~"g(z) near zy. Expanding g as a power series, we have

fz) =a_n(z—2z9) "+ +a_q1(z—zp)  +h(z),

principal part of f at z = zg
where h(z) is holomorphic. We call a_; = Res,, f the residue of f at z,.

Theorem 2.3.2. Let f: O — C be holomorphic with a pole at zy. Let C be a small circle centered at z.
Then

JC f(z) dz = 2miRes,, f.
Proof. We have
JC f(z)dz = JC an(z—zg) ™ +-+aq(z—2z9) ' +h(z)dz.
By Cauchy, the integral of h(z) vanishes, and each a_y(z — zo)_k has a primitive for k # 1, so by

the computation of the integral of % from before, we obtain the desired result. O

Theorem 2.3.3 (Residue Theorem). Let f: Q — C be holomorphic and assume vy is a simple closed curve
in Q and the interior of 'y is contained in Q U{zy,...,zN}, where the z; are the poles of f. then

N
J f(z)dz = 2mi Z Res; f.
Y j=1

Proof. Recall the contour in Figure 2.3, except now with more than one keyhole. Then by Cauchy’s
theorem, we know



15

so letting ¢ — 0, we have

J f(z)dz = 0.
Yr

Now if ¢; is a small circle around z;, we have

N
f(z)dz = f(z)d
J'y (z)dz ]-le[Cj (z)dz

N

=27 ) Resz, f(z). O
j=1

Remark 2.3.4. We gave a sketch of a proof of Cauchy relying on Green’s theorem. This required
the partial derivatives to be continuous, but this is now fine because we proved that f is infinitely
differentiable. However, we still have the issue of the interior of a simple closed curve.

Example 2.3.5. Consider the integral

JZT‘ de
0 a+cos6’

If we set z = €19, then dz = 1e'?, so we obtain

1 dz 1 2 2
J z+z*1§:{,[ 224r2(1z+1CLZ:ZWZRQSZi (Zz+2az+1>‘
Yy a+ =5 Y i

Now we would actually like to be able to compute residues. This is important if we want to
actually be able to compute integrals.

Example 2.3.6. Consider f(z) = 512% Then there is a pole at z = 0, and the residue is % = ﬁ by
inspeection of the power series.

Example 2.3.7. Consider f(z) =tanz = Sg;i We would like to compute the residue at zy = 7. If
f(z) has a simple pole (order 1) at z = zg, then

Res,, f = lim (z—zo)f(z).

zZ—Z)
In particular, if f = £ and h has a simple zero at zy, then f has a simple pole at zg. This gives us

Res,, f = lim (z —zp)f(z)

zZ—2Zg
_ o (z—20)9(2)
=l e
o g(z)
= lim (h(z)—h(zm)

z—2z(

_ 9(z0)

h/(zp)’

5 7T
sm 27t
—Ssm 7y

so Res, ptanz = =-—1.
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Similarly, if f has a pole of order k at z, then

1 4\ k1
Res,, f = lim ( ) (z—zo)kf(z).

z—zp (k—1)!'\dz
Example 2.3.8. Consider f(z) = m, which has a pole of order 2 at z = 0. In particular, we
have
fle) =
- 52 3 4
e
S0
d
Resg f = lim —2*f
esof = lim 5 2(2)
= lim d 2
72%0(:12%24_%34_...
- (é +Z 4. )
= hn}) 5
z— ( % n % I )
_ 2
=3
Alternatively, we could formally invert the power series % + g + -+ -. Returning to our integral

over a real variable 8, we see the poles of 224+2az+1=0areatz=—a++va2—1,soour integral
is

27T
de 2
—_— =2 Res,. | ————
Jo a+cos® ﬂ; 5z (22+2az+1>

2
= 271Resfa+\/az,1 <22 +2az+ 1)
T

a2—1

Of course, we may consider a general form f(z)” F(cos9,sin6) d6.
Consider the integral jo_ooo F(x) dx, where F € R(x) has the form F = P/Q with degP +2 <
deg Q and no poles in R. Now if we consider the contour

Figure 2.4: The contour yg



17

then we see that .
J F(z)dz :J F(x) dx—|—J F(z)dz,
YR —R arc

and the second term approaches 0 as R — oo, so

—o0 R—00

J' F(x)dx = lim J F(z)dz = ZﬂiZ Res, f.
YR T
To see that the integral of the arc disappears, observe that

< 7R sup [F(z)l.

zgarc

ch F(z)dz

But then if degP =n,degQ =m, z™ "F(z) — g—; as |z| — oo, so we can bound this quantity by
some constant C, and thus

< mRC-R™ ™ = gCRMHI-™

Jarc F(z)dz

as R — oo becausen+1—m < 0.

Example 2.3.9. Consider the integral

© X2 _x42
I: ﬁ X.
Lo X*+10x~ 44

Then we have simple poles at z = £i, £31, so we have

[ =2miRes; F+ Ress; F
_ 2711( P(l? N P(31i) )

Q'(1) ~ Q'(31)
5
= ET[.

Now consider F € R(x) with degP +1 < deg Q and Q(x) # 0 for x € R. We want to compute
the integral
o .
J F(x)e™ dx.

We will consider the contour

—X2 0 1

Figure 2.5: The contour of integration
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Now we note that

(z)].

l,

Then we know [F(z)| < Clz/987~98Q g4

J F(z)el#dz
up

as x; — co. By a similar argument, [4 = vanishes in the limit. Finally, we have

F(z)et*dz <y sup ‘F(z)eLZ

v C v C C
gj —e’ydygj' —e Ydy< ——0
o Izl 0 X1 X1

J F(z)e*? dz
left

C

< (1 t+x2)—eV,
Yy

and this clearly vanishes in the limit. This gives us

J F(x)e™™ dx = 2mi Z Res;; F(z)e'z.

> Z]‘Ej'f

This is because

e ix . iz C i C C
F(x)e™ dx —2mi Z Resz; F(z)e™| < (x1 +x2) - —e™V + — + —.
—X2 Zi€EXH y X1 X2

As x1,%2,Yy — o0, this vanishes.

Example 2.3.10. Consider the integral I = J"Of xsinx dqx for a € R~g. We see that sinx = Im(et

00 x2+4a?

(ee]
J x2+a2 )

ZelZ
Im | 27l Z Res -3 i >
z a

=Im|2
m | 2mi* 21a )

(1

so we must have

Im

Finally, let « € [0,1) and F = P/Q with deg P +2 < deg Q and consider the integral

I= J x*F(x) dx.
0

X)/

Suppose that Q(x) # 0 for x € R~ and at worst has a simple zero at x = 0. Then we will consider
the contour v, R ¢, Where r is the inner radius, R the outer radius, and ¢ the width of the corridor.



Figure 2.6: Contour v, R ¢

Now as ¢ — 0, we have

J _>J' —J +J XaF(X)dX—QZHiaJ x*F(x) dx,
Yr,Re Cr Cr 0 0

so we obtain the equation

(1—e2m°‘)1+J —J =27 ) Resp, z%F(x) dx.
Cr C, =

But now we have

< 27R sup z2%F(z)| < 2nR* 1 — 0
zeCpr

JC z%F(z)dz

as R — oo because |z*F| < C - R*Rdeg P—deg Q < . Rx~2 We also have

< 2rCr* ! = 27Cr® — 0

JC z2%F(z)dz

as T — 0 because |z*F| < Cr*~ !, Therefore, we have
(1— e *) =27 ) Resp.
peC

oo x1/2

0 157 dx. Then we have

Example 2.3.11. Consider the integral I = |

1422 1422

er[/4 6371/4
=2mi| — +

. 1/2 1/2
(1—em)I:2m<ReSiZ+Res_i z )

2i —2i
= /2.

_
Therefore, I = Nk

19
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2.4 Singularities

We will now consider the next type of singularity. These are the removable singularities.

Theorem 2.4.1 (Riemann, removable singularity theorem). Let f: O\ {zo} — C be holomorphic and
assume f is bounded on D \ {zg} for some disk D centered at zy. Then f extends to a holomorphic function
on Q and zy is a removable singularity.

Proof. Consider the same keyhole as in Figure 2.3 except now with keyholes at zy and z.

Figure 2.7: Contour y

Then we have

J flw) dz=0
yW—z

by Cauchy’s theorem. Therefore, [, — [, — [, =0, so we see that

J fm”dw:J fm”dw+J ) 4y,
oD W—2Z cEw—2z Cc,WwW—2z

where C; is a circle centered at zg and C; is a circle centered at z. Then as r — 0, we see that

Jc, = 0. But now we can set f(z) = 2 [ap i\EZVZ]

dw, so f is holomorphic at z. O

Corollary 2.4.2. Let f: Q\{zo} — C be holomorphic. Then f has a pole at zy if and only if f(z) — oo as
z — Zg.

Proof. We know that f has a pole if and only if
1

+ z#z
9—{f

0 z=2z

is holomorphic near zg. Therefore f has a pole if and only if % — 0 as z — zp, which is equivalent
to f(z) — oo. O

Now we will consider the final type of singularity: essential singularities. This is every singularity
that is not a pole or a removable singularity. The canonical example is f(z) = e'/Z: C\ {0} — C.

Theorem 2.4.3 (Casorati-Weierstrass). Let f: Q \ {zo} — C be holomorphic and zy be an essential
singularity. Then f(Q \{zo}) is dense in C. Equivalently, for all o« € C, there exists zn € Q \ {zo} such
that z, — zg and f(zn) — .
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Proof. Assume there exists « € C such that [f(z) — «| > 0 for all z € Q and some & > 0. Then if

we write g(z) = f(z)%a, we see that |g(z)| < 51 so g is holomorphic on Q. Therefore, we have

f(z) = ﬁ + o If g(z9) # 0, then f has a removable singularity, and if g(zp) = 0, then f has a
pole. O

Finally, we will consider Laurent series expansions.

Proposition 2.4.4. Let f: O — C be holomorphic and A ={z | v1 < |z —z¢| < 12} and assume |A| C Q.
Then f(z) =Y 5 an(z—2z9)" forall z € A.

Proof. Consider the keyhole

Figure 2.8: Contour vy,

Now note that f(z) = 7= Jy. ;(—1‘2 dw, so as ¢ — 0, we see that [, — ICTZ - erl‘ Now we
obtain
f f
J (w) dw — (w) dw
C,, W2 Cr, (Ww—2z0) — (z—20)

_ zZ—Z0
Cr, W—201— —

|
J 1 fw)
|

Similarly, we have

J flw) dw:J L wf(;;v) dw
C, W2 Cr 2750 z—zg —1
:J L Y ( _7‘0) dw
Cry Z—2Z o Z—2Z
=3 | Az a2 .
n=0 Crl

Combining, we obtain the desired result. O



22

In the special case where 11 = 0, then if f: O\ {zo} — C is holomorphic with D C Q, then we
can write

flz)= )  anlz—z)"

n=—oo

on D\ {zg}. Therefore the types of singularities correspond to
Removable: For alln <0, an, =0.
Pole: There exists k > 0 such that a,, =0 for all n < —k.

Essential: For all N > 0, there exists n > N such that a_,, # 0.

Now we see that e!/z = 5 %°_/ Z;,n has an essential singularity at 0.

Remark 2.4.5. The Laurent series expansion is unique.

£ (z9)

Warning 2.4.6. We cannot write an = —j

2.5 Meromorphic Functions

First, we will define the Riemann sphere P! = CIP! = C U{co}. Here, we consider stereographic
projection $2\{(0,0,1)} — C. This is given by the formula ¢(x,y,z) = ﬁ(x +1y). This gives us
a homeomorphism S$? — CIP!, and the topology on CIP! is induced by this identification. This is a
special case of the one-point compactification. In fact, we will see that CIP! has more structure:
that of a Riemann surface, or a 1-dimensional complex manifold.

Definition 2.5.1. A Riemann surface X is a topological space X with an atlas of charts X = [J, U«
with homeomorphisms @«: Uy — Vi C C such that the transition maps

©poeg: pa(UxNUp) = @p(UsgNUp)
are holomorphic. We also require that X is connected, Hausdorff, and second-countable.
Example 2.5.2. On CIP! we may consider the two charts S? = U; U U, with the two charts given

by @1 being stereographic projection and ¢, being stereographic projection from the south pole
followed by conjugation. We can check that the transition map

. . N
_ifx+wy\ x—1wy  [(x+1y
#2°®1 (1z>1+z<1z) ’

SO r o0 @_1(W) = % Therefore P! can be given the structure of a compact Riemann surface with

two charts Uy =C 4, Cand U, =CUoo\O0 =z -

Example 2.5.3. The second example of a Riemann surface is an elliptic curve. Choose A1, Ay € C
linearly independent over R. Then if we write A = ZA; + ZA;, we can set X = C/A. This has
the quotient topology from C. To define charts, let U, be a small disk in C centered at zy. Then
under the map q: C — X, we have a homeomorphism D — q(D) and transition functions are
given by z — z + A for some A € A.
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Remark 2.5.4. It is also possible to define Riemann surfaces without using topology. We simply
define the U as sets with bijections to open subsets of C and then specify holomorphic transition
maps. Then the topology is given by the topology from C, where each U, is open. This allows
for non-Hausdorff examples, like two copies of C glued by the identity map on C \ {0}, called the
affine line with two origins.!

Remark 2.5.5. If X,Y are Riemann surfaces, we can define holomorphic maps F: X — Y. If we
choose charts p € U 25 C and Flp) e V i> C, then we require that PFe 1

that F is continuous.

is holomophic and

Now the definition of a pole is equivalent to the map f: Q- P! given by £l (z) = f(z) when
z # zp and f(zg) = oo being holomorphic. Similarly, being meromorphic is equivalent to being a
holomorphic map to CIP*.
Definition 2.5.6. Let f: O — C be holomorphic and suppose there exists R > 0 such that
{z||z] > R} € Q. Then we can define g: {x |0 < |z| < %} — C by g(z) = f(1/z). Then we say that
f has a (removable singularity, pole of order k, essential singularity) at co if g has the same thing
atz=0.

Example 2.5.7. If f = & is a rational function and deg P = n,deg Q = m, then f has a removable
singularity at oo if m > n and a pole of order n — m if m < n. In particular, f is meromorphic on
CU oo.

Example 2.5.8. We know that f(z) = e* has an essential singularity at co because g(z) = e? ' has
an essential singularity at 0.

Theorem 2.5.9. The meromorphic functions on P! are the rational functions.

Proof. Let f: P* — P! be meromorphic. Note that the number of poles is finite because P! = S? is
compact. Then let the poles be z1, ...,zn and possibly co. Then at z;, we expand f as a Laurent
series and write

fi(z) =) aijlz—z)" +gil2),
=1

where g; is holomorphic near z;. By construction, g = f— Y ' ; f; is holomorphic on C. Now
consider h(z) = g(z~!) near z = 0. We have

Moo
h(z) =) awjz )+ gul2),
j=1

SO o
9(z) =h(z 1) =) awjz +goolz ™).
j=1
Therefore If we write the first term as a polynomial p(z), goo(zfl) is bounded as z — oo, so by
Liouville it is constant. Finally, we have f = ¢ 4+ p(z) + >_ fi(z), which is rational. O

Remark 2.5.10. Let f = % be rational and suppose p, q are coprime and nonconstant. Then the
number of zeros of f is equial to the number of poles of f, and both are given by max(degp, deg q).
This follows from the fundamental theorem of algebra and the calculuation of the behavior of f at
0.

1This can be given a natural structure as a scheme. For more information about this, read a book about algebraic
geometry.
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More generally, if f: X — Y is a nonconstant holomorphic map between compact Riemann
surfaces, we can define a well-defined degree of f by |f~!(q)| = deg f counting multiplicity. We can
now consider the automorphisms of IP'. Clearly these are rational maps, and the maps given by

az+b
cz+d

f(z) = a,b,c,deC,ad—bc #0

have inverse w — _%ZT:E’G. In fact, these are actually all automorphisms because any automor-
phism f = % must satisfy deg f = max(degp,degq) = 1. Also, for all but finitely many ¢ € C, all
solutions of f(z) = ¢ have multiplicity 1. Therefore, we have Aut(PP!) = PGL,(C) because we can
identify P! = C2\ {0}/C* and then the point (z; : z;) corresponds to ZL. Then it is easy to see
that these fractional linear transformations correspond to matrix multiplication.

With the prior discussion, we may now use the residue theorem at oo.

Example 2.5.11 (Fall 2016 Qualifying Exam, Q9). Consider C = {z € C | |z| = 2} oriented counter-
clockwise and let n € Z satisfy n > 2. We want to compute

I_J’ 22" cos(1/z)
- C 1—2zn ’

Note that the residue theorem applies to essential singularities, so we may set w = 1,dz = =1 dw.

z’/ w2
Therefore we have

n+3
(=1) 2
Cyjpp W W —1) w2 wn —1) 0 otherwise.

2.6 Estimates for Holomorphic Functions

Theorem 2.6.1 (Argument principle). Let f be meromorphic on QO C C and y be a simple closed curve
such that 'y and its interior are contained in Q. Suppose f is holomorphic and nonzero on vy, oriented
positively. Then

1 f'(z) , .y .y
o L f2) dz = #{zeroes of f inside v} — #{poles of f inside v}.

Proof. Use the residue theorem. We have
1 '(z) f/
— dz= ) Resy, —.
o L flz) * D_Resz f
Z0
But then if zj is a zero or pole of order n, we have

f/ n(z—zo)™ !
ReSZO ? - ReSZO ((Z—Z(z))n =Mn.

O

Remarks 2.6.2. The left hand-side of the formula is the winding number of f oy around z = 0. In
addition, we can think of ‘%’ dz as d(log f), but log z is not well-defined.
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Theorem 2.6.3 (Rouché). Let f,g: Q — C be holomorphic and y be a simple closed curve with y +
int(y) C Q. Assume that |f(z)| > |g(z)| for all z € y. Then the number of zeroes of f inside 'y is equal to
the number of zeroes of f + g inside vy, counting multiplicity.

Proof. Define for t € [0,1] the function fy = f+1tg: O — C. This is holomorphic on Q and nonzero

on y. Then the function
1 [ fi(2)
t) = — dze Z
nt =54 L felz) €

is continuous because the integrand depends continuously on t, but Z is discrete, so it must be
constant. O

Example 2.6.4. Consider f = 2°, g =3z+1. Then if |z| =2, |f(z)| = 32 while [g(z)| < 3:2+1=7,
so f+ g has 5 zeroes with |z| < 2. On the other hand, if |z| = 1, then |g| > 2 while |f| =1,s0f+ g
has a single zero with [z]| < 1.

Theorem 2.6.5 (Open mapping theorem). Let f: (O — C be holomorphic and nonconstant on a connected
Q. IfU C Q is open, then f(U) is open.

Proof. Let zy € Q and write wy = f(zp). We need to show that for some ¢ > 0, the set
{w]lw—wpl < e} C f(Q).

Equivalently, we want to show that f(z) —w = 0 has a solution z € Q for [w —wy| < e. Choose
8 > 0 such that D = {z | |z — zo| < 8§} C Q. For & small enough, f(z) # wy for |z — zg| = 6. Then we
know [f(z) —wg| > € on 9D for some ¢ > 0, so for [w —wy| < ¢, Rouche’s theorem tells us that the
number of zeroes of (f(z) —wyp) + (wy —w) is equal to the number of zeroes of f(z) —wy in D,
and this is positive. O

Theorem 2.6.6 (Maximum Principle). Let f: QO — C be holomorphic on some open set Q C C. Then |f|
does not attan a maximum on Q.

Proof. Given zg € Q, we know f(zp) € {w | lw —1(z0)| < e} C f(Q) C C. Clearly there exists w € D
such that [w| > [f(zg)]. O

_ Here is another formulation. Suppose f: QQ — C is holomorphic and f extends continuously to
Q, which is bounded. Then the maximum of f on () is obtained on the boundary, so we cannot
obtain the maximum on Q.

Remark 2.6.7. Suppose f: O — C is holomorphic and nonconstant on a connected Q. Then the
real part of f does not attain a maximum on Q. Here, we simply apply the maximum principle to
g=e'.

Now recall that if f = u+1iv and f is holomorphic, then u,v are harmonic. This means that
% + %LZL = 0. Conversely, if u is a harmonic funciton on a disk D C C = R?, there exists a
harmonic v such that f = u+ 1iv is holomorphic on D. Therefore we obtain a maximum principle
for harmonic functions. The physical intuition for this is that if u: QO — R is harmonic and we fix
ul, , then this corresponds to the steady state temperature of points in the region Q. Then heat
would flow away from a maximum, so the maximum cannot be attained on the interior.

Now recall from multivariable calculus that if f: R> — R, we have critical points of f when

of
0x

of

SR )
p 0y

P
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Then we may consider the matrix
B
0 yox .
( a%(f ﬂ ) = H.
ox0y ayZ
This is called the Hessian of f. If we assume that p = (0,0), then we can write

f(x,y) =f(0 0)+a—2fx2+2 azfx +a—2(0 0)y? + O([Ix, y[*)
H) =T ox2 X0y Y Yz’ Y L

If det H # 0, then we have a nondegenerate quadratic form. After a linear change of coordinates,
theere are three cases:

1. The form looks like x? +y? and det H > 0. This is a minimum.
2. The form looks like —(x* +y?) and det G > 0. This is a maximum.

3. The form looks like x* —y? and det H < 0. This is a saddle point.

For any harmonic function, any nondegenerate critical point is a saddle point because

02u\? 0%u \?
H=—|— ] —[=—— | <
det ( ox? ) < oxdy > 0

Example 2.6.8. Consider f(z) = z?. Then u = x> —y? = (x +y)(x —y) and v = 2xy. Clearly the
origin is a saddle point for both. The graph of u looks like

Figure 2.9: Graph of z = x* —y?

Example 2.6.9. Consider f(z) = z3. Then u = x*> — 3xy? = x(x — v/3y)(x + v/3y) is not nondegen-
erate at the origin. The graph looks like
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200 |

—200 |

Figure 2.10: Graph of z = x3 — 3xy?

Now we can give another proof of the maximum principle using the mean-value property.

Recall that . fw)
w
f = —
(z0) 2mi L w—2zg dw

Now we parameterize y by w = zy + re'®, so we obtain

1 27T f(Zo-i—Teie). ‘0 1 27T o
f(zo) = i JO Twel doe = 5 Jo f(zg +1e?)do,
and therefore f(zy) is the mean value of f on the circle y. Therefore, if f is nonconstant, it obtains
some larger value on the circle v.

2.7 The Logarithm

Let Q C C and vy, y1 be two curves in Q with the same endpoints «, p and parameterizations
z0,21: [a,b] = Q. Then vy, y1 are homotopic in Q if there exists a continuous

F: [a,b] x [0,1] — Q F(s,0) = zg(s),F(s,1) = z1(s),F(a,t) = «, F(b,t) = .

Theorem 2.7.1. Let f be holomorphic on Q and vo,v1 curves in Q. If vo,y1 are homotopic, then

J f(z)dz = J f(z)dz.
Yo

Y1

Proof. Choose a homotopy F. Then the image K of F is compact and K € Q C C, so there
exists ¢ > 0 such that for all w € K the disk D(z,¢) C Q. We need to show that the distance
d(p,q),p € K, q € C\ Q is bounded below by ¢ > 0. Otherwise, there exists p, € Kand qn € C
such that d(pn, qn) — 0. But then K is compact, so pn — p € K, so qn — p as well. But then
C\ Q is closed, and thus p € C\ Q, which is a contradiction.

F is uniformly continuous, so given ¢ > 0, there exists 6 > 0 such that [F(s1,t1) — F(s, t2)| < €
whenever |(s1,t1) — (s2,t2)] < 8. If we fix t1,tr such that [t; — 1] < %6, then we can choose a
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subdivision a = sy < s1 < -+ < s = b, where s; ;1 —s; < %. Then we see that ’zt(s) —zyr(sy| < €

for all (s, t), (s’,t’) € [si, si11] x [ty, t2]. But now we choose D to be a disk of radius ¢ such that
F([si, sit+1] x [t1,t2]) C D. By the Cauchy formula for the disk, we see that

J f(z)dz =0.
perimeter

Summing over i, we see that IYH — [, = 0. Subdividing in the t direction, we get | O

Yt, Yo = fY]'

Now let O C C be open. We sau that Q is simply connected if it is path connected and any two
paths with the same endpoints are homotopic. Equivalently, Q) is path-connected and any loop y
is homotopic to the constant loop.

Example 2.7.2. Any convex set is homotopic by the straight line homotopy
ze(s) = (1 —t)zo(s) + tz1(s): z0 = z1.

Example 2.7.3. The set C\ (—oo,0] is simply connected. Note that this set is homeomorphic
to R~ x (—m,7) because any z € Q can be uniquely written as z = re'® for any v > 0 and
0 € (—m, ). Therefore, Q is homeomorphic to a convex set and is thus simply connected.

Theorem 2.7.4. Let Q C C be open and connected. Then Q is simply connected if and only if P*\ Q is
connected.

Example 2.7.5. Consider R x (0,1). Then the complement in P! is connected because co joins the
two components of C \ (R x (0,1)).

Theorem 2.7.6. Let Q C C be simply connected and f: O — C be holomorphic. Then f has a primitive.

Proof. Fix a basepoint zy € Q. Then set F(z) := fyz f(w) dw, where v is a path from zj to z in Q.

Because () is simply-connected, this is well-defined. Now as in the case of the disk, we see that
F'(z) = f(z). O

Example 2.7.7. Consider Q = C\ {0} and f(z) = % Then we see that

J 1clz:zm;«féo,
S

1z

and therefore % does not have a primitive, so Q) is not simply-connected.
Now we may define the complex logarithm.

Theorem 2.7.8. Let QO € C be simply connected with 1 € QO and 0 ¢ Q. Then there exists a unique
holomorphic function F =log: Q — C such that e"#) =z for all z € Q and F(1) = 0.

Proof. Let F be a primitive of % on Q normalized such that F(1) = 0. Then we show that e"(?) = z.
Here, we have
i(ze_]c(z)) =e T2 4 2(—F'(2))e F®) =,
dz
SO ze = ¢ for some constant c € C. Setting z =1, we obtainc =1,s0 e =z.
Now we consider uniqueness of the logarithm. Let G be another such function. Then

G —F: Q — 2miZ, but Q is connected, so G — F is constant and thus evaluating at z =1 gives us
G=F O

F(z) F(z)
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Example 2.7.9. Consider Q = C \ (—oo,0]. Then we defined earlier that for z = re'?, logz =
log T +10.

More generally, we have the following result.

Theorem 2.7.10. Let QO C C be simply connected and f: QO — C be holomorphic and nowhere vanishing.
Then there exists g: Q — C such that e9 = f.

Proof. Let g be a primitive of % Then we have

d
a(f-eg) =f'e79—-fg'e 9 =0,

so we can simply adjust g by a constant until fe™9 = 1. O

Now we may define f* = e*1°8 for any « € C.



Global Theory

3.1 Conformal Mappings
Question 3.1.1. Let Q1,Qy C C be open. Does there exist a holomorphic bijection Q1 — Q?

Remark 3.1.2. A holomorphic bijection has holomorphic inverse.
Our goal will be to prove the following remarkable theorem.

Theorem 3.1.3 (Riemann Mapping Theorem). Let QO C C be open. Then there exists a holomorphic
bijection F: Q — D if and only if Q) is simply connected and Q) # C. Here, D is the unit disk.

Example 3.1.4. Let Q = H ={z =x+1iy |y > 0} C C. Then there exists a holomorphic bijection
F: H — D. Note that if z € K, then |z —i| < |z + i|l. Therefore, we can set F(z) = i=2. To see that

1+
this is a bijection, we note that co — —1, —i — co. Therefore, F: C\{—i} - C \{—1}Zis a bijection,

and thus it restricts to a bijection H{ — D on the northern hemisphere.

Remark 3.1.5. Consider the map ¢: S*> — P. Then

¢ (D) = {(x,y,z) €$?lz< 0} o () = {(x,y,z) €S|y > 0}.
Then if 1 is the rotation by 7 about the x-axis, the diagram

{z<0} —— {y >0}

e e

D —S

commutes, where G = F 1o VP, where (w) = iw.

Here, rotation of S? corresponds to a holomorphic automorphism of P! under ¢. This is
because stereographic projection preserves angles and rotations also preserve angles. Therefore

G = poro@ ! will preserve angles, so it is holomorphic. This gives us a homomorphism
SO(3) — Aut(P') = PGL,(C). Recall that

SO(3) = {A € GL3(R) [ATA = I,detA = 1},

30
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The image of the homomorphism is PSU(2), where we have

SU(2) = {B € GLy(C) |B'B =1,detB = 1}.

-ba
SU(2)/ £ I. Now we have a chain of isomorphisms

In fact, any B € SU(2) has the form B = ( E b), so SU(2) ~ S3. Then we have PSU(2) =

RP? = $3/+1=50(3) = PSU(2) &L su(2) = 3,

and this is somehow related to the spin of an electron.
Now here are some examples of conformal maps:

1. If f: C — C is a holomorphic bijection, then there exists x,y such that f(z) = az+b.

2. Letn € Nandset S = {z € C |0 < arg(z) < Z}. Then z — z* gives a holomorphic bijection
S — 3. If o > J is real, then we may consider z — z%.

3. Consider logz = logr + 6. This gives a holomorphic bijection C \ (—o0,0] = R x i(—m, ).
Restricting to J, we have a holomorphic bijection 7 — R x i(0, 7).

Example 3.1.6. Consider the map C \ {0} L ¢ givenby z — z+ 1. Thenif z+1 = w, we

have 22 —wz+1 = 0 and thus z = WEVW 4 VZWH. Therefore F is 2-to-1 onto C and branched over
w2 —4 =0, or w = +2. Then let 2,z be two roots of z2 —wz+1 = 0 for a fixed w. We know
21zp = 1, so exactly one of z1, z lies in H unless z1, z, € R, which happens if and only if w € R
and w? — 4 > 0. Therefore F restricts to a bijection

H =S C\ (—oo0,—2]U 2, 00).

We want to compute the preimage of H. Then we have

pr iy Y (=) ry (1
z Y x24+y2 x2 +y2 Y x2+y2 )

Fory > 0, we see that 1 — ﬁyz > 0 if x> +y? > 1. Therefore we have Q = 3\ {|z| < 1}. By the
reasoning, the map

1
Q={zeH|lzZl<1}—=H Z+—>—(Z+Z>
is a holomorphic bijection.

Example 3.1.7. Set Q = {z | %i(z) > 0}\ [0, 1]. Then the sequence

0 222, €\ (—o0, 1] 222 €1\ (—o00,0] 2705, 5¢
gives a holomorphic bijection QO — J{.

Example 3.1.8. We have the following sequence taking a vertical corridor to J.
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iz > e? 1
—> — Q o

Figure 3.1: A sequence of holomorphic bijections

Now we will study fractional linear transformaitons in more detail. Let f: P! — P! be given

by z — ‘lej:g with ad —bc # 0. Then we know that f is a holomorphic bijection and that

Aut(P!) = PGL,(C). Another important property is the following: given zj,2,23 € P! and
w1, Wy, w3 € P! distinct points, there exists a unique f such that f(z;) = wj forj =1,2,3.
To prove existence, we consider the case when wy, wy, w3 = 0,1, co. Then we simply set

Z2—212)— 2
f(z) = el N e
Z—Z3Zp —Z1
To prove uniqueness, we need to do this for the case where z1, 25, z3 = w1, Wy, w3 = 0,1, co. First,
fixing oo means that our transformation is given by ax + b. Fixing 0 means that b = 0, and fixing
1 givesus a = 1.
Now let 21,2, 23,24 € P1. Then we define the cross ratio
21 —23 Zp—Z
CR(z1,22,23,24) = 2 - 24
Z1—2Z4 Zp—1Z3
Then if z1, 2, z3, z4 are distinct, the cross ratio is a complex number. Note that if f is the unique
Mobius transformation sending zp,z3,z4 +— 1,0,00, then CR(zq,2p,23,24) = f(z1). Therefore,
fractional linear transformations preserve the cross ratio. Alternatively, we can compute using
brute force.

Proposition 3.1.9. Fractional linear transformations take circles and lines to circles and lines (for a nicer
formulation, these are all circles on P! = S?, where lines are circles passing through co).

Proof. We will prove that CR € RIP! if and only if z1, zp, z3, 24 lie on a circle or a line. To see this,
=
connecting z3, z4 and T if they lie on opposite sides, so CR € R.

Conversely, if we fix the circle passing through z, z3,z4, then z; € C if and only if arg(CR) =0
or arg(CR) = 7 if and only if CR € RIP!. O

write arg ( ) = & or —(m— o). Then arg(CR) = 0 if z1,z, lie on the same side of the line

For an alternative proof, we know the result is true for z — az and z — z +b. Then we can

check that the result holds for z — %, and finally we see that these transformations generate
PGL,(C).

Example 3.1.10. We may apply this to conformal mapping problems. Set

_Z*li‘#l
T z41i—-1"

f(z)

Then (1) =0, f(i) = 1, f(—1) = co. We also know that f(dD) = dH = RIP!, and f(D) = H because
f(0) =1i.
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Lemma 3.1.11. Let U,V C C and f: U — V be holomorphic and injectivve. Then f'(z) # 0 forall z € U
and £~1: f(U) — Wis holomorphic.

Proof. Near zg, write f(z) = wo + (z—z0) ™ g(z), where g(zg) # 0. In fact, we can write f(z) =
wo + (h(z))™ because we can locally define an m-th root of g. Then near z;, we see that f is given

as the composition
z—wo+z™
%

Di)C C Zo+—)0l—>W0.

Then if m > 2, the map z — z™ is not injective near 0, so f is not injective near zo. Finally, f~! is
holomorphic by the inverse function theorem. O

Theorem 3.1.12 (Inverse function theorem). Let F: U — R? and p € U such that det(DF(p)) # 0.
Then there exist open neighborhoods p € U’ C U and F(p) € V C R? such that F: U’ — V is a bijection

with -1 differentiable and DF~1(F(p)) = DF(p) .

Lemma 3.1.13 (Schwarz). Let D be the unit disk and f: D — D be holomorphic such that £(0) = 0. Then
1. Forall z € D, [f(2)] < |zl;
2. If there exists zg € D such that f(zg)| = |zol, then f is a rotation.
3. If7(0)] < 1 with equality if and only if f is a rotation.

Proof. Consider the function g(z) = @ Then if f(z) = ap + ajz+ axz®> + - - -, we know ag =
f(0) = 0, so g(z) = aj + apz+ a3z? + - - - is holomorphic on D. Then we apply the maximum
principle to g, and we note that |g(z)| < % for |zl =1 < 1,s0lg(z)| < % for |z| < r. Allowing r — 1
from below, we see that |g(z)| < 1 for all z € D and therefore [f|(z) < |z/.

Now if [f(z)| = |z| for some zy € D, then g(z) must be constant and therefore f(z) = cz with
lc| = 1. Finally, we note that g(0) = f/(0) and then if g(0) = 1, we see that f is a rotation by the
second part. O

Now we are ready to consider automorphisms of the disk and upper half plane. In the case of
the disk, we have two kinds of automorphisms:

1. Rotations z +> eiez;

2. Blaschke factors P« (z) = =%, where & € D. We can check that {(dD) = 9D.

11—z’
Proposition 3.1.14. Every automorphism of the disk is of the form
e:Le xX—2z

z —
1—az

for some 6, «.

Proof. Given an automorphism f: D — D, then the map f o« fixes the origin and is a rotation
by the Schwarz lemma because it also fixes «. Therefore, f =10 P! =101y, where T is some
rotation. 0O

Note that if f: D — D is an automorphism with f(0) = 0, then the Schwarz lemma implies
that [f(z)| < |z| and |f_1(z)| < |z| and therefore |z| = |[f(z)| and therefore f is a rotation.o

Now we want to study automorphisms of J{. We know that J(, D are isomorphic, so AutD =
AutH.

Theorem 3.1.15. We have Aut(H) = PSL,(IR).
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Proof. Let f(z) = ‘g;jg Then we see that

Im(f(x + i) = ay(ex+d) —cy(ax +b) _ (ad —bc)y 50
(ex+d)2+y2 (ex+d)?+y2 7

and thus we require ad — bc > 0. Therefore we have PSL,(R) C Aut K.
Now we prove surjectivity. First, we note that PSL;(IR) acts transitively on H. First, if b € R,
z+— z+ b preserves 3 and if A > 0, z — Az preserves H. Next, we consider the effect of rotation

cos (@ —sin @
( Sin g cos @ ) But we can compute that

—1 1\ [cose —sing) [—e'® ie t®\ oo e2ie 1 i
1 i/\sing «cosep ) \ el? iel® ) 1)\1 i)’
To finish, we show that given f: 3 — J{, then f € PSL,(R). Suppose f(«) = i. Then there exists

g € G such that g(i) = «. Then gof fixes i, so FogofoF~! fixes 0 and is thus a rotation. Therefore
there exists h € G such that FogofoF ! =FohoF!,sogof=hand f=hog™ L. O

3.2 Riemann Mapping Theorem

Our goal in this section is to prove the Riemann mapping theorem.

Theorem 3.2.1. Let Q C C be open and {fn};y_, be a sequence of holomorphic functions fn: Q — C
which converges uniformly to f on every compact subset K C Q. Then f is holomorphic.

Proof. Let D ={z € C | |lz—zy| < v} C Q. Then f, being holomorphic implies that fy fn(z)dz=0
for all closed curves y in D. Because f,, — f uniformly, we have

J f(z)dz = lim j £ (2)dz 0.
Y Y

n—o0

Also we know that f is continuous. Now we define

F(z) :J f(w)dw F: Q — C.
Yz

Here, v, is a path from zj to z for a fixed basepoint zy. Then F is well-defined and F/ = f, so f is
holomorphic. O

Lemma 3.2.2. Let QO C C be open and f: Q — C be holomorphic. Suppose that £, — f uniformly on
compact sets. Then f], — f" uniformly on compact sets.

Proof. Let K" = {z € C | d(z,K)leqr} for some r € R such that K’ ¢ Q. Then we know f, — f
uniformly on K’, and we will use this to show that ], — f’ uniformly on K. Using the Cauchy
integral formula to some holomorphic function h, we have

hl(Z)_ 1 J (h(\/\))dW,
Y

T 2mi w— 2)2
so then we can bound
1

1 1
h'(z)| < =—27r- = sup [h(w)| = = sup [h(w)|.
! | 27 12 we}:/ T WEIW)/

Applying this to h = f;, —f, we see that for all ¢ > 0, there exists N € IN such that |[f; (w) — f(w)| <
¢ on K’ for all n > N, and this implies that [f], (z) = f'(z)| < %e on K. O
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Now let O C C be open and J be a set of holomorphic functions on Q. We say that J is normal
if every sequence in J has a subsequence which converges uniformly on compact sets to some
function f: QO — C. We say that J is uniformly bounded on compact sets if for all compact K C Q,
there exists M € R such that [f(z)| < M for all f € F,z € K. Finally, we say that J is equicontinuous
on a compact set K C Q if for all € > 0 there exists § > 0 such that |[f(z) — f(w)| < ¢ for all z,w € K
such that |z—w| < b and f € F.

Theorem 3.2.3 (Montel). Let J be a family of holomorphic functions on QO C C that is uniformly bounded
on comact sets. Then

1. T is equicontinuous on compact sets;
2. F is normal.

Remark 3.2.4. The first part uses holomorphicity, and the second part uses a general fact, the
Arzela-Ascoli theorem.

Example 3.2.5. Let f(z) = z". Then F = {f;} is not equicontinuous on K = [0,1]. In fact,
fn(z) —fn(1)| =]z —1] = 1asn — oo for z € (0,1).

Example 3.2.6. Let F = {f;,(z) = sin(nz)}. Then F is not equicontinuous on K = [0, 1] because
fn(5%) =1, but f,(0) =0.

Proof of Montel’s theorem.

1. We will use the Cauchy integral formula to bound |f(z) — f(w)|. Let K C Q be compact and
choose r > 0 such that K’ ={z € C | d(z,K) < 2r} C Q. Given z,w € K such that |z—w| < T,
we will let y be the circle with center z and radius 2r. We know y C K’. Now we have

_ L[ flw _LJ 1 _ 1
flz) —flw) = 2mi L, U—z U—w du = 27 yf(u)(u*Z Tou— du).
Then we can bound
11 B z—w Iz—wl_i| ol
u—z u—w| |[(u—z)(u—w) 2r-r 212 ’

SO
1 1 1
If(z) — f(w)| < o -2 2r- ﬁlz—WIlsglf(u)l = ;IZ—WI M,
where [f(u)] < M for all u € K, f € F. Therefore ¥ is equicontinuous on K.

)OO

2. Let K C Q be compact and fy, be a sequence in J. First let (w;
is dense. To construct such a sequence, recall that

K=J D(x,i) nK.

xeK

1 be a sequence in K which

By compactness, there exists a finite Sy C K such that K = {J, s D(x,1/n) NK, and now
we can take S = [J;, 51 Sn and obtain a countable dense subset.

Now we will use a “diagonal argument.” If f;, is uniformly bounded, then the sequence
fn(w1) has a convergent subsequence f, 1(w;). Continuing, there exists a subsequence
{fn2} of {fn1} such that f, »(w>) converges. For each m € IN, there exists a subsequence
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{frn,m} of {fn} such that fy m (Wi ) converges for all k < m. Now take gn = fn,n. Thisis a
subsequence of {f} such that gn (wy) converges for all k € IN. If z € K, then

gn (2) — gm (2)] < |gn(2) — gn(W;)| + |gn(W;) — gm(W;)| + |gm(2) — gm (wj)]

by the triangle inequality.
Now carefully, we know that given ¢ > 0 there exists § > 0 such that |[gn (z) —gn(W)| < €
whenever |z—w| < § and z,w € K. Because K is compact, K C Uj]:1 D(wj, ) for some

J] € N. Given z € K, there exists w; such that ‘z—wj] < 5, 50 |gn(z) —gm(z)] < e.
Now for n, m large, we have |gn(z) — gm(z)| < 3¢ because there exists N € N such that
|gn (W) — gm(wj)| < € for n, m > N. Therefore gn (z) converges uniformly for all z € K.

For all compact sets K, we need another diagonal argument. There exists an exhaustion
KicKyc---cQ

such that K, is contained in the interior of Ky, and for all K C Q) compact, K C K, for some
(. For example, set

1
Kg:{léQld(Z,C\Q)}e}ﬁ{zeCIlzgﬂ}.

Finally, given a sequence f, € J, we have a subsequence g, ; converging uniformly on K,
a subsequence gn > of gy 1 converging uniformly on K, and now the sequence hn, = gnn
converges uniformly on all K; and hence on all K. O

We are now ready to prove the Riemann mapping theorem, and in fact we have a stronger
statement.

Theorem 3.2.7 (Riemann mapping theorem). Let Q C C be a nonempty proper simply-connected
open subset of C. Fix zo € Q. Then there exists a unique holomorphic bijection F: O — B such that

F(zo) =0,F(2z9) € R~o.

Remark 3.2.8. Uniqueness follows from the Schwarz lemma. If we have Fy, F, two such functions,
then G =T, oFl_l: D — D has G(0) =0 and G’(0) € R~g, so G(z) = e'®z. But then G’(0) = e'® ¢
R, so G =id.

Proof. Consider
F={g: Q= D|gl(z) =0,9"(z0) € Rog}.

By construction, J is uniformly bounded and thus normal.

First, we show that J is nonempty. By assumption Q) # C, so let a € C\ Q. Then we can
define f: QO — C defined by z — log(z — a). Then ef(z) = 2 — a. Note that f is injective and recall
that e 27k — eW for all k € Z. Take wy € f(Q). Then f(Q) is open, so D(wy,8) C f(Q) for
some § > 0. Then we see that D(wq + 27, 8) N f(Q) = 0, so we can take

1
f(z) — (wo 4 27i)’

g(z) =

and we have |g| < %. Because f is injective, g is injective. Composing with translation and rotation,
we can assume that g(z9) = 0 and g’(z9) € R > 0. Composing with scaling, we may assume that
lgl<1,s0ged.
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Now let gn be a sequence in J such that g7, (z9) — sup geTF g’(zp). By Montel’s theorem, gn —
g uniformly on compact sets for some g: Q — C. then g is holomorphic and g;, — g’ uniformly
on compact sets, so in particular g’(zp) = supy, .4 h'(zp). We will prove that g is a bijection. To
prove injectivity, fix zq,z; € Q. Define gn(z) = gn(z) = gn(z1) and g(z) = g(z) — g(z1). Then
gn(z) # 0 for z # z1. Given z; € Q \ {z1}, there exists 6 > 0 such that g(z) # 0 for 0 < |z—zp| < 8.
Also assume |z1 — zp| > 8. Lety ={z | |z — 25| = 5}. Then we have
~/ =~/
LJ gz dz = lim 1 9n(2)
27

= = = =1 =0,
v g(z) n—oo 271l gn (2) dz ngnooo 0

so g is injective.

We will prove surjectivity by contradiction. Suppose there exists o« € D\ g(Q). Define
U =1v«(g(Q)) and U C D is open, simply connected, and 0 ¢ U. We can define k: U — D by
k(z) = vz = 7182 Now we can set G = rgog okoy og, where = k(«). Equivalently, we
have g =1y olopgor_goG,andset pyolopgor_g =L ThenL: D — D fixes 0 and is not a
rotation, so |L’(0)| < 1. Therefore |g’(zo)| = [L’(0) - G’(0)| < |G’(zo)| by the chain rule, which is a
contradiction. O

3.3 Elliptic Functions

Recall that meromorphic functions on P! are the rational functions. We would like to study
meromorphic functions on the complex torus X = C/A, where A = Zw1 +Zw; for 0 # wq, wy € C
with wy/w; ¢ R. Equivalently, we want to consider doubly periodic meromorphic functions on C.

Lemma 3.3.1. If f is holomorphic on X, then f is constant.
Proof. Clearly, f is given by values on a parallelogram, so f is bounded and therefore constant. [

Remark 3.3.2. If X is a compact Riemann surface, then all holomorphic functions f: X — C are
constant. This is because |f| is bounded and attains its maximum on some chart, so it must be
constant.

Lemma 3.3.3. Let f be meromorphic on C/A. Then f has at least 2 poles.

Proof. Integrating around the boundary of the parallelogram, we see that

0= J f(z)dz = ZNiZResp f
Y P

because ) Res,, f = 0 by an analog of the residue theorem. O

Remark 3.3.4. There is a suitably generalized version of the residue theorem for any compact
Riemann surface. First, define a meromorphic 1-form w. Choose charts @;: U; ~ V;. On each V;,
we have a form fi(z) dz with f;(z) meromorphic. Then compatibility with transitions g;; is given
by
fi(z) = fj(gij(2))gi;(2) dz,

and thus we can define the integral of w along a curve y C X. Now the residue theorem says that
if X is a compact Riemann surface and w is a meromorphic 1-form on X, then }_, ;. Resp w =0.

For example, on X = P!, we can consider w = % dz. Then on the second chart, we see that
w=w- d(%) = f% dw. Then we see that  , Resp w =1+ (—1) =0.

To prove the residue theorem, triangulate X such that each triangle is contained in some Uj.
Then }" 5, Jop, w=0=2m}  Resp w.
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Corollary 3.3.5. Let f be meromorphic on a compact Riemann surface X. Then the number of zeroes of f
equals the number of poles of f.

Proof. Given f, we may define the meromorphic form df. Then we can consider the meromorphic

form w = %. Then by the residue theorem we see that

0= Z Resp, w = #{zeroes} — #{poles}. O
P

The geometric meaning is that if f: X — P! is holomorphic, then for all «, fx) = degf,
counting multiplicity.

Now we will define an explicit meromorphic function p on C/A with a unique double pole at
0 € X. Equivalently, p: C — P! has a double pole at each point in A. Define

p)= gt Y o

2 2 52
z weA\{0} (z+w) @

because the first attempt p(z) =}, ca (Z;T)z doesn’t converge.

Lemma 3.3.6. The function p(z) converges absolutely and uniformly on compact sets K € C\ A and has
a double pole at each w € A.

Proof. First note that
1

T3
|wl

2
z +2§w <
(z+2) w?

1 1
(z+w)2 w?

for |wl large and z bounded. Now we show that } (e ﬁ converges. First, we know that

w = x1w1 + xpwy. Then for any x1,x; € R, we know [x3wj +xpwy| > Cy /x% +X%. This is because

the function f(xq,%xp) = Ixjwq +xpwo| satisfies f(Ax) = Af(x). Therefore if ||x|| = 1, we know f
lands in the positive reals and has a positive minimum. Therefore, we have reduced to the case
where w1 =1, wp, = i. Now we want to show that

1
3
0£xez2 \/ (X3 +%3)

converges. Using the integral test, we see that

. <C+J —
2 % 2
2/ R (x3+x3)%

0£(x1,x2) EZ2 (X} +%3
27T oo 1
=C+ J J —rdrdo
0o J1 ™™

(o0)

Xm dX2

dr,

=C +27‘tL o

and therefore it converges for « > 2. O
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Now we need to check that g is doubly periodic. Here, we simply note that

—2 —2 —2
/
PR =+ Y ——m= Y ——
= 0£wEA (z+ w)’ u%/\ (z+w)®
is doubly periodic, so g(z + w) — p(z) is constant. Now checking w = w; and z = —%w, we see

that gp(%w) — gp(—%w) = 0 because g is even.
Theorem 3.3.7. We have the differential equation

2
(p')" =4(p— o) (9 — 02) (9 — ox3)
where oy, 00, 03 = p(SL), (%), o (542).
Proof. We will compute the zeroes and poles of the two sides of the equations and show that they
agree. Then their quotient is holomorphic on X = C/A and thus constant, so we can compute the
constant. Recall that p has a pole of order 2 at 0 and p’ has a pole of order 3 at 0. Next, p is even
so g’ is odd. Then we know that

(3)=¢'(3-w)=¥'(-3)=(3)
¥ 2) 7P 3 P2 TP
and thus p’(4) = 0. Then p — p(4*) has a zero of order 2 at 4.
Now to compute the constant, we use the Laurent series at the origin. We know that

3
1 -2 4 1
p:?+ zp/:ZT+... (p/)2:¥+... H(piai):g+”"
i=1
and thus (p’)2:4]_[%:1(p—oq). O
Now we have the identity
dw "(z)dz _
J :Jp(,) —z=p (W),
Viw—oq)(w— o) (w—a3) p’(z)

where w = p(z) and (19’)2 = H?Zl(p — ).

Theorem 3.3.8. Every meromorphic function on X = C/A is a rational function of g, p'. This means that
the field of meromorphic funcions on X is given by

C(X) = k(Cl, yl/(y* —4(x —aq) (x — aa) (x — 3))) = C(x) [y) /(y* — 4(x — o1 ) (x — 02 (x — 0x3)).
Therefore we can write f € C(x) uniquely as a(p) + b(p)p’ for a,b € C(x).

Proof. First suppose that f is even. We will show that f is rational in p. We may assume that
f has no poles on A C C up to replacing f by p~™f. Now if we write down a function with
the same zeroes and poles and is a rational function of p. Recall that p(z) — p(a) has zeroes

{a,—a a#-—a

) 1 , - But then for our function f, because f is even, the zeroes and poles of f
a (twice) ae€ ;A

come in pairs a,—a or a € %/\ has even multiplicity. Then f has the same poles as
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for some ai, b; € C. Note that p has a pole of multiplicity 2 at 0 € X and no other poles and f has
no zero or pole at 0 € X by assumption. But we are fine because #{a;} = #{b; }.
In the general case, suppose f is meromorphic on X. Then write

f(z) +f(—z) f(z)—"F(—2z)

f(z) = > + >

Then if g is odd, él, is even and thus rational in p, so we obtain the desired description. O

Now we can give a geometric description of this. Note that X = C/A % P! has degree 2. Tt

has branch points at a; = p(}, a2 = p(%2)), a3 = p(“15%2), co. Now we have a map

2

X 2 (2 = (x— a1)(x — az) (x — ag)) < P2

Now we can make two branch cuts, then expand the branch cuts into circles, and obtain half of a

torus. Gluing two halves together, we obtain the torus. There is an involution (x,y) — (x, —y)
that exchanges the two sheets of the torus. As a picture, it looks like

Figure 3.2: Branched cover of sphere by torus

3.4 Winding Numbers

Let vy C C be a closed path. For a € C\ v, define the winding number

1 1
n(y,a) = ZMJ'V Z_adz.



This is reasonable because if we consider the covering space R — S! = R/2ntZ. Then if we write

z(t) = a+r(t)et®t), we have

1

ny,0) = o JO d(log(z(t) — a))

1 ! .

- JO d(logr(t)) +id(6(t))
1

= >-(6(1)—8(0))

Theorem 3.4.1.
1. For all a,y, we have n(y,a) € Z.
2. If a,b lie in the same component of C \ vy, then n(y, a) = n(y(b)).
3. If a lies in the unbounded component of C \ vy, then n(y,a) = 0.
4. If v, 8 are homotopic in C\ {a}, then n(y,a) =n(5, a).

Proof.
1. Letz: [0,1] — v C C. Then define

t /
g(t) ::J z1s)

0 z(s)—a

Then we see that ((z(t) — a)efg(t))’

2. We know that the winding number C\y — Z C C is continuous, so it must be locally

constant.

3. Note that .

n(y, a) L !

zZ—a

- d
o7 z

so as a — oo, n(y,a) — 0, but it must be constant, so n(y,a) =0.
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( = z/(t)e 9 — (2(t) — a)g’(t)e"9(Y) = 0. But then
e9M) = ¢9(0) = ¢. (2(0)—a), so g(1) — g(0) € 2miZ. Therefore n(y,a) € Z.

4. Note that ﬁ is holomorphic on C \ {a}. Then the desired result follows from Theorem

2.7.1.

We can compute winding numbers using Alexander numbering.

Figure 3.3: Winding numbers

O
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We know the winding number vanishes on the unbounded component, and given « 1 3, we
have n(y, o) = n(y, f) + 1 because in the diagram

Y Y Y +0OR
SR

Figure 3.4: Pictoral proof of Alexander numbering

we have n(y,«) =n(y+6R, &) =n(y+5R,B) =n(y,p) +1.

Theorem 3.4.2 (Cauchy). Let f: Q — C and y C Q be a closed curve such that n(y,a) # 0 for all
aecC\Q. Then

J f(z)dz =0.
v

Corollary 3.4.3 (General Residue Theorem). Let O C C be open and S C Q be a discrete set. Suppose
f: Q\ S — C is holomorphic and v C Q. \ S is a closed curve. Then

J f(z)dz = 2mi Z n(y, a)Resq f.
Y aes

Remark 3.4.4. The assumption that S is discrete implies that there are only finitely many a € S
with nonzero winding number.

Proof. We will reduce to Cauchy. Set & := Zae n(y, a) - ya, where vy is a small circle around
a. By construction, n($,a) =0 forall a € C \ (Q\S) and therefore the ordinary Cauchy theorem
implies
J'f(z)dz—J dz—Zny, J f(z)dz =0,
5 aeSsS
as desired. 0

Before we prove Cauchy, we need the following lemma:

Lemma 3.4.5. Let Q C Candy: [a,b] — Q be a path. Then there exists a rectangular pathn: [a,b] — Q
such that there exists a subdivision a = ap < a; < --- < an = b such that y(a;) =n(ay) for all i and
there exist disks Dy C Q such that v([ai, aiy1]),n([lai, aiy1]) C Dy.

Proof. There exists ¢ > 0 such that if z € y, then D(z,¢) C Q. Then there exists 5 > 0 such that
ly(s) —v(t)] < e for |s — t| < &. Subdivide a = ap < a; < -+ < an = b such that|aj 1 —ai| < &
and set Dy = D(y(ai),¢) C Q. Now we can build the rectangular path inside each Dj. O

Proof of Cauchy. We may assume that v is a rectangular path. Then there exist rectangles R; such
that y = ) m;0R; for some m; € Z. To see this, just draw a fine enough rectangular grid until
every segment of 'y is aprt of the grid.

Now we need to show that if n(y, a;) # 0, then Ry C Q, where q; is in the interior of R;. But
this is because R C A for some connected component A of C\vy. By assumption, A C Q, so
Ri CA C Q.
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Now we show that y = } n(y,a;)oR;, where a; € R{. We will show that if § = vy —
> n(y,ai)oRy, then & = 0. First, we know that n(5,a) = 0 for all a € C\ 3 (simply check in each
rectangle). Now if § # 0, then § contains some component mo, so § = mo + &’ for some m # 0
and o ¢ &'. But then if o splits , «’, we have n(5, x) = n(5, «’) + m, a contradiction. O

Theorem 3.4.6. Let Q C C be open and connected. Then the following are equivalent:
1. Q is simply connected.
2. P\ Q is connected.
3. For all closed curves vy in Q, thenn(y,a) =0 forall a € C\ Q.

Proof.

2 implies 3: If P!\ Q is connected, then C \ Q is contained in the unbounded component of C \ vy,
and thus n(y,a) =0 forall a € C\ Q.

3 implies 2: Suppose P! \ Q is not connected. Then we can write P! \ Q = A U B for closed and
disjoint A, B where B € co. Now we need to produce y C Q such that n(y, a) # 0 for some
a € C\ Q. There exists 6 > 0 such that d(A,B) > 6. Then take the square grid with side

length less than % and now take

Y= Z oR.

RNA#£D

Observe that yNA =@ and yNA =0, soy C Q. But then we see that n(y,a) = 1 for all

a € ANR®, where R is a rectangle in the grid.
1 implies 3: Recall that n(y,a) = 5= [ =1

~m Y z—a

ally C Q and f: O — C. Now apply this to f = ﬁ fora ¢ Q.

dz. If Q) is simply connected, then fv f(z) dz = 0 for

3 implies 1: Recall that there exists a holomorphic bijection F: Q — D if Q is simply conencted.
However, the simply connected assumption was only used to define log(z — a), vz — a for
a € Q. Then log(z— a) is defined as the primitive of Zl—a Now we know that if f is
holomorphic on Q, then fy f(z)dz = 0 for all Yy C Q closed curves, so f has a primitive g.
But then we obtain a holomorphic bijection F: QO — D, and thus Q) is simply connected. [

Remark 3.4.7. In general, n(y,a) = 0 for all a € C\ Q does not imply that vy is homotopic
to a constant path. For example, if QO = C\{a, b} and v is not homotopic and u,v generate
m(Q) =Z +Z, then the loop vy = wvu~ v~ satisfies n(y, a) = n(y,b) = 0.

Now we would like to apply the general Cauchy’s theorem in practice. Let O C C be open and
connected and suppose P\ Q = A; U---UAN UAq 3 oo has finitely many components. Then
there exist curves y; in Q such that if we choose a; € A, then n(yi, aj) = 8;5. Now if y C Q, it
has the same winding numbers around a € Q as }_n(y, a;)yi, so by Cauchy, we have

J f(z)dz=0
=X nlv.ai)yi
for f: QO — C holomorphic. Therefore
J f(z)dz=) n(y, ai)J f(z) dz.
Y Yi

In particular, f has a primitive if and only if jvi f(z)dz=0fori=1,...,N.
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Example 3.4.8. Consider Q ={z € C | |z| > 4} and f(z) =
a closed curve in Q, then

J f(z) dz:n(y,O)J f(z)dz
Y1

T Ta=—3)- Now we see that if y is

Y1
=n(y,0)2mi Z Resq f
a=1,2,3
. 1 2 >
—TI(Y,0)27T1<(1_2)(1_3) + 2-1)(2-3) + (3_1)(3_2))

3

_n(y,0)<;—2+2) =0,

so f does have a primitive.

Example 3.4.9. We want to compute the integral
J Vz2—1dz.
|z|=2

If we consider Q = C \ [-1, 1], then we may consider v, 5 given by

S 3

Figure 3.5: Contour v, 5

with radius ¢ and width 8. Then [, = [, . Then we have

1 1
lim J \/zz—ldz:J' i-\/l—x2dx+J —iyv/1—x2dx
Ye,5 1 -1

€,6—0 ), —
1
= —ZiJ V1—x2dx = —mi.
-1
Alternatively, we may use the transformation z = % to obtain

V1 —w? V1 —w? -1
J \/Zz—ldz:J' idWZZT[iRGSOiWZZTEi-f:—Td.
|z|=2

3 3
wi=3 W w 2

Example 3.4.10. Consider the contour y given by

Figure 3.6: Contour y
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Then we have

J 77_2(2 1) dz 27(1(”(}/,0) Resp f + “-(Y, 1) Res; 1)
Y
=2mi(-2(—1)+2(e—1))

= 2rtie.

3.5 Harmonic Functions

We say u: Q — R is harmonic if it has continuous second partial derivatives and satisfies Laplace’s
equation
%u  %u
o oy
Harmonic functions have applications in electricity and magnetism, fluid dynamics, gravity, and
heat conduction.

=0.

Lemma 3.5.1. Let f: Q — C be holomorphic and write f(x +1iy) = u(x,y) +iv(x,y). Then u,v are
harmonic.

Proof. By the Cauchy-Riemann equations, we have

?u 2%u 9 dv 0 v

2 "oy axdy dyox
and similar for v. O
There is a converse to this.

Theorem 3.5.2. Let Q C C be simply connected and u: QO — R be harmonic. Then there exists a
holomorphic f: Q — C such that u = Re(f). Moreover, f is unique up to f ~ f+ic for c € R.
Proof. Define g = g—ﬁ - i% and integrate. Then we see that g is holomorphic because the
components have continuous first derivatives and the Cauchy-Riemann equations are satisfied
because u is harmonic and by symmetry of mixed partials.

Then because Q is simply connected, there exists a primitive f: Q — C such that f’ = g. Now
write f =1L+ iv and note that

I R T I

!/
f' = aX"'la —a—l@
~_du 0u
=9=5 " 1@.
Therefore 1t = u+ a for some a € R, so up to f ~» f — a, we have Re(f) = u.
To show uniqueness, note that if fj, f, are two such functions, then Re(f; —f;) = 0 and
thus f; — f, € iR. But this implies that Q is sent to something that is not open so f; —fy is a
constant. O

Theorem 3.5.3. Let u: Q — R be harmonic. Then for all z € Q,v € R~ such that D(z,t) C Q, we
have

27T 0
_ - i
u(z) = = Jo u(z+re'”)do.
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Proof. There exists D = D(z,1’) C Q for r’ > r and f holomorphic on D such that u|D = Re(f).
Applying the Cauchy integral formula, we have

27 i0 . 27 .
f(z) = LJ’ fw) dw = LJ 7f(z+reca )ire‘e de = iJ' f(z+re'®)do.
21 JaD(zr) 2— W 27 Jo Tet 27 Jo
Now the desired result follows by taking real parts. O

Theorem 3.5.4 (Maximum principle for harmonic functions). Let u be harmonic on a connected
Q C C. Then if u has a maximum in Q, then w is constant.

Proof. 1f Q) is simply connected, then we know u is the real part of some holomorphic f, so using
the maximum principle for g = ef, we obtain the desired result. In general, suppose u has a
maximum c at a point zg € Q. Then for zg € D C QO we know u is constant on D. Now define
U ={z € Q| u = c near z}. By definition, U is open, but U is also closed in Q, so U = Q. O

Example 3.5.5. The function u(x,y) = log(\/x2 + y2> : R\ {(0,0)} — R is harmonic.

Corollary 3.5.6. Let Q C C = RR? be bounded. Suppose uj,up: Q — R are continuous on Q and
harmonic on Q. Further suppose that uy = up on 0Q. Then u; = uy.

Proof. Write u =u; —up. We know u = 0 on 9Q and is harmonic on Q and continuous on Q. By
the maximum principle, if u has a max in Q) then it is constant, but we know u attains a maximum
on Q) Therefore u < 0. Applying the same reasoning to —u, we see that u > 0. O

Now we would like to study the Dirichlet problem. Given Q C C = R? and g: 30 — R
continuous, we want to find u: Q — R continuous on Q and harmonic on Q such that u| 00 =9

Example 3.5.7. Let Q = A ={z € C | Ry < |z| < Ry} and set u(z) = 0 if |z| = R; and u(z) = 1 when
|z| = Rp. Then the Laplace equation is a linear PDE and we expect u = u(r) = u(v/x2 +y2). In

fact, we can set
L log VX2 +y2 —log Ry
~ logRy—logR;

Now the generalized Dirichlet problem is as follows: Suppose Q is simply connected with
piecewise smooth boundary. Then the Riemann mapping theorem gives us a holomrophic bijection
F: Q — D. Then this extends to a homeomorphism F: Q — D. Now fix a finite set S C 0Q and
continuous g: 0Q\ S — R.

Problem 3.5.8 (Generalized Dirichlet problem). Find a continuous function w: Q\'S — R that is
harmonic on Q such that u‘aQ\s = g. Note that if such a w exists, then it is unique.

1 x<0

Example 3.5.9. Let Q = 3, S =0, and set g(x) =
0 x>0.
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g:l g:()

Figure 3.7: Generalized Dirichlet problem on upper half plane.

Then we take u = %

Example 3.5.10. Consider the generalized Dirichlet problem given by

9=0
Figure 3.8: Generalized Dirichlet problem on first quadrant.

Then we may take u = % arg(z).

Lemma 3.5.11. Let f: Qy — Q be holomorphic and uy: Q1 — R be harmonic. Then uy = ujofis
harmonic.

Proof. Locally, we can write u; = Re(g) for some holomorphic g. Then u; = Re(g o f) must be
O

harmonic.

Example 3.5.12. Consider Q ={z||z] < 1} and S ={1,1i}.

Figure 3.9: Generalized Dirichlet problem on disk
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Then a Mobius transformation f: P — P! taking D — H and 1,i,—1 +— o0,0,1 is given by
z—i-—-1-1 z—1 2

o= T =11 v

so we may take

=1- %(arg(l —1i) +arg(z—1i) —arg(z—1))

5 1 .
=1 E(arg(z—l) —arg(z—1)).
Now we will give a general solution of the Dirichlet problem for the disk. Recall the mean

value property
1 27T .
u(0) = 7J u(re'®) do
21 0
for 0 < v < 1. Assume that u extends continuously to D \ S and is bounded. Then as r — 0, we

see that u(0) = ﬁ (Z)Tt u(e'®) d6. Now we use the Blaschke factor

V,:D 3D wes
1—zw
Then if 1 = uwo1,, we have
u(z) =u(0)
1 27T .
=—| ule®)do
27TU0
_ 1 u(v)d(argv)
27 Jjy)=1 8
1T ~. .1dv
= — Uv)~—
27 Jjy)=1 iv
1 1—|z* 1dw
= — uw R
270 Jjw)=1 lw—z1 w
1 27T . 1_1,2
= ¢ d
27 Jo u(re )1+r2—2rcos(9—d>) ¢

Because we have
dv  d(z—w) d(1-—-2zw)

v zZ—WwW 1—zZw

—dw(_1+ Z)
z—2 z—zZw

_d (—1+zw+zz—wz>
T\ T eI =zw)

Cdw ([ 1+
T wlz—ww—2)

_dw 12

wow— 2z
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Now if Q is simply connected, we have F: Q — D that restricts to a holomorphic bijection
F: Q 5 D. Thenif i: D — R is a solution on D, i1 o F is a solution on Q.
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