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Abstract

This thesis is a compilation of exact results regarding p-adic random matrices and Hall-
Littlewood polynomials, and asymptotic results proven using these tools. Many of the
results of both types are motivated and guided by analogies to existing results in classical
random matrix theory over R, C or H, but often exhibit probabilistic behaviors which
differ markedly from these known cases. Specifically, we prove the following:

(1) We show exact relations between products and corners of random matrices over
Q, and Hall-Littlewood processes, which are direct analogues of the classical relations be-
tween singular values of real or complex random matrices and type A Heckman-Opdam
hypergeometric functions. (2) We prove that the boundary of the Hall-Littlewood t-
deformation of the Gelfand-Tsetlin graph is parametrized by infinite integer signatures,
extending results of Gorin and Cuenca on boundaries of related deformed Gelfand-Tsetlin
graphs. (3) In the special case when 1/t is a prime p we combine this with the afore-
mentioned relations between matrix corners and Hall-Littlewood polynomials to recover
results of Bufetov-Qiu [BQ17] and Assiotis [Ass22| on infinite p-adic random matrices.
(4) Using the above relation between matrix products and Hall-Littlewood polynomi-
als, together with explicit formulas for the latter, we obtain exact product formulas for
the joint distribution of the cokernels of products A, Ay Ay, A3A5A;, ... of independent
additive-Haar-distributed matrices A; over the p-adic integers Z,. This generalizes the
explicit formula for the classical Cohen-Lenstra measure on abelian p-groups. (5) We give
an exact sampling algorithm for products of corners of Haar GLy(Z,)-distributed matri-
ces, and show by analyzing it that the singular numbers of such products obey a law of
large numbers and their fluctuations converge dynamically to independent Brownian mo-
tions. (6) We consider the singular numbers of a certain explicit continuous-time Markov
jump process on GLy(Q,), which we argue gives the closest p-adic analogue of multiplica-
tive Dyson Brownian motion. We do so by explicitly classifying the possible dynamics
of singular numbers of processes on GLy(Q,) satisfying natural properties possessed by
Brownian motion on GLy(C). Computing the evolution of singular numbers explicitly,
we find that the N-tuple of singular numbers in decreasing order evolves as a Poisson
jump process on Z, with ordering enforced by reflection off the walls of the positive type
A Weyl chamber. (7) As N and time go to 0o, we show that this process converges to a
stationary limit, with density explicitly expressed in terms of certain intricate exponential



sums. The proof uses new Macdonald process computations, which feature a symmetric
function incarnation of the explicit solution to the inverse moment problem for abelian
p-groups shown recently by Sawin and Wood [SW22b|. (8) We prove that this reflected
Poisson walk is universal, governing dynamical local limits for the singular numbers of
p-adic random matrix products at both the bulk and edge, and may thus be viewed as a
p-adic analogue of the extended sine and Airy processes. (9) Extrapolating this process
to general real p > 1, we analyze the limit as p — 1. We prove a law of large numbers, a
central limit theorem relating it to stationary solutions of certain SDEs, and a bulk limit
to a certain explicit stationary Gaussian process on R. Unlike most previously studied
limits of Macdonald processes, the latter exhibits scaling exponents characteristic of the
Edwards-Wilkinson universality class in (1 + 1) dimensions, which may be seen as a re-
flection of locality of interactions between singular numbers which differs markedly from
classical random matrix theory.

Thesis Supervisor: Alexei Borodin
Title: Professor
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Chapter 1

Introduction

1.1 Preface

In the 1950s, Eugene Wigner [Wigh1, Wigh5, Wigh7| proposed eigenvalues of large ran-
dom matrices as a tractable model for the energy levels observed in experiments with
heavy nuclei such as uranium. Quantum theory predicted that the behavior of such nu-
clei was governed by an infinite-dimensional Hermitian operator, its Hamiltonian, the
eigenvalues of which corresponded to these energy levels. Such operators were far too
complicated to study in practice, and Wigner instead made the bold guess that the
eigenvalues of a large N x N real symmetric or complex Hermitian matrix, with a naive
Gaussian distribution that allowed the eigenvalue distribution to be exactly computed,
should behave similarly enough to the Hamiltonian’s spectrum to make physical predic-
tions. This helped birth the field of random matrix theory', which has continued along

these lines far past the original application of nuclear physics.

Essentially the same origin story played out independently in the field of arith-
metic statistics. Better computers allowed number theorists to compile tables of class
groups of quadratic imaginary number fields, allowing Henri Cohen and Hendrik Lenstra
Jr. |CL84] to make detailed conjectures regarding the frequency with which certain

groups appeared?. While these conjectures were made from empirical data, soon af-

! An independent origin was the earlier work of Wishart [Wis28] on singular values of random matrices,
motivated by statistics.

2More precisely, their conjectures concerned the limiting proportion of quadratic imaginary number
fields Q(v/—d), 1 < d < D squarefree, for which a given finite abelian p-group occurred as the p-Sylow
subgroup of the class group ClI(Q(v/—d)) (which is a finite abelian group). The actual computations were
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terwards Friedman and Washington [FW87| considered function field analogues and re-
alized that the Cohen-Lenstra distribution on abelian p-groups, which was the subject
of these conjectures, also appeared in random matrix theory over non-archimedean lo-
cal fields such as Q,. Ellenberg and Venkatesh [EV10, Section 4.1 (see also [Wool9)|)
subsequently gave a random matrix heuristic for the original Cohen-Lenstra conjec-
tures which was remarkably similar to Wigner’s. Namely, C1(Q(v/—d)) is the quotient
of an infinite-rank Z-module, the group of fractional ideals, by the full-rank submod-
ule of principal fractional ideals. A natural model is to take N large and consider
coker(A) := ZN JAZN where A € Maty(Z) is a random matrix, producing a random sub-
module AZYN C ZV. Passing to the p-Sylow subgroup of the class group?, the heuristic
predicted that it should be modeled by the N’ — oo limit of coker(A’) = Z[' /A'Z) for ran-
dom A’ € Maty(Z,), which had been proven in [FW87| to reproduce the Cohen-Lenstra
distribution for certain specific choices of distribution on A’. Such results have now been
shown to be universal for any generic choices of distribution of matrix entries by Wood
and coauthors [Wool9, Wool6, Wool8, NW22b|. Other classes of matrices—symmetric
[Wool7, NW22a], alternating [BKL*15], rectangular [Wool8], Hermitian [Lee22]—yield
different limiting distributions on the cokernel, many of which appear elsewhere in arith-

metic statistics and combinatorics.

The two bodies of work above have not interacted too much. While both feature ran-
dom matrices, eigenvalues and singular values of random real or complex matrices seem
far removed from random groups. Nonetheless, there were some hints at connections
between the two. The theory of spherical functions on Lie groups had already proven
a useful tool in complex random matrix theory—see e.g. [Forl0, BG15, GM20| and the
references therein—and structural parallels between special functions on real/complex
Lie groups and p-adic groups are well-studied (see e.g. [Mac98a, Chapters V and VII|),
so from this perspective it was natural to look for a corresponding story for p-adic ran-
dom matrices. Additionally, Fulman [Full4] and Fulman-Kaplan [FK19| had previously
noted that the Cohen-Lenstra measure on abelian p-groups and certain related measures
could be written elegantly in terms of Hall-Littlewood polynomials, which are spherical

functions on p-adic groups. This thesis began as an attempt to understand this story,

done by D. Buell, C. P. Schnorr, D. Shanks and H. Williams, according to [CL84].
3See [Woo19] for more details on this heuristic.
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and once the structural analogies between the complex and p-adic settings were clarified,
it became apparent that many interesting probabilistic questions which had been stud-
ied extensively on the complex side had never been considered on the p-adic side. At
the same time, the aforementioned structural parallels allowed us to bring results and
intuition from symmetric function theory, in particular the methods of Macdonald pro-
cesses introduced by Borodin and Corwin [BC14], to bear on these problems. Let us now

describe in more detail these results and their context.

1.2 Exact results and Hall-Littlewood polynomials

For any nonsingular complex matrix A € M, .,,(C), by singular value decomposition
there exist U € U(n),V € U(m) with UAV = diag(e ", e™"2,...,e "mintmm)) for some
00 > T > -+ > Trin(m,n). otudying the distributions of the singular values of various
random matrices A, and their asymptotics, is a classical but still very active line of
research.

For any nonsingular p-adic matrix* A € M,,,,,(Q,), there similarly exist U € GL,(Z,),V €
GL,,(Z,) such that UAV = diag(p,p*2,...,p*mintmm) for some integers oo > A\; >

. 2 Amin(m,n)- We refer to the integers )\; as the singular numbers of A and write
SN(A) = (A1, ..., Amin(m,n)) = A in the above case. In the case where A € M, (Zy) so

A Zy — Zy is a linear map, we have
coker(A) 1= 77 JAZ = D Z/pM T (1.2.1)
i=1

where \; are the singular numbers®. One can study the distribution of SN(A) for random
A€ My (Qy) just as with singular values, and if A € M,,»,,(Z,) then this is equivalent

to the cokernel studied in the works above. Specifically, one may ask the following.

(Q1) For ‘natural’ choices of the distribution of A, what is the distribution of SN(A)?

(Q2) Let Ay be the matrix given by removing the last column from A. What is the
conditional distribution of SN(A.y) given SN(A)?

4For background on the p-adic numbers and matrix groups over them, see Chapter 2.
5Assume m > n so the cokernel has no free part.
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(Q3) Let B € M,,,«x(Q,) be another independent random matrix. Given the distributions
of SN(A),SN(B), what is the distribution of SN(AB)?

As an example of (Q1), the original work of Friedman-Washington [FW87| explic-
itly computed the distribution of coker(A™) for A™ € Mat,,x,(Z,) with iid entries dis-
tributed according to the Haar measure on the additive group Z,. They found the attrac-
tive limiting formula that for any integer partition (an infinite sequence A\; > Ag > ... >0

which is eventually 0),

lim Pr(SN(A™) = (A1,...,\)) [[;5(1—p7)

% " AW, Z/p D] 122)

The right hand side defines a probability measure on integer partitions, equivalently on
abelian p-groups, which appeared in the original conjecture of [CL84| and is hence known

as the Cohen-Lenstra measure.

We give complete answers to (Q2), (Q3) and a family of cases of (Q1) including the
above case in Theorem 1.2.1 below, when the distribution of A is invariant under left-
and right-multiplication by GL,(Z,) and GL,,(Z,) respectively. These results use rela-
tions between p-adic matrices and the classical Hall-Littlewood symmetric polynomials
Py(x1,...,x,;t), symmetric polynomials which reduce to Schur polynomials at t = 0 and
monomial symmetric polynomials at t = 1, and play key roles in geometry, representation

theory, and algebraic combinatorics. Explicitly they are defined by

1 T, —tx;
Py(x1, ..., 20 t) := D) Cgs:n o (xi‘l oo 1<g<n ﬁ) : (1.2.3)
where o acts by permuting the variables and wvy(t) is the normalizing constant such
that the xi\l -.-a) term has coefficient 1. They form a distinguished basis for the ring
A, :=C[zy,...,2,]° of symmetric polynomials in n variables z,, ..., z,, indexed by the
set Sigl == {(A1,...,\n) €Z" : Ay > -+ >\, > 0} of nonnegative integer signatures,
and feature an additional parameter ¢ which we take to be real. Using only the prop-
erty that they form a basis and some positivity properties below, one can use them to
define probability measures, Markov dynamics, and randomized convolution operations

on signatures®.

6These operations also make sense when the indices lie in the set Sig,, := {(A1,..., ) € Z" : Ay >

18



1. (Probability measures) For real ay, ..., a, > 0,and ¢t € [0, 1) one has Py(ay,. .., ay;t) >
0. Hence for any sets {a;}, {b;} of nonnegative reals with all a;b; < 1 one may define

the Hall-Littlewood measure on Sig, via

1
Pr(\) = P ceeyQpyt by, ..., bn;t 1.9.4
i Moy (ay, ..., an;bi,. .., 0,) A1, ans )@ (D ) (1.2.4)

where Il (ai,...,a,;b1,...,b,) is a normalizing constant and @y is a certain

constant multiple of Py, see Chapter 2.

2. (Markov dynamics) Because the P, form a basis for the vector space of symmetric

polynomials in n variables,
Py(z1,...,x,;t) = Z Pyju(@rgts - s s ) Py, .o a3 t) (1.2.5)
m

for some symmetric polynomials Py, € Ay,_y, called skew Hall-Littlewood polynomi-
als. Substituting positive real numbers a; for the variables naturally yields Markov

dynamics Sig,” — Sig}" given by

Pyu(arin, - an;t)Pulan, ... ag;t)

P pr—
(A = ) Py(aq, ..., au;t)

3. (Product convolution) Again using that the Py form a basis,
Py(21,. . anit) - Pu(mn, . wnst) = > K (0,6)Py(x, ... 23 t)

for some structure coefficients cf (0, )-these are often called Littlewood- Richardson
coefficients, particularly in the case t = 0 corresponding to the classical Schur poly-
nomials. One may then, given two fixed signatures A\, u1, define their ‘convolution’

A X, ¢ (a random signature) by

P,(ay, ... a,;t)
Py(a1,...,an;t)Py(ar, ... an;t

PriAX, p=v) = )CK’#(O, t)

for each v € Sig,. Convolutions of signatures which are themselves random may be

- > A} of integer signatures (possibly with some negative parts), but we refer to Chapter 2 for
conventions on these.
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obtained from this by mixtures.

We may now state the main structural result, which shows that the matrix operations

of products and corners mirror the above operations on the level of symmetric functions.

Theorem 1.2.1. Fiz a prime p and let t = 1/p.

1. (Truncated Haar ensemble) Let 1 < n < m < N be integers, and A be the top-

left n x m submatriz of a Haar-distributed element of GLy(Z,). Then SN(A) is a
random nonnegative signature with distribution given by the Hall-Littlewood measure

Pt N N )

PI'(SN(A> = )\> H(O,t)(L t, o ,tn_l; tm_"'H, o 7tN—n)

(1.2.6)

. (Corners process) Let n,k, N be integers with 1 <n < N and 1 < k < N —n,
A € 8Sig,, and A € M,xn(Q,) be random with SN(A) = X and distribution invariant
under GLy(Z,) x GLy(Zy,) acting on the right and left. Let Acoy € My (nv—i)(Qp)
be the first N — k columns of A. Then SN(A.y) is a random element of Sig, with
distribution given by

Qui(l,... = *= )P (N VL)

T PN N )Ty (1, D N N
(1.2.7)

Pr(SN(A.n) = v)

Now let 1 < d < n and Ao € Mp—gxn be the first n —d rows of A. Then
SN(A,ow) is a random element of Sig,_, with distribution

P4, ... t" )

Pr(SN(ATow) = M) = PA/N(L Tt ’td_l;t> P)\(l . tn—l. t) :

(1.2.8)

. (Product process) Let A, B be random elements of M,(Q,) with fized singular

numbers SN(A) = X\, SN(B) = pu, invariant under left- and right-multiplication

.....

P,(1,...,t" 1)
Py(1,...,tm L) P,(L, ...t ht)

Pr(SN(AB) = v) = &_,(0,1) (1.2.9)

In the limit N — oo, Theorem 1.2.1 Part 1 recovers the distribution of singular

numbers of matrices with iid additive Haar entries.

20



Corollary 1.2.2. Fiz a prime p and lett = 1/p. Let 1 <n <m, and A € Myxmn(Z,) be
random with iid entries distributed according to the additive Haar measure on Z,. Then
for any \ € Sig},

I N T e [ N (A AN )
o Moy (L, .. tntpmendl gmend2 )

Pr(SN(A) = \)

The m = n case of Corollary 1.2.2 was the original ensemble studied by Friedman-
Washington [FW87|, and appeared also in the work of Evans |[Eva02|. The rectangular
case was considered in work of Wood [Woo19, Thm. 1.3|, which studies the n — oo
asymptotics of n x (n+ u) matrices for fixed u; this work shows that the limit is universal
for many choices of the distribution of matrix entries, but does not consider the exact
result of Corollary 1.2.2 for finite n. Subcases of the Hall-Littlewood measures we consider
also appear in the work of Fulman [Ful02, Full4] on Jordan blocks of uniformly random

elements of GL,,(F,), though the language of Hall-Littlewood measures was not used.

Explicit formulas for the probabilities in Corollary 1.2.2 and Theorem 1.2.1 may be
obtained using the explicit formulas for Hall-Littlewood polynomials, Proposition 2.2.15
and Theorem 2.2.16, recovering those given in [FW87| and yielding several new ones. One
such consequence is a generalization of the results of [FW87] to cokernels of products of
additive Haar matrices. Here N, := #{i : \; > x}, (a;1), := [[[5 (1 — a - t) is the

t-Pochhammer symbol,

= (1.2.10)

is the t-binomial coefficient, and
n(A) = (i—1)\. (1.2.11)

Theorem 1.2.3. Let t = 1/p, fix n > 1, and let A; be iid n X n matrices with iid

entries distributed by the additive Haar measure on Z,. Then the joint distribution of
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SN(A1),SN(A3A4,), ... is given by

Pr(SN(A;---Ay) = A(@) foralli=1,... k)

N N (i — 1) 1.2.12
= (e TT L0 Ay = Ali = 1)5py ( )
1<i<k x€Z )\(Z); - )\(Z)gﬁJrl

t

for any k and M(1),..., \(k) € Sig=", where we take A\(0) = (0,...,0) in (1.2.12).

Note that the product over z € Z, which may appear uninviting, in fact has only
finitely many nontrivial terms. We mention also that in work of Nguyen and the author
[NVP22] which does not appear in this thesis, the n — oo limit of this distribution was
shown to be universal for products of random matrices with iid entries from a generic
distribution, and interpreted in terms of automorphisms of nested sequences of abelian p-
groups. Currently we are not aware of this distribution appearing elsewhere, but given the
various matrix models mentioned in the Preface which have found application elsewhere,
it seems any natural enough distribution on p-adic random matrices may model some

class of random abelian p-groups appearing in nature.

Remark 1. Though we have chosen to state them in the case of QQ, because it is most
commonly considered in the literature, all of our results and proofs for p-adic matrices
are actually valid for matrices over any non-Archimedean local field K with finite residue
field, i.e. any algebraic extensions of Q, or F,((¢)). Any such field has a ring of integers
R which plays the role of Z,, and a unique maximal ideal (w) C R generated by a
uniformizer w which plays the role of p. The residue field R/(w) is a finite field F, for
some ¢. Replacing Q, by K, Z, by R, p by w (in the context of matrix entries), and
setting ¢t = 1/¢ in Hall-Littlewood specializations, our results translate mutatis mutandis.
This is essentially a consequence of the fact that Part 3 of Theorem 1.2.1 holds in this
generality, see [Mac98a, Ch. V| and the discussion in Chapter 3.

1.2.1 Macdonald polynomials and connections to the complex

case

Let us say a few words about the proof of Theorem 1.2.1. Part 3 of the theorem is essen-

tially a probabilistic reframing of results on the Hecke ring of the pair (GL,,(Q,), GL,(Z,))
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in [Mac98a, Ch. V|. To prove Part 1 and Part 2, we use limiting cases of Part 3 cor-
responding to projection matrices. For example, if U € GLy(Z,) is random with Haar
distribution, then the corners described in Part 1 are given by the convolution P,UPF,,
of projection matrices of rank n and m, which may be treated by a limiting case of the
product operation in Part 3. This link also explains the appearance of similar geomet-
ric progressions in ¢ in the formulas in Parts 1, 2, 3: those in Parts 1, 2 come from
those in Part 3 via this degeneration. We remark that in the complex case, the relation
between products of randomly-rotated projection matrices and the so-called truncated

unitary/Jacobi ensembles was observed and exploited by Collins [Col05].

To implement this strategy in the p-adic setting, in view of (1.2.9) it is necessary to
establish some combinatorial results on asymptotics of the structure coefficients ¢ ,(0,1).
We prove some quite general results in this direction in Chapter 3, which are valid for
the more general class of Macdonald polynomials Py(z1,...,%,;q,t), another family of
symmetric polynomials indexed by signatures. These polynomials have two parameters
q,t and specialize to Hall-Littlewood polynomials when ¢ = 0, but the measures, Markov
dynamics and convolution operations on signatures defined for Hall-Littlewood polynomi-
als work exactly the same way. We chose to work at the level of Macdonald polynomials
partially to highlight the similarities between our results and existing results for complex
random matrices. One may define measures, Markov kernels and randomized convolu-
tion operations on integer signatures by the formulas (1.2.6), (1.2.8), (1.2.7) and (1.2.9)
in Theorem 1.2.1 but with Macdonald polynomials Py(x1,...,%,;q,t) substituted in for
Hall-Littlewood polynomials Py(xy, ..., x,;0,t), and all probabilities will still be nonneg-
ative provided ¢ € [0,1). Sending ¢ — 0 recovers the probabilities in Theorem 1.2.1.
There is another limit where ¢t = ¢%/? and ¢,¢t — 1 while the signatures are also scaled
at some rate dependent on ¢, which yields probability measures, Markov kernels and
convolutions on real signatures. In these limits, the formulas in Theorem 1.2.1 (with
Macdonald polynomials in place of Hall-Littlewood, but no other changes) degenerate
when § = 1,2,4 to formulas for singular values under the corresponding corners and
product matrix operations on real, complex and quaternion random matrices. We dis-

cuss this limit in more detail in Section 3.3.
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1.3 Law of large numbers and central limit theorem

The asymptotic distributions obtained in the previous p-adic random matrix literature
look quite different from their counterparts in the world of singular values. For instance,
(1.2.2) yields that with probability 1 only an asymptotically finite number of the \; are
nonzero. The motivating questions in number theory concern group-theoretic properties
such as the probability of cyclicity (i.e. probability that SN(A) = (k,0,...,0) for some
k) or the distribution of ranks (the number of nonzero parts of A = SN(A)).

By contrast, the singular values of an n x n matrix with iid standard Gaussian entries,
usually referred to as the Ginibre ensemble, converge with rescaling to the celebrated
Marchenko-Pastur law [MP67| (a compactly supported probability distribution on R).
As far as we are aware, no continuous probability distributions on R appeared previously
governing limits of singular numbers of random p-adic matrices. Indeed, such limits are
in a sense orthogonal to the viewpoint of random abelian p-groups taken in most of the

previous literature.

Remark 2. In a probabilistic context it is often helpful to view the additive Haar measure
on Z, as an analogue of the Gaussian on R or C. One shared feature is that additive
convolution preserves both classes of measures: if X,Y are distributed according to the
additive Haar measure on Z,, X +Y is as well. In fact, random vectors v € Z; with
iid Haar-distributed entries are invariant under GL,(Z,) just as Gaussian vectors are
invariant under U(n), and both are characterized up to scaling by this invariance together
with independence of entries. Another shared feature is that both the Gaussian and the
additive Haar measure are their own Fourier transform. See Tao [Tao08| and Evans

[Eva01] for more discussion.

In the next result, we find Gaussian limits in the setting of products of a large number
of p-adic matrices of finite size. Given random matrices Ay, As, ... € M,(Q,), one may
view the SN(A;),SN(A2A4;),... as defining a discrete-time Markov chain on the set of
weakly decreasing n-tuples of integers. Equivalently, for each i the i'® largest singular
number evolves as some random walk on Z, with the n such random walks sometimes

colliding but never crossing. See Figure 1-1 below.

In the case when A; are n X n corners of independent Haar-distributed elements of

GLN(Z,) with N > n, we show that the singular numbers of their products satisfy an
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explicit law of large numbers as k — oo, and furthermore the fluctuations converge to
n independent Brownian motions. In the limit as N — oo, the entries of such corners
become independent and distributed according to the additive Haar measure on Z,, re-
covering the matrices studied in the previous literature, so we allow the case ‘N = oo’

below.

Theorem 1.3.1. Fizn > 1, and let Ny, Na,... € ZU {oo} with N; > n for all j. For
each j, if Nj < oo let A; be the top left n x n corner of a Haar distributed element of
GLy,(Zy), and if N;j = oo let A; have iid entries distributed by the additive Haar measure
on L. Fork € N let

(A(k)y ..oy An(k)) == SN(Ag - -+ Aq).

Then we have a strong law of large numbers

Ai(k)

Zk ZNj_n_l P p— — 1 a.s. as k — oo.
7=1 /=0 (1_p—i—£—1)(1_p—i—£)

Let  Nnt
N oy B i—n= p,i,g(l o pfl)
Ni(k) = Ni(k) Z 2 Ty Y

and define the random function of f5, ;. € C[0,1] as follows: set f5, (0) =0 and

Pson (LK), S (27K, o ! u()s - (),

j—n— 1 i 8(1 )(1 2i—2¢ 1)
\/Zjl o TR TP

then linearly interpolate from these values on each interval [(/k,(¢ 4+ 1)/k]. Then as
k — oo, the n-tuple of random functions (fs, x,--.,fx,x) converges in law in the sup

norm topology on C|0, 1] to n independent standard Brownian motions.

In particular, we have the central limit theorem that

Ai(k)
j—n—1 p—i—{(1 1)(1—p—2i—20—1)
\/Z] 1 ZZ £ (1-p sz) (1_;11‘7271)2

— N(0,1)

in law for each 3.

Remark 3. If all N; are equal to some [V, then the law of large numbers takes the more
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Figure 1-1: A plot of (A1(k), A2(k), As(k), Aa(k)) = SN(Ag--- Ay) where Ay, ..., A €
M,(Zs) are random matrices with iid entries drawn from the additive Haar measure on
ZLs.
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standard form ‘
p Tt 1-p")

_ m—i—l— e AN
k — (L-p " H{L-p™

When N = oo, evaluating the sum via the ¢-Gauss identity [Koe98, (3.5)] yields an even

more explicit limit:

The matrices A; above lie in GL,(Q,) with probability 1, so Theorem 1.3.1 may be
viewed as a statement about certain random walks on the group GL,(Q,). Previous
work by Brofferio-Schapira [BS11| takes this perspective of random walks on groups
and studies similar random walks from an ergodic theory perspective. They prove a
law of large numbers for products of iid random matrices from a quite general class
of probability distributions on GL,(Q,) via a generalization of Oseledets’ multiplicative
ergodic theorem [Ose68| to matrices over Q,, due to Raghunathan [Rag79|. The family of
probability distributions considered in [BS11] is more general than that of Theorem 1.2.1,
but the latter covers cases when the matrices A; are not identically distributed and shows
Gaussian fluctuations, which are not shown in [BS11|. A different family of random
walks on GL,,(Q,) were studied by Chhaibi [Chh17]; the perspective in this work is more
similar to ours in that it is heavily based on special functions on p-adic groups, though
the presentation and problems considered are quite different. Finally, there is a body of
work on random walks on Bruhat-Tits buildings which translates to results on random
walks on p-adic groups, see for instance Cartwright-Woess [CW04, Section 8|, Schapira
[Sch09], and especially the survey of Parkinson [Par17]. These works contain central limit

theorems, but for quite different quantities and settings than ours.

In the setting of real and complex matrices, the study of asymptotics of singular values
of products AgAi_1--- Ay of random matrices as k — oo dates back at least as far as
the 1960 work of Furstenberg and Kesten [FK60]|, who showed Gaussian fluctuations for
the logarithm of the largest singular value under some assumptions on the A;. In the
case where the A; are iid square with complex Gaussian entries, Gaussian fluctuations for
logarithms of all singular values (not just the largest as in [FK60|) were obtained in the
physics literature by Akemann-Burda-Kieburg [ABK14] and in the mathematics literature
by Liu-Wang-Wang [LWW23, Thm. 1.1]. The case of products of n x n corners of unitary

matrices, often referred to as the truncated unitary ensemble, has also been considered;
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the term Jacobi ensemble is also sometimes used for such corners due to the relation
with the classical Jacobi orthogonal polynomial ensemble. Dynamical convergence of the
logarithm of the largest singular value of Ay --- A; to Brownian motion for products of
such unitary corners was suggested, though not directly implied, by the work of Ahn (one
should send 7' — oo in [Ahn22b, Thm. 1.7]). Together these results strongly suggest that
as the number of products goes to infinity, the fluctuations of the n logarithms of singular
values should converge to n independent Brownian motions, as holds in the p-adic case
by Theorem 1.3.1, and indeed a result of this form was shown by Ahn [Ahn22a| after our

result originally appeared.

There is now a large body of both mathematics and physics literature on asymptotics of
matrix products in various regimes, often from the perspective of ergodic theory and often
motivated by connections to chaotic dynamical systems and disordered systems in sta-
tistical physics, neural networks, and other areas. See for example Ahn [Ahn22b, AS22],
Akemann-Burda-Kieburg [ABK14, ABK19, ABK20|, Akemann-Ipsen [AI15], Akemann-
Ipsen-Kieburg [AIK13|, Akemann-Kieburg-Wei [AKW13|, Crisanti-Paladin-Vulpiani [CPV12|,
Forrester |Forl5] and Forrester-Liu [FL16], Gol’dsheid-Margulis [GM89], Gorin-Sun [GS22],
Kieburg-Kosters [KK19], and Liu-Wang-Wang [LWW23|. Such considerations motivate
the study of the Lyapunov exponents, so named because of the connection with dynam-
ical systems: given random complex matrices A;, As, ..., the i'* Lyapunov exponent is
defined as

1
klim z log (i largest singular value of Ay --- A;).
— 00

In the limit as the sizes of the A; grows, the largest Lyapunov exponents converge (with
appropriate scaling) to an evenly spaced sequence 0,—1,—2, ... in several known cases.
Note that this statement has no content if one may scale each Lyapunov exponent indi-
vidually, but it is quite surprising that applying the same additive shift and multiplicative
scaling to all of the Lyapunov exponents together produces this evenly spaced sequence.
For complex Ginibre matrices this convergence statement is an easy corollary of results of
Liu-Wang-Wang” [LWW23|. For products of corners of Haar-distributed unitary matrices
and Ginibre matrices, the same result holds by work of Ahn and the author [AVP23].

These examples seem to support the notion that such evenly spaced Lyapunov exponents

"To obtain 0, —1,—2,..., take N — oo in (1.7) of [LWW23| with scaling and use that the digamma
function ¥(z) is asymptotic to log(z).
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are universal, though we are not aware of a precise conjecture in the literature regarding

the scope of this class.

In the p-adic case, we are able to prove that at least within the class of trun-
cated GLy(Z,) matrices-and iid additive Haar matrices, by the N — oo limit)-the
appropriate analogues of Lyapunov exponents have universal limits. Consider random
Ay Ay, ... € My(Q,). For appropriate U,V € GL,(Z,) such that U(Ag---A;)V =
diag(pt® ... p*®)) with A\(k) > ... > M\.(k), we have that the i*" smallest part
M_iv1(k) of SN(Ay - -+ Ay) is the analogue of —log(i" largest singular value) in the com-
plex setting, because p” is small in the p-adic norm for large D. Hence

Jim
should be regarded as the appropriate analogue of the i** Lyapunov exponent in the
p-adic setting. Our next result shows that within the class of products of arbitrary
Haar corners, these analogues of Lyapunov exponents converge to values 1,p,p?, ... in

geometric progression, much like the arithmetic progression 0, —1, —2, ... in the complex

case mentioned previously.

Theorem 1.3.2 (Large-n universality of Lyapunov exponents). For each n € N, let

N NS € Zsg U {00} be such that N;") > n and the limiting frequencies

C [{1<j<k:N™ =N}
pn(N) := lim, P

exist for all N > n. Let Agn) be n x n corners of independent Haar distributed matrices

m GLNJ@) (Z,) (with the case N;n) = oo treated as in Theorem 1.3.1). Then for each n,

the Lyapunov exponents
L™ .= lim Anit1 (k)
v ' k—o00 k

exist almost surely, where A\,—_;+1(k) is as in Theorem 1.3.1. Furthermore, the Lyapunov

exponents have limits
L

lim ————— =p"!
n=eo (1 —c(n))

for every i, where c(n) :== "\, pn(N)p~N=),

We note that Theorem 1.3.2 does not require any relation between the N ;n) for different

29



n; one can for example alternate N ;") =mn+ 1 for n even and N ](") = oo for n odd, and
the result still holds. In the next section we see that this geometric progression was in

fact a hint of a new universal object.

1.4 p-adic analogues of Dyson Brownian motion, Pois-

son walks, and local limits

Theorem 1.3.2 shows that in that setting, at least near the ‘edge’ j ~ N for N large,
the ;' singular number SN(ASN) e AgN)) ; evolves in discrete time 7 about p times faster
than the (j+1)" does. It is natural to ask the finer-grained question of what this discrete-
time dynamics actually looks like near the edge, and whether there is any hope that an
N — oo limit exists which might be universal. A related question is the bulk local limat
of this evolution far away from either edge, e.g. for j ~ N/2. Both of these questions
differ from the previous section in that the matrix size N is sent to oo along with the

number of products, rather than fixed as the number of products goes to oc.

In the bulk, we find the exact distribution of singular numbers at a fixed time, which
we now define, though we suggest to skip over the details of the formulas at a first
reading. These formulas feature the g-Pochhammer symbols and ¢-binomial coefficients

defined earlier in (1.2.10), and for signatures u € Sig,_,, A € Sig,, we write
P=AES N> > A > 02> 1 2> Ay

| = >, pi, and p — (d[k — 1)) = (1 — d, ..., pp—1 — d). They also feature g-Whittaker
polynomials Py(--- ;¢,0) and Plancherel specializations of Hall-Littlewood polynomials,

for which we refer to Chapter 2 for definitions.

Theorem 1.4.1. For any k € Z>, and x € Ry, there is a Sig-valued random variable
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Ly, with law defined by

Pr(ﬁk,x = L)
_q k-1 Li—L .
— (L 0)5! A / XEE (w1t ) Iicizjen(Wi/wy; D)oo
Kl2mi)k L1 (68,1, Jr T, (—w ™ ) so(—tws; o
Ly 1—Lg k
41 Lk—l — Lk _ dwz
X t(]2 ) . p(Ll—Lk ~~~~~ Ly—1—Lg J)(wl ) 7wk;17t>0)H W (1'4'1)
=0 J =1

t

for any L = (Ly, ..., Ly) € Sigy, with contour (see Figure 1-2)
D={z+i:z<0}U{z—i:z<0}U{z+iy:224+y*=1,2>0} (1.4.2)

i usual counterclockunse orientation. Its density also has a series representation

1 i ()
Pr(Lpy=L)=—— Y e -
<t; t)oo d<L (t; t)Lk_d Hi:l (t; t)Li—Liﬂ

X Z (—1)|Ludk1_[1 Li -
-1 | L

weSigy_q i Mg
p=<L

L’H—l d
Qu—(ak—1yy (V((1 = 1)t%x), a(1);0,2). (1.4.3)

t

Im(z)

Figure 1-2: The contour I in C.

When k£ = 1 the above formulas require setting L;_; = oo above and suitably in-
terpreting the result, see the related Theorem 6.3.1 for the precise statement. The fact

that the above probabilities sum to 1 for a given pair k, x is a nontrivial ¢-series identity
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for which we are not aware of a reference. Our proof of this fact requires probabilis-
tic arguments to show that certain prelimit random variables which limit to the above
form a tight sequence (Proposition 6.5.1), but it would certainly be interesting to give an

algebraic proof. It is however manifest from the formulas that

L+ (1,...,1) = Ly (1.4.4)
——
k times
in distribution. Informally, this tells us that the random variables £, for different x do
not look so different from one another, and sending y — 0 or y — oo should not result

in any interesting limit behavior because it can be absorbed by translation.

We may now state the bulk limit result. We note that it allows substantial freedom

in how the number of matrix products sy varies with the matrix size V.

Theorem 1.4.2. Fiz p prime and k € Z>1, and for each N € Z>; let AEN),Z' > 1 be iid
matrices with wd entries distributed by the additive Haar measure on Z,. Let (Sn)n>1
be a sequence of natural numbers such that sy and N — log,—1 sy both go to oo and as
N — o0. Let (sn;)j>1 be any subsequence for which log, s, converges in R/Z, and let o

be any preimage in R of this limit. Then
(SN(AGY - AN o, (sn,) + a])i<ick = Lrgati /s (1.4.5)

in distribution as j — oo, where [-] is the nearest integer function and as always t = 1/p.

Note that we did not specify which preimage a to choose, but choosing a different one
simply translates the left hand side of (1.4.5) by an integer and multiplies the parameter
of L. by an integer power of ¢ on the right hand side, which in light of (1.4.4) leaves
(1.4.5) invariant. However, it was necessary to choose a subsequence of the sy such that
log, sy, converges in R/Z, because SN(A(SJJ\V[;) . -AgNj)); is an integer.

It is interesting to compare Theorem 1.4.2 to corresponding results in classical random
matrix theory. The local limits of eigenvalues or singular values of a single complex
matrix, or spacings between them, is a classical topic originally studied as a model for
the observed repulsion of energy levels in heavy nuclei. By these local limits we mean
the following: the singular values form a random finite (multi-)set of points on R, and

as the size N of the matrix goes to infinity, this collection of points becomes larger and
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larger, and one may speak of a limit to an infinite random collection of points on R after
suitable rescaling. Dyson [Dys62b| computed the limiting spacings between eigenvalues of
Hermitian matrices in the bulk (i.e. far away from the largest and smallest eigenvalue) in
certain exactly solvable cases, finding them governed by the celebrated sine kernel. If one
zooms in near the expected location of the largest singular value, the so-called soft edge,
one obtains an infinite collection of points with a rightmost point (corresponding to the
largest singular value). This random point configuration is the Airy point process defined
by Priahofer and Spohn [PS02], the correlation functions of which were computed earlier
by Forrester [For93|. The distribution of this rightmost point, the limit of the largest

singular value, is the eponymous distribution studied by Tracy and Widom [TW94].

Many of the works on real/complex matrix products mentioned in the previous sec-
tion also consider logarithms of singular values of matrix products in joint limits where
both the matrix size and number of products go to co. In the opposite regime to the one
of the previous section, i.e. the case of the large N limit of product of a fixed number
of matrices, Liu-Wang-Zhang [LWZ16| showed for Ginibre matrices that the local limits
are governed by the sine kernel in the bulk and Airy at the soft edge. In joint limits
as the matrix size and number of products grow together, one sees stochastic processes
which interpolate between the bulk-sine/edge-Airy statistics of a single matrix, and the
independent Gaussian ones of products of fixed-size matrices mentioned in the previ-
ous section, see e.g. Akemann-Burda-Kieburg [ABK19, ABK20| and Liu-Wang-Wang
[LWW23|. As mentioned, our result Theorem 1.4.2 yields essentially the same limit for
many different choices of how the number of products sy goes to oo with the matrix size
N, since the only difference is the constant in £y ., and by the previous discussion this

does not meaningfully change the probabilistic behavior, in contrast to the complex case.

These limits of complex matrix products are also shared by a continuous-time prelimit
object, the (multiplicative) Dyson Brownian motion. Dyson [Dys62a| observed that for
an N x N Hermitian matrix with above-diagonal entries evolving as independent complex
Brownian motions (and real ones on the diagonal), the eigenvalues evolve as N indepen-
dent Brownian motions conditioned to never intersect, often called Dyson Brownian mo-
tion. One may also define a canonical multiplicative Brownian motion Y ™)(T), T € R
on GLy(C), for which the logarithms of singular values evolve as N independent Brown-

ian motions with drifts in arithmetic progression, again conditioned never to intersect, a
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process known as multiplicative Dyson Brownian motion®. That the eigenvalues/singular
values of the additive and multiplicative Brownian motion have such a simple description
is a beautiful fact and seems unexpected given the nontrivial way that eigenvalues and
singular values depend on matrix entries; it is related to the fact that these Brownian
motions on matrices are coordinate-invariant in a certain sense, so the number of free
parameters is much smaller than it appears. We mention also that one may view the
usual Hermitian Brownian motion as a tangent space version of the multiplicative one,

see Klyachko [Kly00] for a discussion in the case of discrete-time versions.

1.4.1 Invariant stochastic processes on matrices.

For multiplicative Brownian motion Y™)(T), it is natural to consider its multiplicative
increments Y™ (t) Y™ (t;_1)~" for a series of times t; < ty < ... < t3, as the value
of the multiplicative Brownian motion at a given ¢; is the product of the corresponding

increments. These increments Y™ (T + s)YN)(T)~! satisfy

1. Independence: Y™)(T + s)Y™)(T)~1 is independent of the trajectory Y™ (7),0 <
T<T,

2. Stationarity: YN/(T + s)YN(T)™1 = YN (s)YM(0)~! in distribution for any
T >0, and

3. Isotropy with respect to U(N): For any U € U(N), YT + s)YI(T)™t =
UYWN(T+5)YWN(T)U " in distribution. Equivalently, Pr(Y™)(T+s) € S|V(T) =
z) = Pr(YWN(T +s) € US|Y(T) = Uxz) for any U € U(N), € GLy(C) and mea-
surable S C GLy(C).

The first two are familiar from the theory of Brownian motion on R, while a version
of the latter with respect to the rotation group O(N) may be seen as soon as one con-
siders Brownian motion on RY. The fixed-time marginals of any process satisfying the
above and starting at the Haar measure must be infinitely-divisible measures invariant
with respect to the action of U(N) on the left and right, which were classified by the

generalized Lévy-Khintchine theorem of Gangolli [Gan64| (see also earlier work of Hunt

8See the introduction of [AVP23| for short discussion of multiplicative Brownian motion and its
relation to matrix products, with references to the literature.
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[Hun56]). Later, Gangolli [Gan65| explicitly constructed stochastic processes with these
fixed-time marginals, finding them to be mixtures of multiplicative Brownian motion
and Poisson jump processes, as with the classical Lévy-Khintchine theorem on R. Of
these, only the multiplicative Brownian motion® has continuous sample paths. We note
that strictly speaking, the uniqueness statement applies only to the infinitely divisible
measures which are the single-time marginals of the process, and we are not aware of a
uniqueness statement at the process level analogous to the characterization of Brownian

motion on R.

One might optimistically hope for a similar classification in the p-adic case, and hope
that the ‘right’ analogue of multiplicative Brownian motion yields an elegant stochastic
process on singular numbers similar to the above multiplicative Dyson Brownian motion.

Both hopes will turn out to be well-founded.

1.4.2 Classifying invariant processes.

Now we turn to the question of Markov processes on GLy(Q,) with stationary, inde-
pendent, GLy(Z,)-isotropic increments. The following definition gives a wide class of

processes which are easily seen to have these properties.

Definition 1. Let N € Z>,, let M be any probability measure on Sigy;, and let ¢ € R>.
Then we define the process Y (VM) (1) 7 € Rso on GLy(Q,) by

. L(P() L(P() _ ey e
Y(N’M’C)(T) := Up(r) diag(p” o DN )V - Un diag(p™ ... " )Vl

(1.4.6)
where P(7) is a Poisson process on Zsq with rate ¢, and v9 ~ M and U;, Vi ~ Mpyaer(GLx(Z,))

are iid.

Our first result, Theorem 1.4.3, says that at the level of singular numbers Definition 1

is the only example.

9This uniqueness actually applies after restricting to the subgroup SLy(C). In the case of GLy(C)
there is an additional multiplicative Brownian motion on R corresponding to the determinant, leading
to a two-parameter family of processes with continuous sample paths. See Jones-O’Connell [JO06, p108]
for discussion; this work also contains an excellent Lie-theoretic exposition of multiplicative Brownian
motions in the cases of common matrix groups and Brownian motions on Weyl chambers in general Lie
type.
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Theorem 1.4.3. Let N € Z>y and let X(7),7 € R be a Markov process on GLy(Q),)
started at the identity with stationary, independent, GLy(Z,)-isotropic increments. Then

there exists a constant ¢ € R>q and a probability measure Mx on Sigy such that

SN(X (7)) = SN(Y MV:Mx:0) (1)) in multi-time distribution. (1.4.7)

We deduce Theorem 1.4.3 from a later result stated as Proposition 6.1.2, which
works at the level of the homogeneous space GLx(Q,)/GLy(Z,) analogously to [Gan64].
We note that because the dynamics of Definition 1 commutes with the right action of
GLn(Z,), it projects to Markov dynamics on GLy(Q,)/GLy(Z,). Even at this level,
unlike the homogeneous space GLx(C)/U(N), the space GLx(Q,)/GLy(Z,) is count-
able and naturally carries the discrete topology. Hence one cannot expect an analogue of
the continuous multiplicative Brownian motion, but it turns out that the same Poisson
jump/matrix product processes appear as in the complex case—the processes Y (V:M:c)

provide examples of these.

Given that no process on GLy(Q,)/ GLy(Z,) with continuous paths exists, one may at
least ask for a Poisson jump process with the smallest or simplest jumps. Such a process
should have My supported on d(n)) and the smallest nontrivial signature 61 ojv—1)), where
here and below we use the notation alk] in signatures to denote a repeated k times. Note
that one might equally well replace 0.1 0n—1)) by d@n—-1],—1), but this is related to the
previous case by taking inverse matrices and reversing the left and right actions, so there

N.Mx,c) do not change at

is no loss in our choice. Because the singular numbers of Y
the jumps where v = (0[N]), as far as the singular numbers are concerned one may
take Mx = d(1,0[n—1)), up to changing the Poisson rate constant c. We see next that the

singular numbers of this process have an elegant description.

1.4.3 p-adic Dyson Brownian motion.

Definition 2. For n € NU {oo} and p € Sig, and ¢ € (0,1), we define the stochastic
process S*™ (1) = (S{""(7),...,S8"™(7)) on Sig,, as follows. For each 1 <i < n, S" has
an exponential clock of rate t', and when the clock associated to S!"" rings, S!*" increases
by 1 if the resulting n-tuple is still weakly decreasing. If not, then S!"; increases by 1

instead and S!"" remains the same, where d > 0 is the smallest index so that the resulting
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tuple is weakly decreasing. In the case of trivial initial condition we will often write S™

for SOMm)n,

SN —¢€) = (4,4,3,1,1,1,0,...) S(®)(1) = (4,4,3,2,1,1,0,...)

-

ring!
Py

O = N W
S = N W
'y

Figure 1-3: An example of the dynamics described in Definition 2. If the clock associated
to SLEOO) = 1 rings at time 7 and the process was previously in state (4,4,3,1,1,1,0,...)
(ie. S©®)(1—€) = (4,4,3,1,1,1,0,...) for all sufficiently small ¢ > 0), then Sﬁoo) increases
by 1 and so S (1) = (4,4,3,2,1,1,0,...).

SN —€) = (4,4,3,1,1,1,0,...) S (1) = (4,4,3,2,1,1,0,...)

-

S = N W
S = N W
o

Figure 1-4: An example of the dynamics of Definition 2 in the case where the part
associated to the clock that rings—in this case, Séoo)—cannot increase without violating

the weakly decreasing condition, so Sioo) is ‘pushed’ instead.

Theorem 1.4.4. Let N € Z1, ¢ € Ry, and XN (1) := YNOwov-1)9) (1) in the notation
of Definition 1. Then

SN (XM (7)) = W) ((C% 11__tfv) T> (1.4.8)

in multi-time distribution, where we take the parameter t in SN to be 1/p.

We find later in Theorem 6.3.1 that this ‘p-adic Dyson Brownian motion’ S (7) has
the same bulk limit as the one for singular numbers additive Haar matrix products given

in Theorem 1.4.2. Both are Hall-Littlewood processes, which for S™(7) is the statement
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Figure 1-5: The reflection condition of Definition 2 in the case m = 2: here
(sz) (7‘),82(2) (1)) is portrayed as an up-right walk in the = — y plane lying below the
line y = x, and each jump is labeled by which clock rings. In the final jump, the second
clock rings, but due to the reflection condition, 82(2) does not increase—the result of such

. . 2) . .
an increase is shown as an opaque arrow—but rather Sl( ) increases instead.
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that it is a continuous-time Markov process on the set Y of partitions starting at the

empty partition, with transition probabilities defined by

Pr(S™(ry +7) = v|S™ (1) = p)

P,(1,t,%,... " t)
P,(1,t,82,... v 1¢t)’

x Dh_{%oQV/u fT/D,...,tT/lz;t (1.4.9)

~
D times

see Corollary 6.2.5 for the full statement for S™ and Corollary 3.1.3 for the statement
for the Haar matrix product process. This allows us to bring tools from symmetric
functions to bear, which are key for Theorem 1.4.2 and Theorem 6.3.1. However, it was
not clear how to use the usual tool for Macdonald process asymptotics, namely contour
integral formulas for ‘¢-moment’ observables coming from difference operators, because
such moments do not uniquely determine the distribution. Our proofs nonetheless use
results on Macdonald polynomials extensively, but in a nonstandard fashion which relies
on a Markovian projection property specific to the Hall-Littlewood case. An interesting
feature of the proof is that its starting point is a symmetric function incarnation of an
explicit moment inversion formula for abelian p-groups, recently worked out in greater
generality by Sawin-Wood [SW22b|, which we discuss further in Section 6.3. We mention
also that the Hall-Littlewood process corresponding to SV)(7) appears in earlier work of
Borodin [Bor99| and Bufetov-Petrov [BP15] on the related problem of Jordan blocks of

random upper-triangular matrices over .

It is natural to ask about the multi-time bulk limits of these processes as well, which we
discuss in the next section. In particular, we find that the evolution of singular numbers
in the bulk for matrix products matches the Poisson jump rules of S (7), so in some
sense S (1) is the most natural prelimit incarnation of our bulk limit. This gives some

explanation as to why the limits in Theorem 1.4.2 and Theorem 6.3.1 are the same.

Remark 4. Random walks on Weyl chambers conditioned to never intersect are the sub-
ject of an extensive literature with connections to representation theory, total positivity,
and other parts of combinatorics, as well as random matrices. See Biane [Bia91, Bia92],
Grabiner |Gra99|, Baryshnikov [Bar01], Bougerol-Jeulin [BJ02|, O’Connell-Yor [OY02],
Biane-Bougerol-O’Connell [BBOO05|, and the references therein. However, we are not

aware of corresponding work for reflected (rather than conditioned) random walks on a
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positive Weyl chamber, and believe it is worth understanding whether the combinatorics
is similarly rich. To clarify a potential point of confusion, let us note that reflections
across the walls of the Weyl chamber appear across the works which treat conditioned
random walks, in analogues of the classical reflection principle for Brownian motion fol-
lowing Gessel-Zeilberger [GZ92]; however, the random walks themselves are not reflected

at the boundary, but conditioned to avoid it.

Remark 5. A related body of literature deals with random walks on Bruhat-Tits build-
ings, of which SLx(Q,)/SLy(Z,) is the type A case, see e.g. Parkinson [Par17] and the
references therein. These typically treat random walks satisfying a stronger notion of

isotropy than ours: theirs in our context would be the assumption that

Pr(X(t+s) =y|X(7) =) =Pr(X(1 +s) = Uy|X(7) = V) (1.4.10)
for any fixed U,V € GLy(Z,), while ours only requires

Pr(X(t+s) =y|X(r) =) =Pr(X(r +s) = Uy|X(r) = Ux). (1.4.11)

It is not hard to show by slight modifications of our arguments that the only processes
satisfying the strong isotropy condition (1.4.10) and stationary independent increments
are of the form Y(V:M)(7) and indeed this is remarked in the discrete-time setting in

Parkinson [Par07, p381].

However, multiplicative Brownian motion on GLy(C)/ U(N) does not satisfy the
strong isotropy condition (1.4.10); indeed, this condition in continuous time precludes
continuous sample paths. This is our reason for taking the weaker condition (1.4.11),
which multiplicative Brownian motion does satisfy, even though the resulting constraints

on the processes in Proposition 6.1.2 are weaker than one obtains with (1.4.10).

Remark 6. We believe Theorem 1.4.3 and the discussion directly after it, together with
Theorem 1.4.4, give a satisfactory answer to the question of what a p-adic multiplicative
Dyson Brownian motion. However, let us be clear that we have not answered the stronger

question

What is the analogue for GLy(Q,) of multiplicative Brownian motion?
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We have only shown that the singular numbers of such a process should agree with those
of Y (V:9a.ov—1)¢) hut we have made no uniqueness statement at the level of a process on
GLn(Q,). The process Y (Ndaow-1)¢) is quite natural, but there may certainly be a more
natural one. Returning to the previous remark, we expect that such a process may not
satisfy the strong isotropy condition (1.4.10), and it seems plausible that a good analogue
of multiplicative Brownian motion should not wait at any state for a nonzero amount of

time, which Y (V:4a.ov—1)¢) does.

In the simplest case N = 1, the above discussion concerns processes in continuous (RR-
valued) time on the group Q, for which existing literature on p-adic Brownian motions
such as Albeverio-Karwowski [AK91, AK94] or Evans [Eva89] (which studies more general
totally disconnected abelian groups) likely provides a natural route to answering the
question above when N = 1. However, we are not aware of works concerning stochastic

processes on nonabelian p-adic groups.

To prevent confusion for one who wishes to begin reading the primary sources on
p-adic Brownian motions, it is worth mentioning that many previous works referring to
p-adic Brownian motions such as Evans [Eva93, Eva98| and Bikulov-Volovich [BV97] are
instead studying a process where the time parameter lives in QQ, rather than R, leading

to a different object which has no a priori relation to our setting.

1.5 Universal limits of the product process at the bulk
and edge

We wish to describe the evolution of the singular numbers SN (A(TN) X -AgN)) T € L
in the bulk, i.e. evolution of SN (ASM . A&N))‘ for i = ry + O(1) with 1 < 7y < N.
We also wish to describe the evolution at the rizght edge i = N — O(1). The reason we
do not consider the left edge i = 1 + O(1) is that it is nonuniversal; this is not obvious
given the discussion so far, but one can see it for the examples of Theorem 1.3.1 later in
Section 8.1. Let us first consider what the type of a putative limit object for the bulk
and right edge must be. In the bulk, it should be a stochastic process with state space

Sigsee = {(ttn) ey € Z” : pins1 < i, for all n € Z} (1.5.1)
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because there should be infinitely many smaller and infinitely many larger singular num-

bers in the limit. For the edge it should be a process on

Sigedge = {(/Ln)nelgo S ZZSO P S Hn for all n € Z<0} (152)

because there is a smallest singular number SN <A$N) x -AgN)> . Furthermore, in the
N

cases covered by Theorem 1.3.2, that result suggests that the (j + 1) singular number
of AN ... AgN) moves (in discrete time 7 ) about ¢ times slower than the j** does. This
suggests that a singular number SN <A£N) e A§N)> _in either the bulk or the right edge
j

must change very seldom, so we should expect a continuous-time Poisson-type limit. This

is what we will construct.

Theorem 1.5.1. For each t € (0,1) there exists a continuous-time Markov process

se(T) = (s#(1)).

,T € Rsg on Sig,,,, which we call the ‘reflecting Poisson
1EZ -

sea,’ enjoying the following properties:

1. For any D € N and sequence of ‘bulk observation points’ r,,n > 1 with r, — oo

and n — r, — 00,
(35;”_ o (T, 8™, (t""”T)) = (3&2;@ (T),...,82 (T)> (1.5.3)

i multi-time distribution.

is equal to S®)N(T) in multi-

€L

2. (Shift-stationarity) The process (SZ(E?O) (t_lT))

time distribution.

3. (Markovian projections) For any d € 7Z, the truncated process (min <d, Si(%o) (T)))
i€Z
1s also Markov.

In particular, the bulk limit property in Theorem 1.5.1 shows that S(*) appears as the
dynamical bulk limit of the process SN (X™)(7)) where X™)(7) is as in Theorem 1.4.4,
and hence has single-time marginals given by Theorem 1.4.1. The shift-stationarity prop-

erty is visible at the level of these marginals in (1.4.4).

The process S>)(T') should be thought of as a two-sided version of () where each

part S@>)(T); has an exponential clock of rate ¢ and attempts to jump when it rings,
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subject to the same pushing/reflection rules as in Definition 2. The reason this is a
difficult object to make sense of is that the sum of these jump rates is infinite, unlike
S(®) where the sum of the jump rates is finite. We give an explicit construction of the
reflecting Poisson sea in Section 7.1 by coupling a collection of processes S(>) on the
same probability space.

In the bulk limit result we state, we actually require a version of S (T') with a
general initial condition p € Sig,., and which we denote by S$*2>(T'). The construction
is the same and given in the general case in Proposition 7.1.2. Our next result shows that
it is the universal object governing local bulk limits of p-adic matrix products, when the

singular numbers are started at certain nonzero initial conditions.

Theorem 1.5.2. Let i € Sig,, be any signature with all parts nonnegative and pi_, — 00
as n — oo. For each N € N, let AEN),Z' > 1 be iid left-GLy (Z,)-invariant random

matrices in Maty (Z,), and let rn be a ‘bulk observation point,” such that

(i) The matriz product process is nontrivial: Pr (AgN) € GLy (Zp)> < 1 for every N,
(i1) ry is in the bulk: ry — oo and N —ry — oo as N — oo, and

(11i) The coranks Xy := corank <A5N) (mod p)) are far away from ry with high proba-
bility: for every j € N,

Pr( X >ry—Jj | Xny>0)—0 as N — oc. (1.5.4)

Let BN) € Maty (Z,), N > 1 be left-GLy (Z,)-invariant ‘initial condition’ matrices with
fixed singular numbers

SN (BM) = ;v (1.5.5)

or a <1< N. Fina efine the matrix product process
for all 1 < i < N. Finally, define th x product p

I™(r) := SN <A5N> . A§N>B<N>> T € Lo, (1.5.6)
Then for any D € N we have convergence

ry—D ? ry+D

(H<N> (lenT)),. .., I (LCNTJ))Nii"(s@;)(T),...,Sg”)(T)) (1.5.7)
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n finite-dimensional distribution, where the constant cn determining the time scaling is

given explicitly by
N
. 1.5.8
N T EAXy <ry) (65X — 1)) (1.5.8)

The hypotheses are very general: (i) and (ii) are clearly required to speak of a bulk
limit, and as we discuss further in Chapter 7, having Xy close to ry with nontrivial
probability presents a direct impediment to the existence of a continuous-time limit. We
in fact prove a stronger theorem, with a weaker (but more technical to state) version of
the hypothesis that X is much smaller than ry with high probability, in Theorem 7.2.1,
and explain why this hypothesis is essentially optimal. We note also that the matrices
AEN) are not required to be nonsingular. It is also quite surprising that the time scaling
¢y in (1.5.8) depends only on A™) (mod p).

The condition g, — oo as n — oo in Theorem 1.5.2 is convenient for the following
reason. For such p, for any d there will be some iy with u;, > d, and so the Markovian
truncations (min (d, S*?>(T);)),c; will have all parts min (d, S***(T);) ,i < iy equal to
d for all time, and these may be ignored in the dynamics. This removes the complicated
feature of the sum of jump rates diverging and makes (min (d,S*?*(T);)),., a much

simpler object.

We next state the edge version, which is exactly the same except ry and Sig,. in
Theorem 1.5.2 are replaced by N and Sig,q,. - The limit object, $*%¢(T'), is constructed

the same way as §*2>(T'), see Definition 53.

Theorem 1.5.3. Let y € Sig,;,, have g > 0 and p—,, — 00 as n — oo. For each
N e N, let AEN),i > 1 be iid left-GLy (Z,)-invariant random matrices in Maty (Z,) such
that

(i) The matriz product process is nontrivial: Pr (Al(»N) € GLy (Zp)> < 1 for every N,

and

(i’) The coranks Xy := corank (AEN) (mod p)> are far away from N with high proba-

bility: for every j € N,

PI'(XN>N—j‘XN>O)—>O as N — oo. (159)

Let BN) € Maty (Z,), N > 1 be left-GLy (Z,)-invariant ‘initial condition’ matrices with
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fixed singular numbers

SN (B™) = pi_n (1.5.10)

7

for all 1 <i < N. Finally, define the matrixz product process

T

™ (r) := SN (A(N> . A§N>B<N>> T € Zo. (1.5.11)
Then for any D € N we have convergence
<H§\],V_)D (lenT]), ..., I (|enT J)) Noogo <Sﬁ’ed98(T), o ,S{)"Edge(T)> (1.5.12)

in finite-dimensional distribution, where cy is as in (1.5.8) with ry = N.

In the complex case, recent work of Ahn [Ahn22a| showed that a universality state-
ment for multi-time limits of singular values of complex matrix products from fairly
generic U(N)-invariant distributions, finding that these limits match those of multiplica-
tive Dyson Brownian motion. At a structural level this is analogous to the results of this
section, but the discrete, Poisson-type limit objects we see in the p-adic setting are quite

different.

1.6 Extrapolating to the p — 1 limit

Given that the bulk limit S®*) of p-adic matrix products depends on p only as a real
parameter t = 1/p € (0, 1), it is natural to wonder if it has any interesting limit behavior
as t approaches 0 or 1. For f-ensembles, which extrapolate the classical real, complex
and quaternion random matrix ensembles, many works have examined analogous limits
as  — o0, e.g. [DE05, EPS14, GM20, GK22|. From the explicit description of our limit,
we see that the t — 0 regime is degenerate since the ratios between the jump rates of
parts Si(") will diverge so the parts will spread apart and not interact. However, in the
limit £ — 1 the jump rates all converge to 1, which suggests the parts Si(QOO) will interact
more and more with one another and interesting limit behavior may result. Rather than
studying the ¢t — 1 limit of S@>), which is itself a long-time bulk limit of S™ or S

by Theorem 1.5.1, we study S in a simultaneous limit as ¢ — 1 and time goes to co.

An alternative motivation to study this process comes from interacting particle sys-
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tems. Letting

/

wi(r) = S (( = 1) 7),

— k, (1.6.1)

we have that z1(7) > zo(7) > ... for all time 7, and we view the z;(7) as positions of
particles on Z. Each particle x;(7) jumps by 1 to the right according to a Poisson process
with rate t%(7)+7 (1 — t#8%:) where we use shorthand gap, = 2;_1 — z; — 1 for the distance
between particles. Hence each particle has a base jump rate * which is slower for particles
further behind the leading particle, but also has a position-dependent slowing ¢** which
causes it to slow down as it moves further to the right. We refer to this system as slowed

t-TASEP, by analogy with the more commonly studied ¢-TASEP which we now recall.

Consider a configuration of particles on Z at some positions z; > x5 > -- -, at most one
particle per site, evolving in continuous time. Each particle has an independent Poisson
clock and jumps 1 unit to the right whenever it rings. The clock of the i** particle from
the right has rate 1 — ¢%-17%~1 often simply written 1 — ¢8*, where 0 < ¢ < 1 and we
take xp := oo. This is the well-known ¢-TASEP, introduced in [BC14|, which reduces
to the usual totally asymmetric simple exclusion process (TASEP) when ¢ = 0. The
asymptotics of ¢-TASEP and its relatives in various regimes have been the subject of
much recent work, for example [Bar15, BCS14, BC15, FV15, OP17, IS19b, IS19a, Vet21|.
These asymptotics crucially rely on the exact solvability of the model, which derives from

its connection to Macdonald processes [BC14].

An inhomogeneous version of ¢-TASEP, where the " particle has jump rate a;(1 —
q%*P) for some fixed positive real parameters ay, as, ..., was introduced simultaneously in
[BC14]. Such inhomogeneities often yield different asymptotic behaviors: for instance,
[Barl5| showed that by tuning the a; correctly, one may see the Baik-Ben Arous-Peche
distributions in the limit, generalizing Tracy-Widom asymptotics established in [FV15].

The position-dependent damping means that slowed t-TASEP behaves quite differ-
ently, as is already apparent with the rightmost particle. In ¢-TASEP, this particle
jumps according to a Poisson process with rate 1, hence has asymptotically (time)/?
order Gaussian fluctuations. By contrast, it is immediate from Theorem 6.3.1 later that
the particles of slowed t-TASEP have asymptotically finite fluctuations. However, in the
above-mentioned regime in which time — oo and ¢ — 1 simultaneously, which amelio-

rates but does not obliterate the position-dependent slowing, one may expect a continuous
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limit. Our first asymptotic result is that the position of each particle obeys an explicit

law of large numbers in this regime.

Theorem 1.6.1. Let (x1(s), x2(s),...),s € Rxq be the particles of slowed t-TASEP with

t=e"¢ Then for any 7 >0 and k € Z~y,

E o k A
€ - xp(7/€) — log (Z I ) log (Z ) in probability as e — 0.

Jj=0 =0

In particular, particles become macroscopically far apart in the limit. In simulations
with fixed t &~ 1, one may observe the first particle ‘peeling off’ from the bulk while the
second particle barely moves at all due to the 1 — ¢5*? component of its jump rate until
the gap becomes large. Then the second particle ‘peels off’, and once it is far away the

third begins to move nontrivially, etc.

However, since particles affect those behind them due to this 1 — ¢5*" factor in the
jump rates, despite the macroscopic separation they continue to influence one another at
the level of fluctuations. In the scaling of time and ¢ of Theorem 1.6.1, we have that the

rescaled fluctuations
'/ (x(1/€) — E [xi(7/e)])
k)

converge to Gaussians X% with nontrivial covariances determined by an (r + s)-fold

contour integral formula for

Cov(XM 4+ ...+ XM x® 4 4 X)),

T

see Proposition 8.4.1. These limiting covariances still depend on 7, but converge without
rescaling as 7 — 00, a manifestation of the convergence to stationary distribution at fixed

t which follows from Theorem 6.3.1.

Theorem 1.6.2. As 7 — oo, the random variables xW converge in distribution to the

fixed-time marginal of the unique stationary solution (Z:(Fl), Z:(FZ), ...) to the system
dz¥ = <(k: — 1)z kzgﬂ) dT +dw® k=12, (1.6.2)

where W} ) are independent standard Brownian motions. Their covariances furthermore
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have the explicit form

M (s 1 w o rlst dz dw
Cov(Z\), 79 = R}é fé et (1 — 2 /r) (1 — w/s)— —
0 0,w

Z —w Z"ws Z W

with the w-contour enclosing 0 and enclosed by the z-contour.

In addition to reflecting prelimit convergence to stationarity, Theorem 1.6.2 yields a
2-fold rather than (r + s)-fold contour integral formula, which allows analysis in the bulk
regime 7, s — 00. The proof of this reduction of covariance formulas is by orthogonal
polynomial methods inspired by the similar arguments of [BCF18, §5.1|, though the

interpretation as a stationary solution to a system of SDEs is not present there.

A natural way to study the bulk limit of slowed ¢-TASEP is to string the Z(()k), which
represent asymptotic fluctuations of particle positions, together into a stochastic process
Yr,T € Ry by linear interpolation. Explicitly, set Yo =0, Y = Z(()T) when T' € Z~q, and
linearly interpolate times between these, see Figure 1-6. The bulk limit is then encoded
by the scaling limit of Yr for large 7', which we explicitly compute by taking asymptotics

of the covariance formula in Theorem 1.6.2 via steepest descent.

Yr
(k41,2

Figure 1-6: The graph of the process Y7, which is just a piecewise linear interpolation
from the (random) points (7, Z(()T)), shown in a window around 7" = k.
Theorem 1.6.3. The process

R = T1/4YT+S\/T

converges in finite-dimensional distributions asT’ — oo to the unique stationary Gaussian
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process Ry, s € R with covariances
& 2
Cov(R,, Ryp) :/ yPe v lb=alygy,
0

The scaling exponents in Theorem 1.6.3 are characteristic of the Edwards- Wilkinson
universality class in (1 4 1) dimensions (1 spatial dimension plus time), see [Sep10] for
other examples of interacting particle systems in this class. The specific integral form of
the covariance is somewhat similar to, but not the same as, covariances for solutions to
the (14 1)-dimensional additive stochastic heat equation, see for example [Hai09, §2.3.2].
We suspect it may arise from some transform of solutions to this or a similar stochastic
PDE, but do not have any results in this direction. However, the fact that the limiting
fluctuations are described by a 1-dimensional Gaussian process of any kind is surprising

given the algebraic origins of slowed t-TASEP, which we discuss next.

1.6.1 Discussion: Macdonald processes, locality, and dynamics

in (1+1) and (2+ 1) dimensions

The dynamics on partitions described above appear naturally as marginals of dynamics
on triangular arrays of integers, or Gelfand-Tsetlin patterns, which are simply sequences

PR Y,,n > 1 which interlace in the sense that

n+1 n n+1 n+1
A > A s A s s\

These are often visualized as infinite configurations of particles in the plane by placing a
(n)

particle at each point (A;"’,n) as in Figure 1-7 (middle).

0 3 6 8 Py Py Py Py a4
1 5 7 ° Py ° as

3 7 ° ° az

4 ° ay

Figure 1-7: The bottom four rows of an infinite Gelfand-Tsetlin pattern, visualized as
a sequence of partitions/array of integers (left) and as a particle configuration (middle),
with jump rates a; for the Poisson clocks of each row (right).
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Simple continuous-time dynamics on such arrays, such that the n'* row evolves by Hall-
Littlewood process dynamics for each n, were given in [BBW16, §6]. In such dynamics,
the n'* row has a Poisson clock of rate a; for every i, where in our setting a; = t*~!. When
a row’s clock rings, one of the particles in that row jumps, specifically the leftmost one
whose jump would not violate interlacing with the row below. This jump in turn triggers
a particle in the row above to jump by 1 according to certain rules, which triggers one in
the row above that, etc., in such a way that interlacing is preserved and the triggering of

moves is local.

At least in special cases, such dynamics also exist for more general Macdonald pro-
cesses, given by replacing the Hall-Littlewood polynomials by Macdonald polynomials
P\(z1,...,%n;q,t). Such dynamics are still local in that particles’ jump rates are only
affected by the particles corresponding to adjacent entries of the original Gelfand-Tsetlin
pattern, and were studied in depth in [BP16|. For the Schur (¢ = t) and ¢-Whittaker
(t = 0) cases with Poisson rates a; = 1, it was shown in [BF14] and [BCF18| that
global bulk asymptotics of such arrays are governed by the 2-dimensional Gaussian
free field, which exhibits logarithmic correlations. We mention also the related works
[BF09, BCT17]| dealing with similar asymptotics of so-called (2 + 1)-dimensional growth
models (i.e. growth models in two spatial and one time dimension). This is in marked
contrast to the correlations Cov(R;, Rs14) in the bulk limit Theorem 1.6.3, which decay

like const - |d|3 for large d and do not diverge for small d.

Why this difference? The surprising feature of the Hall-Littlewood case is that not
only are the dynamics on 2-dimensional Gelfand-Tsetlin patterns governed by local in-
teractions, but their projection to a given row of the Gelfand-Tsetlin pattern results in
(1 + 1)-dimensional dynamics with only local interactions. After the transform (1.6.1)
this becomes the statement, visible in the definition of slowed t-TASEP above, that a
particle’s jump rate is independent of the other particles except for the one in front of it.
Strictly speaking, projecting to a row of the Gelfand-Tsetlin pattern corresponds to the
finite n version of (1.4.9), which does not yield the full slowed t-TASEP. However, the
n = oo case of (1.4.9), which corresponds to the full slowed ¢-TASEP, can interpreted
as the projection of Hall-Littlewood process dynamics to a row ‘at infinity’. A fuller
account is given in Section 4.5, but the basic idea is that with the initial condition where

every entry of the Gelfand-Tsetlin pattern is 0, at each time all sufficiently high rows
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of the Gelfand-Tsetlin pattern will yield the same partition, and the projection of the
dynamics to this partition is Markovian and yields the n = oo case of (1.4.9). For a
precise formulation of this statement in terms of the boundary of a branching graph, see

Section 4.5.

The locality of these dynamics on rows of the Gelfand-Tsetlin pattern is quite special
to the Hall-Littlewood case, and does not hold for the general Macdonald dynamics
above. Even in the ¢ = ¢ Schur case, which usually is the simplest case of Macdonald
processes, a given row of the continuous-time dynamics evolves as n independent Poisson
random walks conditioned in the sense of Doob h-transform not to intersect for all time.
It therefore has highly nonlocal interactions, see [BG13|. In light of this, it makes sense
that the asymptotics of slowed ¢-TASEP are characteristic of (1 + 1)-dimensional growth
models, while the asymptotics observed in e.g. [BF14, BCF18| are characteristic of (2 +
1)-dimensional models. Thus the apparent dissonance between our results and those
discussed above is explained by the unusual locality of interactions of Hall-Littlewood
processes'? with one principal specialization 1,¢,...,t" 1. The nonlocality of interactions
in most Macdonald processes is also inherited by limits which pertain to classical random
matrix theory, see e.g. Section 3.3 and the references therein for more discussion of these.
We have already seen the probabilistic differences between classical and p-adic random
matrix theory above, and one may view the different ¢ — 1 asymptotics observed here as
a manifestation of these at the level of symmetric functions after extrapolating to generic

real p=t—! € R;.

0Let us clarify a point of potential confusion, which is that ordinary ¢-TASEP features only local
interactions but arises as the projection to the leftmost particles in the array (see Figure 1-7) of the
above-mentioned dynamics on g-Whittaker processes. The difference is that this projection to a (14 1)-
dimensional system with local interactions is special and occurs only at the edge of the array, while in our
Hall-Littlewood case projecting to any row yields only local interactions. It should in fact not be difficult
to obtain the same asymptotics as we do in the bulk for Hall-Littlewood dynamics on Gelfand-Tsetlin
patterns by considering the dynamics of S(™ with finite n taken to infinity sufficiently fast along with
time, which is very different from the Gaussian free field type asymptotics present in e.g. the ¢-Whittaker
case [BCF18].
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1.7 Infinite p-adic random matrices and boundaries of

branching graphs

In 1976, Voiculescu [Voi76| classified the characters of the infinite unitary group U(oo),
defined as the inductive limit of the chain U(1) C U(2) C .... This was later shown to be
equivalent to earlier results by Aissen, Edrei, Schoenberg and Whitney, stated without
reference to representation theory. A similar story unfolded for the infinite symmetric
group S, [KOO98, VK81], related to the classical Thoma theorem [Tho64]. See [BO12a,

§1.1] and the references therein for a more detailed exposition of both.

In later works such as [VK82, O098| the result for U(oo) was recast in terms of classi-
fying the boundary of the so-called Gelfand-Tsetlin branching graph, defined combinatori-
ally in terms of Schur polynomials. This led to natural generalizations to other branching
graphs defined in terms of degenerations of Macdonald polynomials Py(z1,...,Z,;q,t),
which feature two parameters ¢,t and specialize to Hall-Littlewood polynomials when
q = 0; see [BO12a, Cuel8, Gorl2, 0098, Ols21|. In special cases these combinatorial
results take on additional significance in representation theory and harmonic analysis;
the Schur case was already mentioned, and two other special cases of the result of [OO98|
for the Jack polynomial case specialize to statements about the infinite symmetric spaces
U(00)/O(0) and U(200)/Sp(cc). For the Young graph, the boundary of its natural
Hall-Littlewood deformation was conjectured in equivalent form in [Ker92|, proved in
[Mat19], and used to deduce results on infinite matrices over finite fields in [CO22].
Surprisingly, however, the boundary of the Hall-Littlewood deformation of the Gelfand-
Tsetlin graph has not previously been carried out, despite the fact that the appearance
of Hall-Littlewood polynomials in harmonic analysis on p-adic groups suggests interpre-

tations beyond the purely combinatorial setting.

Let us describe the setup of the Hall-Littlewood branching graph; we refer to [BO17,
Chapter 7| for an expository account of the general formalism of graded graphs and their
boundaries. Let Sig, = {(A1,...,\n) € Z™ : Ay > ... > A\, } be the set of integer signa-
tures of length n, not necessarily nonnegative. Allowing A to be an arbitrary signature,

(1.2.3) yields a symmetric ‘Hall-Littlewood Laurent polynomial’ which we also denote Pj.
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Let 4, be the weighted graph with vertices
| | sig,
n>1

and edges between A\ € Sig,, u € Sig,,,; with weights

Py(1,...,t" 1)

L™, \) := P, (1" t
() w5 1) P,(1,...,t7t)

(1.7.1)

known as cotransition probabilities. These cotransition probabilities are stochastic by
(1.2.5), so any probability measure on Sig,_; induces another probability measure on
Sig,,. A sequence of probability measures (M,,),>; which is consistent under these maps
is called a coherent system. As these form a simplex, understanding coherent systems
reduces to understanding the extreme points, called the boundary of the branching graph.
Our first main result is an explicit description of the boundary of ¢4,. Here we recall the

notation used in Theorem 1.2.3.

Theorem 1.7.1. For any t € (0,1), the boundary of %, is naturally in bijection with
Sig... Under this bijection p € Sig., corresponds to the coherent system (MF),>1 defined
explicitly by

= A,
M#()\) = (t; t)n H t(ﬂz*Az)(nf)\z) x z+1

/ /
T€Z Aw_ z+1 |,

for A € Sig,,.

We note that the product over x € Z in fact has only finitely many nontrivial terms.
The fact that the extreme measures have simple explicit formulas is unusual for results of
this type—usually, the measures are characterized implicitly by certain generating func-

tions.

The proof in Section 4.2 follows the general outline of the so-called Vershik-Kerov
ergodic method, as do those of many related results mentioned above. One of the closest

works to our setting is [Gor12|, which studies the Schur analogue with edge weights

8)\(1, R ,tn_l)
su(l,...,t)

Su/A(t")

for t € (0,1), where s, () is the Schur polynomial. The boundary is shown to be naturally
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in bijection with Sig._ as in our case!!.

The boundary classification results of [Gorl2| are generalized in [Cuel8| to the Mac-

donald case with cotransition probabilities

Py(1,...,t" gt = ¢")
P,(1,...,t"q,t = ¢~)

Bua(t™;q,t = ¢¥) (1.7.2)

for any k£ € N, and the boundary is again identified with Sig._; when & = 1 this reduces to
the result of [Gor12|. We do not see how Theorem 1.7.1 could be accessed by the methods
of [Cuel8| or the newer work |Ols21|, which treats the related Eztended Gelfand-Tsetlin
graph with weights coming from Macdonald polynomials with arbitrary ¢,¢ € (0,1).
Instead, we rely on explicit expressions, Proposition 4.1.2 and Theorem 2.2.16, for the
skew Hall-Littlewood polynomials appearing in (1.7.1). This means that Theorem 1.7.1
gives explicit formulas for the extreme coherent measures, while in previous works they

were defined implicitly by certain generating functions.

1.7.1 Ergodic measures on infinite p-adic random matrices

In the special case t = 1/p, the purely combinatorial results on Hall-Littlewood polyno-
mials have consequences in p-adic random matrix theory, and we may deduce results of

[BQ17, Ass22| from Theorem 1.2.1 and Theorem 1.7.1 above.

We earlier defined singular numbers for nonsingular matrices, but the extension to
possibly-singular matrices is straightforward by allowing the singular numbers to be in-
finite and letting p> := 0. For technical reasons'? we will consider the negatives of the

singular numbers, which are parametrized by

Sig = {(My-- s A) € (ZU{—00}))" : M = .. = A (1.7.3)

For fixed n < m, the GL,,(Z,) x GL,,(Z,) bi-invariant measures on Mat,,x,,(Q,) are all
convex combinations of those parametrized by \ € %n via U diag,,,,(p™™,...,p~ )V

with U, V distributed by the Haar measures on GL,(Z,), GL,,(Z,) respectively. One may

1 Our ¢ corresponds to the ¢! in the notation [Gor12]. The setting of [Gor12| actually corresponds

to t > 1, and the boundary corresponds to infinite increasing tuples of integers, but this statement is
equivalent to ours upon interchanging signatures with their negatives—see the comment after Theorem
1.1 in [Gor12].

12Gee Remark 8.
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define GL,(Z,) as a direct limit of the system
GLy(Z,) C GLy(Z,) C ...

and it is natural to ask for the extension of Smith normal form to infinite matrices, i.e.
for the extreme points in the set of GLy(Z,) bi-invariant measures on Matsxoo(Q)).
This problem was previously solved in [BQ17|, which gave an explicit family of measures
in bijection with %m. We give a new proof that the extreme measures are naturally

parametrized by %OO in Theorem 1.7.2 below.

Theorem 1.7.2. The set of extreme GLo(Z,) X GLo(Z,)-invariant measures on Matsoxoo (Qp)
1s naturally in bijection with %OO. Under this bijection, the measure E, corresponding
to € %oo 18 the unique measure such that its n x m truncations are distributed by the
unique GL,(Z,) x GL,,(Z,)-invariant measure on Mat,x,,(Q,) with singular numbers
distributed according to a certain measure M}, , which is defined later in Theorem 4.3.3,

in the case t = 1/p.

Our proof goes by deducing this parametrization by Sig__ from an augmented version
of the parametrization by Sig,, appearing in Theorem 1.7.1. The key fact which relates
the random matrix setting to the purely combinatorial setting is Theorem 1.2.1, which
relates the distribution of singular numbers of a p-adic matrix after removing a row or

column to the cotransition probabilities (1.7.1).

We note that while Hall-Littlewood polynomials are not mentioned by name in [BQ17],
it should be possible to extrapolate many of their Fourier analytic methods to statements
about Hall-Littlewood polynomials at general t. Our methods, which are based on explicit
formulas for certain skew Hall-Littlewood polynomials, nonetheless differ substantially
from those of [BQ17] in a manner which is not merely linguistic. Let us also be clear that
while both Theorem 1.7.2 and [BQ17| show that the extreme measures are parametrized
by p € %m, it is not obvious from the descriptions that the measures corresponding to
a given y € Sig _ under [BQ17] and Theorem 1.7.2 are in fact the same. A separate argu-
ment, assuming the result of [BQ17], is required to prove that the two parametrizations
by %OO match, see Proposition 4.3.4. This additionally provides a computation of the
distribution of singular numbers of finite corners of matrices drawn from the measures in

[BQ17], which is new. We refer to Remark 23 for more detail on the differences between
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Theorem 1.7.2 and [BQ17, Theorem 1.3], in particular an explanation of how our results
carry over to a general non-Archimedean local field as is done in [BQ17]. We mention
also that the other main result of [BQ17] is a classification of the extreme measures on
infinite symmetric matrices {A € Matooxoo(Qp) : AT = A} invariant under GL(Z,); it
would be interesting to have an analogous Hall-Littlewood proof of this result as well, see

Remark 24 for further discussion of possible strategy and difficulties.

Remark 7. In addition to [OO98|, another work somewhat similar in spirit to The-
orem 1.7.1 and Theorem 1.7.2 is [AN21]. This work finds the boundary of a certain
branching graph defined via multivariate Bessel functions—another degeneration of Mac-
donald polynomials—and related to [-ensembles at general 5. In the classical values
B = 1,2,4 this recovers results on branching graphs coming from random matrix the-
ory. Results such as ours in terms of Hall-Littlewood polynomials may be regarded as
extrapolations of p-adic random matrix theory to arbitrary real p > 1 in the same way

[-ensembles extrapolate classical random matrix theory to real § > 0, see also Remark 1.

1.7.2 Ergodic decompositions of p-adic Hua measures

For finite random matrices over Q, or C, one wishes to compute the distribution of sin-
gular numbers, singular values or eigenvalues of certain distinguished ensembles such as
the classical GUE, Wishart and Jacobi ensembles (over C), or the additive Haar measure
over Z,. The infinite-dimensional analogue of this problem is to compute how distin-
guished measures on infinite matrices decompose into extreme points, which correspond
to ergodic measures. Such a decomposition is given by a probability measure on the space

of ergodic measures, which in our case corresponds to a probability measure on Sigoo.

One such distinguished family of measures on p-adic matrices is given by the p-adic
Hua measures defined in [Nerl13|, which are analogues of the complex Hua-Pickrell mea-
sures'3. There is a p-adic Hua measure MY on Mat,,»n(Q,) for each n € Zs1,s € Ry _y,
which is defined by an explicit density with respect to the underlying additive Haar
measure on Mat,,(Q,), see Definition 33. A motivating property of these measures

()

is that they are consistent under taking corners, and hence define a measure Msy on

Matooxoo(Qp). The decomposition of this measure into ergodic measures on Matoox oo (Qp)

13See [BOO1], which coined the term for these measures, for an historical discussion of these measures
and summary of the contents of the earlier works [Hua63, Pic87].
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was computed recently in [Ass22|, and we reprove the result using the aforementioned re-
lation between p-adic matrix corners and the Hall-Littlewood branching graph ¥;. Below
E, is as in Theorem 1.7.2, Y is the set of integer partitions, @, is the dual normalization
of the Hall-Littlewood symmetric function, and the normalizing constant II(1,...;u,...)

is the Cauchy kernel-see Chapter 2 for precise definitions.

Theorem 1.7.3. Fiz a prime p and real parameter s > —1, and let t = 1/p and u =

—1-—s

P Then the infinite p-adic Hua measure Mgf;) decomposes into ergodic measures

according to

P,(1,¢, ...;
M((;):Z u( 7t7 >t)Qu(u7Uta at>E (174)

) p
= Ina,...;u,...)

where E,, is as defined in Theorem 1.7.2.

The key ingredient in the original proof of Theorem 1.7.3 given previously in [Ass22]
is a certain Markov chain which generates the finite Hua measures Mgf), and which
was guessed from Markov chains appearing in similar settings [Ful02|. The arguments
there did not use Hall-Littlewood polynomials, but the limiting measure on %Oo which
describes the ergodic decomposition was observed in [Ass22] to be the Hall-Littlewood
measure in (1.7.4), by matching explicit formulas. From our perspective, by contrast, the

fact that this measure is a Hall-Littlewood measure is natural and is key to the proof.

1.8 What is in the next chapters, where else is this all

written down, and why read this thesis (or not)

In Chapter 2 we give preliminaries on p-adic random matrices and on symmetric func-
tions and Macdonald processes. We then prove Theorem 1.2.1 and discuss the structural
analogy with the complex case through Macdonald polynomials in Chapter 3. In Chap-
ter 4 we expand on Section 1.7 and prove the results there using the matrix corners part
of Theorem 1.2.1. We then turn attention to matrix products, and Chapters 5 to 7 ex-
pand upon and provide proofs for material discussed in Sections 1.3 to 1.5. Finally, in

Chapter 8 we consider the p — 1 limit results summarized in Section 1.6.

Much of the material in this thesis has already appeared in a peer-reviewed journal at

the time of writing. Specifically, the main results of Chapter 3 and Chapter 5 appeared
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in [VP21]. The exception is Theorem 1.2.3, which appeared in [VP22a] together with the
contents of Chapter 4. The results of Chapter 8 appeared in [VP22b|. Those of Chapter 6
and Chapter 7 have not yet appeared, and at the time of this writing are intended to be
posted in separate papers after submission of this thesis; the posted versions will surely
have benefitted from additional comments and edits by the time they are finalized. In
all cases, the background material—much of which is shared between works—has been

combined into Chapter 2.

While the above introduction borrows heavily from those of the published versions,
we have also changed it substantially in order to present what we hope is a more unified
and panoramic treatment of these results and the links between them, and improve the
exposition in many places with the benefit of hindsight. This, in our view, is the main

potential value of the present document to a future reader.
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Chapter 2

Preliminaries

2.1 p-adic random matrix background

The following is a condensed version of the exposition in [Eva02, Section 2|, to which we
refer any reader desiring a more detailed introduction to p-adic numbers geared toward
a probabilistic viewpoint. Fix a prime p. Any nonzero rational number r € Q* may
be written as r = p*(a/b) with k € Z and a,b coprime to p. Define |- | : Q — R
by setting |r|, = p~* for r as before, and |0], = 0. Then | - |, defines a norm on Q
and d,(x,y) := |xr — y|, defines a metric. We additionally define val,(r) = k for r as
above and val,(0) = oo, so |r|, = p~ ¥, We define the field of p-adic numbers Q,
to be the completion of Q with respect to this metric, and the p-adic integers Z, to
be the unit ball {x € Q, : |z|, < 1}. It is not hard to check that Z, is a subring of
Qp. We remark that Z, may be alternatively defined as the inverse limit of the system

oo = LJp"L = Z)p" L — -+ — Z/pZ — 0, and that Z naturally includes into Z,.

Q, is noncompact but is equipped with a left- and right-invariant (additive) Haar
measure; this measure is unique if we normalize so that the compact subgroup Z, has
measure 1. The restriction of this measure to Z, is the unique Haar probability measure
on Z,, and is explicitly characterized by the fact that its pushforward under any map
Tn t Ly, — Z/p"Z is the uniform probability measure. For concreteness, it is often useful
to view elements of Z, as ‘power series in p’ ag+ayp+azp®+. .., with a; € {0,...,p—1};
clearly these specify a coherent sequence of elements of Z/p"Z for each n. The Haar

probability measure then has the alternate explicit description that each a; is iid uniformly
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random from {0,...,p — 1}. Additionally, Q, is isomorphic to the ring of Laurent series

in p, defined in exactly the same way.

Similarly, GLx(Q,) has a unique left- and right-invariant measure for which the total
mass of the compact subgroup GLy(Z,) is 1. We denote this measure by M. The restric-
tion of M to GLy(Z,) pushes forward to GLx(Z/p"Z); these measures are the uniform
measures on the finite groups GLx(Z/p"Z). This gives an alternative characterization of

the measure.

The following standard result is sometimes known as Smith normal form and holds

also for more general rings.

Proposition 2.1.1. Let n < m. For any A € M,xm(Q,), there exist U € GL,(Z,),V €
GL(Z,) such that UAV = diag,,.,,,(p,...,p*) where X is a weakly decreasing n-tuple
of integers when A is nonsingular, when A is singular we formally allow parts of X to

equal oo and define p>° = 0. Furthermore, there is a unique such n-tuple \.

Definition 3. We denote by Sig, the set of extended signatures A = (A1, ..., \,) where
Ai € ZU{oo}, \i > A\iyq for all i, and we take oo > k for all k € Z. We similarly let
Sig be the set of weakly decreasing n-tuples with entries in ZU{—oo}, and we will often
abuse terminology and refer to these as extended signatures as well. For any n < m and
A € My (Q,), we let SN(A) € Sig,, denote the extended signature of Proposition 2.1.1,
which we refer to as the singular numbers of A. Note the convention that the length of

A is the smaller dimension of A.

Remark 8. The reason for defining both Sig, and %n is an unfortunate sign convention
mismatch (for which, let us not neglect to mention, we are wholly responsible) regarding
singular numbers. Two previous works on infinite p-adic random matrices [BQ17, Ass22|
used the opposite one, calling —SN(A); (in our notation) the singular numbers, and
indeed it is more natural for the problems they consider. However, the one given in
Definition 3 is more natural when one is considering matrices over Z, because then the
singular numbers will be nonnegative rather than nonpositive and the connection to
symmetric functions appears more cleanly. Since much of this thesis works over Z,, we
have taken the above convention, so SN(A) lies in Sig,,, but when working with infinite

matrices it will be useful to consider the negative singular numbers which lie in %n

Similarly to eigenvalues and singular values, singular numbers have a variational char-
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acterization. We first recall the version for singular values, one version of which states
that for A € Mat,, ., (C) (assume without loss of generality n < m) with singular values

ay > ... 2 Gy,

k
Hai = sup | det(Projy, oAlv)| (2.1.1)
paiey VO™ dim(V)=k

WCC™:dim(W)=k

where Proj is the orthogonal projection and Aly is the restriction of the linear operator A
to the subspace V. (2.1.1) holds because the right hand side is unchanged by multiplying
A by unitary matrices, hence A may be taken to be diagonal with singular values on the
diagonal by singular value decomposition, at which point the result is easy to see. For
a slightly different version which picks out the &t largest singular value rather than the

product of the k largest, see [Ful00, Section 5|.

For p-adic matrices, we state the result slightly differently to avoid referring to or-
thogonal projection, the reason being that unlike U(n), GL,(Z,) does not preserve a

reasonable inner product, only the norm.

Proposition 2.1.2. Let 1 < n < m be integers and A € Mat, ,(Q,) with SN(A) =
(A1, ..oy An). Then for any 1 < k <mn,

. _ = inf 1 PA 2.1.2
>\n + * )\n kil P:Q;‘—M@g 7’}1%]6 k projection va p(det( ‘W)) ( )
WcCQp:dim W=k

Proof. 1f Uy € GL,(Z,),Us € GL,,(Z,), then for any a rank k projection P the matrix
U, PU; ! is also a rank k projection, and similarly for any W as above UsW is also a

dimension k subspace. Hence

inf 1 PA = inf 1 P(U A :
P:Qp—Qp rgllk k projection va p(det< ’W)> P:Qp—Qp rgllk k projection va p<det< (Ul UQ) ‘W))
WcCQp :dim W=k WcCQp:dim W=k
(2.1.3)

By Smith normal form we may choose Uy, Us so that U; AU, = diag(p™, ..., p*), hence

HS(2.1.2) = inf 1 Pdiag(p™,...,p™ : 2.1.4
R S< ) P:Qp—Qp riﬁ{kprojectionvap(det( dlag(p ’ P >’W)> ( )
WCQm:dim W=k

The infimum on the right hand side is clearly achieved by taking W = span(e,—g+1, - -, €n)

(where e; are the standard basis vectors) and P to be the projection onto span(en—g+y1, - - -, €n)-
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This proves (2.1.2).

]

It turns out that one does not have to work with arbitrary projections and subspaces,
but may instead consider only minors of the matrix A. Here by k£ X k& minor, we mean
any k X k matrix obtained by deleting rows and columns of the original matrix (and do
not, as is also standard, mean the determinant of such a matrix). Though this version is
slightly cumbersome to prove, it makes it much easier to relate matrix entries to singular

numbers, and we expect it to be useful in future work as well as in this one.

Proposition 2.1.3. With the same setup as Proposition 2.1.2,

A+ oot A1 = inf val,(det(A")). (2.1.5)

A’ k x k minor of A

Proof. Clearly

A+ oo A1 = inf val,(det(A")). (2.1.6)

A’ k x k minor of diag(p*t,...,p*n)
Since UAU, = diag(p™,...,p*) for some U; € GL,,(Z,),Us € GL,,(Z,), to show
equality of the right hand side of (2.1.6) and (2.1.5) it therefore suffices to show that

inf val,(det(A4")) =

A’ k x k minor of B

val,(det(A")) (2.1.7)

inf
A’ k x k minor of UBV

for any B = (b; ;) 1<i<n € Mat,x,,(Q,) and U € GL,(Z,),V € GL,(Z,).

1<j<m

First note that since GL,(Z,) is generated by the three elementary row operations
(i) elementary transposition matrices,
(ii) unit multiple matrices diag(1[i — 1],u, 1[n —1]) for u € Z,1 < i < n, and
(ili) matrices (1(i = j)+ 1(i = z,j = y))1<ij<n for some x # vy,

it suffices to prove (2.1.7) when U and V are each one of the above types. This is clear
for types (i) and (ii). Suppose that one of U,V is of type (iii), without loss of generality
U is of type (iii) and V is the identity. Then

UBV = (b + 1(i = x)by ;) 1<i<n (2.1.8)

1<j<m
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differs from B only in the 2" row. For any two sets of indices I, = {x,i1,...,i,_1} and

J ={j1,...,ji} which include the row z, let By, ; be the corresponding minor. Then
det(UB)y,,; = det By, ; + det By, 5 (2.1.9)
so by the ultrametric inequality
val,(det(UB)y,,7) > min(val,(det By, s), val,(det By, 1)). (2.1.10)

The < direction of (2.1.7) follows immediately. For the > direction, suppose that the
strict equality case of (2.1.10) holds. It is a standard fact about Q, that if strict inequality
in (2.1.10) is achieved, then val,(det By, ;) = val,(det By, ;), so since (UB);, s = By,.s
we have

Valp(det(UB)[y,J) = Valp(det B[%]) = Valp(det B]I”]). (2111)

It follows that any value achieved by the infimum on the left hand side of (2.1.7) must
also be achieved by the one on the right hand side, and this proves (2.1.7). O]

Remark 9. As mentioned, Proposition 2.1.2 is a straightforward p-adic analogue of
the corresponding statement (2.1.1) for complex matrices. However, the analogue of
Proposition 2.1.3 for complex matrices, namely that products of singular values are related
to an infimum over k X k minors, is manifestly false. As is apparent from the above proof,
specific properties of the p-adic numbers such as ultrametricity are required to make the
reduction from an infimum over all subspaces in Proposition 2.1.2 to an infimum only
over subspaces generated by subsets of the standard basis (and similarly for projections)

in Proposition 2.1.3.

We record a few other simple facts about singular numbers which will be useful.

Corollary 2.1.4. If d < m and ¢ < n are nonnegative integers, A € Mat,,x,(Q,), and

B is any d x { submatriz of A, then the " smallest singular numbers satisfy
k k
> SN(B)umin(@.t)—j+1 = > SN(A)min(m,m)—j+1 (2.1.12)
j=1 j=1

for any 1 < j < min(k, /).
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Proof. By Proposition 2.1.2 both sides of (2.1.12) may be expressed as an infimum, and

the left hand side is an infimum over a smaller set. O]

Proposition 2.1.5. Let n < m, A € Mat,x,(Q,), and k € Sig,,. Then
| SN(diag(p™, ..., p"™)A)| = | SN(4)| + |x].

Proof. In the case m = n this follows immediately since det(p®A) = det(p”) det(A). In
general, A is equivalent by column operations to a matrix A’ with nonzero entries only in
the left m x m submatrix A”; clearly SN(A) = SN(A”). Since column operations commute
with left-multiplication by p*, we have SN(p®A) = SN(p®A”), so we may appeal to the

square case. O

Proposition 2.1.6. Let n < m, A € Mat,»,,(Q,), and suppose B € Mat,,(Q,) has
all singular numbers nonnegative (resp. nonpositive). Then SN(AB); > SN(A); (resp.
SN(AB); < SN(A);) for each singular number 1 < i < n. If C € Mat,(Q,) has nonneg-

ative (resp. monpositive) singular numbers, the same holds with C'A replacing AB.

Proof. Write B = UDV where D = diag(p®N®)). Then SN(A4) = SN(AU) and SN(AB) =
SN(AUD). Each minor determinant of AU D is a nonnegative (resp. nonpositive) power
of p times the corresponding minor determinant of AU, so the desired inequality follows

from Proposition 2.1.3. The proof for C' A is the same. O

We will often write diag,, y(p) for diag, . x(p,...,p™), and also omit the dimen-

sions n X N when they are clear from context. We note also that for any A € Sigy, the
double coset GLy/(Z,) diag(p*) GLy(Z,) is compact. The restriction of M to such a double
coset, normalized to be a probability measure, is the unique GLy(Z,) X GLx(Z,,)-invariant
probability measure on GLy(Q,) with singular numbers A, and all GLy(Z,) x GLy(Z,)-
probability measures and convex combinations of these for different A. These measures
may be equivalently described as U diag(p,...,p*)V where U,V are independently
distributed by the Haar probability measure on GLy(Z,). More generally, if n < m and
U € GL,(Z,),V € GL,,(Z,) are Haar distributed and p € Sig,,, then U diag,,..,,(p")V is
invariant under GL,(Z,) x GL,,(Z,) acting on the left and right, and is the unique such

bi-invariant measure with singular numbers given by .

64



The Haar measure on GLy(Z,) also has an explicit characterization which will be

very useful in Chapter 7.

Proposition 2.1.7. Let

A € Maty(Z,) (2.1.13)
be a random matrixz with distribution given as follows: sample its columns vy, UN_1,..., U1
from right to left, where the conditional distribution of v; given vy, ...,vy is that of a

random column vector with additive Haar distribution conditioned on the event
v; (mod p) & span(v;y; (mod p),...,vxy (mod p)) C IF;])V, (2.1.14)

where in the case i = N we take the span in (2.1.14) to be the 0 subspace. Then A is
distributed by the Haar measure on GLy(Z,).

Proof. Because GLy(Z,) is compact, it suffices to show the above is a left Haar mea-
sure, i.e. for any B € GLy(Z,) we must show BA = A in distribution. We show
(vN—j,-..,on) = (Buny_j,...,Buy) in distribution for any j by induction, which suf-
fices. For the base case, recall (see e.g. [Eva0l|) that additive Haar measure on Z) is
invariant under GLy(Z,), and Buy = 0 (mod p) if and only if vy = 0 (mod p), hence
Bvy = vy in distribution. For the inductive step, we have that Buy_;y1, ..., Buy satisfy
(2.1.14) withi = N —j+1,..., N if and only vy_j11,...,vn do. Furthermore, for any

(WN—j+1,.-.,wn) in the support of Law(vy_j41,...,vn), we have

Law(Bun_jluy_; = wy_; for all 0 < i < j) = Law(vn_j|vn—; = Bwy_; for all 0 <i < j).

(2.1.15)

It follows by the inductive hypothesis that
Law(vn_j,...,vn) = Law(Bun_j, ..., Buy), (2.1.16)
completing the proof. O
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2.2 Symmetric function background

In this section we give a review of general symmetric functions, Macdonald (Laurent)
polynomials, and measures and Markov dynamics on signatures/partitions arising from
these. For a more detailed introduction to symmetric functions see [Mac98al, and for

Macdonald measures see [BC14].

Definition 4. We denote by Y the set of all integer partitions (A1, Ao, . ..), i.e. sequences
of nonnegative integers Ay > Ay > --- which are eventually 0. We call the integers \; the
parts of A, set X\; = #{j : \; > i}, and write m;(X) = #{j : \; =i} = X, = X,;. We
write len(A) for the number of nonzero parts, and denote the set of partitions of length
<nbyVY, Wewrite g < Aor A > pif \y > pu1 > Xy > py > ---, and refer to this

condition as interlacing. Finally, we denote the partition with all parts 0 by (.

The above integer partition notation is standard in the symmetric functions literature,
e.g. in [Mac98a|. However, as we saw for Smith normal form and related results in the
previous section, it is natural to consider weakly decreasing n-tuples of integers for Smith
normal form and related results. We thus define notation analogous to Definition 4 for

signatures as well, with a few twists.

Definition 5. Sig,, denotes the set of integer signatures of length n, which are weakly
decreasing n-tuples of integers. As in Definition 26, Sig, denotes the set of extended
signatures. Given A\ = (A1,...,\,) € Sig,, we refer to the \; as the parts of A\. When
the length of \ is not clear from context we will denote it by len(\). Sig! and S_lg: are
the sets of (extended) signatures with all parts nonnegative. We set |A] := >"" | \; and
mp(A) = [{i : \s = k}|. For A\ € Sig, and pu € Sig, ,, write p <p X if \; > p; and
i > Ayp for 1 <@ <n—1. Forl/ES_ignwritel/%Q)\if)\iZyiforl§z’§nand
vi > Nip1 for 1 < i < n—1. We write c[k| for the signature (c,...,c) of length k, and
occasionally abuse notation by writing (\, pt) to refer to the tuple (A1, ..., Ay, 1, -y fn)
when A € Sig,,u € Sig,,. We additionally write —X := (=\,,...,—A;) € Sig, for any
A € Sig,,. Finally, we denote the empty signature by ().

Remark 10. In later sections it will sometimes be cleanest to work with signatures of

infinite length as well, but we introduce that notation later on.
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We denote by A, the ring Clxy,...,2,]°" of symmetric polynomials in n variables
x1,...,%,. It is a very classical fact that the power sum symmetric polynomials p, =
Yoy ¥ k =1,... n, are algebraically independent and algebraically generate A,. An

immediate consequence is that A, has a natural basis given by the polynomials

b = HP,\Z-

1>1

for n > A\ > Ay > ... a weakly decreasing sequence of nonnegative integers which is
eventually 0 (i.e. an integer partition). Hence given generic real parameters ¢, t, one may

define an inner product on A,, by setting

1— g .
(P2 2) gy = O | ] T [T ™m0

i>1:2;>0 jz1

The Macdonald symmetric polynomials {Px(x1, ..., Tn; ¢, 1)} resig+ are a distinguished

basis for A, characterized by the properties

e They are orthogonal with respect to the inner product (-, ->( Y

e They may be written as

Py(zy, ..., 2n; q,t) = 23252 - - - " +(lower-order monomials in the lexicographic order).

It is not a priori clear that such polynomials exist, see [Mac98b| for a proof of this, but

it is clear that they form a basis for A,,. The dual basis Q\(x; ¢, t) is defined by

P)\(-Tla-"axn;Q7t)

Py Py

a1, 105, 1) = (2.2.1)

and we note that the normalizing constant (P, Py), , 18 an explicit rational function of

q and t which is computed below in Lemma 2.2.13.

Because the P, form a basis for the vector space of symmetric polynomials in n

variables, there exist symmetric polynomials Py, (z1,...,%y—k;q,t) € Ay_j indexed by
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A € Sig), u € Sigl which are defined by

P)x(xla-“axn;Qat): Z P)x/u(xk—&-l»-"7xn;Qat)Pu(xl7‘"axk;Qat)' (222)

MESigg

Similarly to the usual Macdonald polynomials, we will sometimes write P,,, for A\ €

Y, 4 € Yi by identifying the partitions with nonnegative signatures.

We define two different versions of the skew () polynomials. One is the standard one,
the other is a slightly nonstandard way where the lengths of both signatures are the
same, in contrast to the skew P polynomials. This differs from the classical treatment
[Mac98a|, and is inspired by the higher spin Hall-Littlewood polynomials introduced in
[Borl7|; we say more by way of motivation in Remark 11 below. The standard version is
given by (2.2.2) with P replaced by @ everywhere, or equivalently

(Pus Pu)

Q/\/,u(xlv vy Tp—k; q,t) = @\T)ﬁp)\/u(:pl’ <oy Tn—ky 4, t) (223)
) q.t

The nonstandard one, which we denote by Q, is as follows. For k,n > 1 arbitrary and

A, v € Sig), define QA/V(xl, .oy T, t) by

Q(,\,O[n])(xla---,$n+k§qat): Z Q)\/V(xk-l-la'~~7xn+k:;Q7t)Qu(x17--'amk;Qat)' (2.2.4)

1/€Sig;r

Note that the subscripts of )/, are signatures of different length, while for Q» /v they

have the same length.

By comparing the terms of (2.2.2) (with @ instead of P and n replaced by n + k) and
(2.2.4) with u = v = (0[k]), and using that Q,(x1, ..., zx;q,t),v € Sig} is a basis for Ay,

we see that

Qo) Y1y - > Uni G 1) = Qo)) /0 (Y15 - - > Yni G 1) = Qa(yn, -, Yn; @) (2.2.5)

where the second equality holds since Qx(y1, ..., Yn, 0[k];q,t) = Qx(Y1,---,Yn; ¢, t) (see
Section 2.2.2). Recall the notation (a;q), := (1 —a)(1 —aq)--- (1 —ag"™ ') for n > 0,

with (a;q)o = 1 and (a; q)s defined in the obvious way.
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Definition 6. For A € Sig,,, 1 € Sig,,_; with p <p A, let

@ grimma) f (i Ai)
G e el Gl i 220
" 1<i<];£n1 f(tj zq/\l M])f(t] Riat )\JJrl)
where f(u) = (tu; ¢)oo/(qu; ¢)oo. For v € Sig,, with v <g A, let
f J i )\ —j ) f(t] Zqu VJ+1)
Prfv = H ighi—v. H E— (2.2.7)
1<z<]<n F(#- 7> 1<i<j<n—1 J@—iqri=Ais)

The following lemma may be easily derived from the corresponding statement for

symmetric functions in infinitely many variables [Mac98a, V1.6 Ex. 2(a)].

Lemma 2.2.1. For \,v € Sig}", u € Sig)| ,, we have

k-1

ACGHD A (@)
P)\/u(l‘l, A ,xk;Q7t) = Z H:L’i -l I¢A(i+l)/)\(i) (228)
p=A0 < p XD < p... g pAR) =) =0
and
NG
~ AG NG
Q)\/V(:Eh...,ftmqat) = Z H:El - ‘90)\(1‘4»1)/)\(1'). (2.2.9)

V:)\(O)<Q>\(1)<Q...<Q)\(k):)\ =0

This suggests using the above formulas to extend the definition of P and @ to arbitrary

signatures, possibly with negative parts, which we do now.

Definition 7. For i € Sig,, A € Sig, ., we define GT p(A/p) to be the set of sequences of
interlacing signatures u = A\® <p A <p ... <p A®) = X, We will often write GTp(\)
for GTp(A/()).

For A\, v € 8Sig,, we define GTg (A\/v) to be the set of sequences of k + 1 length n
interlacing signatures v = A\(?) <0 A =g =<0 AE) = X. We refer to elements of either
GTp or GTg, as Gelfand-Tsetlin patterns, see Section 2.2.

For T € GTp(\/p) with len(A) = len(n) + k, set ¥(T) = [[-y ¥re+n,a@. For
T € CTor(\/v), set o(T) = T2y @xernao- In both cases, let wt(T) := (]AW] —
IAO L IAB] — ] AED)) e ZF

In what follows, we often write x for the collection of variables x1,...,z, when n is

clear from context, and a = (aq,...,a,) for a collection of n real numbers. For d € Z"
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Figure 2-1: An element of GTp(A™) (top) and an element of GTq (v™ /1) (bottom).
Note that GT¢ ; depends on a parameter k specifying the number of rows, while for GTp
the data of the number of rows was already determined by the respective lengths of A

and p.
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dl.--xdn

we write x4 1= 2§ dn and similarly for a4

Definition 8. For any n > 0,k > 1 and X € Sig,, ., i € Sig,, we let

P)\/M(xlw")xk;qvt) - Z w(T>th(T)

TeGTp(\/ 1)

For any v, k € Sig, we let

Qn/y(xl, N N t) = Z QO(T)XM(T),

TeGTq,k(r/v)

Note that these are just the formulas in Lemma 2.2.1, with the only change being that

we do not require the signatures to be nonnegative. These combinatorial formulas make

some symmetries readily apparent, as noted in [GM20)].

Lemma 2.2.2. Let n,k € Z>o, \,v € Sig, ., i € Sig,,. Then

_u(zr, g t) = P,\/u(:zzll, . ,x;l;q,t)

,,(xl,...,:cr;q,t) =Q, e Lo o hqt)

Podint1)/(utdin)) (@15 - - s ¢, 1) = (21 --mk)dP)\/u(xl, -
Q(A+(d[n+k]) Jt(dnk) (T15 - Ty g, t) = Q> (T, 15, ).

y Lk 4, t)

Proof. First interpret the P and Q polynomials as sums over GT patterns by Definition 8.

For (2.2.10) and (2.2.11), note that we have bijections

GTp(A/ ) <> GTp(=A/ — 1)
GTo.,(A\v) ¢ GTg, (=X —v)

which can be directly verified to preserve the branching coefficients ¢ defined in (2.2.6)

and ¢ defined in (2.2.7). For (2.2.12) and (2.2.13), one similarly has bijections

GTp(A ) < GTp((A+ (dln+ k]))/(v + (d[n]))

GTqor(Mv) < GTo ((A+ (d[n+ k]))/(v + (dln + k)

by adding d to each entry of the GT patterns, and these preserve the branching coefficients

71



but change wt(T") in the P case. O

Remark 11. Lemma 2.2.2 provides some motivation for our definition of the modified
skew @ functions Q). The naive generalization of (2.2.12) to the unmodified Q functions,

even the n = 0 special case

Qo)) 0 (@15 - T ¢, 1) # (w1 2) Qo (21, - - T3 0, 1), (2.2.14)

here taking A € Sig}", d > 0 since we only defined skew @ functions in (2.2.3) for nonneg-

ative signatures. The reason is that

(Prs Pa) gy 7 (Postail) Prscaim) g - (2.2.15)

as is easy to check from Lemma 2.2.12. Our purpose in defining Q is to repair this
translation-invariance while still keeping a version of the Cauchy identity (see below)
intact. We note also that Definition 8 applies also to infinite signatures, in particular
to partitions, and for \,u € Y C Sig., the polynomial Q)\/u is exactly the usual skew
Macdonald polynomial @ ,, and so we will usually write () instead of @ when the indices

are partitions.

Lemma 2.2.3 (Modified skew Cauchy identity). Let v € Sigy, t € Sigynip, and 1, ..., Tk, Y1, .., Yr

be indeterminates. Then

Z Qfﬁ/,u(ylv"'JyT;Q7t)PK/V('r17“'Jxk;Q7t)

KESIgN 4k
=g (@, w5y b)Y Quialys - U ) Pupn(xr, . 2k q,t) (2.2.16)
KESIg N
where
(tr3Y55 @)oo
W (@1, i yns e, yp) = T (2.2.17)
1<j<r

and (2.2.16) is interpreted as an equality of formal power series in the variables.

Proof. When v € Sig},, u € Sigk +x» the result follows by specializing the usual Cauchy
identity [Mac98a, Ch. VI.7, Ex. 6(a)] to finitely many variables and replacing partitions

by nonnegative signatures. The result then follows for general signatures since replacing
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v, by v+ (d[N]),p + (d[N + k]) in (2.2.16) multiplies both sides by (z;---x;)? by
Lemma 2.2.2. [

We note that the set {P\(x;q,t) : A € Sig, } forms a basis for the ring of symmetric

Laurent polynomials A,[(z; ---x,)™!]. Hence for any A, u € Sig,, one has

Py(x;q,t) - Bu(xiq,0) = > &L (0. 1) P (xq,1) (2.2.18)

veSig,,
for some structure coefficients cf “(q, t). By matching degrees it is clear that these co-
efficients are nonzero only if |A| + |u| = |v|. These multiplicative structure coefficients
for the P polynomials are related to the ‘comultiplicative’ structure constants of the @)

polynomials.

Proposition 2.2.4. Let m,n € N and \,v € Sig,,. Then

Q)\/V(xh-"axm;q’t): Z Cl)/\,uQu(xla"'7xm;Q7t)'

HESig,

When all signatures are nonnegative this follows by specializing the corresponding
statement for symmetric functions, see [Mac98a, Ch. VI.7| where Proposition 2.2.4 is
taken as the definition of the skew ) polynomials. The case of general signatures follows

by shifting arguments as before.

2.2.1 Another scalar product

There is another scalar product on A,,, given by an explicit integral formula, which is
related to the one (-,-)(,, above by a certain limit (see [Mac98a, Chapter VI, (9.9)]).

The explicit formula will be useful to us for asymptotics in Chapter 6.

Definition 9 (|[Mac98a, Chapter VI, (9.10)]). For polynomials f,g € A,,, define

1 — Zz 7q o) le
o oin = | fGzm)gn ) [ H , (2:2.19)
T

n!(27i)" \<ivj<n (tzizy L 9o

where T denotes the unit circle with usual counterclockwise orientation, and to avoid

confusion we clarify that the product is over {(i,7) € Z : 1 <1i,j <mn,i # j}.
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Proposition 2.2.5. If \, u € Sig,, and \ # p, then
(Pr(2:9,1), Pu(2; 4, 1)), . = 0. (2.2.20)

q,t;n

Proof. Let D € Z be such that A + (D[n]) and p + (D[n]) both lie in Sig;". Then

/
(Pt (o) (2:4:1), Pt (ppa)) (2:4,1)), ., = 0 (2.2.21)

by [Mac98a, Chapter VI, (9.5)]. However,

Py (o) (% 4, 1) Py (o)) (2) = (21 -+ 20)P Pa(2;¢, ) (21 - - - 20)P Pu(2; ¢, t)

(2.2.22)
= PA(z;¢,1)Pu(z; ¢, 1)
for any z1,...,2, € T, so
/
(Prv(oln)) (236, ), Py (01 (25.0:1)), . = (PA(230,1), Pu(230, )y 1 (2.2.23)
which completes the proof. O]

2.2.2 Symmetric functions

It is often convenient to consider symmetric polynomials in an arbitrarily large or infinite
number of variables, which we formalize through the ring of symmetric functions. One
has a chain of maps

= AN oA A== 0

where the map A, 11 — A, is given by setting x,, 41 to 0. In fact, writing A for symmetric

polynomials in n variables of total degree d, one has
o A S AD A S0

with the same maps. The inverse limit A@ of these systems may be viewed as symmetric
polynomials of degree d in infinitely many variables. From the ring structure on each
A, one gets a natural ring structure on A = @ -, A and we call this the ring of

symmetric functions. Because pg(z1, ..., Tpi1) & pe(T1, ..., 2n) and my(zy, ..., Tpe1) —>
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my(z1,...,x,) (for n > len()\)) under the natural map A, ; — A,, these families of
symmetric polynomials define symmetric functions p,, my € A. An equivalent definition
of Ais A := Clpy,p2,...] where p; are indeterminates; under the natural map A — A,
one has p; — pi(z1,...,2,).

For any A, u € Y with len(u),len(A) < n, the skew Macdonald polynomials satisfy a

consistency property

P/\/u(xh s axnao; q, t) = P)\/M(xla <oy Ips 4, t) (2224)

where we identify the subscripts on both sides with signatures of length n + 1 and n

respectively. For A\, v € Sig,,

@A/V(xlv ceey T,y 07 q, t) - @/\/V(xly <oy T (g, t) (2225)

as well. Hence here exist (skew) Macdonald symmetric functions, denoted P, Q,\/V as

well, such that Py, — Py/.(x;q,t) under the natural map A — A, and similarly for Q.
From Lemma 2.2.3, or from |[Mac98a|, we obtain the skew Cauchy identity

Z P/@/V<X; q, t)QH/M()’? q, t)

keEY
S L ony) | 3 Qualyia OPn(xiat). (2:2:26)
= ———pe(x (Y q, x;q,t). (2.2.
€xXp 1 q@ gpe Pely /MY 4 w/2\X5 4
=1 AEY
Here P, ), (x;q,t) is an element of A, a polynomial in p; (x), p2(x), ... € A, and summands

such as P/, (X;¢,t)Qx/u(y; ¢, t) are interpreted as elements of a ring A® A and both sides

interpreted as elements of a completion thereof.

To get a probability measure on Y from the skew Cauchy identity, we would like
homomorphisms ¢ : A — C which take P, and ), to R>o—here we recall that we
take ¢,t € (—1,1). Simply plugging in nonnegative real numbers for the variables in
Lemma 2.2.3 works, but does not yield all of them. However, a full classification of
such homomorphisms, called Macdonald nonnegative specializations of A, was conjectured
by Kerov [Ker92| and proven by Matveev [Matl9]. We describe them now: they are
associated to triples of {ay }n>1,{8n}n>1, 7 (the Plancherel parameter) such that 7 > 0,
0 < ay,B, <1lforalln >1,and ) oy, . B, < co. These are typically called

75



usual (or alpha) parameters, dual (or beta) parameters, and the Plancherel parameter?

respectively. Given such a triple, the corresponding specialization is defined by

P1'—>Zan+1—:3 (T—f—Zﬂn)

n>1 n>1

(2.2.27)

1— k
P Y ak+ (-DFS zk S oph forallk>2.

n>1 n>1

Note that the above formula defines a specialization for arbitrary tuples of reals a,, 5,

and 7 satisfying convergence conditions, but it will not in general be nonnegative.

Definition 10. For the specialization 6 defined by the triple {a,}n>1, {Bn}n>1, 7, We

write

Py\(a(oq, g, ...), B(B1, P, ---),¥(T); q,t) == P\(0;q,t) == 0(P) (2.2.28)

and similarly for skew and dual Macdonald polynomials. For any other specialization
¢ defined by parameters {o, }n>1, {0 }n>1, 7, we let 8 U ¢ be the specialization with
usual parameters {a, }n>1 U {a/, }n>1, dual parameters {5, },>1 U{3}, }n>1, and Plancherel

parameter 7 + 7. For k € N we write

okl =¢U---Ud, (2.2.29)
—_—

k times
similarly to our notation for repeated variables. We will omit the a(---) in notation if
all alpha parameters are zero for the given specialization, and similarly for 5 and . Ad-
ditionally, because the « variables correspond to the variables in the original Macdonald

symmetric polynomial, for ‘pure alpha’ specializations with no S or Plancherel variables

we often write Py(aq,aq,...;q,t) in place of P\(a(ay,as,...);q,t).

!The terminology ‘Plancherel’ comes from the fact that in the case ¢ = t where the Macdonald
polynomials reduce to Schur polynomials, it is related to (the poissonization of) the Plancherel measure
on irreducible representations of the symmetric group Sy, see e.g. [BO17].
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Additionally, we define notation

Hq,t<a(a17 . ')7 5(617 .- ’)7 /7(7—); Oé(O/l, . ')7 B(ﬁi? - ‘)7 7(7-/» = Hq,t(e; ¢>

= exp (Z ij—%e(w(m)) .

(2.2.30)
We refer to a specialization as
e pure alpha if 7 and all 5,,n > 1 are 0.
e pure beta if 7 and all o, n > 1 are 0.
e Plancherel if all v, 8,,n > 1 are 0.
On Macdonald polynomials these act as follows.
Proposition 2.2.6. Let \,p €Y andcy,...,c, € Rsg. Then
Py(a(cr,...,cn);q,t) = Py(c1, ..., ¢n;q,t)
Qx(« =Qx(cry .y ensq,t) (22:31)

(o )i t)
(aler, .. en)ig,t)
P/\(ﬁ(cb s 7Cn); Q7t) = QX(Cl; <o+ Cn; ta Q)
Q)\(B(Ch s 7Cn); C]»t) = P)\’(Clv <oy Cn; t) Q)7
where in each case the left hand side is a specialized Macdonald symmetric function while

the right hand side is a Macdonald polynomial with real numbers plugged in for the vari-

ables. Furthermore,

. 1—q1
Py(y(7);q,t) = Dlgréo Py (T' = zE[D]; q,t> (2.2.32)

and similarly for Q.

The alpha case of (2.2.31), and (2.2.32), are straightforward from (2.2.27). The S
case follows from properties of a certain involution on A, see [Mac98a, Chapter VI,
and explains the terminology ‘dual parameter’. The Plancherel parameter is related to

the others through limit transitions, of which the a version is below. The convergence
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statement is standard, but the fact that it is monotonic is useful for later convergence

statements and we are not aware of a reference.

Lemma 2.2.7. For any ™ > 0,q,t € (—1,1) and \,u € Y, the sequence
Py, (345D)¢, 1), D =1,2,... (2.2.33)

is nondecreasing and converges to Py, (v(7);q,t), and similarly for Q.

Proof. The fact that imp_ P/, (325[D]; q,t) = Pyju(v(7); ¢, t) is standard, and fol-

t

1-q 7

lows because (a) clearly pp(:=15

[D]) — pi(~y(7)) for each k, and (b) Py, is a polynomial
in the pg.
Let us now prove the sequence (2.2.33) is nondecreasing. Specializing Lemma 2.2.1 to

our case,

(1 —q) [A[—|pu] D—1
Py (=2 5[D)) = > NERY IT ©seon-
D(1—1t) ,
p=A0) < <A(P)=) =0
There are many distinct sequences p = A < ... < AXP) = )\ for which the sets {\(*)
0 < ¢ < D} are the same but the multiplicities of the partitions in the sequence are
different, and we wish to group these together. Hence we collect terms according to the

set of distinct partitions appearing:

(1 —q) [A—]p] D1
P)\/M 1—q% Z Z (m) H w)\(i-t,-l)/)\(i). (2234)

SCY =A<, <AP)=x i=0
A0 ADP)y=5

where clearly only sets S of the form {u®, ... u®} with p = p® < ... < u® = )

contribute. We now fix such an S, and claim that the term

(1 — )\ Pl D=1
Z ((1(1_—15)3;) H @Z})\(Prl)/)\(i) (2.2.35)

p=A0 < AP =) i=0
2@ APh=g

in (2.2.34) is nondecreasing in D. Note first that

D1
1T ©sen e
i=0
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is the same for all terms in (2.2.35), independent of D (provided D+1 > |S| so the sum is

non-empty), and that it is nonnegative because ¢,t € (—1,1). The number of summands

in (2.2.35) is (i) Hence

S|

1 — A\
(2.2.35) = 1(D > |9]) H%”*”/H(“ (%) <|§| _11)‘ (2.2.36)

Since the RHS of (2.2.36) is nonnegative, we need only show it is nondecreasing in D

when D > |S], as otherwise it is 0. The ratio of successive (nonzero) terms is

(o5)" ™ ()

1
STl D
507 (s

D [ A=kl D
D—|S|+1

( 1 )I/\ul D
>1——=—
- D +1 D— (A= |ul+1)+1
(1_|A\—|m) D
D+1 ) D—([A = |ul)
1

In the first inequality we used that |S| < |A| + 1, as the sizes of the partitions in S must
each differ by at least one. In the second we used the elementary inequality (1 — x)" >
1 —nz for x € [0,1],n > 1, which follows by noting equality holds at 2 = 0 and the LHS

has larger derivative on the interval. This completes the proof. m

We record one more useful fact about specializations which will be needed in Chapter 6.

Proposition 2.2.8. Let u € R and let 6,¢ be the specializations 0 = «(u,ut,...) and

¢ = B(—u, —ugq,...) (note these are not in general nonnegative specializations). Then
UG =0 (2.2.37)
(i.e. (OU@)(pi)=0 foralli>1 and (8U@)(1) =1), and consequently
Pyju(0;¢:1) = 1(A = p). (2.2.38)

Proof. By the explicit formula (2.2.27), (0 U ¢)(p;) = 0 for all i« > 1, and P/, is a

polynomial in the p; with no constant term unless A = p. O
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2.2.3 Probabilistic constructions from symmetric functions

For the remainder of this section assume ¢,t € [0,1). We note that for any nonnegative

specializations 0, ¢ with

> Pr(6;¢,1)Qx(¢5 4, ) < o0, (2.2.39)

AeY

the specialized Cauchy identity

> Papl0;0,6)Qusu(: ¢, ) = Tga(0;0) >~ Quia(e: ¢, 1) Puya(6: ¢, 1). (2.2.40)

KEY AeY

holds by applying 6 ® ¢ to (2.2.26).

Definition 11. The Macdonald measure with specializations 6, ¢ satusfying (2.2.39) is

the measure on Y given by

S CONCER))
Pri3) = Ogn(0:0)

Slightly more generally, the skew Cauchy identity may be used to define Markov

transition dynamics. Note that now the signatures do not have to be nonnegative.

Proposition 2.2.9. For specializations 0 = a(ay, ..., ay), ¢ satisfying (2.2.39), the for-

mulas R
P/\(a'lv <eey Gns g, t)QA/V(¢a q, t)

P A) =
r<y—> ) Pu(ah'”7an;Q7t)H(q,t)(al7'"Jan;¢)

and
P/\/p,(ak‘-f—la <o Qns d, t)Pu(alv <5 Ak 4, t)

Pr(A = p) =
r( lu> P)\(alv"'7an;Q7t)

define Markov transition dynamics Sig,, — Sig,, and Sig,, — Sig, respectively. Here we

allow n = 0.

The following product convolution is related to the above operations but more general
in a certain sense, as we explain in Chapter 3. For simplicity we give only the definition

for pure « specializations.

Definition 12. Let a = a(ay, ..., a,) be nonnegative reals. Then given A, u € Sig,,, we
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define a random signature A X, u by

P,(a;q,t)
Pr(AN, = v) = Yo (g, t).
i H=v) PA(a;q,t)Pu(a;q,t)CA’“(q )

Definition 13. Let 6 and v, ..., ¥ be Macdonald-nonnegative specializations such that
each pair 6,1); satisfies (2.2.39). The associated ascending Macdonald process is the

probability measure on sequences AV, ... \*) given by

Qo (V1) Qx@ /x) (¥2) -+ - Qr a1 () Py (0)
[T T 0) |

Pr(A® . ARy =

The k = 1 case of Definition 13 is a measure on partitions, referred to as a Hall-
Littlewood measure. Instead of defining joint distributions all at once as above, one can

define Markov transition kernels on Y.

Definition 14. Let 6,1 be Hall-Littlewood nonnegative specializations satisfying (2.2.39)
and A be such that Py(0) # 0. The associated Cauchy Markov kernel is defined by

Pr(A = v) = Qun(v) (2.2.41)

It is clear that the ascending Hall-Littlewood process above is nothing more than the
joint distribution of k steps of a Cauchy Markov kernel with specializations v);,6 at the
it" step. The product convolution X of Definition 12 is related to Macdonald processes

as follows.

Proposition 2.2.10. Let n € NU {oo} and b = «a(by,...,b,) with b; € Ryy. Let
09, 1 < i <k be arbitrary Macdonald-nonnegative specializations and v\ be distributed

by the Macdonald measure with specializations 09 b for each i =1,... k. Then for any

fized N € Sig, i =1,...,k we have

Pr(vW Ry, - Ky D = A forallT=1,... k)

— Q/\“)/(O[n])(@(l); q, t)@,\(%/)\(l) (0@;q,t)--- Q)\(k)/A(k—l) (0®); q,t) Py (bs g, t)
= (g0 (b; 00, ... 0k) .

Proof. A simple algebraic manipulation using Proposition 2.2.4 to absorb the structure

coefficients cf . O

81



2.2.4 Hall-Littlewood and ¢-Whittaker polynomials.

We collect useful explicit formulas for the Hall-Littlewood special case (¢ = 0) and the
g-Whittaker special case (t = 0). The former will be the relevant one for almost the
entirety of this thesis, but ¢-Whittaker polynomials play a role in Chapter 6. When not
otherwise indicated, everything here may be found in [Mac98a, Ch. III| or simply derived

from results there.

Proposition 2.2.11 (Explicit formulas for Hall-Littlewood polynomials). For A € Sig,,,
let

up(t) = H —( Dty

1— t)mi(A) )
I€EL

When g = 0 we have

gESy 1<i<j<n

where o acts by permuting the variables.

For going between P and () polynomials, we compute the proportionality constant

b
<P)\7P>\>

(g;t)

ba(q,t) == . (2.2.42)

Lemma 2.2.12 (See [Mac98a, p339, (6.19)|). The constant by(q,t) of (2.2.42) is given
explicitly as follows. We associate to \ its Ferrers diagram as in Section 2.2.4. The
bozes in the diagram correspond to pairs (i,7) with 1 < i < N1 < j < N For such a
box s = (i,7]), we define its arm-length a(s) and leg-length ¢(s) by the horizontal (resp.

vertical) distance from s to the edge of the diagram as in Section 2.2.4, explicitly

a(s) =X\ —J (2.2.43)
l(s) =N, —1i. (2.2.44)

The formula is then
1— qa(s)tf(s)—i-l

bag.t) =] o) (2.2.45)

SEA

where the product is over bozes s inside the diagram of \.
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Ol w

Ol | | W

(2.2.46)

Figure 2-2: The Ferrers diagram of A = (4,2,2, 1) (left), with a(s) and £(s) listed for each
box s (middle and right respectively).

The Hall-Littlewood and ¢-Whittaker specializations of (2.2.45) will be useful.

Lemma 2.2.13. In the q- Whittaker specialization,

ba(2,0) =] ( . (2.2.47)

G Dri-ren
In the Hall-Littlewood specialization,
bA(O7 t) = H(t; t)mz‘(/\) (2'2'48)
>0

Proof. Because ((s) > 0, the numerator of (2.2.45) is always 1 when t = 0, so

hag.0)= ]] ﬁ =11 (; (2.2.49)

SEN i (:Z7 Q))\i—AiH
£(s)=0

Similarly, when ¢ = 0 the denominator of (2.2.45) is always 1, and
b(0.8) = [T @ =) =Tt n-x,,. (2.2.50)

SEA 1>0
a(s)=0

O

Remark 12. It is easy to see from Lemma 2.2.13 that translation invariance in the sense
of (2.2.15) does not hold even in the Hall-Littlewood case when A has some parts equal

to 0, as mentioned in Remark 11.

The explicit forms of the Hall-Littlewood and g-Whittaker special cases of the formulas

in Lemma 2.2.1 will also be useful.
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Lemma 2.2.14. Let A\,v € Sig, and p € Sig, ., with p <p X\ and v <g A. In the
Hall-Littlewood case ¢ = 0 the formulas of Definition 6 specialize to

77/1)\/#((), t) = H (1 _ tmi(u))
1EZ
mi(p)=m;(A)+1

(2.2.51)
gp)\/y((%t) = H (1 _tmi(k))’
i€Z
m; (A)=m;(v)+1
In the q-Whittaker case t = 0 they specialize to
len(y) A A
i Aig1
¢A/M(Q7 0) = H
i=1 i — i
I (2.2.52)
len(\)—1
1 Hi — Hit1
Sox\/u(qa 0) = N
(@& D= 3y Hi — iy
q

As in the Macdonald case, the above branching coefficients are 0 when the conditions

w=<p A (resp. v <g A) do not hold.
Proof. Direct computation from Definition 6. m

The pure alpha specialization a(u, ut, ..., ut" '), often referred as a principal special-
1zation, produces simple factorized expressions for Macdonald polynomials. For brevity
we give only the Hall-Littlewood case which is needed later, though we will mention the

Macdonald case in Section 3.3. Let

n(\) == i(z —Dr=> (;) (2.2.53)

i=1 i>1
The following formulas may be easily derived from Proposition 2.2.11 and (2.2.5).

Proposition 2.2.15 (Principal specialization formulas). For J,n > 1 and X € Sig!,

(t;1)n
[Licz (& min
(tS t)J
(£5 ) mo (A)+-T—n

Py(z,zt, ..., xt"0,t) = M)

Qx o (@, t, ., xt! 7150, 8) = 2N L(mo(\) +J —n > 0)

Note that the principal specialization formula for () differs from the statement in
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[Mac98a, Ch. I11.2, Ex. 1] due to our conventions on signatures, but it may be derived
directly from that statement using (2.2.5) to translate between skew and non-skew @
polynomials. There are also nice explicit formulas for principally specialized Macdonald

polynomials, see [Mac98a, Ch. VI|, but we will not need these except briefly in Section 3.3.

When the principal specialization is infinite, nice formulas for the principally special-

ized skew Hall-Littlewood polynomials were shown in [Kir98|.
Theorem 2.2.16. For u, A\ € Y, we have

(tl—l-u;—)\’m : t)ml()\)

Po(u,ut,...;0,t) = ulH =g (e/A) H . (2.2.54)
= GDma
For \,v € Sig,,
t1+I/g/D7/\’I; t m
Qulu,ut,...;0,8) = ul =D TT ( Jmz ) (2.2.55)

vz BDma

Analogues of Theorem 2.2.16 for finite principal specializations have to our knowledge
not appeared before. We derive them in Section 4.2, where they are necessary to prove

Theorem 1.7.1, and recover Theorem 2.2.16 as a limiting case.

4

In later sections, we will often omit the ‘;¢,t” in the arguments of Macdonald or

Hall-Littlewood polynomials when they are clear from context.
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Chapter 3

Exact results on Hall-Littlewood
polynomials and p-adic random

matrices

In this chapter, we prove several exact results relating p-adic random matrices to Hall-
Littlewood polynomials. In Section 3.1 we prove Theorem 1.2.1 from the Introduction,
conditional on certain symmetric functions results proven in Section 3.2. We then ex-
tract a few consequences in p-adic random matrix theory, Corollary 1.2.2 and Theo-
rem 1.2.3. In an optional appendix Section 3.3, we discuss the structural parallels to
real /complex/quaternion random matrix theory and indicate how similar results may be

proven there.

3.1 Products, corners, and the classical ensembles via

Hall-Littlewood polynomials

Theorem 1.2.1. Fiz a prime p and let t = 1/p.

1. (Truncated Haar ensemble) Let 1 < n < m < N be integers, and A be the top-
left n x m submatriz of a Haar-distributed element of GLy(Z,). Then SN(A) is a
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random nonnegative signature with distribution given by the Hall-Littlewood measure

Pt QA N )
o Moy (1,8, ... tygmentl N

Pr(SN(A) = \) (1.2.6)
. (Corners process) Let n,k, N be integers with 1 <n < N and 1 < k < N —n,
A € Sig,, and A € M,xn(Q,) be random with SN(A) = X and distribution invariant
under GL,(Z,) x GLy(Zy,) acting on the right and left. Let Acoy € My (nv—i)(Qp)
be the first N — k columns of A. Then SN(Aey) is a random element of Sig, with
distribution given by

Qui(l,... = *= D) B (N N L)

T PN N ) g (1, D N N
(1.2.7)

Pr(SN(Aewt) = 1)

Now let 1 < d < n and Ao € Mp—gxn be the first n —d rows of A. Then

SN(A,ow) is a random element of Sig,,_, with distribution

P4, ... t" )

Pr(SN(Arow) = M) = PA/M(L ce ’td_l;t) P)\(l ~_¢n—1. t) :

(1.2.8)

. (Product process) Let A, B be random elements of M,(Q,) with fized singular
numbers SN(A) = X\, SN(B) = pu, invariant under left- and right-multiplication
by GL,(Zy). Then for any v € Sig,, SN(AB) has distribution XX n-1y p1, i.e.

P,(1,...,t" )
PA(L e >tn_l;t)PM(1’ e ’tn—l;t)'

Pr(SN(AB) =v) =5 ,(0,1)

Let us flesh out the discussion from the Introduction on how Theorem 1.2.1 is proven.

For Part 3, the results are essentially already contained in [Mac98a, Ch. V| and must be

translated to probabilistic language. Parts 1 and 2 both concern the operation of taking

submatrices of a random matrix, which is equivalent to the multiplicative convolution of

Part 3 with projection matrices. There is a slight difficulty because Part 3 is a statement

about the pair (GL,(Q,), GL,(Z,)) and hence holds only for nonsingular matrices A, B,

so one must make a limiting argument with nonsingular matrices which are very close

to projection matrices, e.g. diag(1[N — k|, pP[k]) for large D-recall that in the p-adic

norm, p” for large D is very small. Since Part 3 relates matrix products to the structure

coeflicients ¢ H(O, t), to implement the above idea of matrices which limit to projectors
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we must understand asymptotics of CK’H(O,t) for sequences of A, which approach the
singular numbers of projection matrices. We will first state the relevant asymptotic results
on Macdonald structure coefficients, Proposition 3.1.1 and Proposition 3.1.2, then prove
Theorem 1.2.1 conditional on these. This illustrates why these are the right asymptotic
results on structure coefficients for our setting, which may not be apparent from the
first glance. In the next subsection we will then develop the machinery to establish

Proposition 3.1.1 and Proposition 3.1.2.

Proposition 3.1.1. Let ¢,t € (—1,1) be such that the structure coefficients cX ,(q,t) are
all nonnegative. Let n < m < N be integers such that n < N —m, let A\ € Sig,, and
let ay > ay > ... > ay > 0 be real numbers and a = (ay,...,ay). Let Mga“Chy be
the probability measure on Sig,, with distribution defined by taking the last n parts of a
random signature k = (D[N — n|, \) K, (D[N — m|,0[m]), or explicitly,

P.(a)

DIN=n ) (&) PDiN—m] opm)) (2)

Cauch K
Mp*(v) = Z C(D[N_n],x),(D[N_m},o[m])(C]»t)P

KESIg N (
KEN—n+ti=V; for alli=1,...,n

Then for each v € Sig,,,

Qy/)\(afl, coay  YP(an_ni1, -, an)

Py(an—_ni1,--- ,aN)H(al_l, . ,a&l_m; AN _pils---5AN)

ME™M (1) — (3.1.1)

as D — oo.

Proposition 3.1.2. Let q¢,t € (—1,1) be such that the structure coefficients X ,(q,t) are
all nonnegative. Let 0 < k < n be integers, let A\ € Sig,,, and let ay > ay > ... >
a, > 0 be real numbers and a = (ay,...,a,). Let M5 be the probability measure

on Sig, ;. with distribution defined by taking the last n — k parts of a random signature

k= AKX, (D[k],0[n — k]), or explicitly,

Pi(a;q,t)
Ppii),opm—k) (a5 ¢, 1)

branch _ f
MD (,LL) - Z CA,(D[k],O[nfk]) (q7 t> P)\ (a’ q, t)

Kk€ESig,,
Kkti=p; for all i=1,...n—k

LConjecturally, this is true if q,t € [0,1) or if ¢, € (—1,0], see Matveev [Mat19]. For our application
we will only need the case ¢ =0,t = 1/p € (0,1), for which the nonnegativity follows from the interpre-
tation of the structure coefficients in terms of the Hall algebra [Mac98a, Ch. III], or alternatively from
Theorem 1.2.1 Part 3.
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Then for each u € Sig,_;,

P(ars1,- .- an)

as D — oo.
Py(a)

M,%m”d‘(u) — Pyu(a, ... ax)

Proof of Theorem 1.2.1, conditional on Proposition 3.1.2 and Proposition 3.1.1. We first
prove Part 3. In this proof we will use essentially the notation of [Mac98a, Ch. V] to state
the relevant results and then show how ours follow. Let ¢ = GL,(Q,), K = GL,(Z,),
and L(%,, K) denote the algebra of compactly supported functions f : ¢, — C which are
bi-invariant under K, i.e. f(kixks) = f(x) for x € 4, k1, ky € K. Define a convolution

operation on L(%,, K) by

(f % 9)(x) = / Fay " )a(y)dy

where the integration is with respect to the Haar measure on %; normalized such that K
has measure 1, mentioned earlier. This multiplication is associative, and may be checked
to be commutative as well. By Proposition 2.1.1, each double coset KzK of K\¥%,/K
has a unique representative of the form diag(p*) for some \ € Sig,. We abuse notation
slightly and write such a double coset as Kp* K. We denote by 1, the indicator function
on such a double coset; clearly 1, € L(¥4;, K). We will use the following two results, both
of which may be found in the discussion after [Mac98a, Ch. V, (2.7)]:

e The map 0 : L(94,, K) — A,[(z1---2,)7Y] given by 0(1)) = "N Py (24, ..., 2,;0,1)
is a C-algebra isomorphism, where n(\) :=>".(i — 1));. Equivalently,

1,%1, = Z t”(k)-f—n(u)—n(V)CK’“(O’ t)1,.

vesig,
e The measure of each double coset Kp K is
M(Kp*K) = "M==V p (1 ¢, 771 0,1).

It follows directly that

fxEKp’/K(l)‘ * 1“)($)dx — (0 ) PI/(17 s 7tn71; Oyt)
M(Kp  K)M(KprK) M7 Py (1, .., 1010, 6 Py(1, ..., 7 10,1)

(3.1.2)
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using the fact that either (n — 1)|A| + (n — 1)|u| = (n — 1)|v| or the equality is trivial.

But the LHS of (3.1.2), by the definition of the convolution product, is

1
1 1 “H1
M(Kp* K)M(KpK) /r,yE% v(@) I\ (zy™ )1, (y)ddy

Setting A = xy~!, B = y, this is exactly the conditional probability Pr(SN(AB) = v) as
A, B vary over Kp*K and Kp"K respectively (both normalized to have total measure

1), so Part 3 of Theorem 1.2.1 is proven.

Now consider Part 1. The distribution of the top n rows of a Haar-distributed element
of GLx(Z,) is just the unique GL,(Z,) x GLy(Z,)-invariant distribution on M,y (Q,)
with singular numbers SN(A) = (0[n]). Hence Part 1 is the special case of (1.2.7) when
A = (0[n]). Let us deduce (1.2.7) from Proposition 3.1.1.

Fix A € Sig,,. We wish to compute the distribution of the singular numbers SN(U diag,,, y (p*)V Py),
where U € GL,(Z,),V € GLy(Z,) are Haar distributed and P, = diagy x (1[N —E], 0[k])
is a corank-k projector. Consider a fixed, deterministic V;, € GLy(Z,), and let v =

SN(U diag,, x(p*) Vo P:) € Sig,,. First note that this is independent of U, and setting
A(Vo) = diagyn(p*, 0[N — n])Vo Py
we have SN(A(Vy)) = (co[N —n],v) € Sigy. For D > v set
Ap(Vo) = diagy (P, p°[N — 1)) Vo diagy v (1[N — &], p”[K]).

We claim that SN(Ap)y_p; = v; foreach i =1,... n.

Let rp : My(Z,) — Mx(Z/pPZ) be the obvious map. Proposition 2.1.1 holds also
for matrices over Z/pPZ, so we may abuse notation and define SN on both My(Z,) and
Mny(Z/pPZ) as in Definition 3. Let op : Sigy — Sigy be the map defined as follows: for
any k € Sigy, let j = max({i : x; > D}), and define ¢p(k) := (0[], Kjs1, .-, kn). It is

clear that the diagram

My(Z,) —2— Sigy

lm l«pD

MN(Z/PDZ) N STgN
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commutes, hence SN(Ap(Vo))n—n+i = v; for each i = 1,...,n, because rp(Ap(Vp)) =
rp(A(Vp)) and v; < D for all i. Thus for any fixed v and D > vy, recalling that
V € GLy(Z,) is Haar distributed, we have

Pr(SN(Ap(V))nenyi =vifori=1,...,n) = Pr(SN(A(V))N—nti = v; for i =1,...,n).
This stabilization for D > 1/ in particular implies that

lim Pr(SN(Ap(V))nenyi =vifori=1,...,n) = Pr(SN(A(V))N_nti =v; for i =1,...,n).

D—oo

The RHS is what we want to compute. By Part 3 of Theorem 1.2.1, the LHS is equal to

K n—1.
lim 3 CoN—n ), (Do -k (0 ) Pe(L, . 1" 0,1) .
D—oo P (1, ..., 175 0,8) Pppgov—n (1, ..., 1771 0,1)

RESigy
KN —n+ti=V; for all i=1,...,n

By Proposition 3.1.1 this is equal to

Qua(1,... .t E=DYp,N=n N1
Py(N=n o NDII(L, L B g N N =T

which is (1.2.7). Setting m = N — k and A = (0[n]), and dividing all variables in both

tN—n tN—n

P specializations by and multiplying those in the @) specialization by , yields

Theorem 1.2.1 Part 1.

[t remains to prove the other case of Part 2, namely (4.3.1). One wishes to compute
the distribution of P;U diag,,, y(p*)V where P; € M,(Z,) is a corank d projector and
U,V are as above. We may ignore V', and by the same argument as before it suffices to
consider the matrix diag,,.,(0[n — d], p”[d])U diag,,,,(p*) for large D. One then applies
Proposition 3.1.2 to yield (4.3.1). O

From Theorem 1.2.1 Part 1 we deduce the following. Recall that the intuition for this
statement is that if NV is very large compared to m, n, then the entries of an n x m corner
of a Haar distributed element of GLx(Z,) become asymptotically iid from the additive
Haar measure on Z,. The analogous statement holds in the complex case, namely that
an n x m corner of a Haar distributed element of U(N) becomes a matrix of iid Gaussians

as N — oo if one rescales appropriately.
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Corollary 1.2.2. Fiz a prime p and lett = 1/p. Let 1 <n <m, and A € Myxmn(Z,) be
random with iid entries distributed according to the additive Haar measure on Z,. Then

for any \ € Sig},

I N T e [ N (A AN )

PI'(SN(A) = )\) H(O t)<]-7 o ,tn_l; tm—n-i—l’ tm—n—i—Q7 . )

Proof. Let A € My«m(Z,) be distributed as in Corollary 1.2.2, and By € M,,xm(Z,) be
an n x m corner of a Haar distributed element of GLy(Z,). By Part 1 of Theorem 1.2.1

one has

n—1 m—n+1 pm—n-+2
lim Pr(SN(By) = A) = Pl t")@N( t )

N-oo (L, trtgmondl gmont2 )7
hence it suffices to prove

lim Pr(SN(By) = A) = Pr(SN(4) = \).

N—oo

It is clear that A and By are nonsingular with probability 1, so SN(By) and SN(A) lie
in Sig/" (rather than Sigy) with probability 1. Letting D > \; be an integer, we have by
the argument in the proof of Theorem 1.2.1 that if SN(E) = A then SN(rp(E)) = X as
well for any fixed nonsingular F' € M,,x,,(Z,), where rp is the reduction modulo p” map.
Therefore Pr(SN(By) = A\) = Pr(SN(rp(Bx)) = A) and similarly with By replaced by
A, so it suffices to prove

lim Pr(SN(rp(By) = A) = Pr(SN(rp(A4) = A).

N—oo

From the discussion of measures at the beginning of the section it follows that rp(A)
has entries iid uniform over Z/p”Z, and rp(By) has the distribution of an n x m
corner of a uniformly random element of GLy(Z/pPZ). A uniformly random element
(aij)i<ij<n € GLN(Z/pPZ) may be sampled by first sampling a uniformly random ele-
ment of (aj;)1<ij<y € GLy(Z/pZ), then choosing a;; € Z/p”Z independently, uniform
in the congruence class of a;;. Thus it suffices to show that for any C' € M, x,,(Z/pZ),

lim Pr(r(By) =C) =Pr(r(A) =C).

N—o0
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For fixed C,

S PI‘(Tl(BN) = C) S

the lower bound is sharp when C'is the zero matrix, and the upper bound is sharp when
C' is nonsingular. Both bounds come from counting the number of n x N nonsingular
matrices over Z/pZ with left n x m submatrix C, and dividing by #M,«n(Z/pZ). The
upper bound is p~™" and the lower bound goes to p~™" as N — oo. Since Pr(r;(A) =

C') =p~™ for any C', we are done. O

Note also that Parts 2, 3 of Theorem 1.2.1 (and the limiting case Corollary 1.2.2)
together with Proposition 2.2.10 immediately imply that joint distributions of singular
numbers of products of p-adic Haar corners are distributed according to Hall-Littlewood

processes.

Corollary 3.1.3. Lett = 1/p, fitn > 1 and let Ny, Na, ... € Z U {oo} with with N; > n
for alli. For each i, let A; be the top left n x n corner of a Haar distributed element of
GLy,(Z,) if N; < oo, and let A; have iid entries distributed by the additive Haar measure
on Z, if N; = oo. Then for A\, ... Ak € Sig

Pr(SN(A, - A) = A7 forall T =1,....k)

_ Q)\(U/(o[n])(t, o ,tNl*n)QA(z)/)\u)(t, . ,tNQ*n) e QA(k)/A(k—l) (¢,... ,tNk*n)P)\(k)(l, o ,t"fl)

Mo (1, ... bt N N Ve

The analogue of this result in the real/complex/quaternion case is given in [Ahn22b,
Thm. 3.12]. Additionally, Theorem 1.2.1 together with Hall-Littlewood combinatorics
yields exact formulas for the distribution of singular numbers of a product of additive
Haar matrices stated earlier as Theorem 1.2.3, generalizing the explicit formula for the

Cohen-Lenstra measure which is the case of one matrix.

Proposition 3.1.4. Forn > 1 and \,v € Sig,,, we have

-\

v z+1

/
T

A n—1
Quia(u,ut, .. )P,(1,...,t"") _ (u‘t)nu\y|f|/\|tn(y)fn(/\)Jrn(u//\) H
Py(1,...,t" I, .., t" Y u,ut,...) ’

/ /
z€Z r — Va1 ‘

(3.1.3)
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Proof. Tt follows from the definition in (2.2.17) and telescoping that

1
I, ...t Yu,ut, . ..)

= (u; t)n-

Combining Proposition 2.2.15 with Theorem 2.2.16 to evaluate P,, Py and Q,,/A respec-
tively yields

Qualuw ut,  JB(L ) (oA i) —n() 11 (7 o)
P(1,...,tv 1) i (t; t)mz(,,)

Noting that

(e ) ma () H Vy — Aot

/

TEZ <t; t)m””(y) T€EZ g/[; - Vgg+1

t

completes the proof. O

Proof of Theorem 1.2.3. Follows immediately by combining Theorem 1.2.1 and Proposi-
tion 3.1.4 with u =t = 1/p. O

3.2 Asymptotics of Macdonald polynomials and struc-

ture coeflicients

We now develop the machinery to prove Proposition 3.1.1 and Proposition 3.1.2. Both

of these statements involve limits of normalized structure coeflicients

Pypy(ar, -, an; g, t) D)
P)\(D)(ala -+ ans 4, t)P'u,(D)(al, cey Qi gy t) A(D),u(D)

(¢,1)

for some signatures A\(D), u(D), v(D), so we must establish asymptotics both on the Mac-
donald polynomials with real specializations a, and on the structure coefficients cf , (q,1)
themselves. Both come from Theorem 3.2.1 below, which treats the asymptotics of Mac-

donald polynomials in formal variables x1, ..., zy.

Theorem 3.2.1. Let q,t € (—1,1). Fix positive integers k, N, let ri,...,r be positive
integers such that Y .r; = N, and set s; = 23:1 r; with the convention sy = 0. Let

Ly > -+ > Ly be integers and A\ € Sig,. be any signatures, and define the signature

95



AD) = (LD + AV, . LD+ AY LD+ AP LD+ A € Sigy for each

D € N large enough so that this is a valid signature. Then

PA(D)(JSL TN, T)

k )
Hi:l(xsiflJrl o 'xsi)LlD

k k—1
— H Pyi)(Ts;_y41y -+ Ts;3 G, 1) H g (:U;.LH, . 7$;1; Tgiily- -
i=1 i=1
(3.2.1)
as D — oo in the sense that the coefficient of each Laurent monomaial :1:(111 o -leVN on the

LHS converges to the corresponding coefficient on the RHS.

Proof. First, note that in the branching rule (2.2.8) there is exactly on Gelfand-Tsetlin
pattern Ty, € GTp(AN(D)/()) with weight A(D), namely the one with all entries as large
as possible. One can check that ¢)(7},4:) = 1, S0 T4, contributes the lexicographically
highest-degree monomial x*?) of Py p)(z1,...,zN).

Define the signature A(D) := ((Lo-D)[ro], . . ., (Lg-D)[rg]), so x ) = [T5_ (24, 41 - - - 2,
The idea of the proof is that for another monomial x*(®)*4  the set of GT patterns of
weight xMD)+d geabilizes in size for all large D, and furthermore the structure of these

GT patterns will be in a sense independent of D.

Fix d € Z" for the remainder of the proof. For any fixed monomial x9 and suf-
ficiently large D, all Gelfand-Tsetlin patterns contributing to the coefficient of x¢ in
Pypy(x1, ... ,xN)/xj‘(D) will be as in Figure 3-1, or in other words, all entries will be

close to those of T},4.-

It is natural to divide each of the ‘strips’ of entries =~ L;D into two G'T patterns, one
triangular of the type in the P branching rule and one rectangular of the type in the @)
branching rule, by splitting into the parts above and below row s; inclusive, see Figure 3-
2. Where each strip intersects the s row one has a signature s + L;D, so any T €
GTp(A(D)) uniquely specifies smaller constituent GT patterns TF € GTp(k® /()),T¥ €
GTon_s,(AD/k)) for each i = 1,...,k. It is also clear from the picture that any
choice of these smaller GT patterns, i.e. choice of k) & Sig,.,i = 1,...,k and elements
of GTp(kW/()) and GTq,, (AD/k®) for i = 1,...,k, uniquely specifies an element of

GT(A(D)) provided D is large enough that the rows are still weakly decreasing.

This motivates the following. For signatures (! € Sig,., .-, ONS Sig,, and GT
patterns T € GTp(k@/()), T € CTon_s(AND /@) for i = 1,...,k, define (for all D
large enough that this makes sense) BPp(TF,...,TE, T2, ..., T%) € GTp(AD)/()) to
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k k (2) (2) (1) (1)
)\E,k)+LkD o™ o MD prop o AP v rop A 4o oAV gD

all entries
~ Lk D

all entries

~ LQD

all entries
~ Ll D

Figure 3-1: The form of a Gelfand-Tsetlin pattern 7" with wt(7") close to A(D) for large

2@ ypop o AP prp A pnip AP pnp

TOW So

oW Sp

Figure 3-2: The decomposition into constituent GT patterns.



be the GT pattern of top row A\(D) which decomposes into T, ... ,TE,TIQ, e ,TkQ as
above. For sufficiently large D, all GT patterns contributing to x4 will be of the form
BPp(TE, ..., TF, TlQ, o ,T,?) for some T, . .. ,T,?, and furthermore only finitely many
such patterns will contribute to x4 (and this finite number does not grow with D). Hence

we may focus on describing the GT patterns BPp (T, ..., TF, TlQ, - ,Tl?).

Given any T € GTq,(11/v) given by v = A1 <5 A® < ... <5 A& =y, define T €
GTgs(—v/—p) by —pu < =AED < ... < XU = —p. Similarly, given T € GTp(x/())
defined by () <p AV <p - <p Al =k let T € GTp(—x/()) be the GT pattern

with it" row —\@. We claim that

k
lim G(BP(TF, ..., T, TE, ..., TR)) = [ $(T7)e(T2). (3.2.2)

D—oo .
=1

In the GT pattern BPp(TF, ..., TF,T%,... T?), we may view each entry as coming
from one of the constituent GT patterns T} or TiQ. As D — oo, the difference between
any two entries in a given row of BPp (T}, ... ,TkP,TIQ, e ,Tk,Q) which come from the
same constituent GT pattern remains constant, while the difference between any two

entries which come from different constituent GT patterns goes to infinity.

Recall from (2.2.6) that the P branching coefficient )(BPp(TF, ..., T, T2, ..., T%))

is a product of factors
S g m)

i)’ (3.2.3)

and
(0 ig )
f(tj—iqm—)\jﬂ) )

Notice that when for example p; and p; come from different constituent GT patterns of the

(3.2.4)

GT pattern BPp(TF, ..., TP, T2, ... ,T,?), q"iH — 0as D — oo since |q| < 1, and hence
f(#~igri=ri) — £(0) = 1. Similarly the other three factors f(t/=ighi=%i+1) f(ti=ighi=Hi) | f(tI-igHi—Ai+1)
converge to 1. Because the number of these factors in (2.2.6) is finite independent of D,
this implies that

lim (BPp(TE, ..., T, TR, ..., T?))

D—oo

is equal the product of those f(---)*! factors corresponding to pairs of entries coming

from the same constituent GT pattern.
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First let us consider the constituent GT patterns 7. Because f(t/~iq*~#i) depends
only on the differences j — 4 and p; — p; but is independent of overall translation of the
indices or the entries (and similarly for the other three f terms), we see that the product
of f(---)* terms in (BPp(TE,..., TP, T, ..., T?)) corresponding to entries from a
given constituent GT pattern T is exactly ¥ (7}). By the symmetry of (2.2.6) this is
equal to (1), cf. Lemma 2.2.2.

Now consider a constituent GT pattern T,°. It follows from (2.2.7) that the product
of factors (3.2.3) and (3.2.4) corresponding to pairs of entries in T is exactly (7%,

proving (3.2.2).

It is an easy check from our decomposition into constituent GT patterns that

wt(BPp(TF .. TiF T2 .. T?)) k

wt(TF) wt(TiP)ri wt(TE) wt(T2) n—s,
H Lo 1+11 T s )(xsi—i-l e Ty Y ) (325)

X

< \(D) o

Combining (3.2.2), (3.2.5), and Lemma 2.2.2, and summing over the £, yields

P
lim A(D)/()(J717 ,TN) x

I

— Z H (z)/( £L‘5i_1+1,...,I’Si)Q_H(i)/_)\(i)(l’si+1,...,ZL‘N)[Xd]

n(i)651g”_,z 1,....k =1

= H P*"‘@m/o (‘r;’£1+17 R ,%;I)Q,K(i)/,)\(i) (.TSZ.Jrl, c. ,.CL’N)[XdL

where (-)[x9] denotes the coefficient of the x4 term of the Laurent polynomial (-). Finally,
applying the Cauchy identity Lemma 2.2.3 to the RHS of the above completes the proof.
]

Remark 13. We have made no attempt to find the most general hypothesis on ¢ and ¢
under which the above result holds, as ¢,t € (—1,1) is the only range typically used in
probabilistic applications. Some extra complications arise if ¢, ¢ are such that some of the
f(-++) factors in the denominator may vanish, or if |¢| > 1-as then the argument that
f(-++) factors involving pairs of entries from different constituent GT patterns go to 1
no longer holds. However, we believe that one may be able to prove the same result for
more general values of ¢, ¢ with some additional analysis of cancellation between f(---)

factors.
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Remark 14. For the Hall-Littlewood case ¢ = 0 or the Schur case ¢ = ¢, the convergence
statement (3.2.2) is actually stabilization to equality for all sufficiently large D, and hence
the coefficients of monomials in the statement of Theorem 3.2.1 also stabilize for large D.
This is because the branching coefficients (T') are ‘local’ in these cases, meaning that
they may be expressed as products over entries of the GT pattern rather than pairs of
entries, so in particular entries of different constituent GT patterns do not interact. In

the case ¢ = t this is particular clear, as ¢(T') = 1 for any valid GT pattern 7.

Furthermore, at ¢ = ¢ this stabilization is monotonic from below, i.e. for each yu € Z,
the coefficient of x* in the LHS of Theorem 3.2.1 (which is an integer, as follows from the

fact that the ¢(T") are all 1) is increasing in D for all D such that A(D) is a signature.

Remark 15. An asymptotic factorization statement somewhat similar to Theorem 3.2.1
was proven for Jack functions in infinitely many variables by Okounkov-Olshanski [O0O98,
Thm. 4.1], though we do not believe the two are directly related as our polynomials are

in only finitely many variables.

We now convert Theorem 3.2.1 into a statement about Macdonald polynomials spe-

cialized at real variables.

Definition 15. For any finite subset S C ZV, let Projg : Cla7, ..., 23] — Clzf, ..., 23]

be the C-linear operator with Projqx? = 1(d € S)x4

Proposition 3.2.2. Let t,q € (—1,1), a = (ay,...,ax) with a; > ... > ay > 0 be real
numbers, and L;, r;, s;, \(D), S\(D) be as in Theorem 3.2.1. Then

’ PAD) _1.
im HPAU%L R TN HH‘” ayt 1y s AN)

D—oo a)\(D

(3.2.6)
Proof. Let R,:(a) be the RHS of (3.2.6). For any ¢ > 0 we must find Dy so that

Pypy(a)

a:\(D) — Rq,t(a) <€

for all D > D,. Below we will abuse notation and write Projgs acting on a Laurent
polynomial in the real numbers aq,...,ay to mean ‘take the corresponding polynomial

in formal variables z;, apply Projg, then specialize z; = a; for each i". Then for any S,
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we write

Pypy(a)

aS‘(D) - R‘]:t(a)

P a
+ ‘(Id - Projs);(%[f))‘ +|(Id = Projg) Rys(a)], (3.2.7)

The first and third terms of the RHS are easy to bound. The first term of (3.2.7), is
a finite sum of |S| Laurent monomials in ay, ..., ay with coefficients that converge to 0

as D — oo by Theorem 3.2.1. Hence for any S we may choose Dy so that

Wl ™

. Pxp (a)
Projg <% — Ryi(a) || <

for all D > Dy. For the third term, R,;(a) is a convergent power series in the variables

aj/a;,j > 1, so we may choose S sufficiently large that

€

|(Id — Projg) R, +(a)] < 3 (3.2.8)
The second term is slightly trickier. Recall from Lemma 2.2.1 that f(u) := (tu; )/ (q%; ) -
In particular, since ¢,t € (—1,1), f(u) is defined, continuous, and nonzero on [—1, 1], so

SUPye[-1,1] f(uw)
infue[—l,l} f(u) ‘

<

‘f(ul) (3.2.9)

f(uz2)

Recall that ¥ (T') is a finite product of factors ;EZ;; for uy, us products of powers of ¢,
(and in particular lying in [—1,1]). Hence there is a constant C' depending only on N,
which is an appropriate power of the RHS of (3.2.9), such that for any x € Sigy and
T € GTp(k) we have

(1) < C. (3.2.10)

As in (3.2.8) we may choose S large enough so that

. €
|(1d = Projg) Ry (@) < 2. (3.2.11)

By Remark 14 on the Schur case, for any d € Z% one has that (Pyp)(x;q, q)/xj‘(D))[xd]

is an increasing sequence (in D) of integers which stabilizes to R, ,(x)[x9] for large D. It
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follows from this and the nonnegativity of the Laurent monomials a9 that

P)\(D)(ab AN Q5 q)

Id — Proj -
(1d - Proj) 2

< (Id — Projg) Ry q(a) (3.2.12)

(we drop absolute values because all terms in the hidden summations on each side are

positive). Putting together (3.2.10), (3.2.11) and (3.2.12) yields

P)\(D) (a7 q, t)
a D)

Pypy(a;q,q)

Id — Proj A

‘ < C‘(Id—PrOjS)

< C[(Id — Projg) Ry 4(a)]

< €/3.

This handles the second term of (3.2.7), so choosing S large enough that all three €/3

bounds are simultaneously satisfied completes the proof. O

Theorem 3.2.1 may also be used to control asymptotics of the structure coefficients

cK#(q, t). We first prove a simple lemma. Define the dominance order < on Z" by v 4w

if Y. v; =), w; and

ivi Siwi forj=1,...,n.

i=1 i=1
Lemma 3.2.3. Let A\(D), u(D), k(D) € Sigy be three sequences of signatures of the form
in. Theorem 3.2.1 (possibly for different L;,r;), such that \(D) + i(D) = #(D). Let
A € ZN be the tuple such that A(D) = A(D) + X(D), and define fi,i similarly. Let
S denote the (finite) interval [/%,5\ + @] in ZN with respect to the dominance order, or

explicitly S = {d € ZV : k <d I X\ + ji}. Then

1. The set {limp_,o Projg Pi(pyra(x)/x*P) . d € S} is a basis for Projg Clzt, . .., 2%
Here the limits of Laurent polynomials are in the sense of convergence of coefficients

of each monomial.

2. The coefficient of limp_,~ Projg PH(D)/X'%(D) i the decomposition of

: . Pap)(x) By (x)
B Prols = i)

(D)

in the above basts is imp_,oc ¢y ) (€5 1)-
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Proof. The first part follows since the Macdonald polynomials are homogeneous and may
be written as Py(x) = x* + (lower order terms in the dominance order). The second part

is then clear. N

Definition 16. Let A, v € Sig,,, u € Sig,. Define df ,(q,t) by’

Qy/,\(xl,..., Z dy,u $17 xr).
KESig,.
Proposition 3.2.4. Let n < m < N such that n < N —m, let \,v € Sig,,, and let
q,t € (=1,1). Then

. 2D[N—m—n|,2D—nn,...,2D—n1,D[m—n],v1,...,un v
lim CED[][an],)\),(]D[Nfzw],o[m]) mbmml ) (g t) = df, (g, 1) (3.2.13)

D—oo

and

(2DIN =] e Dlm—nl+f.v1vn) (0 1) — () (3.2.14)

1L (5N ) 0fn]).(DIN —m].0fm)

D—oo

for all a € Sigy_,,, B € Sig,,_,, not as in (3.2.13).

Proof. Let A(D) = (D[N —n],\), u(D) = (D[N —m],0[m]), and x(D; «, B,v) = (2D[N —
m] + o, D[m — n| + B,v1,...,1,), which we will write as simply «(D) when the other
signatures are clear from context. Fix a,f,v, and let S be as in Lemma 3.2.3. By

Theorem 3.2.1 we have

Py(p) (X)/X’\(D) — Pa(tn_ni1, o) (2 ,IEJ_Vl_n; TN-nt1s- -+ TN)

Pupy(x )/X“ —>H(x1 ,...,x&l_m;x]v_mﬂ,...,x]v).
Splitting the latter Cauchy kernel,

lim Proj PA(D) (X)P“(D) (X)
Dooa, OIS K MD)+it(D)

: -1 -1 . -1 -1,
=ProjgIl(zy ", .. . 2y s TNty - )@ TN, TNt 1y - -y TN—n)

. (H(:L'fl, TN TN s TN)PA(TN 1 - - ,a;N))

2These are related by duality to the structure coefficients o See [Mac98a, Ch. VI], but we will
not elaborate on this because we do not need it and due to our conventions with signatures it would be
somewhat cumbersome to state.
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Applying Lemma 2.2.3, the definition of the coefficients dy ,» and Lemma 2.2.2, one has

H(xl_l, . ,x]_\,l_m;xN_n+1, o on) Py @y _pit, -, TN)

= Z PI/<IN—'H,+17 cee 7xN)QV//\(x1_17 v 7‘7"]7\[1—m)

veSig,

= Z ds , Po(TN—ni1, - - - con) Py (e ay,)

vesig,
nESingm

= Z dePl,(a:N_nH, o aN)Pop (2, ENy).
vesig,
nESingm

By straightforward application of Theorem 3.2.1,

Dhgéo Projg R;(RD#)D()X) = Projg Po(21, .-, oN—m)P3(TN_ms1s - TNon) Po(TN—nt1, -, TN)
(2 N TN - - ,xN)H(xNI_mH, TN TN s TN
= Projg Pa(z1, .-, tN-m)Ps(TN-mi1s - o TN=n) P (TN nt1, - - TN)
(e TNt - e AN TN et - TN n) (3.2.15)

We see that

Pyp) (%) Pyp)(x)

lim Proj - = Projo (7Y, . ot i N it TN
Do Js X)\(D)Jrﬂ(D) Js ( 1> y Y N—n> n+1, ) )
-1 —1 . v
H(xl 7"'axN7m7xN—m+la---7$N—n) § d,\WPV(xN—n—i—la---7$N)P—n($17"'ax]\f—m)
vesig,
NESIZN _m

is a finite (because S is finite) sum of terms of the form RHS(3.2.15) for those x(D; «, 8, v)
for which a = —n, 8 = (0[m — n]). Furthermore, the coefficients of these terms are d .

Applying Lemma 3.2.3 completes the proof. ]

We now combine these results.

Proof of Proposition 3.1.1. Let \(D), u(D), k(D; «, 5, v) be as in the previous proof, and

S C Sigy_,, be finite. Since we have assumed ¢, ¢ are such that the structure coefficients
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are nonnegative,

. _ Po(Di—n,(0pm—n]) l,)(a)
MCauchy<V) > CH(Dv 7,(0[m—n]),v) (Di—n, ? (3216)
D Z AMD),u(D) P)\(D) (a)P,u(D) (a)

by simply taking only finitely many of the terms in the sum used to define Mgamhy.
Note that & = \ + fi, so we may divide numerator by a* and denominator by at - a to
obtain the LHS of Proposition 3.2.2. Applying Proposition 3.2.4 and Proposition 3.2.2 to
the structure coefficients and specialized Macdonald polynomials on the RHS of (3.2.16),

respectively, we obtain

Y MG 2 5 i g it
nes
Z s P_y(ay,...,an—m)P,(aN_ni1,- -, aN) .
nes ’nP/\ (aN—nt1s--- ,GN)H(GII, e ,afvl,m; AN—pils-- -, AN)

Because the bound holds for any finite S, we may replace S by Sigy_,, in the above, and
also replace P_,(ay,...,an_m) by P,(a7’,... ,ay",,) by Lemma 2.2.2. Then the above

becomes
Z P P(ait, ... an ) P(an—ni1,- - aN)
il M Py (aN—ngs - - an) (@t . ayt, AN —nt1s - aN)
_ Qy/,\(afl,...,ajvl_m)Pl,(aN_nH,...,aN)
Py(an_ni1,---san)(art, . o ant, i an—ns1s- - an)

by definition of the coefficients dy ,. Because

~l//)\ 1_7"'7 ]_V—m v\UN-—n+15---, &N
Z Qu/(a ' ay )Fy(a an) _1
il Py(an—ni1, - an)d(art, . an' i an—ni1, -, an)
by Lemma 2.2.3, the inequalities
A —1 —1
; Cauchy QV/>\<a1 7"'7aN—m>Pl/(aN—n+1w~aaN)

lim Mp (v) > — —

D—o0 Py(an—nt1y---san)(ay ", ... an_  ON—nt1,- -, QN)
must all be equalities, completing the proof. O

Proof of Proposition 8.1.2. The proof is very similar to that of Proposition 3.1.1, so we

will go through the argument but neglect some of the analytic details which are the
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same as before. Proceeding as in Proposition 3.2.4, we compute the limiting structure

coefficients

(DIK]+m,1)

A e bk ofn—k)

for u € Sign_j. Define E;/)m by

Py, ... xp) = Z 62777]3,](:1:1,...,:15;6)

neESigy,

(these are the dual Littlewood-Richardson coefficients and are related to the usual C;/),m

see [Mac98a, Ch. VI|, though we will not need this). We have

Pup)(x)

P)\<X)m — PA<X)H<$;1, A ,l'];l;l’kJrl, C ,l’n)

= Z 62777]3,7(1'1, oy Py (s ) (T 2 gy - T

:U'ESign—k
Likewise we have
Po) - ) (%) _ _
W — Py(1, ..., 21) Py(@psa, - . n) (2 Lo ,xkl; Thaly -y L)

Hence by the same argument as before,

(D[k]+n,u) ~A

lim CX\(D[K].0[n—k]) — Cun-

D—oo

We thus have, again using positivity of all of the structure coefficients and specialized

Macdonald polynomials, that

P (DIK].O[N )
lim MYt (y) > lim (PEHm) (Dlk)+n.0 (3) /2

e G oo MPWTEYP (@) Pp ojn- i () /2P AN R

_ Z 2 P,(ai,...,a5)Py(aps1, ..., a,)

et o Py(ay,...,a,)

_ Pyju(ar, ..., ap)Py(ars, - - -, an)
P\(ay,...,a,)

These sum to 1 by the branching rule, so the inequalities are equalities, completing the

proof. O]
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3.3 Appendix: Relations to the Archimedean case and

alternate proof of Proposition 3.1.1

This section is not logically necessary for the rest of this thesis, but is a comment on the
relations between Theorem 1.2.1 and results on singular values of corners and products
in the real, complex and quaternion cases, through the lens of symmetric function theory,
which was alluded to in the Introduction. We will first informally state these results in
more detail than in the Introduction in order to highlight the parallel, and give references
to more complete treatments. We will then give an alternate proof of Proposition 3.1.1
which is simpler, but valid only under additional assumptions which do not cover the
Hall-Littlewood case ¢ = 0. This was the first proof we found, but we were unable to
justify the ¢ — 0 limit and hence resorted to the stronger results proven in the previous
section. However, the proof below has the advantage that it survives the limit to the
real /complex/quaternion cases which we are about to describe, and hence could be used
to adapt the convolution-of-projectors method of Theorem 1.2.1 to prove the analogous
result in this setting. At the end of the appendix we will outline how this could be carried

out.

Fix a parameter 5 > 0 and let ¢ = e, t = ¢%/2. In all cases below, we assume that
the integers n, m, N, k satisfy the same constraints as in Theorem 1.2.1. Below we give an
informal statement of the analogue of Theorem 1.2.1 in the real, complex and quaternion

setting.

1. Define the random signature A(e) by

Py(1,t,...,t" L q, )Qn(t™ L L N g, )

Pr()\(E) = )\) = H(th)<]-7 t, o ,tn_l; tm—n+17 o 7tN—n)

for any X\ € Sig', with ¢,¢ depending on € as above. Then as ¢ — 0, the random
real signature eX(€) = (eA1(€), ..., €\, (€)) converges in distribution to some limiting
random real signature A\(0). When = 1,2,4, A(0) has the same distribution as
(—log(rn),...,—log(r1)), where r; > --- > r, are the squared singular values of an
n x m corner of a Haar-distributed element of O(n), U(n) or Sp*(n) respectively.

This is due to Forrester-Rains [FR05], see also Borodin-Gorin [BG15, Thm. 2.8].
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2. Fix a real signature ¢ of length n and define the nonrandom signature

M) = ([0/e)s.... Lufe]) € Sig,.
Define the random signature v(e) by

)) = Quine (1, t7F Vg )P, .tV g 1)
Py(tN=n N g ) (1, D N N

Pr(v(e) =

for any v € Sig,. Then as € — 0, v(¢€) converges to a random real signature v(0).
Suppose = 1,2,4and F = R, C, H respectively, and Aoy € My, (nv—k)(IF) is the first
N — k columns of A € M, n(F) with fixed singular values e~ := (e™,... e")
and distribution invariant under the orthogonal, unitary or symplectic groups act-
ing on the right and left. Then the distribution of the negative logarithms of the
squared singular values of A, is given by v(0). The statement for (4.3.1) is ex-
actly analogous. We could not locate these exact statements in the literature but
essentially equivalent ones appear in Borodin-Gorin [BG15] and Sun [Sunl6] when

considering the Jacobi corners process.

3. Fix real signatures r, ¢ of length n and define nonrandom integer signatures A(e) as
above and p(¢) similarly with 7 in place of /. Then as € — 0, €- (p(€) My, -1y A(€))
(where we abuse notation and use X to refer to the convolution operation with
Macdonald polynomials instead of Hall-Littlewood) converges to a random real
signature s. When 8 = 1,2,4, e~* gives the distribution of singular values of AB
where A, B are bi-invariant under the orthogonal, unitary or symplectic group and

have fixed singular values e™" and e~*. See Gorin-Marcus [GM20, Prop. 2.2].

More general background on these limits may be found in Ahn [Ahn22b|, Borodin-
Gorin [BG15|, Gorin-Marcus [GM20], and Sun [Sunl6].

Remark 16. The explicit formulas for the above distributions are uniform expressions
in terms of 3, and the distributions for general 5 € [0, 00) are referred to as [-ensembles.
[ is then seen as an inverse temperature parameter, and the zero-temperature limit
[ — oo has in particular been studied, both because it provides tractable though accurate
approximations to § = 1,2,4, and because it exhibits asymptotic behaviors interesting

in their own right. In particular, the product convolution and corners operation—the
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analogues of Theorem 1.2.1 Parts 3 and 2 respectively-become deterministic in this limit
and are controlled by certain orthogonal polynomials. See Gorin-Marcus [GM20| and
Gorin-Kleptsyn [GK22] for a discussion of the eigenvalue (as opposed to singular value)
case, and Borodin-Gorin [BG15, Cor. 5.4] for the deterministic § — oo limit of Jacobi
corners; we are not aware of anywhere the § — oo limits of general corners and products
(the analogues of Parts 2, 3 of Theorem 1.2.1) are worked out explicitly in the literature.
In our setting, viewing the measures and operations of Theorem 1.2.1 for arbitrary ¢ €
(0,1) not necessarily a prime power is exactly analogous to this extrapolation to general
B.

We observe the exact same freezing to a deterministic operation in the p-adic case
of products and corners in the limit p — oo, i.e. ¢ — 0. It is interesting to note that
while the f — oo limit requires extrapolation away from the usual matrix models, the
t — 0 limit does not because one can find arbitrarily large primes. In the corners case,
the partition v in the notation of Theorem 1.2.1 concentrates around A, and the partition
p concentrates around (Agyq,...,A,). In the product case, v concentrates around (A\; +
M1y -y Ap + ). These facts may be easily verified using the explicit formulas for Hall-
Littlewood polynomials in Section 2.2.4, and may also be seen heuristically directly from

the matrix models without any formulas.

Below we prove Proposition 3.1.1 under the additional assumptions that a = (1,¢,...,tV 1)
and ¢,t € (0,1). We remark that Proposition 3.1.2 may be proven by similar label-variable
duality manipulations under the restricted hypotheses as above; the modifications to the

proof below are not difficult.

Proof. For the remainder of the proof, we will denote X, _;~-1y by X; and use Supp for
the support of a measure. Let \(D) = (D[N — n|,\) and u(D) = (D[N — m],0[m]).
Recall that

PN 001)

MgauchZI(y) = C); DV u(D (q,t) - _
HGSZigN (D),u(D) P)\(D)(tN 17-"71)PM(D)(tN L)

KEN—n+i=V; for all i=1,...,n

and we wish to show

Pt D)Qu (N L gm
P, DI, L N-n, . gmont)

ME™ M (1) — (3.3.1)
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(note that we have written the measure in a different form from Proposition 3.1.1 by

using homogeneity to rearrange powers of t).

Denote the limiting measure of (3.3.1) by M. The proof is by a kind of moments

method which consists of showing the convergence of expectations of observables
E, agoncny [Pa(q” "1 @) = By [Pa(g ™t o g™ (3.3.2)

as D — oo for each a € Sig, followed by an argument that these ‘moments’ are sufficient
to give convergence of measures. We rely on the nontrivial label-variable duality satisfied

by these observables, see [Mac98a, Section 6]:

P,(q1nt o qo) _ P (qmt" Y, .. q™) (33.3)
P,(tr=1,...1) P,(t»1,...01) o

Such a strategy is used to prove similar statements in [GM20, Section 4].

We first show

E,pcoucns[Pal(q” ", )] = Exer(ymiu(o) [Plaoiv—n) (¢ ", g™)] | = 0
(3.3.4)
as D — oo. To show (3.3.4) it suffices to show that there exist constants C(«, D)
independent of k € Supp(A(D) K, u(D)) such that C(«, D) — 0 as D — oo and

‘P(Q’O[N_n])(qmt]vfl, . ’qu) — Pa(qyltnfl, s ,q””)| < C(Oé, D) (335)

where v is defined by v; = kKn_p4;. This suffices because the support Supp(A(D) X, (D))
of this measure contains only  for which k D A(D) by basic properties of the structure

coefficients, hence
EVNMgauchy [Pa(qultn_l, - ,qV")] — ]En~)\(D)IXt,u(D) [P(a,o[an])(qth_l, - ,QNN)] < C(Oz, D)

by (3.3.5) and linearity of expectation. So let us prove (3.3.5).
Poon—n)) 18 a polynomial in N variables ¢tN=1 ... ¢"N, which we split into two
collections of variables, the first NV —n and the last n. As D — oo, the first N —n variables

go to 0 because k; > A(D); = D fori=1,..., N —n, for any x € Supp(A\(D) X, u(D)),
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.. 7qlﬂ(D)N) — P(Oé,O[N—n})(O[N _ n], tnflqK(D)N—n-&-l’ o ’qn(D)N>

= P.(¢"t" ', .. q™)

for any sequence k(D) € Supp(A(D) X, u(D)) with last n parts given by v. The last n
variables always lie in a compact interval [0, ¢*] because k; > A\, fori = N—n+1,..., N
by interlacing, for any £ € Supp(A(D) X, u(D)). Hence the above convergence is uniform
over v and &, i.e. (3.3.5) holds.

Thus to show (3.3.2), it suffices to show

EnNA(D)IXIt,u(D) [P(Q’O[N,n])(qmt]v_l, ce ,C]KN)] — E,m [Pa(qyltn_l, ce ,qV”)]. (336)

Now, using label-variable duality (3.3.3),

EHNA(D)@tu(D) [P(a,O[an])(q’ﬂtN_la s 7qHN)]

Po(q N, 1) .
:EHNA(D)&MD)[ PN 1) Poon-mp(@ . 1)

= Y Ao (et )P(tNi o DBy (07 1) Pt 1)

S oh Pypy (VL D) Py (VL 1) PtV L)
- . Z c5 ¢, )P (g™ tN 1, 1)
= N— 1 N 1 D e

PA( )(t T >PM (t T He&gN

N-1
Plaon-n(t 1) a1 yN—1 a1 pN—1

- P yN=L )P yN=L

Pro T, DBy 51,y e Do )
= P(a7D[N,n])(thN 1’ tet 7q t 7q)\1tn717 . .. 7q)\n)P(Ol,D[N7n])(thN717 e 7thm7tm717 ey 1)

P(mD[N_n])(tN_l, ceey ].)
As D — oo, the above clearly converges to

Pa(q)\ltnfl7 o 7q)\n)POé(tmfl7 . 1)
P51, 1) ’

so we must show

Poé(q)qtnfl7 o ,(])‘")Pa(tmfl, ool 1)

By [ Polq" "1, .. q")] =
mlFalq a") P (VL. 0)

(3.3.7)
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Again using label-variable duality, and the Cauchy identity Lemma 2.2.3, we have

Byt [Palg ", )]
P,(t" Y . )P, (gt )
B, .. 1)
Po(t" )Y i, Po(@™ " ) Qua (Y,
(L, ... 1;i8—n, . gm0 Py (=L, .. 1)
O(gertn=t o gtV ot Pt ) Py(gt™ L, o)
T T AN X))
O(gergn=t o g tN = pm
D V(U T A N

- ]EVNM

Pa(qut”_l, o ,q)‘”).

Hence (3.3.7) is equivalent to

Mgt gtV ) Bt 1) (3.3.8)
H(tnfl,-.-jl;thnj-.-7tm7n+1) N Pa(tNila"'al)' -

(3.3.8) follows by applying the explicit formula for principally specialized Macdonald
polynomials, [Mac98a, (6.11°)], to the numerator and denominator of the RHS, expanding
the LHS into infinite products and noting that all but finitely many terms cancel, and

comparing the resulting expressions.

We have proven convergence of ‘moments’, so let us upgrade this to convergence of

measures. Consider the compact set
U™ = {(u1,...,uy) ER":0<uy < -+ Sungq’\”}.

Then we have a map ¢ : Sig,, — U" given by ¢(v1,...,v,) = (¢, ..., ¢""). Also,

P, (ut™ . uy,)
P, (tr=1,...,1)

foltr, ... uy,) =

defines a function on U". The subalgebra of C(U") generated by the functions f, is just
the set of finite linear combinations of f,, because products of Macdonald polynomials may
be expanded as linear combinations of Macdonald polynomials. This algebra contains the
constant functions (f(p,)) is constant) and separates points, so by the Stone-Weierstrass

theorem it is dense in C(U") with sup norm.

By hypothesis, the structure coefficients are nonnegative and hence M5*“" is indeed
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a probability measure for each D. To show weak convergence Mg‘wc}zy — M, we must
show for any f € C(U") that [, qub*(Mga“Chy) — [yn fdp.(M). By the above, there
exists a linear combination g of f,s such that sup,cpn | f(u) — g(u)| < €/3. Since M and
f = gldo.(M) < €/3 and similarly
with M replaced by any Mgamhy. By (3.3.2), we may choose D such that

ME“" are probability measures it follows that Jon

[ sao a5y~ [ gdo () < efs
Putting together the three inequalities yields
fdo (Mp™™) — [ fdo. <M>‘ =
UTL U'L

hence ¢, (M5™™) converges weakly to ¢,(M). Because both measures are supported on
a discrete subset ¢({v € Sig,, : v, > A, }) of U, this implies M5“ (1) = ¢, (M5™")(4(v)) —
¢(M)(d(v)) = M(v) for each v € Sig,,, completing the proof. O

The proofs of Proposition 3.1.1 and Proposition 3.1.2 in Section 3.2 heavily used the
discrete structure of the set of integer signatures, and we have no idea how they would be
modified to the continuum limit to real signatures described earlier. However, we claim
that the above proof could be modified with no substantial changes. Let us briefly outline

why this is so.

Definition 17. Let r = (r1,...,r,) € Sig: have distinct parts, > 0 a parameter, and
Y1, ..., Yn complex variables. Setting A(e) = [e !(r1,...,7,)], we define the (type A)

Heckman-Opdam hypergeometric function
Folyt, o yn; 0) == 1ir% 60(2>PA(66y1, eV g =t =)
e~

The dual Heckman-Opdam function may be obtained similarly by degenerating Q).
Instead of defining the measures appearing in the singular value setting as limits of
Macdonald measures, as we did earlier in this Appendix, one may instead first take the

limit to Heckman-Opdam functions and then define measures in terms of these. When

113



one takes the limit of (3.3.3) in the above regime, one obtains

Fr(=M—(n—=10,-d—(n—2)0,....,=X\;0) Jy\(e™,...,e""™;0)

Fo(—(n—1)0,...,0;0) (L., 10)

where J) is the classical Jack polynomial. The same argument used to prove Proposi-
tion 3.1.1 above may be used after this limit, with the Macdonald polynomials replaced
by Heckman-Opdam functions or Jack polynomials as appropriate given the above, and
the sums replaced by integrals. This post-limit version of Proposition 3.1.1 may then
be used to implement the convolution-of-projectors strategy we used in Section 3.1 to
prove the analogue of Theorem 1.2.1 in the real/complex/quaternion setting. We re-
fer to [GM20| for similar random matrix arguments utilizing label-variable duality and

Jack/Heckman-Opdam functions.
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Chapter 4

Branching graphs and infinite p-adic

martrices

In Section 4.1 we prove formulas for principally specialized skew Hall-Littlewood polyno-
mials. These form the main tool for the classification of 9%, in Section 4.2. In Section 4.3
we prove an augmented boundary result (Theorem 4.3.3) tailored to the p-adic random
matrix situation, and use it to prove Theorem 1.7.2 and Theorem 1.7.3. Finally, in Sec-
tion 4.5 we prove a result about Markov dynamics on 0% which is motivated by the

dynamics in Chapter 6 and Chapter 8.

4.1 Principally specialized skew Hall-Littlewood poly-

nomials

In this section we prove Theorem 2.2.16 stated earlier, as well as extensions when the
geometric progression is finite and the formulas are less simple in Proposition 4.1.2. Let

us introduce a bare minimum of background on higher spin Hall-Littlewood polynomials

F

w/xs G/, which generalize the usual Hall-Littlewood polynomials P, ) by the addition

of an extra parameter s. We omit their definition, which may be found in [Borl7, BP17],

as we will only care about the case s = 0 when they reduce to slightly renormalized
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Hall-Littlewood polynomials. When s = 0, for A, v € Sig=", u € Sigiek one has

Fu/)\(ftl, e ’xk)|s:0 = H —(t t> (1) Pu/)\(l’l, Ce ,ZL‘k) (411)
i>0 \U )ml()\)
and
G,,//\(:L‘l,...,l’k)L:O :Q,,/,\(xl,...,xk) (4.1.2)

by [Borl7, §8.1]. We recall from Chapter 2 that Q) is our modified version of the usual
skew dual Hall-Littlewood polynomial where both signatures in the subscript are the same
length; as the same is true for G, this facilitates comparison between them. Formulas
for principally specialized skew F' and G functions were shown in [Bor17], though we will
state the version given later in [BP17]. We apologize to the reader for giving a formula
for an object which we have not actually defined, but will immediately specialize to the

Hall-Littlewood case, so we hope no confusion arises. We need the following notation.

Definition 18. The normalized terminating ¢-hypergeometric function is

r

o e )y ‘ .
bz | = %z (t;—H(ai,t)k(bit )i (4.1.3)

bl, o .. 7bT‘ t)k i=1

—n.
_ t yaq, ...
r—l—l(br

for n € Z¢ and |z[, [t| < 1.

Proposition 4.1.1 ([BP17, Proposition 5.5.1]). Let J € Zsi, A € SigZ%,u € Sig.) .
Then

Fus(utu, . ") = T wl (i (2), j1(2); ia(2), ja()), (4.1.4)

2€Z>
where the product is over the unique collection of n+ J up-right paths on the semi-infinite
horizontal strip of height 1 with paths entering from the bottom at positions A\;; 1 <1 < n,
J paths entering from the left, and paths exiting from the top at positions p;, 1 < i < n+J,
see Figure 4-1. Here i1(x), j1(x),i2(x), jo(z) are the number of paths on the south, west,

north and east edge of the vertex at position x as in Figure 4-2, and the weights in the
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product are given by

(—1)iHizgzin (20 —1) gla =iy in (¢ t);, (us™1;t)
(t; t)il (t; t)jz (U,S; t)i1+j1
t=i 2 sy, tsu!

X 4§Z§3 o o A (415)
82, AR 712’ t1+J711*J1

J) Ji1—i2

wl(L (11731312732) = 04y +j1 iz +j2

Similarly, for \,v € Sig=?, Gya(u, tu, . .. ,t77) is given by the product of the same
weights over the unique collection of n up-right paths on the same strip entering from the

bottom at positions \;, 1 <1 < n and exiting from the top at positions v;,1 < i < n.

Hn+Jg  Hntg-1 Ha H3 M2 = {1

S S

| IR |

0 Aot =M A =D A

Figure 4-1: The wunique path collection corresponding to the function
Fon(u, qu,...,q¢"'u) with J =3,n=6,X=(7,6,6,4,1,1), n = (8,8,6,4,2,2,2,1,0).

i2:5

I
\]
Il
H~

Y= I

J1

11 =2

Figure 4-2: Ilustration of the notation for edges, in the example (i1, j1; 2, j2) = (2,7;5,4).

Remark 17. To avoid confusion with [Borl7, BP17|, we note that the parameter which

we call ¢ for consistency with Hall-Littlewood notation is denoted by ¢ in these references.

We now introduce some notation and specialize Proposition 4.1.1 to the Hall-Littlewood

case s = 0.
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Definition 19. For A\, v € Sig,, we define

n(w/3) =Y max(y;—A,0) =Y (”;‘H ; Af"f+1).

1<i<j<n >

We additionally allow the case when A\, v € Y; the first formula makes sense with the < n

removed, while for the second we simply replace the sum over x > A, by x > 0.
Note that n(r/\)

1. is translation-invariant, n((v + D[n])/(A + D[n])) = n(v/\), and

2. generalizes the standard definition of n(v) in (2.2.53), namely when v € Sig= then

n(v) = n(v/(0[n])).

One may also view n(r/\) as quantifying the failure of v and A to interlace; it is 0 when

v, A interlace, and increases by 1 when a part of A is moved past a part of v.
Proposition 4.1.2. For J € Zs;, \ € Sig=", i € Sigfﬂj,

g (N () + (Mot o)

t*Mz(A); $—me (#)’ 0

P U, ... ,Ut‘]il — t’t u‘”“*p‘l :
H/A( ) ( )J !;[0 (t; t)mw (1) 2¢2 tl—i—u;“—)\fc ’ t1+J—u§c+/\§c+1
(4.1.6)
For \,v € Sig,,,
~ fme(Nma(v) t*mz()\); tfmz(zz)’ 0
Quialu, - ut?™) = e TT 22— o 4t
/ ( ) a];EIZ (t, t)mz()\) 2¢2 t1+V;C+1_>\;C’ t1+J_V;J+>\;+1
(4.1.7)

Proof. We begin with (4.1.6). In this case we may apply Proposition 4.1.1 to compute

_ (tut)ml A
LHS(4.1.6) = F(u, ..., ut’ 1)\SZOHWE;' 18
LAV

i>0 V7

When s — 0, the factor s (us™';¢);, _;, in (4.1.5) converges to (—u)jl_’ét(h;é) (using

that jo — i1 = j1 — 43). The sign cancels with the sign in (4.1.5), and the power of u
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combines with the u™ in (4.1.5) to give u’2, so (4.1.5) becomes

i (421 -1)+("15"2) 1. t5t72,0,0
(D)o o N jth ! (t,t)jl - ) y Yy .
wa’ (1 , : 1 , = 0; i U ) t) t
t ( 1,J15%2 ]2) 1+J1,82+72 (t; t)il (t; t)jQ 4¢3 07 tl“!‘jl—iZ’ I =i

(4.1.9)

In the product (4.1.4) when the weights are specialized to (4.1.9), some of the factors

simplify, as

H( (1), (Y (4.1.10)

>0 t; t)il (t; t>j2 HIGZ (t; Z5)11(33)

because the gg#i’”; factor cancels except for a (¢;t); from the paths incoming from the
wWjo(x
left. Hence
o ppin(i2n-D+(7572) £ 20
[0l Grs s i o) = (), T v : 202 o ottt
>0 >0 ( Oma gl g
(4.1.11)

Using that jo = i1 + j1 — 42 simplifies the exponent of ¢ in (4.1.11) to

I, . J1— 2 J2 -
— 2j1 — 1 = .
500+ 2 )+< 5 5 | iz
To convert to the form in terms of partitions, we record the following translations between

the 7’s and j’s and the usual conjugate partition notation:
)
) _
(4.1.12)
) _
)

() m, (0

factor
(t;t)mi (p)

Translating (4.1.11) into partition notation and multiplying by the [[;.,
of (4.1.8) yields (4.1.6).

To prove (4.1.7) we first note that both sides of (4.1.7) are translation-invariant,
so without loss of generality we may take \,v € Sig’’. We then likewise appeal to
Proposition 4.1.1 and either make the same argument as above or deduce it from (4.1.6)

by considering Fi,, o)/ (4, - - . ,ut’~1) for A\, v € Sig”? and using the relation between P
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and () polynomials. Since A, v are of the same length we have

I1 0%7) = /)
x>0
by (4.1.12). Finally, note that the product can be extended from x > 0 to x € Z, which

in this translation-invariant setting is more aesthetically appealing. O]

Remark 18. While it follows from the branching rule that for nonnegative signatures

i, A of appropriate lengths,
Py oo (U - ut’™h) = Pos(u, .. ut?™h),

see (2.2.24), this relation is not readily apparent from (4.1.6). The only term on the RHS
of (4.1.6) which a priori might differ after padding A, p with zeros is the 2 = 0 term of the
product. It may be checked that this term is in fact unchanged by padding with zeros,

but this is not immediately obvious from the formula as written.

Taking J — oo, we recover the theorem of [Kir98| which we stated in Chapter 2.

Proof of Theorem 2.2.16. For n > len(\),n + J > len(u), we may identify u, A € Y with
nonnegative signatures p(n + J) € Sigﬁ 5, A(n) € SigZ? given by truncating. Hence to

compute

Pu(u,ut, . ..)

it suffices to take J — oo in (4.1.6). The polynomial P4 5y/an) is independent of n
for all n sufficiently large, see (2.2.24), so we will fix n and will abuse notation below
and write A for A(n). We first pull the 1/(t;t),, () out of the product, and note that
mo(p(n +J)) = (t;t)e as J — oo, cancelling the (¢;t); term of (4.1.6). We write the
remaining term inside the product in (4.1.6) as

fme (), goma(a(nt)

reme et ) o6 it |- 4113
202 T =X T —p(ntT)p+X, ( )
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To show (2.2.54) it suffices to show that for z > 0,

t_mx()‘); t_mac(li(n+J))’ 0

lim ¢meMma(p(ntd)) 4 | = ($HHe ey ()
I 202 R eI SC PR ( ma 3
(4.1.14)
and for x =0,
‘ \ ; 3 t—mx(k); t—m;,;(u(n—&-J))’ 0
lim ¢meAma(un+)) it =1 (4.1.15)

2
J—00 tl—i—u(n—&-J);Jrl—)\;’ t1+J_“(n+J);c+>\;+1’

We begin with (2.2.54). Then 1+ J — u(n+ J),, + X, ,; — oo and all other arguments in
the ¢-hypergeometric function remain the same, so the LHS of (4.1.14) is

) . t t —_ tf ) tfmz(u)’ t t1+ulz+1*/\lz+£, t " .
2¢1 t1+/‘;+1*)‘§c T ;0 (t; t)é ( )E( ’ ) =(A)—¢

(4.1.16)
To apply known identities, we reexpress the above in terms of the more standard termi-

nating ¢-hypergeometric series 2¢; as

mg () —My —My .
Ttply g — Ay é(t L(A);t%(t (M)vt)g
(t * ﬂt>mz(>\) Z t S,
= (L)),
) ) t—mz(/\); = (1)
= e ) e (A) 291 s . -1
(57 ) 0 26 oe|. @i
t1+H;+1*)‘§c

By a special case of the ¢-Gauss identity, see e.g. [Koe98, Exercise 3.17],

b (¢/b;t)
ot | = L2 4.1.18
2¢1 . ) (C, t)n ( )

Applying (4.1.18) with b = t=™=(#) ¢ = t1THen1 =X to (4.1.17) yields

_ e pmma(n) Y
261 ] = (T ), gt ), (4.1.19)
t1+M;+1_)‘;

which shows (4.1.14).

We now show (4.1.15), so let = 0. Then p,(n+ J)" = n + J, so the arguments of
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the ¢-hypergeometric function in (4.1.14) are independent of J except for t=mow(n+J) Tn
the sum

e me(u(n 1)) 5

t_mz(/\); t_mz(u(n+J))7 0 it gma (N)ma (u(n+7))
t1+,u(n+J);+1f)\g’ t1+J7u(n+J)g+)\;+1? ) =

ma () —ma(A).
3 LR ottt ), (ORI g,
k=0 (B 1)

the dominant term as J — oo is the k = m, () term, and its limit when normalized by

tmeNma(u(n+J)) i 1. This shows (4.1.15).

The proof of (2.2.55) using (4.1.7) is exactly analogous except that only (4.1.14) is

needed because there are only n paths. O

4.2 The t-deformed Gelfand-Tsetlin graph and its bound-

ary

Let t € (0,1) for the remainder of the section. In this section we introduce the Hall-
Littlewood Gelfand-Tsetlin graph and the notion of its boundary, the set of extreme
coherent systems. The main result stated earlier, Theorem 1.7.1, is that the boundary
is naturally in bijection with the set Sig, of infinite signatures. We will break it into
three parts: Proposition 4.2.2 gives an explicit coherent system of measures (M), >, for
each p € Sig_, Proposition 4.2.7 tells that every extreme coherent system must be one

of these, and Proposition 4.2.10 tells that each system (M#),>1 is extreme.

The general structure of the proof of Theorem 1.7.1, via the so-called Vershik-Kerov
ergodic method, is similar to e.g. [Olsl6, Theorem 6.2] or [Cuel8]. A good general
reference for (unweighted) graded graphs, with references to research articles, is [BO17,

Chapter 7].
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4.2.1 Classifying the boundary.

Definition 20. ¥, is the weighted, graded graph with vertices

|_| Sig,,
n>1
partitioned into levels indexed by Z=;. The only edges of ¥, are between vertices on levels

differing by 1. Between every A € Sig,, u € Sig,,,, there is a weighted edge with weight

PA(L R ,tn_l)

P,1,....t") "

L (1, N) = Bua(t")
and these weights are called cotransition probabilities or (stochastic) links. We use L1
to denote the (infinite) Sig,, x Sig, matrix with these weights.

Note L™ is a stochastic matrix by the branching rule. More generally, for m €

Z>1 U{o0}, 1 <n <m,and p € Sig,,, A € Sig,, we let

PA(L R ,tnil)
Pl o)

LMy A) == Py (™, ... 677 (4.2.1)

When m is finite one has L™ = LM Ln+2...[m

™ _,, where the product is just the usual

matrix product.

Remark 19. The cotransition probabilities define (deterministic) maps M(Sig,,) —
M(Sig,), where here and below we use M to denote the space of Borel probability

measures, in this case with respect to the discrete topology on the set of signatures.

Remark 20. Lemma 2.2.2 implies translation-invariance
L1, A) = L2( + Dlm), A+ Dln) (42.2)

of the cotransition probabilities.

The cotransition probabilities have explicit formulas courtesy of the results of Sec-
tion 4.1, which will be useful in the proofs of Lemma 4.2.5 and Proposition 4.2.7 later.
For \ € Sig,,, we let

n (& t)n
Al ThieatDmoy
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(the t-deformed multinomial coefficient).

Corollary 4.2.1. For p € Sig,, ;, A € Sig,,,

1 H (=X (=) Fma (Nma () pma (). g=mau) ()
b A 2 tt
ntJ| aez (8 a0 A
J
t
(4.2.3)

Proof. By the translation-invariance of Remark 20, it suffices to prove the case when p, A
are nonnegative signatures. We combine the formula of Proposition 4.1.2 for P, /5 (¢, ..., t"™/71)
with the one from Proposition 2.2.15 for the principally specialized non-skew Hall-Littlewood

polynomial. By the latter,

Py(1,...,t" ! tit), t: ) m.
N J_)l __(BDn ny-n( I1 GROLNDY (4.2.4)
P,u(]-7 s ’tn—i- ) (t7 t)n-l—J i>0 at m; ()
Note also that by the definition of n(\),
pr=n) — T ()=, (4.2.5)
x>0
so by the identity
a—+b a b b
i — = Q
2 2 2
we have
(X)) =n () H t(N;H;A;H) — H ¢ N1 (= Apg1) | (426)
x>0 x>0

Simplifying the product of (4.1.6) with (4.2.4) by the above manipulations yields

1 t(n_A;+1)(N;+1_>\;-+1)+mx (AN)maz (1) _ t—mz(k)’ M (M)’ 0
L"+J(u )\) — 2¢2 Tt
v (t; H)m. 1 bl gy Ut Ny
n—+J >0 ) z(N) t + ,t +
J

t

The product may be extended to all z € Z since all other terms are 1, at which point it

is manifestly translation-invariant, which yields the result for arbitrary signatures. O]

Definition 21. A sequence (M,,),>1 of probability measures on Sig,, Sig,, ... is coherent
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if
D My ()L (u, A) = My (N)
MESigWA—l

for each n > 1 and A\ € Sig,,.

Definition 22. A coherent system of measures (M,),>1 is extreme if there do not exist
coherent systems (M ),>1, (M]),>1 different from (M,,),>1 and s € (0, 1) such that M,, =
sM! + (1 — s)M] for each n. The set of extreme coherent systems of measures on a

weighted, graded graph is called its boundary, and denoted in our case by 0%;.

In the previous section we considered both signatures (of finite length), and integer
partitions, which have infinite length but stabilize to 0. To describe points on the bound-
ary 0%, in this section, it turns out that it will be necessary to introduce signatures of

infinite length which are not partitions.

Definition 23. We denote the set of infinite signatures by

Sigo = {1, oy ...) EZ> 1 iy > g > ...}

We refer to the p; as parts just as with partitions, and define y; and m;(p) the exact

same way, though we must allow them to be equal to oco.

A distinguished subset of Sig. is Y, the set of partitions. Translating by any D € Z
yields
Y+ D = {u € Sig,, : p; = D for all but finitely many i}.

However, Sig.. also contains infinite signatures with parts not bounded below, the set of

which we denote by

Sigunstable .— {1, € Sig_ @ lim p; = —o0}.
12— 00
It is clear that

Slgoo _ Sigggstable L] I—I (Y + D)
DeZ

and we will use this decomposition repeatedly in what follows. To treat the unbounded
signatures we will approximate by signatures in Y + D, which are no more complicated

than partitions, and to this end we introduce the following notation.
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Definition 24. For X € Sig""*"¥'¢ and D € Z, we let

AP = (\y,..., A D,D,..)eY+D

where k is the largest index such that Ay > D.

The first step to proving Theorem 1.7.1 is, for each element of Sig__, an explicit formula
for a corresponding coherent system of measures on ¥;; we will later show that these are

exactly the boundary points.

Proposition 4.2.2. For each p € Sig.,, there exists a coherent system of measures

(MF)p>1 on 9, given explicitly by

n / I / / ’
MHM(N) = H a2 ) (=) (e =2 e (3)- (4.2.7)

A tCBEZ

for \ € Sig,,.

Before proving Proposition 4.2.2 we will calculate explicit formulas for the links L
in Proposition 4.1.2, which are a corollary to the formula for principally specialized skew

functions in Theorem 2.2.16.

Corollary 4.2.3. Letn > 1. If A € Sig=", u € Y, then

P t’n?tn-‘rl,'“ P 1’.“7tn—1 n ) , , / ,
.“/)\( - (1 t) )\() ) — H t(/Ja:—)\m)(n—Am)(tl-‘rlJ'x_ x’t)mz()\) (428)
MEIRZRRE

>\ ¢ J?EZ>0

Furthermore, if instead \ € Sig,, pn € Sig"™*"* then

(e.o]

Po)—pioe)) /o)) 5 " ) P (1, 271

(4.2.9)

P(M(D>7D[oo])(17 t, .. )

increases monotonically as D — —oo, and stabilizes to
H a2 (=X (gl Ha s t)ma(3) (4.2.10)

n
A tmGZ
for all D < \,.
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Proof. (4.2.8) follows from Theorem 2.2.16 and Proposition 2.2.15 by the same proof
as that of Corollary 4.2.1, so let us show the monotonicity and stabilization statement.

Substituting (4.2.9) into (4.2.8) and changing variables x +— x + D in the product yields

n pn+1 n—1
P(M(D)—D[OO])/(A—D[n])(t A ) Po-ppn (-8 " H t(u;—ké)(n—%)(tlw;— é-t) \)

P _peep (1,1, .2) Al 222

The factors in the product are all in [0, 1] and are equal to 1 when z < \,, and since the

product is over x € Z- p this completes the proof. O

Remark 21. Given the translation-invariance of the links L)' noted in Remark 20, when

1 €Y + D it is natural to view the expression

Plu—pioc /i) (", 8", Y P ppp (1, 877
P(M_D[OO])(L t,...)

as simply
P vt )P, )
P,(1,t,...) ’

even though in our setup the expressions P,/ (¢",t"*!,...) and P,(1,t,...) are not well-
defined when p is not in Y. Hence in view of Theorem 2.2.16 it is natural to view the

coherent systems (M#),>1 of Theorem 1.7.1 as being given by links ‘at infinity’

P
MEO =L (1, 3) = -

n

/A(tn, tn+17 .. )P)\(l, o ,tn_l)
Po(Lt,..)

for general i € Sig, , though we must take a slightly roundabout path to make rigorous
sense of the RHS. Many of the proofs below follow the same pattern of proving a result
for © € Y by usual symmetric functions machinery, appealing to translation-invariance
for 4 € Y 4+ D, and then approximating u € Sig"™"*' by elements uP) € Y + D and

using Corollary 4.2.3 to apply the monotone convergence theorem. We note also that the

formula (4.2.7) is clearly translation-invariant.

Proof of Proposition 4.2.2. We first show M# is indeed a probability measure. Clearly it
is a nonnegative function on Sig,,, but we must show it sums to 1. When p € Y this is

by Corollary 4.2.3 and the definition of skew HL polynomials, and the case p € Y + D
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unstable
1) )

reduces to this one. Hence it remains to show that for p € Sig

> lim Po) - plocy) /-0y (" - Y P plap (1, - - -, 1"7)

=1. 4.2.11
D——oco P(;L(D)—D[oo])(]'7 t, .. ) ( )

By Corollary 4.2.3, the functions

n yn+l n—1
Puo)_pioa)) i)y 5 1 o) P ppy (L, -, 2771 | H DA Ny
P(M(D)—D[oo})(la t, .. ) A ) v )mg

¢ r€Z~p

converge to the summand in (4.2.11) from below as D — —oo. Hence (4.2.11) follows by

the monotone convergence theorem.

For w € Y 4+ D for some D, coherency again follows from the definition of skew

unstable

o we must show

functions and the first part of Corollary 4.2.3. For u € Sig

Z . Po —ppo))(s—inr1) T - )Pl ppa (1, - 1) Pon (M) PA(L, ... 277

nCSigy s D——o0 P(;L<D>—D[OO])(17 t,.. ) PH(L o ,t")
. Puorpiyopmp T ) Pocppy (1, 1)
= lim (4.2.12)
D——o0 P(/,L(D)fD[OOD(]W]Z”')

Again the monotone convergence theorem allows us to interchange the limit and sum.
The result then follows by translation invariance of the links (4.2.2) and the definition of

skew HL polynomials. O

It remains to show that the coherent systems identified in Proposition 4.2.2 are extreme
and that all extreme coherent systems are of this form. Just from the definition, an
arbitrary extreme coherent system is an elusive object. Luckily, the general results of the
Vershik-Kerov ergodic method guarantee that extreme coherent systems can be obtained
through limits of cotransition probabilities for certain regular sequences of signatures,

which are much more concrete.

Definition 25. A sequence (u(n))n,>1 with u(n) € Sig, is regular if for every k € Zs;
and \ € Sig,, the limit
My(A) == lim L (u(n), A)

n—oo

exists and M}, is a probability measure.
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Proposition 4.2.4. For any extreme coherent system (My)r>1 € OG there exists a reqular

sequence (j1(n)),>1 such that

M(-) = lim L} (u(n), ).

n—o0

Proof. Follows from [O098, Theorem 6.1]. O

The space of extreme coherent systems obtained from regular sequences as in Propo-
sition 4.2.4 is sometimes referred to as the Martin boundary. It naturally includes into

the boundary, and Proposition 4.2.4 says that in this setup they are in fact equal.

Lemma 4.2.5. Let (u(n))n,>1 be a sequence with p(n) € Sig,,, such that

lim gu(n); =: pi

n—oo

exists and is finite for every i. Then (u(n)),>1 is reqular and the corresponding coherent

family is (M}),>1, where p = (uy, pta, . ..) € Sig.,.

Proof. Let (u(n))n>1 satisfy the hypothesis. We must show for arbitrary k, A € Sig,, that

lim Ly (u(n),A) = MJ'(N). (4.2.13)

n—oo

It is easy to see from the explicit formula in Corollary 4.2.1 that L} (u(n), ) depends only
on the parts of p(n) which are > Aj. For any fixed x, it is easy to see that u(n), — p,. In
fact, for all sufficiently large n, it must be true that pu(n)!, = p, for all x > A, such that
!, is finite. Hence for all sufficiently large n the product in (4.2.3) only has nontrivial
terms when A\, < z < puq, so it suffices to show that each term converges. This follows by

the exact same argument as the proof of Theorem 2.2.16, again with two cases based on

whether p(n)!, stabilizes or u(n)!, — oc. O

Lemma 4.2.6. Let 1 < k < n be integers and \ € Sigy,.

1. If i € Sig,, is such that X, > (i, for some x, then L} (u, ) = 0.

2. If € Sig,, is such that N, > !, for some x, then M]'(\) = 0.
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Proof. If p € Y, A € Y and X, > p, for any z, it follows from the upper-triangularity
of the branching rule [Mac98a, Chapter III, (5.57)] that Py, (¢*,...,t""') = 0, showing
(1). Approximating p € Sig., with (u1, ..., u,) € Sig,, and invoking Lemma 4.2.5 yields
(2). O

Lemma 4.2.6 could also be shown by the explicit formula (4.2.7), but as the above

proof shows, it in fact requires only the very basic properties of symmetric functions.

Proposition 4.2.7. Every extreme coherent system is given by (MF),>1 for some p €

Sig..

Proof. Let (M,),>1 be an extreme coherent system and (u(n)),>1 be a regular sequence
converging to it, the existence of which is guaranteed by Proposition 4.2.4. We wish to
find p € Sig,, such that

lim Ly (u(n), N) = M}'(N) (4.2.14)

n—oo
for all £ and A € Sigy, and will construct p as a limit of the signatures p(n).

Our first step is to show the sequence of first parts (p1(n)),>1 is bounded above
(and hence all other (u;(n)),>1 are as well). Suppose for the sake of contradiction that
this is not the case. Then there is a subsequence (u1(n;));>1 of (#1(n))n>1 for which
p1(n;) — oo. We claim that for any k£ and A € Sigy,

lim L,” (u'n;),\) = 0. (4.2.15)
Jj—o0
This suffices for the contradiction, as then (4.2.15) holds also with n; replaced by n
by regularity of (u(n)),>1, therefore the sequence of probability measures L} (p(n),-)
converges to the zero measure, which contradicts the definition of regular sequence. So

let us prove (4.2.15), and to declutter notation let us without loss of generality denote

the subsequence by (u(n)),>1 as well.

We claim there exists a constant C}, such that for all J > 1 and v € Sig;_ ;,

t—ma \) : t_mm(’/) , 0

e @me) 5 1| < (4.2.16)
tl-‘,—l/;Jrl—)\;’ t1+‘]_’/;/1;+)‘,z+1

For fixed A\, 1+ v, — X, and 1+ J — v, + X | are both bounded below independent of
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v by 1— k. This gives an upper bound on the factors (bt‘; t),,, (n)—¢, 0 < € < m,(\) where
b e {t' oo 174N ) which appear in the sum expansion (4.1.3) of (4.2.16). The
term ¢"e)me(N) (1=me(): 1), is likewise bounded above independent of v. Because my(\)
and A/ can only take finitely many values, the claim follows. Furthermore, the LHS
of (4.2.16) is simply 1 whenever m,(\) = 0, which is true for all but finitely many z.
Plugging this bound into Corollary 4.2.1 yields

Ck ’ / /
L(u(n),\) < k [ =2, (4.2.17)
TEL
Hiez(t; i (n)

For \; < & < pu(n)y, one has tF=2=)(1():=Aa) < ¢ < 1 and our claim (4.2.15) follows.

Now, suppose for the sake of contradiction that there exists k for which (p(n)g)n>1 is
not bounded below. Then for any A\ € Sig,,, there are infinitely many n for which p(n);, <
A and consequently p(n), < X, =k for x = A\;. By Lemma 4.2.6, L} (u(n), A) = 0 for all
such n, therefore L} (u(n),\) — 0 as n — oo since (u(n)),>1 is a regular sequence. This

is a contradiction, therefore (u(n)g),>1 is bounded below for each k.

Since (p(n)x)n>1 is bounded above and below for each k, there is a subsequence on
which these converge, and by a diagonalization argument there exists a subsequence
((nj));>1 on which p(n;)x converges for every k. Letting p; = lim;_,o p(n;); and p =
(1, pa, - . .) € Sig,,, we have by Lemma 4.2.5 that

lim L, (pu(n;), A) = M{(A)
Jj—o0
for each X\ € Sig,,. Since lim,_,o, L} (u(n), \) exists by the definition of regular sequence,

it must also be equal to M]'(\). This shows (4.2.14), completing the proof. O

For the other direction, Proposition 4.2.10, we will need the basic fact that general

coherent systems are convex combinations of extreme ones.

Proposition 4.2.8. For any coherent system (M,,),>1 on 4, there exists a Borel' mea-

!The topology on 9% here is the following. For each n, the set of probability measures on Sig,
inherits a topology from the product topology on R*® by viewing the measures as functions, which gives
a topology on the inverse limit 0%;.

131



sure ™ on 09, such that
M, = / M (dM’)
M'€d%,

for each k, where M’ is shorthand for a coherent system (M) ),>1.
Proof. Follows from [Ols03, Theorem 9.2]. O

It will also be necessary to put a topology on Sig__, namely the one inherited from the
product topology on Z* where Z is equipped with the cofinite topology. The following

lemma shows that these natural choices of topology on Sig. and 0%, are compatible.

Lemma 4.2.9. The map

f: Sig., — M(09,)

p= (M )n>1
1s continuous, hence in particular Borel.

Proof. Since Sig_ is first-countable, to show f is continuous it suffices to show it preserves
limits of sequences. Hence we must show that for any u € Sig_, if v, v ... € Sig__
and Vi(k) — p; for all ¢, then M;L’(k) — M} pointwise as functions on Sig,,. This follows

straightforwardly from the explicit formula (4.2.7) of Proposition 4.2.2. O]

Proposition 4.2.10. For every p € Sig,,, the coherent system (M!),>1 is extreme.
Proof. Fix u € Sig... By Proposition 4.2.7 there is a Borel measure 7 € M(9%,).

MY :/ M (dM') :/ M (o) (dv) (4.2.18)
M'c€0%;

veSig,

where ¢ : 09, — Sig_ is the inclusion guaranteed by Proposition 4.2.7. Because for = 1d
and f is Borel, ¢ is a Borel isomorphism onto its image, hence ¢,7 is a Borel measure in

the topology on Sig_ above.

We first claim that ¢, 7 is supported on

S<, :={v e Sig, : v; <y, for all i}.
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Suppose not. Since

Sige \S<, = U{l/ € Sig., @ v; > p; for at least one 1 <i < k}

k>1
and
{v € Sig., : v; > ; for at least one 1 <1 < k} = U {v €Sig,, :v; =\ forall 1 <i<Ek},
A€ESigy:
Ji st Ai>p;

if (2.7)(Sigy \S<yu) > 0 then there exists k and A € Sig,, such that
(om)({v € Sigy, 1 vy = N\ forall 1 < i <k})>0. (4.2.19)
Denoting the set in (4.2.19) by Sk(\) C Sig,,, we have

M,’j()\l,...,)\k):/ Mk”()\l,...,)\k)(L*ﬂ)(dy)—l—/ M{ (A1, .y M) () (dv).
vESK(N) veSig., \Sk(\) @2.20)

The LHS is 0 by Lemma 4.2.6. If v € Si()), then the only factor in

k 2 / / I\
MMy, M) = H HAXBX) (X gy

)\ ‘ erZ)\k

which depends on v is (tHV’Ak_k; t)mxk (n), which is clearly bounded below by (¢; ). Hence

the RHS of (4.2.20) is bounded below by

k
(27) (Sk(A) (£ ) oo \ >0,

t

a contradiction. Therefore ¢, 7 is indeed supported on S<,.

For each £ > 1 we may decompose

S<p = (S<u NSk, -5 p)) U (S<p OV (Sk(pta, - - -5 1))

into those signatures which agree with p on the first k£ coordinates and those which do
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not, and

M) = [ MY (s ) 1) ()

€S<uNSk (11 5e-51k)

.....

The second integral in (4.2.21) is always 0 by Lemma 4.2.6. If v € S<,, N Sk(p, - .., i)

then v, = pu! for x > py, and v, <y, when x = pi. Hence

for all z, and all other factors in (4.2.7) are the same for M} (uq, . .., ) and M (p1, - .., ),

therefore

MY (ps ooy ) < ME(pa, .., pg) for all v e S<,, 0V Sg(pa, - - -y fik)-

Hence (4.2.21) reduces to

M (pry oy i) < ME(pay oy ) - (6em) (S< OV Sk (pas - oy i) (4.2.22)

Since M} (1, ..., ug) > 0 by (4.2.7), it follows that

(L*TF)(SSM N Sk(/ubl, . ,,uk)) =1.

Since this is true for all k and (), (S<, N Sk(p1, - ., 1e)) = {p}, it follows that (v,.7)({p}) =
1, i.e. 1w is the delta mass at u. Hence (M#),>1 is an extreme coherent system, com-

pleting the proof. m

4.3 Infinite p-adic random matrices and corners

In this section, we turn to p-adic random matrix theory and prove Theorem 1.7.2 and
Theorem 1.7.3. We will first give the basic setup of p-adic random matrices and the
key result Proposition 4.3.1 which relates the operations of removing rows and columns

to Hall-Littlewood polynomials. In Section 4.3.2 we prove auxiliary boundary results
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on a slightly more complicated branching graph which extends the one in the previous
section, which are tailored to the random matrix corner situation. We then use these to
deduce the result Theorem 1.7.2, that extreme bi-invariant measures on Matoox oo (Q,) are
parametrized by the set %oo defined in Definition 26 below, from the parametrization

of the boundary of this augmented branching graph by %Oo (Theorem 4.3.3).

4.3.1 p-adic background.

Definition 26. Recall from Definition 3 that for n € Z~,, we let
Sig. ={(A1,..-, A ) € (ZU{—00})" : M1 > ... > A},

where we take —oo < a for all a € Z, and refer to elements of %n as extended signatures.
The definition of %OO is exactly analogous. For 0 < k < n, we denote by %ff) C %n
the set of all extended signatures with exactly k integer parts and the rest equal to —oo.

For \ € %flk), we denote by A* € Sig, the signature given by its integer parts.

Definition 27. For 1 <n <m < oo and A € Mat,xm(Q,), we denote by ESN(A) € Sig_
the extended signature with first n parts given by — SN(A), and all others by —co. We
refer to the finite parts of ESN(A) as the negative finite singular numbers of A.

Remark 22. The reason for padding with —oo is to allow us to treat matrices of different
sizes on equal footing, essentially viewing them as corners of a large matrix of low rank.
This is why it makes sense to work with negative singular numbers in the infinite matrix
context, as otherwise we would have to pad SN(A) with infinitely many oo entries on
the left, and we like our infinite tuples to read left to right. Our formalism is somewhat
unwieldy but seemed to be the least awkward one for the problem at hand. We note that
the negative singular numbers are referred to as the singular numbers in [Ass22, BQ17|

and in [VP22a] where the results of this chapter first appeared.

Proposition 4.3.1. Let n,m > 1 be integers, p € Sig_ with len(y*) < min(m + 1,n),
let A € Maty,x(m11)(Q,) be distributed by the unique bi-invariant measure with negative

singular numbers u, and let t = 1/p. If A’ € Mat, x., is the first m columns of A, then
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ESN(A') is a random element of Sig__ with

( -
Qv /p (™ HITF)P s (Lt

P (Lo D R Ty A€ %i’;) for some 0 < k < min(m,n)

Pr(BSN(A) =) = Peppe (M) Gletid e Sighi ), A e sig)
0 otherwise

\

(4.3.1)
for any A € Sig__.

Proof. In the case where len(p*) = min(m+1,n) so that A is full-rank, the result follows
by applying Part 2 of Theorem 1.2.1 (taking care with sign conventions). The non full-
rank case len(u*) < min(m + 1,n) follows from the full-rank case with m + 1 > n, as in

this case the rank of A does not change after removing the (m + 1) column. O

Because ESN(A) = ESN(AT), Proposition 4.3.1 obviously holds for removing rows
rather than columns after appropriately relabeling the indices. By relating matrix corners
to Hall-Littlewood polynomials, Proposition 4.3.1 provides the key to applying the results
on Hall-Littlewood branching graphs to study p-adic random matrices. In the second
case of the transition probabilities in (4.3.1), one immediately recognizes the cotransition
probabilities of Section 4.2. However, one now has two added features not present in
that section: (1) the signatures may have infinite parts, and (2) with matrices one may
remove either rows or columns, so there are in fact two (commuting) corner maps. In the
next subsection, we augment the branching graph formalism and results of Section 4.2 to
handle this more complicated setup. However, let us first introduce the setup of infinite

matrices.
Definition 28. GL,(Z,) is the direct limit lim GLN(Z,) with respect to inclusions

GLN<ZP) — GLN+1 (Zp)

A O
0 1

A

Equivalently, GLoo(Zp) = Uys, GLn(Zy) where we identify GLy(Z,) with the group of
infinite matrices for which the top left N x N corner is an element of GLy(Z,) and all

other entries are 1 on the diagonal and 0 off the diagonal.
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The definition

Ma’tnxm(Qp) = {Z = (Zij) 1<i<n © 445 € Qp}.

1<j<m

still makes sense when n or m is equal to oo by replacing 1 < i < n with 7 € Z>; and
similarly for m. When n or m is 0o, GL+(Z,) clearly acts on this space on the appropriate

side.

4.3.2 Auxiliary boundary results and proof of Theorem 1.7.2.

In this subsection we prove a similar result to Theorem 1.7.1, Theorem 4.3.2, and deduce

an extension to a ‘two-dimensional’ version of the branching graph %, in Theorem 4.3.3.

Definition 29. For each k > 1, we define a graded graph

9" = 4" m

n>1

with vertex set at each level given by %(k)(n) = Sig,. Edges are only between adjacent
levels, and to each edge from v € %(k) (n+1)to A e gt(k)(n) is associated a cotransition

probability

Poy(1,t,...,tk1)

[\n—i—l 2) = ~7 i mn .
w A = Qo) L, )

We define A™ = A"+1... A" for general 1 < n < m < oo as before.

The next result is a version of Theorem 1.7.1 for this smaller branching graph %(k).

Recall the definition of boundary from earlier in this section.

Theorem 4.3.2. For any t € (0,1), the boundary 8%“” is naturally in bijection with
Sigy,. Under this bijection, pn € Sig,, corresponds to the coherent system (M}!),>1 defined
explicitly by

N P_\(1,t,... 57
B n ot AL )
M) = Qo 1 ) (L, T T, )

(4.3.2)

for X € Sig.
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Note we have simultaneously suppressed the k-dependence in our notation for the
measure M# on Sig, and abused notation by using the same for measures on ¥; and %(k),
but there is no ambiguity if one knows the length of . The proof of Theorem 4.3.2 is an
easier version of the proof of Theorem 1.7.1, so we simply give a sketch and outline the

differences.

Proof. We first prove that every extreme coherent system is of the form (4.3.2) for some
i € Sig,. The analogue of Proposition 4.2.4 similarly follows from the general result
[O098, Theorem 6.1], so there exists a regular sequence (u(n)),>1 approximating any
extreme coherent system. Using the explicit formula (4.1.7) of Proposition 4.1.2, a naive

bound as in the proof of Proposition 4.2.7 establishes that u(n); is bounded above.

The analogue of Lemma 4.2.6, namely that A (z, \) = 0 and M#()\) = 0 if there exists
an x for which A\l > p/, holds similarly by the branching rule. Using this one obtains
that a regular sequence (1(n)),>; must have last parts u(n), bounded below. Together
with the upper bound this yields that (u(n)),>1 has a convergent subsequence, where
here convergence simply means that all terms in the subsequence are equal to the same
i € Sig,. It now follows as in the proof of Proposition 4.2.7 that in fact the coherent

system approximated by (u(n)),>1 must be (M#),>; for this p.

It remains to prove that every coherent system of the form (4.3.2) is in fact ex-
treme. The proof is the same as that of Proposition 4.2.10 using the above analogue of
Lemma 4.2.6, except that no measure-theoretic details are necessary because the decom-
position of an arbitrary coherent system into extreme ones takes the form of a sum over

the countable set Sig;,. H

For applications in the next section it is desirable to in some sense combine ¥, and
%(k) by working with extended signatures. We wish to define a doubly-graded graph with
cotransition probabilities which generalize the earlier L', A»*' and which correspond

to the situation of removing rows and columns from a matrix in Proposition 4.3.1.

Definition 30. Define

G = || %(m.n)

m,n>1
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with ?t(m n) = Sig__ for each m, n, and edges from gt(m—i— 1,n) to ?t(m, n) with weights

L%#’n (/% )‘) =

and edges from %,(m,n + 1) to %,(m,n) with weights Lyt (p, A)

\

)
~7 w ke (EMTIZRYP 1,..‘,tk_1 . .
1632,:* (/1 2 t(k,l)n(t,)nﬂik(.l t’“*l)) NS %gj}) for some 0 < k < min(m, n)
* 71 . m . m
Py () B2y p € Sigh" )\ e sigh™)
0 otherwise
(4.3.3)

= Lyt (i, A).

It follows immediately from the Cauchy identity Lemma 2.2.3 that

m+1 n rm+1n+1 m n+1 m~+1,n+1
L Lm+1 n - L Lm n+1l

so there is no ambiguity in defining coherent systems of probability measures on %;

Theorem 4.3.3. Fort € (0,1), the boundary 8@ 18 in bijection with Sig

coherent system (MH

. The extreme

n)mnz1 corresponding to p € Sig,, is determined by

Z Mﬂ Mr))\l n+1( *)

A€Sig,,

form > n and hence for all m,n by coherency. The extreme coherent system correspond-

g to € Siggz)

15 determained by

Z i1 (A N My, e (V)

AESigy,

for m,n >k and hence for all m,n by coherency.

Proof. First note that every coherent system on gt is determined by a sequence of coherent

systems on the subgraphs with vertex sets

(4.3.4)

|_| %(m,n)

m>n

for n > 1, which are themselves coherent with one another under the links Lmﬁ“

By the definition of the cotransition probabilities (4.3.3), a coherent system on (4.3.4)

must decompose as a convex combination of n + 1 coherent systems, each one having all
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measures supported on %SZ) for 0 < k < n. Hence extreme coherent systems on (4.3.4)
are parametrized by Sﬁk by applying Theorem 4.3.2 for each k.

m+1,an+1,n+1 — Jmntl m~+1,n+1

It follows by the above-mentioned commutativity L™ L, 71, mon Lo

that given a coherent system (M,,)m>n on the graph (4.3.4), (M, Lr_),>n i a coherent

m,n—1

system on

|_| G,(m,n —1).

m>n
Since L”mlzz_l takes coherent systems to coherent systems, by decomposing these into
extreme coherent systems it induces a map M(Sig ) — M(Sig ) between spaces of
probability measures on the respective boundaries, i.e. a Markov kernel. It follows from
the explicit formulas (4.3.2), (4.3.3) and the Cauchy identity (2.2.26) that this Markov
map is itself given by LZ:ZA on the appropriately restricted domain, after identifying
Sig and Sig

, as subsets of %Oo in the obvious way.

Hence 8?,5 is in bijection with coherent systems on the graph with vertex set

s,

n>1

m,n

mm_1 for any m > n (note the these

and edges between n'* and (n — 1)t level given by L
links are independent of m > n by (4.3.3)). The boundary of this graph is classified by
%OO by combining Theorem 1.7.1 (for coherent systems supported on Sig_ ) and Theo-
rem 4.3.2 (for coherent systems supported on %i’z)), and the explicit coherent systems

in the statement follow from the above computations. O

Proof of Theorem 1.7.2. Any GL(Z,) X GLu(Z,)-invariant measure on Matxo0(Q)) is
uniquely determined by its marginals on m x n truncations for finite m, n, which are each
GL,.(Z,) xGL,(Z,)-invariant. The GL,,(Z,)x GL,,(Z,)-invariant probability measures on
Mat, «m(Q,) are in bijection with probability measures on %Oo supported on signatures
with at most min(m,n) finite parts, via the map ESN. Hence removing a row (resp.
column) induces a Markov kernel M(Sig_) — M(Sig_ ), and by Proposition 4.3.1 this
(resp. L™ ). Hence Theorem 4.3.3 yields that the

Markov kernel is exactly L et

m,n—1
set of extreme GLo(Z,) X GLoo(Z,)-invariant measures on Matooxoo(Q,) is in bijection
with %Oo. Here the measure E,, corresponding to p is determined by the fact that

each m X n corner has negative singular numbers distributed by the measure M} in
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Theorem 4.3.3. O

We have shown that the extreme bi-invariant measures are parametrized somehow by
Sig_, but in [BQ17| the measure corresponding to a given p € Sig__ is defined quite
differently, and it is not at all clear a priori that it is the same as our measure F,. Let

us describe these measures.

In the finite or infinite setting, there are two natural families of random matrices in

Mat,,«m(Q,) which are invariant under the natural action of GL,(Z,) x GL,,(Z,):

e (Haar) p~*Z, where k € ZU{—occ} and Z has iid entries distributed by the additive

Haar measure on Z,.

e (Nonsymmetric Wishart-type) p~* XY, where X € Zy,Y € Zy' have iid additive

Haar entries.

One can of course obtain invariant measures by summing the above random matrices,

which motivates the following class of measures.

Definition 31. Let 1 € Sig_, and let 1o := limgyo0 st € Z U {—o00}. Let X\”, V", Z,;
be iid and distributed by the additive Haar measure on Z, for 7, j,¢ > 1. Then we define

the measure Eu on Mateoxoo(Qp) as the distribution of the random matrix

(5 roxintiez,)
i,j>1

Lipp>pioo

It is shown in [BQ17, Theorem 1.3] that the EM, JTS %m are exactly the extreme
GLx(Z,) x GL(Z,)-invariant measures on Matooxoo(Q))-

Proposition 4.3.4. For any p € Sig_, L, = E,.

Proof. By combining Theorem 1.7.2 with the result [BQ17, Theorem 1.3] that the Eu are
exactly the extreme measures, we have that {E, : u € Sig _} ={E,:p€Sig_}. Hence
for each u € %Oo there exists v € %Oo such that Eﬂ = FE,. Suppose for the sake of
contradiction that v # u. Let k > 1 be the smallest index for which py # v, let

[+ Matooxoo(Qp) — Sig,
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be the map to the first k singular numbers of the top left k x k corner, and let
S(Skz ::{/\e%k»\igm for 1 <i < k}.

We claim that

f.(E,) is supported on Sg‘}f and (f.(E,))(u1, - -, ) > 0, (4.3.5)
and
f«(E,) is supported on S(Sky) and (fo(E,)) (v, ..., v) > 0. (4.3.6)

The first, (4.3.5), follows straightforwardly from Definition 31, while (4.3.6) follows
from Theorem 4.3.3 and Lemma 4.2.6.

If pg > vy, then Supp(f.(E,)) 2 Supp(f.(E,)), while if g, < v, then Supp(f.(E,)) €
Supp(f.(E,)), contradicting the claim f,(E,) = f.(E,). Therefore there does not exist k

as above, so y = v, completing the proof. ]

Combining Proposition 4.3.4 with Theorem 1.7.2 in fact provides a (quite indirect!)
computation of the singular numbers of m x n truncations of the infinite matrices in

Definition 31.

Corollary 4.3.5. The negative singular numbers of an m xn corner of an infinite matriz

with distribution Eu are distributed by the measure M* — of Theorem 4.53.5.

m,n

It seems possible that the summation which defines the measures M}, |, may be sim-
plified to get more explicit formulas for the above distributions, though we do not address

this question here.

Remark 23. There are several comments on the relation between our setup and that of

[BQ17] which are worth highlighting:

e We work over Q, while [BQ17] works over an arbitrary non-Archimedean local field
F. Such a field has a ring of integers O playing the role of Z, and a uniformizer
w playing the role of p, and a finite residue field Op/wOr = F,. Our results
transfer mutatis mutandis to this setting with ¢ = 1/q, as the only needed input

Proposition 4.3.1 transfers in view of Remark 1.
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e While we simply prove a bijection, a short additonal argument shows that the
space of extreme invariant measures on Matoox(Q,) is homeomorphic to %OO
with natural topologies on both spaces, see the proof of Theorem 1.3 of [BQ17] for
details.

e We have used the language of extreme and ergodic measures interchangeably, but
for an explanation of how the extreme measures are exactly the ergodic ones in the
conventional sense, for this problem and more general versions, see [BQ17, Section

2.1].

Remark 24. As mentioned in the Introduction, [BQ17] also classify extreme measures
on infinite symmetric matrices Sym(N,Q,) := {A € Matyxo0(Q,) : AT = A} invariant
under the action of GL(Z,) by (g, A) — gAg”. The statement is more involved, essen-
tially due to the fact that the GL,(Z,)-orbits on Sym(n,Q,) are parametrized by their
singular numbers together with additional data, unlike the GL,,(Z,) x GL,,,(Z,)-orbits on
Mat, «m(Z,). To pursue a similar strategy to our proof of Theorem 1.7.2 one would need
an analogue of Proposition 4.3.1, i.e. a result giving the distribution of the GL,_1(Z,)-
orbit of an (n — 1) x (n — 1) corner of an n X n symmetric matrix drawn uniformly from
a fixed GL,,(Z,)-orbit. Given that the parametrization of these orbits involves more data
than the (extended) signature specifying their singular numbers, it is not immediately

clear how the answer would be expressed in terms of Hall-Littlewood polynomials.

We do however expect a solution in terms of Hall-Littlewood polynomials to a related
problem which is coarser. The problem is to find the distribution of just the singular num-
bers, rather than GL,,_1(Z,)-orbits, of an (n — 1) x (n — 1) corner of a random element
of Sym(n, Q,) with fixed singular numbers and GL,,(Z,)-invariant distribution. The ex-
istence of such a result is suggested by a known expression for the singular numbers of an
n X n symmetric matrix with iid (apart from the symmetry constraint) entries distributed
by the additive Haar measure on Z,. This distribution was computed in [CKL*15]|, and
shown to be equivalent to a measure coming from one of the so-called Littlewood identi-
ties for Hall-Littlewood polynomials in [Full6|. It seems natural that a solution to this
problem could be augmented with the extra data required to parametrize GL,,(Z,)-orbits,
answering the question of the previous paragraph. We have not attempted to pursue this

direction.
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4.4 Ergodic decomposition of p-adic Hua measures

We now define a special family of measures on Matoxoo(Q)), the p-adic Hua measures,
introduced in [Ner13]. Their decomposition into the ergodic measures E,, of Definition 31
was computed in [Ass22|. We will rederive that result, showing in the process that the
p-adic Hua measures have a natural interpretation in terms of measures on partitions

derived from Hall-Littlewood polynomials.

Definition 32. For \ € Sig,,, we set
A= (max()\g,0), ..., max(\,,0)) € Sig=".
Definition 33. The p-adic Hua measure M on Mat,, x,(Q,) is defined by

IM©(A) — ("% 1) | BSN(A)*|(—s-2n) g01(m) ( A
n( )—mp ( )>

where M is the product over all n? matrix entries of the additive Haar measure M on
Qp.

The following computation of the distribution of the singular numbers of MY is done
in [Ass22, Proposition 3.1|, using Definition 33 and results of [Mac98a, Chapter V.

Proposition 4.4.1. The pushforward of MY under —SN : Mat,,«n(Q,) — Sig (the

map SN of Definition 3 composed with A — —X) is supported on Sig, and given by

. 4\2 . 4\2
(= SN, (M) (4) = L850 e tyen-noxe -y G
(u;t)2n [Lez(t:t)man

where as usual t = 1/p, and u = t'+*.

We may now prove the main result, which we recall. Note that by Proposition 4.3.4
the same result holds with F, replaced by Eﬂ, and it is the latter version which was
proven in [Ass22].

Theorem 1.7.3. Fiz a prime p and real parameter s > —1, and let t = 1/p and u =

—1—s

P Then the infinite p-adic Hua measure Mgi) decomposes into ergodic measures

according to

M) — Z Pu(latw--;t)Qu(u,ut,...;t)E

(1, ...5u,...) z (1.7.4)
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where E,, is as defined in Theorem 1.7.2.

Proof. The p-adic Hua measure is uniquely determined by its projections to n X n corners,
and by extremality of the measures F,, any decomposition into a convex combination of
them is unique. Hence it suffices to show that a matrix A, distributed by the measure on
Matooxo(Qp) described by RHS(1.7.4), has n x n corners given by the finite p-adic Hua

)

measure M. By Proposition 4.4.1 and Theorem 1.7.2, it suffices to show

ZPM(1’t7”')Qu(u’Ut7"') Z PH/)\(tn"")PA(l""’tnil)Q_V/_A(t,f?,..-)

= I(L,...;u,...) oy P,(1,t,...)
n—1 . 4\2 . 4)2
o Po,(1,... ") _ (uit)y, V12D (v ) 2n(w) (t:1)n
Py, DI, ...t 5t ) (ut)aen [Lezt ) m.o)

(4.4.1)

The proof is a surprisingly long series of applications of the Cauchy identity /branching
rule and principal specialization formulas. We first cancel the P,(1,...) factors and apply

the Cauchy identity (2.2.26) to the sum over p to obtain

P (1,..., "
I, .., )II(L, .t e,

P(1,...,t"Y) < ~ .
x ) P)‘/\((L”.,tn_f)Q,,/,\(t,...)Q,\/(O[n])(u,...)ﬂ(t,...;u,...). (4.4.2)

)\ESig?LO

Using that
(L, .., " Nt ) = (6 ),

and

P,1,... " Y =P1,.. . 70y === Dp (1
and similarly for A, (4.4.2) becomes

(t; )P, (1,. ..t 1)t =DIA=R)
(1, ..., t"Lu,...)

Z Q—u/_,\(t, . .)Q,\/(o[n])(U, o). (4.4.3)

AeSig2?
It follows from the explicit branching rule Lemma 2.2.14 and the principal specialization
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formula Proposition 2.2.15 for P that

- T NCWI

e = y . 4.4.4
Qo) = o) =y, (1 ) )
By definition of skew @ functions (4.4.4) immediately extends to
i i IOy (1, )
Qv ae) = Q- ’xk)t—n(V)Py(l, St
for any k, hence to an equality of symmetric functions and hence specializes to
~ n ~ n t_n(A)P)\ 1,...,tn_1
Q-pya(t",...) = Qup(t",...)—= ( ) (4.4.5)

=B, (1, t1)

By first absorbing the ¢t~ D(IA=) into Q,,,/,)\ in (4.4.3) and then substituting (4.4.5)
and simplifying Q,\/(o[n]) via Proposition 2.2.15, (4.4.3) becomes

t:),L,(1,. ..t ! - R =N T
(t;t) (1, ) ) Z Q)\/y(tn7---) _ A(L, J )ulk\tn(A)

Im,...,t»tu,. .. t—WP,(1,... tn1
( ) Aesig2? ( )

(t;1)nt"™) - . (4.4.6)
T, ) > Q' )P, ut™ .

)\GSigTZLO

At first glance, the sum on the RHS of (4.4.6) looks like the one in the Cauchy identity
(2.2.16), but there is a nontrivial difference: the sum is over only nonnegative signatures.
If v € Sig=" itself, this poses no issue and the Cauchy identity applies directly, but in

general this is not the case.

Luckily, using the explicit formula in Theorem 2.2.16 we may relate the sum in (4.4.6)
to one to which the Cauchy identity applies. By slightly rearranging terms in Theo-

rem 2.2.16, we have that for A € Sig=’,

(A=)

~ ’ nfuc/v ’ / )\lzfulz
Qp(t”,...) = [T =) ot >H(t1“”‘”z;t)m ot 72)
[Loez(t: Dmew) 12 ’ ’
T * <0 >0
. () o -
QA/V+ (tn, N ) _ (tH_)‘”_V“'; t)mz(u)t( 2 )
oot Dme) Il:lo
(4.4.7)
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where vT is the truncation as in Definition 32. Since

<0

(4.4.7) implies that

A n—vy, t,t mo (v o
Qagolt™,..) = £ 1 () (ot Quor(t"-).

Therefore

Z Q)\/,/(tn, .. .)P)\<u, c ,ut”_l)

AeSig2?

— e =D+ 020 ("57) GROLN Z Qajot (1", ) PA(u, .. ut™™)
Ha:§0 t, me (V)
Aesigr” (4.4.8)

— (T I=IvD+ e <o ) (&5 Do () O™, .., ut™ D P (u, .. ut™ )
Ha:§0<t; ) (v)

(t;:6)n WV =D+ <0 (") +n(vt)

by applying (2.2.26) and Proposition 2.2.15. It is an elementary check from the definitions
that

w =+ 3 (M) ) = oD = el (409

<0
Substituting (4.4.9) into (4.4.8) and the result into (4.4.6) yields

(i), ulv =Dt =D +nw)

(t; 1) (w5 ) t"™
(Utn§ t)n H:cEZ(t t)mz(v

) (4.4.10)
_ (w t)a VI @n=1) (=) +2n () (t;t)n
(u; )2n ezt hm.w)
which is the formula in Proposition 4.4.1, completing the proof. O

In some sense, the interpretation of the measures M

which we have given here ex-
plains their special nature and gives a natural non-historical route to their discovery. Let
us suppose that one knew only Proposition 4.3.1 and Theorem 1.7.2, and wished to look

for family of measures on Mat,,«,(Q,) which are consistent under taking corners. Any
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measure on the boundary yields such a family (and vice versa), but only for very nice
measures on the boundary do we expect the resulting measure on corners to have any
reasonable description. Because the cotransition probabilities feature principal special-
izations, the natural candidate for this measure on the boundary is a Hall-Littlewood
measure with two principal specializations wuy, uit, ... and us, ust, . ... Indeed, the above
combinatorics would break down entirely for other Hall-Littlewood measures. This leaves
one free parameter because one may divide one specialization and multiply the other by
any positive real number without changing the measure, and this free parameter is exactly

the one in the p-adic Hua measure.

In another direction we note that, if one did not already know the result of [Ass22|,
the above considerations could help guess it. Since known natural measures on finite
p-adic matrices have singular numbers distributed by Hall-Littlewood measures by The-
orem 1.2.1 and Corollary 1.2.2, and the ergodic decomposition of a measure on infinite
matrices is the analogue of the distribution of singular numbers of a finite matrix, it
is natural to search for the ergodic decomposition within the space of Hall-Littlewood
measures. As mentioned above, essentially the only Hall-Littlewood measures with nice
explicit densities are those with principal specializations, of finite or infinite length. If one
were of finite length, say N, then it is a straightforward consequence of Theorem 1.7.2
that at most N singular numbers of any corner are nonzero, which contradicts Proposi-
tion 4.4.1. Hence if the ergodic decomposition is according to a well-behaved (principally
specialized) Hall-Littlewood measure, both specializations must be infinite, and this leads

exactly to the one-parameter family of Hall-Littlewood measures which do indeed appear.

4.5 Markov dynamics on the boundary

For finite n, one has natural Hall-Littlewood process dynamics on Sig,, as discussed in
Chapter 2. It is natural to ask whether these yield dynamics on the boundary Sig_,
and whether anything interesting may be said about them. For the ¢-Gelfand-Tsetlin
graph mentioned in the Introduction, the resulting dynamics on Sig. were studied in
[BG13|, see also the references therein for previously studied instances of this question
on branching graphs in which the boundary is continuous rather than discrete. In this

section, we show in Proposition 4.5.1 that the Hall-Littlewood process dynamics on the
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levels of %; indeed lift to dynamics on 0%;. This is motivated by Chapter 6 and Chapter 8,
which study a continuous-time limit of these dynamics corresponding to a Hall-Littlewood
process with one Plancherel specialization and one 1,¢,.... We are not presently aware of
an interpretation of the latter in terms of infinite p-adic random matrices when ¢t = 1/p,

as with earlier results in this chapter.

While the fact that the dynamics in Chapter 8 may be viewed as dynamics on 0%, is not
technically necessary for their analysis in Chapter 8, it provides an interesting context for
the results of Chapter 8. There exist other dynamics which arise in a structurally similar
manner for different degenerations of Macdonald polynomials, but nonetheless have quite
different asymptotic behavior, as we recall from the discussion in the Section 1.6. Because
Proposition 4.5.1 requires branching graph formalism which is orthogonal to Chapter 8

apart from this motivation, we chose to prove it within this chapter.

We now consider Markovian dynamics on the boundary 0%;. We will show that the
Cauchy dynamics of Definition 14 with fixed principal specialization commute with the
cotransition probabilities of ¢; and hence extend to dynamics on the boundary, which are
given by essentially the same formula after identifying the boundary with Sig. . Skew

-polynomials generalize easily to infinite signatures: For v, A\ € Sig_, define

ivim ;>\ foralliand Y0 v — N <
Q Yu/n Vi = A; tor all @ an >1Vi i < 00
Qun(a) = (4.5.1)
0 otherwise

where ¢,/ is extended from Lemma 2.2.14 to infinite signatures in the obvious way. In

the case v, A € Y, this agrees with the standard branching rule in Lemma 2.2.14.

Definition 34. For 0 < o < 1, define

P,(1,...,t" 1)

A\ v)=Q, 4.5.2
aAv)=Q /A<a)PA(1,...,t”—l)H(a;l,...,t”—l) ( )
for n € Z>, and \,v € Sig,. For p,x € Y + D, define
Pi—pioop (1, ...)
L5 (1, K) = Q- Dloo))/ (u—Dloc)) (@) . (4.5.3)
( [ ])/(M [ ]) P(M_D[Oo})(l, .. .)H(a; 1, t, .. )
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Finally, for p, x € Sig™s™'¢ " define

Lo (pw) = lim TE(u) ). (4.5.4)

When p € Y, the dynamics defined by (4.5.3) yields a Hall-Littlewood process with
one infinite specialization 1,¢,.... The dynamics studied in Chapter 8 are a continuous-
time limit of these by Lemma 2.2.7. We prove Proposition 4.5.1 in the above discrete-time
setting to minimize technicalities, though the statement for the limiting continuous-time

process is the exactly analogous.

Proposition 4.5.1. For n € Z>; U{oo}, I'? is a Markov kernel. For 1 <n <m < oo

it commutes with the links L)' in the sense that
oL = L. (4.5.5)

Therefore given any coherent system (My,)n>1 on%,, the pushforward measures (M,I'"),>1

also form a coherent system. The induced map on 0%, is given by I'>°.

Proof. The fact that (4.5.2) and (4.5.3) define Markov kernels follows directly from the
Cauchy identity, Lemma 2.2.3 and (2.2.26) respectively. For the infinite case (4.5.4), we

must show
P (1. )
; (k(P)=D[ooc]) \ 5
lim QR(D)_ 00 (D) _DIloco ( ) =1. (456)
HG%;()O D=reo ( ploeh/r o ]) P(M(D D[oo]( )H(O&,l,t; )
Note that

P ( : )
(k(P)—Dlooc])\ *+»
k(P)—D[oo —L/[eo P,
Q( (D) —Dloo])/(u(P)—DJ ])(a) (4(?)—Dloo ( ) (0471ata )

1(k; = p; whenever k; < D)

increases monotonically as D — —oo in a trivial way, namely it is either 0 (for D such
that the indicator is 0) or its final constant value (when the indicator function is nonzero).

Hence we again interchange limit and sum by monotone convergence, obtaining

. Pl—pisep (1, -..)
lim Q (—Dloo]) /(P —Diso]) (V) :
D -0 %YZJFD (re=Dloo])/(t?) =Dloc]) P _ploay (1, - (e 1t .. )

This is 1 by the Cauchy identity (2.2.26).
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Below we will show (4.5.5), from which it follows that the maps I'?’ preserve coherent
systems and hence induce a Markov kernel on 0%;. To show that this Markov kernel is
given by I'® we must show the ‘m = oo’ analogue of (4.5.5), namely for any u € Sig_, v €

Sig, one has

> T (p k) = Y ML) (4.5.7)

KESIg., Aesig,,
We will treat (4.5.5) and (4.5.7) simultaneously, and so introduce the notation L (u,-) :=
MHE(-). For (4.5.7), if p € Y + D for some D, then by translation-invariance and the

Cauchy identity;,

TeLy(mv) = > L(u ATa(\v)

A€Sig,
= Y Ly (u—Dloc], A = D)Th(A = Dlnl,v — D[n))
A€Sig,,
n P()\_D[n])(l,...,tn_l)
= D Pu-nis/o-0a) (- )= 1)
A€ESig,, (p=Dl[oo])\ L« -

~ P(u—D[n])(L R ,tn_l)
X Qu=Dln)/(r-Dfn)) (@) Po—ppy(1, ...t DIl(a; 1, ...t 1)

P(Z,,D[n])(l, ... ,tn_l) 1
= W e e o) T 2 P/ pm () Qe ()

HGY

= "L (ks + Dloc], v)I (1, 5 + Dloa])

KEY

= LT (p,v)

The proof of (4.5.5) is the same after replacing oo with m, without the translation by D

issues. The case p € Sig""*'"¢ of (4.5.7) requires a limiting argument:

P,(1,...,t" 1
I L ) o
= 2 Qula DI (s, .t

A€Sig,,

n )P(,\_D[n])(l,...,tn_l)

X lim  P,0)_poc))/or—pp)) (T ’
S F0) i)y /r-pin) ( Py (1)

and by Theorem 2.2.16 and monotone convergence this is equal to

Z Qy/)\( ) (,...,tn_l) P (tn )P()\_D[n])(l,...,tn_l)
n— n— —DJoo])/(A=Din g .
P,(1,.. " DI(a; 1,... ¢t " @7 =PleD/(A=Din) Pluo—poep (L, -+ )
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Using that I'2(\,v) = T'2(\ — D[n],v — D|n]) yields

Pl/ n
i L=plap(l

D——o0 P(M(D) Dloo

tn 1
. Z QI/ Din])/(A— D[n])( )P(M(D)—D[oo})/()\—D[n])(tnv"')'

A€Sig,,

Applying the Cauchy identity (2.2.26) and the fact that
(a1, .., " (s t",..) =(as1,...),
and rearranging, yields

Dhm L2(k,v — D)L (uP?) — D[oo], ).
——00
REY

Changing variables to kK = & + D][oo] this is

Dl—i>r£loo L (k — D[oo],v — D[n)) T (uP) — Do), k — D[oc]). (4.5.8)

For each fixed D, there is an obvious bijection between Y 4+ D and
{k € Slgu’m‘lble : ki = p; for all i such that p; < D},

as signatures in either set are determined by their parts which are > D. Hence the sum

in (4.5.8) is equal to

Y. L™ = Dloc],v = DT (™) = Dioc], k™) = Dloc])Ip(k, p), (4.5.9)
HGSig'l;(r)Lstable

where

Ip(k, ) = 1(k; = p; for all i such that p; < D)

The summands in (4.5.9), as functions of D, take at most two values, namely 0 (for all

k # p, for D positive enough that the indicator function is 0) and Ly°(k, v)I'° (i, k) when

the indicator function is nonzero. Hence monotone convergence again applies, yielding
ST im L6 Dloc), v — DI () — Dloc], ) — Dloc)) (s, )

- D——o0
KESIg o
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The summand stabilizes to L°(k, v)['%°(u, k) (using translation-invariance of L°), hence

the above is equal to L°T'2°(u, v) as desired. This completes the proof. O
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Chapter 5

Matrix products at fixed size: Limits

and Gaussian fluctuations

The plan of this chapter is as follows. In Section 5.1 we state a general law of large num-
bers and functional central limit theorem for Hall-Littlewood processes, Theorem 5.1.1,
and deduce the LLN and CLT for matrix products Theorem 1.3.1 from it. We spend the
remainder of the section proving Theorem 5.1.1. In Section 5.2 we introduce the ran-
dom sampling algorithm for Hall-Littlewood processes with one principal specialization
1,t,...,t" ! by a PushTASEP-like particle system. In Section 5.3 we introduce a simpler
variant of this particle system which is easier to analyze asymptotically, and show that
the two may be coupled with small error. In Section 5.4 we complete the proof by analyz-
ing this particle system. In Section 5.5 we prove the universality of Lyapunov exponents

stated earlier as Theorem 1.3.2.

5.1 Asymptotics of products of random matrices

Recall the main result.

Theorem 1.3.1. Fizn > 1, and let N1, N, ... € ZU {oo} with N; > n for all j. For
each j, if N; < oo let A; be the top left n x n corner of a Haar distributed element of
GLy,(Zy), and if Nj = oo let A; have iid entries distributed by the additive Haar measure
on L. Fork € N let

(A (k), ..., Au(k)) :=SN(Ag--- Ay).



Then we have a strong law of large numbers

Ai(k)

Zk ZNﬁnil P = — 1 a.s. as k — oo.
j=1 £t=0 (I—p= =N (1—p~i9)

Let
Nj —n— 1

P —p7)
—i—{— 1)(1_p7i74)

and define the random function of f5, , € C[0,1] as follows: set f5, ;(0) =0 and

Ai(k) == Ni(k) =)

j=1 ¢=0

. (A1), AR,

(fj\' k(l/k)a fX k(2/k)> LRI f)\ k
75 7 —n—1 p—i—£€(1 —1)(1—p—2i—2(—
\/Z] 1 Ze ’ £ 1_15—1—172)225_;;—4—1)2 )

then linearly interpolate from these values on each interval [(/k,(¢ 4+ 1)/k]. Then as
k — oo, the n-tuple of random functions (fs, x,-.., fx,x) converges in law in the sup

norm topology on C|0, 1] to n independent standard Brownian motions.

In view of Corollary 3.1.3, this is a special case of the result below.

Theorem 5.1.1. Fiz the Hall-Littlewood parameter t € (0,1), and n € Z-o. Let
T1,Tg,... € (6,1 —=0) for some § > 0, and let 3; = (x4, tw;, ..., t™ ;) be collections of
variables in t-geometric progression, possibly infinite, for each i. Let (A(1),A(2),...) be
an infinite sequence of random signatures whose marginals are given by a Hall-Littlewood

PTOCESS,

Qv (&) -+ Q)\(2)/)\(1)($2)Q)\(1)(x1)P)\N(1 )
H(l,,t .Tl,... .CCN) .

Pr(A(1) = XD, A(N) = AW =

Then we have the following strong law of large numbers. For each i =1,...,n,

Ai(k)

Z ij—l ti+[711‘j(1—t)
j=1 =072, (1077 Tz;)

— 1 as. ask — 0. (5.1.1)

We also have the following functional central limit theorem. Let

(k) zk:mjl (L 1)
v 1 _ tz+€x])(1 _ ti-‘rf—lxj) ’

j=1 ¢=0
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Let f5,, be the random element of C[0,1] defined as follows: set f(0) =0 and

(frap(L/E), frn(2/F), s fron(

m]-—l tite— 113 1 t)(l $2i+2£—1 2)
Z] 12 (1—titl-1g, )2(1 t“%x])

then linearly interpolate from these values on each interval [(/k,(¢ 4+ 1)/k]. Then as
k — oo, the n-tuple of random functions (fx, x,--.,fx,x) converges in law in the sup

norm topology to n independent standard Brownian motions.

Remark 25. Though we have avoided it for the sake of simplicity, it is possible to
define the product process more generally, allowing for nonsquare matrices. In the usual
archimedean case this is done in [Ahn22b, Appendix A], and the p-adic case is exactly

the same.

5.2 Sampling algorithm for Hall-Littlewood processes

with one principal specialization

In what follows, we will identify signatures A € Sig, with configurations of n particles on
Z by placing m;() particles at each position ¢ € Z. Each particle corresponds to a part
of \, and we will refer to them as the 1%, ... n* particle or ‘particle 1,. .., particle n’ to
reflect this, even when some are in the same location. In this numbering, particle 5 will

correspond to a particle at position A;.

Definition 35. Define the ‘insertion map’ ¢ : ZZ,xSig,, — Sig, by defining ¢(ay, ..., a,; A)
as follows. First assign to each particle j an ‘impulse’ a;. Particle n then moves to the
right until it has either moved a,, steps or encountered particle n—1. If it encounters parti-
cle n—1, then it is ‘blocked’ by particle n—1 and donates the remainder a,, — (\,—1 —\,,) of
its impulse to particle n—1. Particle n—1 now has impulse a,,_1 +max(0, a, — (A,_1—Ap)),
and moves in the same manner, possibly donating some of its impulse to particle n — 2;

all further particle evolve in the same manner.

Example 5.2.1. To compute (1,4,2;(5,3,—1)) = (8,5,1) the particles jump as above.
The numbers above the particles represent their impulses; note that impulse-donation from

particle 2 to particle 1 occurs at the third step shown.
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2 4 1
— T — = P — = = —
-3 -2 -1 0 1 2 3 4 5 6 7 8 9
0 4 1
— = - Ve o e = = —
-3 -2 -1 0 1 2 3 4 5 6 7 8 9
0 03
— = = = ° = — | oo = = = -
-3 -2 -1 0 1 2 3 4 5% 6 7 8 9

It is obvious from Definition 35 that A <q t(ai,...,a,; A) for any a € ZZ;. It is also
not hard to check by induction on ¢ that one may equivalently define ¢ by defining the
(n —4)™ part

v(ar, ..., an; A)p—i = min(Ap_i—1, max(Ap_i+an_i; Adn—ir1+An_itan_it1, - -, A Fap_it. . .4ay))

(5.2.1)
for each : = 0,...,n — 1, where we formally take \g = oo in the edge case i =n — 1.
We now use the insertion ¢ with random input a4, ..., a, to define random signatures,

which we will show in Proposition 5.2.2 yields the ‘Cauchy’ Markov transition dynamics
of Proposition 2.2.9. First we define the measures which will be the distributions of the

a;.

Definition 36. Let G, be the measure on Z>q which is the distribution of max(X —1T',0)
where X ~ Geom(z),T ~ Geom(t). Explicitly,

1—=x
1 —tx

GL(0) = (1 — )20 (5.2.2)

Equivalently G, is defined by the generating function

ZG (0)2 = -z 1—tez o4 (2; ) (5.2.3)
= ‘ l—te 1—zz Hep(liz) o
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Proposition 5.2.2. For 0 < x <1, let Xy,..., X, be independent with X; ~ G i—1. Let
A, v € Sig, with A <g v. Then

1 o n
Pr(u(Xy,. ... Xp\) =) = —— [T -] (5.2.4)
jimj(XN)=m;(v)+1 i=1
Qun(z)P,(1,.. . 171

= ) 5.2.5
P)\(l,...,tn_l)H(07t)(JZ;1,...,tn_1) ( )

Proof. We let Pr,(A — v) := Pr(u(Xy,...,Xy;A\) = v). The equality of the RHS of
(5.2.4) with (5.2.5) follows by Proposition 2.2.15 while the first requires proof. We will
explicitly compute Pr, (A — v) from the definition of ¢.

Let A = (a1]k1], .. ., a,[k/]), where the a; are distinct, k; are integers > 1 with > . k; =
n. To avoid cumbersome notation for edge cases, we formally take A\ = ag = 0o in some

formulas below.

It is clear from the definition that Pr,(\ — v) is nonzero only if A < v. By interlacing,
only the rightmost particle in the group of k; particles at location a; can exit to the right;

the location where it stops is ¢(X1, ..., Xni A)ne (k4. thi)41-

Let us define random variables N;,1 < ¢ < r, to be the location of the particle that
jumps out of the i clump after its jump (if no particle leaves the clump, then N; = a;.

EXphCltlY: N’L = L<X17 s 7Xna )\)n—(kr-i-...-i-ki)-‘rl) and so
Pr(Ny =vi, No = g1y oo, N = Up_g11) = Ij:r()\ — V)

for any v =g A\. We will explicitly compute the joint distribution of the NNV;, starting with
the distribution of N,.

By Definition 35, N, has distribution

min(a,_1,a, + Xy g1+ ... + Xp).
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Using the probability generating function (5.2.3), we have that

- 11—tz 1 —taz
Pr(Xn 1+ +Xn=10) = ( 11 1—tiz 1— ti—la:z> 2 (5:26)
i=n—kr+1
1— " Frg 1 —tzz ‘
— : 5.2.7
( 1—tre 1-— t”—kr:ﬂz) 2 ( )

Expanding this out, we have

.

(=0
Pr(N, = a, +0) = § 5002 (1 — k) ()l 0 <€ < a,q —a, - (5.2.8)

(1 — thr) ()t {=a,_1 —a,

—in
\1 t"x

Note that this formula still makes sense when r = 1, as the last case £ = oo has probability

0.

Now let us find the distribution of N,_;. Its distribution, conditional on N,, depends
on whether N, < a,_1 or N, = a,_;.

Case I: N, < a,_;.

In this case, we may compute the conditional distribution of N, exactly as before,
obtaining

1" kr—hkr—1g _
1—tn—krg g — 0

Pr(N,_1 =a,_1+/) = —1—t"7krk“1“3(1 — thr=1) (gt R ko) 0 < U < ap_y — ap_q -

1—tn—kry

\ 1—tn1*k7‘q;(1 - tkpl)(xtn_m_kril)z C=a, 5 —a,

(5.2.9)
Case II: N, = a,_;.

In this case, the computation is different: Because N, may donate some of its jump,

Definition 35 yields that N,_; has distribution

min<ar—27 ar—1 + Y + Xn—k7-—k771+1 +...+ Xn—kr)v
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where Y comes from the possible jump-donation of N, and has distribution given by

Pr(Y =0) =Pr(Xppos1+...+Xp) — (a1 —a,) = Xpppr1+ ...+ Xp > ar_1 — a,).

(5.2.10)
This looks overly complicated, but let us back up and see what it all means. As we noted
before, X,,_x.+1+ ...+ X,, has probability generating function

11—t kg 11—tz
1—trx 1 —tnkegy’

hence

Xy g1+ ...+ X, ~ max(Geom(t" " z) — Geom(t*),0).

How, in general, would one sample Z ~ Geom(z) — Geom(w)? A simple way is to take
two coin with probability x and w of heads respectively, and keep flipping them until one
comes up tails, then see how many additional flips it takes before the other comes up
tails—call this (random) number ¢. If the w-coin came up tails first, then Z = ¢; if the
x-coin came up tails first, Z = —¢. From this description it is clear that if we condition
on Z > 1, or indeed Z > c for any ¢ > 1, we are conditioning on the event that the w-coin
comes up tails first and the z-coin comes up heads for at least ¢ additional rounds. It is

thus clear that the conditional distribution of Z, given Z > ¢, is ¢ + Geom(x).

Applying this to our above situation, we have that conditioning X,,_r +1 + ...+ X,

to be above some positive number, it will have a geometric distribution. Specifically,

Pr((Xp ps1+ - AXn)—(ar1—a,) = €| Xt 1+ . A+ Xy > ap1—a,) = (1—t""Fra) (1" Frp)t.

1" krg

Hence by (5.2.10), Y ~ Geom(t" * ), so Y has probability generating function T el
Thus Y 4+ X,k —k,_,+1 + - .. + Xsi—k, has probability generating function

1 — kg 1 — v hrbrag 1 —rkrgy 1= tnkr—kr—1g,
1 —tnFkrgpz 1—tnhkrg 1 —trkr—keagy ) 1 —fnhe—kragy’

1.e.

Y + X’nfk’r—kr_lJr]_ + ...+ ankr ~ Geom<tn—kr—kr—1x)_
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Thus at last we have

(1 — by (gnhrhr-ig)t 0 <l < a,_9—a,_4
PI'(NT,I = CLT,1+6) = s (5211)

(t"fkT*kr_lfL')E (= Qr_2 — Qr_1

which concludes the computation of Case II.

A key feature of the distributions computed in (5.2.8), (5.2.9) and (5.2.11) is that the
1 — t"F 2 term in (5.2.8), which appears only in the case N, < a,_; (Case I), cancels
with the 1 — t"*z appearing in the computation (5.2.9) for Case I; meanwhile, when

N, = a,_; (Case II), it appears neither in (5.2.8) nor in (5.2.11).

Together, (5.2.8), (5.2.9) and (5.2.11) imply the joint distribution

PI"(NT =a, + £1 and Nr—l = Qp_1 + EQ)
(11— ke ke gy Lt <ar—omar—a) (1- tkr>l(€1>0)(1 _ tk,«_l)l(£1<ar_1far and £5>0)
N 1—tra
. (tnferyl (tn*kr*krflx)fz
n—kyr—ky_ 1(le<ar_o—ap—
_ (-t Lg)tleser 1’<1 ) M () =ma, (1) (] _ gt YL,y (8) e,y (9)+1)
1—trx

X (tn—er)ﬁl (tn—k7-—kr_1x)£2

But we see that the computation of the distribution of N,_; is exactly the same for
any N;. There is the same division into Case I and Case II depending on whether N;,,
achieves its maximum, and the feature that the 1 — "% 2 terms cancel in both Case I

and Case II is also the same. Hence these terms telescope, and we are left with

1 — tn—kr—...—klx _ 1—2

1 —trx 1=ty

where the 1 — ¢" % —=ki1z appears because the last such term does not cancel. Hence
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continuing the above computation yields

PI"(NT = VUn—k,+1> Nr—l = Vn—kp—kp_1+1y > N1 = Vl) (5212)
r r—1
11—z
_ 1 — ¢k 1(ma; (N)=maq,; (v)+1) e ki \Wn— ke — k1O 5.2.13
G [T ) (5.213)
1—=x (A ~ .
= — MmO T [ (), 5.2.14
1 —trx H H ( )
]:mj()\):mj(u)+1 i=1

concluding the proof. m

Remark 26. Since the sum over v of the LHS of (5.2.4) is clearly 1, Proposition 5.2.2
implies that the sum of the RHS of (5.2.4) is 1, which gives a proof of the corresponding
case of the skew Hall-Littlewood Cauchy identity (Lemma 2.2.3).

It is very important to note that the random variables X; above satisty E[X;] > E[X]]
when ¢ < j. This means that the i** particle, which is already ahead of the j* particle,
is likely to pull even further ahead if one iterates the above dynamics. Empirically this
may be seen in Figure 1-1. This observation is key to the proof of Theorem 5.1.1, as it
implies that while there may be some interactions between particles, as one iterates the
above dynamics the particles should spread apart and interactions should not contribute
to the limit. Hence by Donsker’s theorem the rescaled fluctuations of the particles should

look like independent Brownian motions.

The rest of this chapter is devoted to making the above heuristic argument precise.
We implement it by coupling the interacting particle dynamics of Proposition 5.2.2 to
dynamics in which the particles do not interact at all, and showing that the error between

the two is small in the limit.

5.3 Coupling to non-interacting particle dynamics

Proposition 5.2.2 gives an explicit sampling algorithm for Hall-Littlewood processes

Qon /w1 (TN) Qoo (22) Qo)) (T1) Prg (1, -, 1771

Pr(Ar, ... Av) = (1,... " Ly, ... xy)
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Theorem 1.3.1 and Theorem 5.1.1 treat Hall-Littlewood processes as above but with
the variables x; replaced by geometric progressions z; (sometimes infinite), and we must
extend our notation slightly to deal with these. We begin by setting up the appropriate
probability space on which the random variables X; of Proposition 5.2.2 can be defined

in this more general setting.

Definition 37. A generalized variable & is a tuple (x,tz, ..., t™ 1x) or (z,tz,...) in finite
or infinite geometric progression with common ratio ¢. For a generalized variable, define

probability spaces

Q. — (ZZo)™ = (z,...,t" o)

{w=(w®,w®, .)€ (Z%)®: only finitely many w'’ nonzero} & = (z,tz,...)

Recall the definition of the measure GG, in Definition 36. Now define the measure G; on

G Gy X+ X Gpm-1, &= (z,tx,... t" 1)

Gy X Gy X -+ T = (v, tx,...)

Two things must be justified in this definition. The first is that the infinite product
measure G, X Gy, X --- on (ZZ%;)* makes sense, which follows from the Kolmogorov
extension theorem. The second is that this measure is actually supported on the subset

Qz, which follows from a standard Borel-Cantelli argument.

Definition 38. We inductively define ¢ on (Z%,)™, m > 1 as follows. For w; € Z%, set

((wiy ey wm); A) = U wWms; t((Wry -+ oy Wine1); A)), (5.3.1)

We define ¢ : 2; xSig,, — Sig,, as above when 7 is a finite geometric progression, and when
Z is an infinite geometric progression the definition readily extends because (2; consists
of sequences with only finitely many nonzero w; € Z%,. Given a sequence &1, Zo, ... of

generalized variables as in Theorem 5.1.1, we will use the following notations.
o (=0 X Qg X -+,

e w=(wh w?® ) wil denote an element of 2, with each w® denoting an element

of Qi’l
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Definition 39. Define the sequence A(0), A(1),. .. of random signatures on the probabil-
ity space €2 of Definition 38 by setting A(0) = (0[n]) and inductively defining

Mk, w) = (W™ Nk — 1, w))

for w € €, where ¢ is defined on w® € Q; via (5.3.1). We will usually omit the

dependence on the element of the probability space 2 and simply write \(k).

In other words, if 2 = (xy,...,t™ 'x;), then A(k + 1) comes from A(k) by inserting
random arrays as in Proposition 5.2.2 with distributions corresponding to the variables
Ty, oy, ...t oy,

We now define the non-interacting variant of the randomized insertion algorithm of
Proposition 5.2.2, where each particle’s movement is independent of the others. This is
easier to analyze, and it will be shown in Proposition 5.3.1 that the two may be coupled
with asymptotically negligible effect on the particles’ positions, thus reducing the analysis

of the sampling algorithm in Proposition 5.2.2 to something much simpler.

Definition 40. Define the non-interacting insertion map n: Z%, x Z" — Z" by
n(ay,...,ap;v) = (v +ay,...,v, + ay),

and extend to n : Qz X Z™ — Z" as in (5.3.1). Define a random sequence v(0),v(1),...
with v(z) € Z" on Q by setting v(0) = (0[n]) and

vk, w) = nw®, v(k - 1,w)).

Remark 27. Neither the input tuple nor the output tuple of n must be a signature, and

if either one happens to be, it does not imply that the other one is.

We now state the result mentioned earlier, that the ‘interacting” and ‘non-interacting’
dynamics (k) and v(k) may be coupled together with a negligible difference between
them.

Proposition 5.3.1. Let 21, @9, . .. be a sequence of generalized variables, T; = (x;, tx;, ... ™ ;)

(where we allow m; = 0o0), such that there exists 6 > 0 for which z; € (9,1 — 6).
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Then with probability 1 with respect to the product measure! Gz, x Gz, X --+ on Q,

sup |Ai(k) —vi(k)| (5.3.2)

kGZZO

1s bounded for every 1.

Informally, the particles interact when a particle behind jumps to the position of
the particle in front. The following lemma shows that in the non-interacting case, such
overlaps occur a negligible amount, which will be used in the proof of Proposition 5.3.1

to show that interactions contribute negligibly overall as well.

Lemma 5.3.2. With the same hypotheses on the z; as in Proposition 5.3.1, we have that
with probability 1, the set

{k’ € Zzo . 'Ul<k') S Ui—l-l(k + 1) + B}

1s finite for all B € Z and all i.

The proof of Lemma 5.3.2 will be deferred to Section 5.4.

Proof of Prop. 5.3.1. We construct a sequence AV(k) = v(k), \®(k), ..., A" (k) = \(k)
of discrete-time stochastic processes on the space of particle configurations, all defined on
Qz, % Qz, X ---. Informally, A is the process in which the last j particles )\g), O\

» n—j
©)

el A@ do not interact with any other

interact as in Definition 39, but particles A
particles, as in Definition 40. We will then prove by induction on j that with probability
L,

sup [A (k) — vi(k)| (5.3.3)

kEZ >0
is finite for all i. When j = n, this will prove (5.3.2).
Now let us be more formal. Let Sigg) = {(v1,...,0) €Z" : v, < ... < Up_jt1}
Following the indexing theme above, we see that Sig\!) = Z" and Sig™ = Sig,. Once we

have defined A it will be true that ) takes values in Sig{".,

Defined on Qz, x Qz, x --- via the Kolmogorov extension theorem.
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Now, define ) : 72, % Sigg) — Sigg) by

n(j)(al, co @y 0) = (M@, o G V1, Uneg), LAty - oy G Un b1y - - Un)).
(5.3.4)
In other words, particles v,—j;1,...,v, try to jump by a,—jt1, ..., a, units respectively,

but may donate some of their jumps to the next particle as in the definition of ¢, while
particles vy,...,v,—; each jump by ai,...,a,_; units respectively, independent of the
positions of all other particles. It is clear from this description that the image of n¥) is

indeed Sigg). It is also clear that n™ =, and that
AD (k) = v;(k) fori=1,...,n—j.

When j = 1 this means that the first n — 1 particles do not interact and hence the n'”
particle has no one to interact with, therefore n(') = 5. Just as in (5.3.1), we extend n)

to a map €2z X Sigfj ) Sigg) for any generalized variable .

Finally, given generalized variables %1, 25, ..., we define the discrete-time stochastic
processes AY) (k) on the probability space © := Qz, x Qz, x - -+ by setting AY)(0) = (0[n])
and

Ak, w) = 0P (W™ A (k =1, w)) (5.3.5)

where w = (w,...) € Q as in Definition 38. We will usually write the random variable

AU (k) without the dependence on w.

We claim that the inequalities

(G+1) ()
AV > A9 (k) (5.3.6)

and
A (k) <A (k) fori=1,...,5 (5.3.7)

hold for all k. We prove this by induction on k, the base case £ = 0 following since
A9(0) = (0[n]). Suppose that (5.3.6) and (5.3.7) hold for some k. Since (5.3.5) defines
AU (k+1) and A9 (k+1) by inserting w® € Q,, which is a sequence of elements of Z2,
it suffices to show that the inequalities (5.3.6) and (5.3.7) remain true after inserting a

single element of Z%,. To be precise, it suffices to show that for any v € Sig+h), e Siggj )

n
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such that?

Vn_j > [n_j (5.3.8)
Vn—j—i—i S ,un—j—i-i fOI' 1= 17 Ce ,j (539)

and a € ZY%,, one has
19 (@ 0); > 09 (s 1) (5.3.10)
NI (a5 )00 < 09 (a5 ) pjps for i =1,..., 5. (5.3.11)

(5.3.10) is clear because 0 (a; 11)y_j = fin_j + an_; while nU*(a; ), > vy + an_j
(where the possible > comes from the fact that 1v,_; may get pushed by the preceding
particle). We now turn to (5.3.11)

Applying (5.2.1) to the ¢ in (5.3.4), we have

) (.
77( )(a, V)n—j+i
= min(Vy—jpi—1, MaX(Vn—jpi+0njtis Vnejtit1 Fln—jriT0n_jyitls - - UnT0njpit. . . Aan))

(5.3.12)

fori=1,...,7. Similarly, (5.2.1) implies

0 min(fty,—jpi—1, MAX(fy—ji + Anjpis ooy fon + Qpejri + ...+ Qp)) 1> 2

n (a; M)n—j+z‘ =
MaX (i + Qnjriy - - b + Qp—jri + - - + Qy) 1=1
(5.3.13)
Because vy—jti < fn—jtis - - Vn < [, We have

max(un_j+7; + Ap—j+iy Vn—j4i+1 + Qp—j4i + Qp—j4itly -+ -5 VUn —+ An—j+i + ...+ an))

< maxX(fhp—jpi + On—jtis fnejtritl F Gneji + Qnjpitts - -5 b + Qp_ji + ...+ ay)).

(5.3.14)

ZNote that (5.3.8), (5.3.9) are the same as (5.3.6) and (5.3.7).
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and

Vn—j+i—1 f;/in_j+¢_1 when 2i2. (5.3.15)

Combining the definitions (5.3.12) and (5.3.13) with the inequalities (5.3.14) and (5.3.15)
yields the desired

NI (a5 0)n g0 <0V (a5 ) fori =1, j.

Thus we have proven (5.3.6) and (5.3.7).

We finally turn to the proof of (5.3.3), by induction on j. The base case j = 1 follows
because AV (k) = v(k) for all k as noted earlier. Thus we will suppose that (5.3.3) holds
for some 7 > 1 and verify that it holds for j + 1.

We will first show

sup ATV (k) — v, (k)| < o0 (5.3.16)

kGZZO

almost surely. First note that for k such that /\n Jrjlll(k +1) < )\gfjl)(k),

A (k4 1) = AV (k) = vk + 1) — v (k)

J

because no pushing occurs. For k such that

A (k1) > A9 D (k) (5.3.17)
/\gfjl) may receive some push from Aﬁj_*jﬁl, causing it to move further than v,_; does

during that round. Hence to show (5.3.16), it suffices to show that the number of &k for
which (5.3.17) holds is almost surely finite, as then the error supyz_, |A;_; UFD () —Up—j (k)]
is a sum of a finite number of almost surely finite random variables (each one representing

the amount by which the (n — 7)™ particle gets pushed).

By (5.3.6), A" (k) > AY) (k), and by (5.3.7) AV (k+1) <AV (k +1). Hence

n

for k such that (5.3.17) holds,

A (k1) > A (k)
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also holds, and since )\Sflj(k) = v,—;(k), we have that
Vg (b4 1)+ O (b4 1) = nia(k 1)) > ()

holds as well, so it suffices to show that

‘{k : Un,jJrl(k + 1) + (Agz‘]—l-l(k' + 1) — UnfjJrl(k + 1)) > Un,j<k?)}| < o0 a.s.

By the inductive hypothesis that (5.3.3) holds for j, we have that
sup [\, (k) = vy (k)] < o0

kEZZQ

almost surely. Since by Lemma 5.3.2,

{k} : Un_j+1(k? + 1) + B > Un_j(k?)}

(5.3.18)

(5.3.19)

(5.3.20)

is almost surely finite for all B, it is in particular almost surely finite for the random

13 = sup |A%Qj+1(k)'_>vn—j+1(k)|

kGZZO

(the order of quantifiers in Lemma 5.3.2 is important for this conclusion). Since )\ffz J(k+

1) — v,—j(k + 1) is almost surely bounded, (5.3.19) follows. This completes the proof of

(5.3.16).

Now, since

(7+1) (J
A (k) > A9 (k)
NI ) < A (k) for i =1,
Ay = AP (k) for i =1,....n—j — 1
S AT ) =S AT (),
1=1 i=1

it follows that
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(this is a kind of conservation of momentum: the amount that the (n — j) particle is
pushed forward from collisions equals the amount that the particles behind it are pushed

backward). We have
sp D (k) =AY (k)| < s NV () = v,y (k)] + Sup A (k) — v, (k)] < 00 aus.

by applying (5.3.16) to the first term and the inductive hypothesis to the second. Because
the summands /\n (k) — )\Stﬂﬂ(k) on the LHS of (5.3.25) are nonnegative, it follows
that

sup N (F) = AL ()] < oo as. (5.3.26)

fort=1,...,7. We thus have

Sgplknfﬁz(k) Un—j+i(k)] < Sup|>\n ) =M )|+Sup|>\n jrilk)=Un—jyi| < o0 as.
by applying (5.3.26) to the first summand and the inductive hypothesis to the second.
This establishes (5.3.3) for j+1, fori =n—j,n—j+1,...,n, and the equation is trivial
(the supremum is just 0) when ¢ = 1,...,n — j — 1. This completes the induction on j,
showing that (5.3.3) holds for all 7 and j. In particular it holds for 7 = n, which proves
Proposition 5.3.1.

5.4 Analysis of non-interacting particle dynamics v(k)

and proof of Theorem 5.1.1

In the previous subsection, we phrased the relevant Hall-Littlewood process in terms of a
particle system A(k) in which particles interact, then coupled it to a system v(k) where
they do not interact. In this subsection we analyze v(k) to prove our results. We first
record facts about the means, variances and fourth moments of jumps of v(k) in Lemma
5.4.1, some of which are used to give an overdue proof of Lemma 5.3.2, used in the
previous subsection. We then apply them and Donsker’s theorem to prove an analogue
of Theorem 5.1.1 for v(k), and conclude the desired result for A(k) by our coupling and
Proposition 5.3.1
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Lemma 5.4.1. Let § > 0 and let &1, Zs,... be generalized variables such that 6 < xz; <
1 —9 for all i as in Proposition 5.3.1. Let v(k) be as in the previous subsection, Y;(k) :=
vi(k) —vi(k — 1) for k >0, and Y;(k) = Yi(k) — EYi(k). Then

1 If &, = (zg, ..., t"™ tay), then

m—1

Z T tJ—H 1(1 — t)
i 1 — tJJ”ZL’k 1 — titi= 1a:k)

(5.4.1)

where we allow m = oo. Consequently, there exist constants b;, B; > 0 such that

b; < EY;(k) < B; for all k.

2. For z; as above, we have

m—1 piHi—1, t)(l . t2j+2i—1x%)

1 — f}J'H 1xk) (1 — tj'HSL’k)Q

<|
M

(5.4.2)

Consequently, there exist constants c;, C; > 0 such that ¢; < ]E[Y;(k)Q] < C; for all
k.

3. There exist constants D; > 0 such that E[Y;(k)*] < D; for all k.

Definition 41. We let u(t"'2;) denote the RHS of (5.4.1), and o?(t*"12};) denote the
RHS of (5.4.2), which by Lemma 5.4.1 are the mean and variance of Y;(k) respectively.

Proof. 1t follows from the definition of v that

Yi(k) = vi(k) — vi(k Z Zyivii-1g, s (5.4.3)
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where Z, ~ G, are independent. We compute

|y 1ZPI'

>0
d 1l—=x
- | 1_t1(€>0) 4
Tl 2 (= 9 ay)
>0
1l—21—txy

dy‘y 1t 1—uay
B [1 —x —tx(l —zy) + x(1 — tzy)

1—tx (1 —xy)? =1
_ z(l—1)
(1 —tx)(1—2)

Combining with (5.4.3) yields (5.4.1). We have

t (1 —t)

EYi(k) 2 BZp1z, = (1 — tizg) (1 — £ Lay)

>t (1 — 1) > 711 - t)0,

so setting b; = ¢t"~1(1 — ¢)§ we have b; < EY;(k). For the other bound,

i 1y (1 — 1)

1 — t]-ka 1-— tj'H 11’k)

Jj=
1

DTSR (R JZO (=0 -t
_ 1o
(1= #1 =)A= (1=9))’

so we may set B; = (1_ti(1_5)§1(11_‘;_1(1_5))). This proves Part 1 of the lemma.

For Part 2, we have
Yi(k) = ) (Zp+i-va, — ElZpra-1g,))-

Set Z, = Z, — EZ,. Since the Z’s above are independent, the variances add. Hence

the lower bound ¢; < E[Y;(k)?] follows because E[Z2, ] is bounded below for z; €
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(6,1 —0). For the upper bound, we compute

EZ? = |y 1ydy > Pr(Z,
>0
1 -z —tx(1 —zy) + x(1 — tay)
|y Y (1 —=xy)?
(1 —t)(1+x)

T (1-2)2(1—ta)’

(1 —t)(1 —tx?)

E[Z2] = EZ? — (EZ,)* = 120 ) (5.4.4)
proving (5.4.2). This is bounded above by m for 0 < x <1 —9, hence
E[ Z(k>2] = E[anu_l)mk] (5.4.5)
=0
1 tzilxk
4.
S PO =0 1=t (5.4.6)
1 #-1(1 — §)
4.
S PO =0 1-t (5.4.7)

for all 2y € (0,1 — ), so we may set C; to be the final expression. This proves Part 2.

For the fourth moment,

EVi(H] = Y EZhenn] + Y Elfu, ElZun,) (548

j=0 0<j#0<m~—1

We have
(1 —t)z(x® + 4o+ 1)
(1 —x)3(1 —tx)

E[Z,] =

by a similar generating function computation as before, and bounding the sum of these

for x,tx,t?x, ... in terms of geometric series as before yields that

Z EZfrit,
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is bounded uniformly over z € (0,1 — ¢). Likewise,

Y EZien, JEZ in,,]

0<j#l<m—1

s( > E[Zzﬂmxk])

o (1 -8\’
<<52(1—t(1—5))2 11 )

by using our previous variance bound at the last step. Hence we have bounded both sums

on the RHS of (5.4.8) uniformly in z; € (0,1 — 6), and Part 3 follows. O

We now prove Lemma 5.3.2 as promised.

Proof of Lemma 5.3.2. We first claim that it suffices to show that for any given B,
|{k € Zzo : 'U,L(k) < 'Ui+1(k + 1) + B}| < 00 a.s.

(this differs from the statement of Lemma 5.3.2 in order of quantifiers). This is immediate

because

{weQ: {ke€Zso:vi(k,w) <vip(k+1,w) + B'}| = oo for some B’}
= (J{w € Q: [{k € Zo : vi(k,w) S via(k+1,w) + BY|} (5.4.9)

BeN

so it suffices to show the sets on the RHS have measure 0. This is what we will now do.

It follows from the formula in Lemma 5.4.1 Part 1 that E[Y;,1(k)] < tE[Y;(k)], hence

k+1

SEYG) =S BV () > (1= S BY ()~ BV (k1) > (1= k= By (5.4.10)

where b;, B; 1 are the constants in Lemma 5.4.1. For k such that the RHS of (5.4.10) is
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positive,

k k+1 k+1 k
Pr(vi(k) <vipi(k+1)+ B) =Pr Z ZYZH < B+ ZEY;H (j) — ZEYz‘(J')
=1 j=1 j=1
k k+1
< Pr )= Yiu()) S B+ (1 —t)b; -k — Bz+1>
J J=1

k+1

=1

k
> i) ZYM
j=1

< B+ (1 — t)b k- Bz—i—l)

(the last step is the only one using the positivity assumption). By Markov’s inequality,

Z +1(J)

<B+(1—t)b;-k— Bz+1>

B |(Sh 1) - S ()|
S T B 0h k- By

(5.4.11)
By Lemma 5.4.1,
k Rl 4
(Z i(7) — Zml(ﬁ)
J J=1

k+1

= DT+ Bl zz B[V ()

< kD; + (k + )Di+1 + ]{7(]{7 —+ 1)CZCZ+1

Hence the RHS of (5.4.11) is O(1/k?). Thus
ZPY(UZU{J) < UZ;H(IC + 1) + B) < 0
k
and so by Borel-Cantelli, {k € Zx : v;(k) < viy1(k + 1) + B} is almost-surely finite,

completing the proof. O

Proof of Theorem 5.1.1. We begin with the first claim (5.1.1), the law of large numbers.

By Lemma 5.4.1, p(t""'2;) and o%(t""'2;) are the mean and variance, respectively, of
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Y;(k). Since 3% Yi(4) = vi(k), it suffices to show

J=1

Ai(k) — Ev; (k)
k

— las. as k — oo. (5.4.12)

By Proposition 5.3.1, |A\;(k) — v;(k)| is almost-surely bounded as k — oo. It follows that

’ — 0 as. as k — o0. (5.4.13)

The uniform variance bound in Lemma 5.4.2 Part 2 ensures that the sequence of ran-
dom variables Y;(1),Y;(2), ... satisfies the hypothesis of Kolmogorov’s strong law of large
numbers [Shi96, Ch. IV.§3, Thm. 2], hence

S i) — Y EYi())

? —0as. as k — oo. (5.4.14)
We have
Ai(k k i(k) — Elv;(k Ai(k) —vi(k
L R P - (U() )] | k) ”<)). (5.4.15)
Zj:l p(t=12;) Zj:l p(t=1a;) k k
By Lemma 5.4.1 Part 1,
k 1
k i1 S b_’
Z]:l H(tli x]) i

SO

Ai(k) 4l <t (Uz‘(/f) — Elvi(k)] | \i(k) — Uv:(k?)) .
S u(tay) T b

By (5.4.14) and (5.4.13) respectively, the two terms inside the parentheses on the RHS

go to 0 almost surely as k — oco. This proves (5.1.1), the law of large numbers.

To show the second claim of Theorem 5.1.1, namely the convergence of the rescaled
A; to Brownian motions, we will use the same strategy of first showing convergence for

the v; and then utilizing the coupling. Let

(k) = vi(k) = > p(t ') =Y Vi)

j=1 j=1

=

Define f, x, a C[0, 1]-valued random variable on the probability space €2 of Definition 38
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by setting fs,x(0) = 0,

1
\/Z] 10-2 tz 1‘T )

(for k(LK) fork(2/K), - -, fori( (@i(1), ..., v:(K))

and linearly interpolating f;, » at other values in [0, 1]. Let the measure Mj,  on C|0, 1]
be the distribution of f3 . We claim that as k& — oo, Mj, , converges weakly to the
Wiener measure Py, on C[0,1]. By Donsker’s theorem?®, this convergence holds if the
Lindeberg condition is satisfied, and it is well-known (see e.g. [Shi96, Ch. III, §4.1.2|)
that the Lindeberg condition is implied by the Lyapunov condition. The latter, in our

case, reads that for some § > 0,

k

)2+

= 02(# PO Z | = 0as k— . (5.4.16)
j :

We will prove (5.4.16) when § = 2. Letting ¢;, D; be as in Lemma 5.4.1, we have

. 2
(Z UQ(ti_lij)> > ]{72sz
=1

and
k —
> E[Yi(j)!] < kD;.
j=1
Hence the expression in (5.4.16) is bounded above by 5+, and (5.4.16) follows imme-
diately. This verifies that My, , converges weakly to Py as k& — oo. Because vy, ..., v,

are independent, we also have that the product measure My, j, X - - - X My, ; on (C[0, 1])"
converges weakly to P, i.e. (fo, k.-, f5,x) converges in distribution to n independent

Brownian motions.

We wish to show via our coupling that that (f5, x,..., fx, ) converges in distribution

to P} as well. We will use the following basic lemma.

Lemma 5.4.2. Let S be a metric space with Borel o-algebra Y, and P a probability
measure on (S,X). Let X,,,Y,, be random variables defined on the same probability space

and taking values in S, such that | X, —Y,| — 0 in probability (where |-| denotes the norm

3Many versions in print require that the increments Y;(j) be identically distributed as well as in-
dependent, but a version for random walks with distinct independent increments may be obtained by
specializing Donsker’s theorem for martingales [Bro71, Thm. 3] to this case.
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induced by the metric on S) and such that the distribution py, of Y, converges weakly to

P. Then ux, converges weakly to P as well.

Proof. We must show that for all f € Cy(S), E[f(Xn)] = [4fdP. By hypothesis,
E[f(Y,)] = [4 fdP, so it suffices to show E[f(X,) — f(Y,)] — 0. By the convergence in
probability hypothesis, Pr(|X,, — Y,| > §) — 0 for any § > 0.

f is bounded, so let B be such that f < B. We have

E[lf(Xn) = FY)l = Bl 1x,—va >l f(Xn) = F(Yo) ] + EB[Lx,—vo <ol f(Xn) = F(Ya)]]

<2BPr(|X, —Y,| > 8 +E| sup |f(x)— f(Y,)

x:|x—Yn|<6

Since gs(y) 1= SUD,ep,() |f () — f(y)] is a continuous, bounded function of y, the weak
convergence hypothesis yields E[gs(Y;,)] — [ gsdP as n — co. Because f is continuous,
lim sup;_, gs(y) = 0 for all y, and since g5 is uniformly bounded by 2B which is integrable

on (S,%, P), we have by reverse Fatou’s lemma that

limsup/g(;dP < /limsupggdP:O.
S s

§—0 6—0

By the above, for any e > 0, we may first choose 4§ so that | [ gsdP| < ¢/3, then for
all large enough n we have |E[gs(Y,)] — [4 gsdP < €/3 and 2BPr(|X,, — Y, | > 0) < €/3,
yielding that E[|f(X,) — f(Y,)|] < e. Hence

E[f(Xn) = f(Y)] = 0

as n — 0o, completing the proof. O]

When S = C0, 1]* with metric

d((f1,--5 fn), (915, 9n)) = sup sup |fi(r) — gi(x)],

1<i<n z€[0,1]
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and

Xi=(unr s Foon) (5.4.17)
Y= (forr--» fouk) (5.4.18)

we have from above that Y converges in distribution to Fjj,. To conclude from Lemma
5.4.2 that X} converges in distribution to PJj,, it suffices to show that d(Xg,Y;) — 0
in probability. So we must show that for any d,¢ > 0, Pr(d(Xy,Yy) > J) < € for
all sufficiently large k. Proposition 5.3.1, together with the fact that \;(k) — \i(k) =
Elv;(k)] = vi(k) — v;(k), yields that

B(w) := sup sup|\i(k,w) — ;(k, w)|

1<i<n k

is an almost-surely finite random variable on 2. Hence there exists D such that
Pr(B(w) > D) <e. (5.4.19)

By the lower bound ¢; in Lemma 5.4.1 Part 2, "% | o?(¢'~'4;) diverges, hence there exists

K such that for all £ > K,

D
. ‘ <0 (5.4.20)
Zj:l o2 (1)
fori=1,...,n.
We therefore have that for £ > K and w such that B(w) < D,
1 N _
sup sup I\, w) — 0;(0,w)| < 0. (5.4.21)

1<i<n 0<¢<k Z?zl o (ti-1z;)

.....

[% “Tl], we have
! Rl w) — (6, w) Fo(@) — fu(@)]
sup . i(fw) —u(f,w)| = sup |fyx(r) = f3, 6(2)]
0<e<k Z?Zl o (t—1z;) z€[0,1] Aok

Thus (5.4.21) implies that for w such that B(w) < D and k > K,

d(Xp(w), Yi(w)) = sup sup |fs1(z) = f5 x(2)] < 0.

1<i<n z€[0,1]
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Together with (5.4.19) this implies that
Pl"(d(Xk,Yk) > 5) <€

for all £ > K. Since ¢, € were arbitrary, this is exactly the statement that d(Xy, Y;) — 0

in probability. This completes the proof of Theorem 5.1.1. O]

Remark 28. It is worth noting that fact that A; jumps further than A; in expectation
for © < j comes from the fact that ¢ < 1. Hence our technique would no longer hold if
one were to take a simultaneous limit ¢ — 1 as well, because the hopping particles would
not outpace the ones behind them and hence interactions between them could contribute
nontrivially in the limit. Such t — 1 limits of Hall-Littlewood processes have been
studied by Dimitrov [Dim18] and Corwin-Dimitrov [CD18], though we do not see how
their results would apply directly to our specific case. We note also that the connection

to p-adic random matrices is lost in this regime.

5.5 Lyapunov exponents

Given the law of large numbers in Theorem 1.3.1 and the formulas in Lemma 5.4.1, the

proof of Theorem 1.3.2 is quite easy. First recall the statement.

Theorem 1.3.2 (Large-n universality of Lyapunov exponents). For each n € N, let

Nl("), Nz("), ... € Z>o U {oc} be such that N;”) > n and the limiting frequencies

1< <k:N"Y =N}
() 1= Jim, P

exist for all N > n. Let Ag.") be n x n corners of independent Haar distributed matrices

in GL o (Zy) (with the case Nj(n) = oo treated as in Theorem 1.3.1). Then for each n,
the Lyapunov exponents
L0 = fiy Anint(F)
L NS k

exist almost surely, where \,_;11(k) is as in Theorem 1.83.1. Furthermore, the Lyapunov

exponents have limits



for every i, where c(n) == \., pn(N)p~V=m),

Proof. For existence of Lyapunov exponents, we have

An—it1(k)

(n)

. k n—i+1 th -

) o Anagr(B) SR i )
R : -
N,

D TR A

The limit of the numerator exists almost surely by Theorem 1.3.1. For the denominator

we have

k n—i N ; (n)
_ t +1,...,tJ 1<j<k:N"7"=N . (n) .
23—1/‘( - ) :Z 1< < - § H,u(t”_lﬂ,...,tNJ' ),
N>n
hence o
. Zl?zl M(tn7i+17 s 7th 72’) n—i (n) _;
lim =2 - = o)™,

N>n

(this uses the fact that ("~ ... V=% is bounded as a function of N). Therefore Lgn)

exists almost surely.

Recall that for Z, ~ G,
(1l —1t)

b= Tma =

It is an elementary check that there exist constants B(i) depending only on ¢ and i such

that for any z < 1 and n > 1,

EZtn—ix - (1 — t)xt“—i| < B(Z)thJ} (551)
Let »
i(n) — lim 2?21 Zg:jl _n(l _ t)tn—z’ . té‘
! k—o0 k
Then k | .
H - — tn_ZHIE;l S = """ (1 — ¢(n)). (5.5.2)
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But also by (5.5.1),

Zﬂ@n z+1 N(n) Z' Z Z tn i tf < Z Z t2nt€ < kB( )thlL_t
Jj=1 (=1 j=1 (=1

J=1

hence

LW _ ™ o
! 1—1¢

7

(i)th

2n _t
PO™ s o(1) as n — o0, so (5.5.2) implies

Since c(n )<t<1am

m ————7 = 11N =
nooo i1 —¢(n))  noeot*(1—c(n)) (1 —c(n))

Remark 29. It is worth noting that if one instead considers

lim %log()\ (k))

k—o00

(which in our analogy corresponds to the i* smallest singular value), then the n — co

limits are not universal and indeed the limits may not exist for some choices of the N ;n).

If the N j(n) are all the same for any fixed n, then one has
o1
tim —log(\i(k)) = E[¥i(#)]

k—oo

and this clearly depends on the choice of N ;")
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Chapter 6

Local bulk limits of p-adic Dyson

Brownian motion

6.1 Classifying isotropic processes

In this section we prove Theorem 1.4.3, by deducing it from a result (Proposition 6.1.2)
which translates the constraints of isotropy and stationarity of processes on GLx(Q,,)/ GLy(Z,)
into a usable form. For expository purposes, we first prove a version in discrete time
(Proposition 6.1.1) which makes the basic ideas of Proposition 6.1.2 slightly more appar-

ent.

Definition 42. A stochastic process X (1), T € Z>o on a group G has independent incre-
ments if for any s,7 € Z>o, X (7 + s)X(7)"! is independent of the trajectory of X (y) up

to time 7. It has stationary increments if
Law (X (7 + s)X(7)7") = Law(X (s) X (0)™) (6.1.1)
for all such s, 7. For a subgroup K < G, we further say X (7) has K -isotropic increments

if
Law (X (7 + s)X(7)™!) = Law(kX (7 4+ s) X (1) 'k™1) (6.1.2)

for any k € K,s,7 > 0. We use the same terminology for continuous-time processes with

Z> replaced everywhere by Rxy.
We now state and prove the discrete-time result, which follows directly from the
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definitions.

Proposition 6.1.1. Let X (7),7 € Z>( be a discrete-time stochastic process on GLy(Q),)
started at the identity, with stationary, independent, GLy(Z,)-isotropic increments, and
set M)(g) := Law(SN(X (1) X (0)™1)). Then there exists a distribution on triples (U,V,v),
such that the marginal distribution of each pair (U,v) and (V,v) is Mpaar(GLN(Z,y)) X
M)((d), for which

Law(X(7),T € Z>) = Law(U- diag(p”y), o ,p”p)VT Uy diag(p”g), o ,p”f<V1>)‘/1,T € Z>)

(6.1.3)
where (U, Vi, vD) are iid copies of (U, V,v).

Remark 30. We note that while the pairs (U,v) and (V,v) are each distributed by
product measures, the pair (U, V) need not be. For example, one may have U = V1 ~

Mpaar(GLN(Zy)). Of course, U and V' can also be independent Haar matrices.

Proof of Proposition 6.1.1. Consider the increment
X(r4+1) = (X(r+1)X(r)HX(7) (6.1.4)

corresponding to the time step 7 — 7 4+ 1. By the independent increments property
X (r+1)X (1)~ is independent of X (0), ..., X(7) and distributed as X (1)X(0)~!. Hence
X(r+1)X(r)"' = WDV for W,V € GLy(Z,) and D = diag(p""*) with v(7+1) ~ M
by definition of M )(? ) and stationary increments, and all of these are independent of

X(0),...,X(7r). By isotropy,
WDV =UWDVU™* (6.1.5)

in distribution for any fixed U € GL ~(Z,). Hence by averaging, (6.1.5) also holds when U
is random with Haar distribution independent of W, D,V and X (0),..., X (7). Because
U is Haar-distributed independent of D and of W and V, UW and VU ! are each Haar-
distributed independent of D. Defining U4, = UW and Vs 1 = VU™, we thus have
that the increments are of the form in the right hand side of (6.1.3), which completes the

proof.
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We now explicitly define the measure and Poisson rate constant claimed to exist in
Theorem 1.4.3. We will work on the homogeneous space GLx(Q,)/ GLx(Z,), since it is

discrete and so all processes on it are Poisson jump processes.

Definition 43. For any X € GLx(Q,), we denote by [X] the corresponding coset in
GLN(QP)/ GLN(ZP)‘

Definition 44. Given a stochastic process X(7),7 € Rsp on GLx(Q,) satisfying the

conditions of Theorem 1.4.3, we define

7 =inf{r > 0: [X(7)] # [X(0)]}
My = Law(SN(X (7)) (6.1.6)

c =E[r].

Proposition 6.1.2. Let N € Z>, and let X(7),7 € Rxg be a Markov process on GLy(Q),)
started at the identity with stationary, independent, GLx(Z,)-isotropic increments. Then

there ezists a distribution on triples (U, V,v), such that the marginal distribution of each

pair (U,v) and (V,v) is Mpaur(GLN(Z,)) X Mx, for which

(P(r) ReO) (1)

LaW([X(T)], T E RZO) = Law([UP(T) diag(pV1 7o D
(6.1.7)
where (U, Vi, vD) are iid copies of (U, V,v).

Proof. First note that the dynamics of X (7) commutes with right-multiplication by
GLN(Z,) (in fact, by GLn(Q,)), so [X(7)] is Markov. Define the Z>o-valued process

Nx(1)=H0<s<7:[X(7)] # lim [X(7 —€)]}, (6.1.8)

e—0+

i.e. the number of times [X(7)] has changed value up to time 7. By the Markov prop-
erty and stationary increments, Nx(7) is a Poisson process P(7) with rate ¢ as de-
fined in Definition 44. Let t; < ty < ... be the (random) times realizing SN(X (7)) #
lim._,o+ SN(X (7 —€)) and ¢y = 0, so X(7) = X(tny(r)) and this is equal in distribution
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to X(tp(r)). By Kolmogorov’s extension theorem it suffices to show

Law([X (tp(s)], 0 < 5 < 1) = Law([Up(s) diag(p" TN\ Vpry - - - U diag(p”(l))Vl, 0<s<r7)
(6.1.9)

for any fixed 7 € R>¢. It further suffices to show the equality of conditional laws

Law([X (tp(s))],0 < s < 7|P(s5),0 < s < 7)

— Law([Up(s) diag(p" "N V() - - - Uy diag(p”)Vi],0 < s < 7|P(s),0 < s < 7),
(6.1.10)

as then one may average over the distribution of P(s),0 < s < 7 to obtain (6.1.9). By
the strong Markov property, X (t;,1)X (t;)~! is independent of X(7),0 < 7 < t; and

independent of %y, ..., t;, hence it suffices to show

Law([X (t;)],0 < i < n) = Law([U; diag(p")V; - - - U diag(p”<1))‘/1], 0<i<mn) (6.1.11)

for all n € Zs;. Since each increment X (¢;,1)X (¢;)~! is distributed as X (¢;)X(0)~! by
independent increments, (6.1.11) is exactly the discrete case Proposition 6.1.1 and we are

done. O

Proof of Theorem 1.4.3. Since Smith normal form is independent of right-multiplication
by GLx(Z,), we may write SN([X]) for [X]| € GLy(Q,)/ GLy(Z,) with no ambiguity.
By Proposition 6.1.2,

~5(P(7)) D](VP(T))

~ . 5 ~ ~ 5 5D
SN(X (7)) = SN([X(7)]) = SN([Up(r) diag(p"t ,....,p Wo(ry - - Updiag(p™ ..., p")

(6.1.12)
in multi-time distribution, where U;, V;, o® correspond to the U;,V;,v® in Proposi-

tion 6.1.2. We write them with the tildes to distinguish them from

. L(P() (P . e e
Y(N’MX’C)(T) = Up(rydiag(p”™ ..., 0"% )Vpey---Updiag(p” ..., p"" )W Uy,

(6.1.13)

for which U; and V; are independent as we recall from Definition 1. As in the proof of
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Proposition 6.1.2 we are reduced to showing that

Law (SN (U; diag(p")V; - - - U, diag(p”<1))‘/1), 0<i<n)

M\

= Law(SN(U; diag(p”)V; - - - Uy diag(p” " )V1),0 < i < n), (6.1.14)

which we do by induction. The base case is trivial, so assume it holds for some n. Then

by inductive hypothesis,

Law (SN(U; diag(p” )V - - - U, diag(pﬁ(l))f/l), 0<i<n+1)
= Law(SN(U; diag(p*" )W, ..., SN(U,, diag(p”" )V, - - - Uy diag(p” " )V1),  (6.1.15)
SN(diag(p”"" V1 Uy diag(p”™ )V, - - Uy diag(p”)1A)),

where we have removed the Un—i—l on the left since it does not affect the singular num-
bers. Because (7D V1) ~ Mx X Myae(GLy(Z,)) and (v V1)) ~ My x
MHaaT(GLN(Zp)) as WelL

RHS(6.1.15) = Law(SN(U; diag(p"@)V; - - - Uy diag(p”")V1),0 < i < n+1) (6.1.16)

(adding back in the U,;; which does not affect the singular numbers). This completes

the induction to show (6.1.14) and hence the proof.

Remark 31. The above results and proofs apply mutatis mutandis with the groups
GLn(Z,) < GLN(Q,) replaced by any groups K < G with K compact and G/K discrete,
and Sigy replaced by K\G/K.

We now turn attention to those processes with My = 6(1,0v—1}). Theorem 1.4.3 implies
that the evolution of singular numbers of such a process are determined by a rate pa-
rameter which may be absorbed by time change. We refer to the discussion directly after

Theorem 1.4.3 for why these are natural analogues of multiplicative Brownian motion.

Definition 45. For any N € Zx;, we define a continuous-time stochastic process X V(1)
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on GLy(Q,) by

XM (r) = yWwow-:D(r) = Up, diag(p, 1[N — 1])Vp(r - - - Uy diag(p, 1[N — 1) V1 U,
(6.1.17)
where P(7) is a rate 1 Poisson process and U;, Vi,i € Zs; are independent matrices

distributed by the Haar measure on GLx(Z,).

6.2 p-adic Dyson Brownian motion and reflected Pois-

son walks

Much of this section consists of computing and comparing Markov generators. We wish
to go from equalities of generators to equalities of stochastic processes, for which we use
the following standard result (see [Fell5] or [BO12b, Section 4.1|, which also give stronger

ones than we need):

Proposition 6.2.1. Let Y., 7 € R>g be a Markov process on a countable state space X

with well-defined generator Q) satisfying

sup |Q(a, a)| < oco. (6.2.1)

aceX

Then the law of Y;, 7 € Rx is uniquely determined by Q).

We now give the generator for &, which in light of Proposition 6.2.1 serves as an

alternative and more formal definition.

Definition 46. Let n € NU{oco}, 1 € Sig,, and ¢t € (0,1). We define the stochastic process
Stn(r) = (81" (1), ..., S%™(T)) on Sig, as the Markov process with initial condition

and generator given by!

.

1—tm
—t+=L K=1v
0 otherwise

\

(6.2.2)

"'We suppress n and t in the notation for the generator, but of course it depends on both.
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As before, when n = oo we take t” = 0 in the above formulas, and may have m,, (k) = occ.

To see that the above generator corresponds to the informal description of the dynam-
ics in the Introduction, note that by those rules the transition rate from x to v as above
is given by the sum of jump rates of sy, ..., Koltmig, (1)~ 15 which are ¢/, ...t (=1 We
next see that S corresponds to a Hall-Littlewood process, for which we use the following

notation.

Definition 47. For any n € NU {oo}, we denote by A (7), 7 > 0 the stochastic process
on Y, in continuous time 7 with finite-dimensional marginals given by the Hall-Littlewood

process

Pr(A™(7;) = A(@) for all i = 1,... k)
(Hf:l QA(])/A(]—I)(/Y(TJ - Tj—l); 07 t)) P)\(kﬁ)(lv ta cee 7tn_1; 07 t)

= - (6.2.3)
exp (Tk(ll—_tt )>

for each sequence of times 0 < 73 <71 < --- < 7 and A\(1),...,A(k) € Y,,, where in the

product we take the convention 79 = 0 and A(0) is the zero partition. More generally,
for € Sigt we denote by A(™#) (1) the same process started at initial condition y, i.e.
with marginals defined by 1/P,(1,...,t" % 0,¢) times the expression in (6.2.3) where we
instead take A\(0) = p.

Lemma 6.2.2. For anyn € NU{oc}, AW (7)—and more generally \™*) —has a Markov

generator given by

(

1—tn _
e ="V
By (k,v) = eou/l,i(?,t) ]zj:&;::::izigzg k<vand V| =|k|+1 (6.2.4)
0 otherwise
\
1
= ;Bs(l-{, V) (6.2.5)

for any k,v € Sig,,.

Finally, we compute the generator of the process on GLy(Q,)/ GLy(Z,) described in

the previous section.
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Lemma 6.2.3. Let N € Zs1,c € Ry, and X (1) = YNO0ow-1<) jn the notation of

Definition 1. Then the stochastic proces SN(X (1)) has Markov generator cll_;tvaHL.

Having stated the results, the rest of the section consists of doing the computations.

Proof of Lemma 6.2.2. We will first prove (6.2.4). Recall

d
Bu(k,v) = — Pr(A™(T + 1) = v|]A™(T) = k) (6.2.6)
T =0
(this is of course independent of T' by the Markov property). By the equivalence of
the Hall-Littlewood process with the Cauchy dynamics of Definition 14 and the explicit

formula (2.2.30) for the Cauchy kernel, we have

_ Qu/u(Y(7):t) P(1,...,t" 1 t)

exp (T%) P.(1,...,t"1:¢)’

PrOA™(T + 1) = v|]A™(T) = &)

and only the term
Qu/ri(’y(T)a t)

exp (T77)

depends on 7. When v = &k, Q, /. = 1, so
d 1—

Bur(k, k) = o PrOA™(T + 1) = k] A\"(T) = k) = — T (6.2.7)
=0

In general, @, .. (viewed as an element of the ring of symmetric functions) is a polynomial
in the pg, k > 1 which is homogeneous of degree |v|—|x| if we define each py to have degree
k. Under the Plancherel specialization, all pg, k > 2 are sent to 0, hence Q,/.((7);t) =
O(rWI=Ikly as 7 — 0. Tt follows that

Bur(k,v) =0if [v] > |k| + 1. (6.2.8)

When |v| = |s| + 1, it follows from Lemma 2.2.14 that @, /. = ¢, /.p1. Hence

T

Qu/,{<7<7—>; t) = Sou/n:
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and

4 Pr(A™(T + 7) = v|]A™(T) = k)

7=0

~ uw P10

— 6.2.9
1—tP,(1,...,t1¢) ( )

Combining (6.2.7), (6.2.8) and (6.2.9) yields (6.2.4), so it remains to prove (6.2.5).

The latter equality (6.2.5) is immediate except for the case where k < v and all
parts in k and v are the same except for one part which differs by 1. In this case
there are some integers k,a > 0,b > 1 such that k = (..., (k + 1)[a],k[b],...) and
v=_..,(k+1)a+1],k[b—1],...) where we use z[c] to denote = repeated ¢ times in the
partition. Let ¢ be the smallest integer so that x, = k. To compute (6.2.9) we specialize
Lemma 2.2.14 to obtain

Pv/k = 1- ta+17

and plugging this and Proposition 2.2.15 into (6.2.9) yields that in our situation

-1 b
A=) Hl e

2.1
= , (62.10)

BHL(H, l/) =

proving (6.2.5). O

Lemma 6.2.4. Let A\, 1 € Sigy and let U be a Haar-distributed element of GLy(Z,).
Then

P,(1,...,tN710,t)
P,(1,. . tN=10,8) Py (1, ..., tN=1;0,t)
(6.2.11)

Pr(SN(diag(p*)U diag(pt)) = v) = cx,.(0,t)

Proof. This is essentially Part 3 of Theorem 1.2.1, though let us remark on slight dif-
ferences in setup. That result was stated for two matrices A, B € GLx(Q,) with
fixed singular numbers A, u respectively, and distribution invariant under left- and right-
multiplication by GLx(Z,). Such matrices are given by U diag(p*)V and U’ diag(p*)V’
for U,V,U’, V" independent Haar-distributed elements of GLy(Z,). Hence

SN(AB) = SN(U diag(p*)VU’ diag(p*)V') = SN(diag(p*) VU’ diag(p")),  (6.2.12)
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and VU’ has Haar distribution. Hence
Pr(SN(diag(p")U diag(p*)) = v) = Pr(SN(AB) = v), (6.2.13)

and (6.2.11) now follows by Part 3 of Theorem 1.2.1. ]

Proof of Lemma 6.2.3. By the definition of X (1),

Pr(SN(X (7 +¢€)) = v|SN(X (7)) = p)

=1(v =) - (1 — ce) + ce Pr(SN(diag(p")U diag(p, 1,...,1)) = v) + O(¢*) (6.2.14)
as € — 0. Hence the generator of the process SN(X (7)) on Sigy is given by
Bon(p,v) == —cl(p = v) + ¢ Pr(SN(diag(p")U diag(p, 1,...,1)) =v) (6.2.15)

for any u,v € Sigy.

By Lemma 6.2.4,

Pr(SN(diag(p*)U diag(p, 1,...,1)) =v)

P,(1,...,tN710,t)

— (0.t . (6.2.16
1, (LO[N 1])( )PM(L...,tN_l;O,t)P(LO[N,H)(l,...,tN_l;O,t> ( )

By Proposition 2.2.4 and (2.2.51), when v > p and |v| — |u| = 1 we have

Pu/u(0,8) = Quyu(1) = ¢ 1 0pv—1) (0, ) Qeropv—1y (1) = ¢ 1 0pn—17) (0, 1)(1 — 7). (6.2.17)

Additionally,
11—tV
1—t¢

Paow-1p(1,...,t7750,) = (6.2.18)

by Proposition 2.2.15 (one may also simply use that this Hall-Littlewood polynomial is
the elementary symmetric polynomial e;). Substituting (6.2.18) and (6.2.17) into (6.2.16)
yields

(6.2.19)

1—t v Po(1, .tV 0,
RHS(6.2.16):( )90/“ ( )

TN 1—tP,(1,...,tN-10,t)
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Combining with (6.2.15) and Lemma 6.2.2 yields that

1—-1t
1—tN

Bsn(p,v) = (c ) Brr(p,v) (6.2.20)

for all i, v € Sig};, completing the proof. O]

Proof of Theorem 1.4.4. Follows from the equality of generators of Lemma 6.2.3, together
with Proposition 6.2.1. O

The following corollary also follows from the equality of generators given in Lemma 6.2.2,

together with Proposition 6.2.1.

Corollary 6.2.5. Let n € N and p € Sig,, and let \™*) SP™ be as in Definition 47 and

Definition 46 respectively. Then
A (1) = SHm (7 /t) (6.2.21)

i multi-time distribution.

6.3 The stationary law

In this section we compute explicit contour integral formulas, given in Theorem 6.3.1,
for the limiting distribution of conjugate parts of the half-infinite Poisson walk §**°(7),
which will be used to show the corresponding formula for the reflecting Poisson sea in
Theorem 1.4.1. These formulas are valid for suitably small initial conditions v, which will
also be useful in upcoming random matrix coupling arguments. Because our methods
come from Macdonald processes, we will state things in terms of the Hall-Littlewood
process A(>¥)(7) of Definition 47, but this is the same as S**°(7) up to time change by
Corollary 6.2.5.

Let us briefly outline the proof before giving details. We define a family of observables

fus o € Yy, of a random partition x by

Pﬁ/ul(l,t, cee ;O,t)

Tulr) = P.(L,t,...:0,8)

(6.3.1)
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These have nice expectations when « is distributed by the Hall-Littlewood measure we
are interested in, but also may be explicitly inverted to yield a different form, given in
Lemma 6.3.2, for the prelimit probability we wish to take asymptotics of. Though this
expression may look a priori more complicated, it is suitable for converting to contour
integrals (Lemma 6.3.3), and hence for asymptotic analysis. We remark that in the
case when ¢t = 1/p, this computation of the probabilities from our observables is in fact
equivalent to that of determining the distribution of a random abelian p-group from its
‘moments’, as done in [Wo019, Wool7| and later made more computationally explicit in
[SW22a, SW22b|; we will give the details of the translation between these two settings in

an upcoming publication.

Theorem 6.3.1. Let A\(7) = A®9(7) as defined in Definition 47, and fix k € Z>y and

a € R. Then for any integers Ly > ... > Ly,

lim  Pr(XN(7) —log,-1(7) = Li + v for all 1 < i < k)
log,—1(7)+a€Z

=
ez S G

Li_Lk)
2

/ Pt gy Licigan(Wi/ W5 o
Fk

e 1—t
[T (—w; 5 ) oo (—twis oo

Li_1—Ly on | Ly — Ly i dw;
J — _ i
X E t( 2 ) . P(L1 —Lg,..Lp1— Lk,])(wll,...,wkl;t 0 | | 632

j=0 J i=1

with contour
Fi={z4+i:2<0}U{z—i:z<0}U{z+iy:2’+y*=1,2>0} (6.3.3)

in usual counterclockwise orientation. When k = 1, the equality (6.3.2) holds with the

sum over j replaced by

Z ('3 P(] (w;,0). (6.3.4)
=0

Furthermore, if v(T), T € t41% is a sequence of partitions such that

2
vi(7) <log,on 7 — 2 ( ) (loglog 7)? (6.3.5)

logt—1

for all sufficiently large T, then the same result holds with \(7) = V() (1),
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Im(w;)

Re(w;)

Figure 6-1: The contour I in C.

Remark 32. The sum in (6.3.4) is equal to (—tw; '; )., by the g-binomial theorem. One
should view this sum as what one naively obtains in the general k£ > 2 form (6.3.2) by

taking £ = 1 and substituting L;_; = oo and

= (6.3.6)

Remark 33. The reason for the parameter « is that for general 7, (1) — log,—1(7) will
not be an integer but rather lie on some shift of the integer lattice, and it is necessary
to consider a sequence of 7 where \(7) — log,—1(7) all lie on the same shift Z + « of the

integer lattice in order to have any hope of a T" — oo limiting distribution.

Remark 34. The restriction (6.3.5) ensures that the initial condition v is sufficiently
far from the observation point at ~ log,-1 7 that there is time for the process to relax
to its stationary distribution. We believe that Theorem 6.3.1 continues to hold under
the weaker condition that log,-1 7 — v](T) — o0 at any rate, and it is easy to see that
this condition is necessary to obtain a limit distribution supported on Z. The bound
(loglog 7)? is nonetheless quite good, and arises as a technical condition in certain error
bounds on contour integrals in the proof. We discuss in more detail why it is technically

necessary for our arguments in Remark 36.

It is also clear that the formula on the right hand side of (6.3.2) is invariant under

replacing (Ly,...,Ly) — (L1 +1,..., Ly + 1) and o — « — 1, which it should be since
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the left hand side obviously has this invariance.

Lemma 6.3.2. Fiz v € Y and set \(1) = A®¥)(7) as defined in Definition 47. Then
for any k € Z>, and n € Yy,

Pr((Xy(7),..., A(7)) = n)

P, .(1,t,...;0,1%)
= Pn’(lata'~-;07t) Z Z P/(l t 0 t) Qu’/N(V(T);Oat)Pu//n’(ﬁ(_l);Oat)' (637)
pEY, vy, v\ bt

At first glance it might seem that we could simplify the expression in (6.3.7) still
further by applying the skew Cauchy identity to

> Quin((1); 0,4) Py (B(—1);0,) (6.3.8)

HEYg
to obtain a finite sum. However, this is slightly false: the Cauchy identity would only
apply if the sum were over ;1 € Y rather than Y;. The fact that our sum is written
over Yj, rather than Y is not purely cosmetic: if 1’ has length k then there will be
€ Yyiq with o/ = k, 1/ = n' (for k of length < k) and consequently nonzero values of
Qux(¥(1);0,8) Py (8(—1);0,t) for such p1 € Y\ Y. Hence our sum is different from the
one appearing the Cauchy identity, and in our view this fact is largely responsible for the
fact that both the computations and the final formula in this section do not bear much
resemblance to the previously studied asymptotics of Macdonald processes of which we
are aware. Understanding the sum (6.3.8) was a key difficulty in the computations, as it
is not dominated by one or a small collection of terms. While P,/ (8(—1);0,t) is explicit
by the branching rule Lemma 2.2.14, the branching rule yields a much more complicated
sum formula for @,/ (v(7); 0,1), the number of terms of which grows superexponentially
in |p| with no clear way to separate into a main term and subleading terms as 7" — oco. It
turns out, however, that after reexpressing Qv /.(7(7);0,t) using the torus scalar product
(Definition 9) there are surprising simplifications, yielding an expression which is finally

suitable to asymptotics and is given in the next lemma.

Lemma 6.3.3. Keep the notation of Lemma 6.3.2, and let v = (max(vq, k), max(vo, k), . ..
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(1, ...,v,0,...). Then

.\ k—1
Pr((A(7),..., A\ (7)) = 1) = _ (t’kt_)fo / e1Zi () 220 (%)
k!<2ﬂ-l)k Hi:l (t; t)m*mﬂ Tk

[T G/t

y Py(B(z1,. -y 2k), 1,t,...50,t)
P,;(l,t,...;O,t)

1<izj<k
Mk—1—1 _ _ k
X ki k tj(nk+1)t(§) Mot =M | Pjen (21 o %k 51,0 %
. k — )
§=0 J . [Timi (== 1§t>oo =1 “i

(6.3.9)

where T denotes the unit circle with counterclockwise orientation, and ¢ € Ry is arbi-

trary.

The rest of the section consists of proofs of the above statements.

Proof of Lemma 6.5.2. By the explicit formulas Proposition 2.2.15 and Theorem 2.2.16,

for any kK € Y, u € Y we have

P/{/Ml<1,t,...;o,t) k (ng_ui)_(,ﬁ;) 1 ;o
t T 6.3.10
Pn(l,t,70,t) ’ ? ( ) )Mz Mi+19 ( )

=1

By the skew Cauchy identity (2.2.40) we also have

E P/\(T)/u’(L t,...;0,) _ Z)\GY QA/V(7(7)§ 0, t)P/\/u(la t,...;0,1)
Py (1,t,...;0,1) Mo+(1,¢,...59(7)P,(1,t,...;0,t)
PV/H(l, t, NV

0.4) (6.3.11)
P,(1,t,...;0,t)

Qu’/n(ﬁy(T); 07 t)

KEY

However, an important property of the observable (6.3.10) is that it depends on the first
k parts of £’ but not on the others. In other words, setting A = (AN, .., AL €Y, we

have

Py(1,t,...:0,t P, (1t ...;0,t
Lt 0.8 Bl ) (6.3.12)
P\(1,t,...;0,1) P5(1,t,...;0,t)
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Hence by the branching rule Lemma 2.2.14 and Proposition 2.2.8,

Pyw(1,t,...;0,¢) Py (1,t,..50,1)
P —1):0.t) = P, —~1):0.¢
P)\ 1t O,t) W /n (ﬁ( )7 ) ) PX(l,t,...;O,t) W /n (B( )a ) )
HEY
o Pj\/n’(ﬁ<_1)717t7"';07t>
N P(Lt,...50,7)
_ 1A (7), ..., (1) =)
Pn/(l,t,...;O,t) ’

(6.3.13)

where we are using the fact that because X' € Yy, each i/ < X appearing in the branching

rule automatically satisfies u} < 5\’1 so i € Y.

Hence

Py (1,
P/\(T) (]-7 ta

50,1
0.0),,

LHS(6.3.7) =
S(6.3.7) 0 b

Py(L.t,..

50, H)E Z

pHEY

o (B(=1);0,8) |, (6.3.14)

and to apply (6.3.11) we wish to commute the expectation and the sum, so we must
check the hypothesis of Fubini’s theorem. For ¢t € (0,1), Pyyw(1,t,...;0,t) > 0 and
Py (B(1);0,t) > 0 since these are Hall-Littlewood nonnegative specializations, so since

Py (B(=1);0,t) = (—1)|“|*"7|PM//,7,(5(1); 0,t) by homogeneity we have

PA(T)/ul(l,t,...;O,t) i
E Py (B(—1); 0,1
Z P)\(T)<1,t,...;0,t) H/ﬁ (/6( )7 ) )
HEY |
[ Paoyw(Lt,. . ;0.0)
- E P 7 ot 1 O t
Z P)\(T)(l,t,...;(),t) M/77 <B( )’ ! )
_MEY}C 1
[ Paryur(L,t,. . .50,8)
<E|>. Py (8(1); 0, )
it P (L.t 0. (6.3.15)
_g | PomBA),L,t,...50,1)
PA( y(1,¢,...50 t)
=1 ZPA/W 0,)Q/u(7(7); 0, )
0s(L,t, ... AGY
H0t<ﬁ(1>7 5 7
- ; Pl/l’u 7 77"';O7t 'Kk ;O,t,
Mos(1,%,...;7 Z /i )Quy 1 ((7); 0, )

KEY

which is finite since the last sum has finitely many nonzero terms. Hence Fubini’s theorem
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applies, yielding

P)\(T)/Ml(l,t, N ;O,t)
P)\(T)(l,t, ce ;O, If)

RHS(6.3.14) = Py(L,t,...;0,t) > _ P, );0,1)E {

pEY

P,n(L,t,. O,t
P00 Y Y TR 7 )0,0) By (-1 0,0

0,t
neYy kEY) ’ )

(6.3.16)

(the two sums commute because the sum over « is actually over x C v and hence finite).

]

In what follows, the next lemma will often be useful for bounding Macdonald polyno-

mials of complex arguments.

Lemma 6.3.4. Let A € Sig,,, q,t € (=1,1), and z1, ..., 2z, € C (assume they are nonzero
if A & Sig!). Then

Py(a1r- 2 g ) < Pl 2l ). (6.3.17)

Proof. Follows by expanding P, via the branching rule Definition 8, noting that the
coefficient of each monomial is nonnegative since ¢,t € (—1, 1), and applying the triangle

inequality. [

Proof of Lemma 6.5.3. Our starting point is Lemma 6.3.2, which yields

Pr((Ay(7), ..., A(7)) = 17)
Pye(1,t,...;0,1)

= Py(1,t,...;0,1) P,(1,t,...;0,1)

HREY

Quge1(7):0,6) Py (B(~1);0,8). (6.3.18)

The only place v appears above is

P,,/,{(l,t, cee O,t)
P,(1,t,...;0,t)’

(6.3.19)

which is independent of v}, 1 ,,... by (6.3.10) (with v, x substituted for , u’). This
independence also follows from the fact that the projection of the stochastic process A(7)

o (N(7),...,N.(7)) is Markovian. Hence the right hand side of (6.3.18) is the same

201



upon replacing v by 7, and to keep notation sanitary we use v below and simply assume

without loss of generality that v}, = 0.

We now reexpress @, /(7(7); 0,t) using the torus scalar product. The specific case of

the skew Cauchy identity with specializations v(7), 8(z1, ..., 2x) is

Z Quz1, -, 25 t,0)Qu /e (V(7);0,t) = oy (v(7); B2, - - -, 20)) @ (21, - - -, 23 1, 0)

peY
= eﬁ(zl—i_“'—’j%)Q,‘i/ (Z17 sy Rk t’ 0)

(6.3.20)

Since the polynomials Py(z1, ..., z;t,0) are orthogonal with respect to (-, -);0;,6 and the
@, are proportional to them by (2.2.1), (6.3.20) together with the defining orthogonality
property of Macdonald polynomials yields

i /
<6§(Z1+'“+Zk)Qri’(zl7 cey 25 L 0)7 P.U«(Zl’ RRE 22 0)>t 0;k
(Qu(z1, .., 23 1,0), Py(21, ..., 215 L, 0));70;1@

Qu/n(1(7);0,8) = (6.3.21)

By the definition of the proportionality constants by(q,t),

(Qu(z1,. .., 25 t,0), Py(z1, ..., 255 L, 0)>;,0;k
=b,(t,0) (Pu(21,. .., 21;t,0), Pu(z1, ..., 253 £, 0))270#. (6.3.22)

By Lemma 2.2.13,

bu(t.0) =] _ (6.3.23)

i1 (230 ——

By substituting (¢,0) for (¢, t) in [BC14, (2.8)], we have

k

k-1
’ (tS t)urm
<P,u(zla <oy Rk t7 0)7 P,u<zla <oy Rk ta 0)>t,0;k5 - H WOOH (6324)
Putting these together, the denominator in (6.3.21) is
1

(Quz1s 215 1,0), Bulz1, o 2058, 0))y 0 = (6.3.25)

(£ O (BT

Expressing the @, /.(v(7);0,t) in (6.3.18) via (6.3.21) and substituting the definition of
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the torus scalar product for the numerator and (6.3.25) for the denominator in (6.3.21),

we obtain

Pr((Xy(7),..., A7) = n)

(t; )5 . Py(1,t,...;0,1) _
N k!<2ﬂi)kp"’(1’t""’0’t) B,(1,t,...;0,1) (5 Dy @ (=131,0)
w,REY g
d
X / eﬁ(z1+...+zk)Qm(Zl,...,Zk;t,O)PM(El,...,Zk;t,()) H (21/237 )oo ﬁ
- 1<ij<k i—1
(6.3.26)

We wish to commute the sum and integral in (6.3.26), so we must check that Fubini’s
theorem applies. We first use the fact that z = 27! on T to rewrite the integrand as

function analytic away from 0 and oo and then expand the contours to ¢T to obtain

k
dz;
/ eror(z1t +Zk)PN(51,.--7§k;t,0) H (21/2]7 )OO &
Tk

- Zj
1<i#j<k i=1

k
dz;
:/Tkel St +Zk)PM(zf1,...,zl;1;t,0) H (zi/zj;t)oon—Z (6.3.27)

1<itj<k i=1 “t
where ¢ > 1 may be arbitrary. Now
Z (t’ t),ukPV/K(Ltv <o O,t)|Qy/7](_1, tv O)l
H,REY g
bz
/ H (2i/25;t)c€™- Eta)g (zl,...,zk;t,O)PM(zfl,...,zk_l;t,O)H—l
% <itj<k im1
c — 2
< 3 (B0 Pl 50,0)Qum(1:,0) ((QW)kQH/(c[lﬁ];t,O)eT’“ Py(c Y [K];t,0)(=1; 1) ’f)
w,REY

pneyY KEY

< (2m)fee (=15 0)5 7 (Z Quyn(L:t,0)Pu(c k)i, 0)) (Z Pye(1t,. ;0,8 Pa(B(clk]); 0, t))

= 2m)"(=L1)8 e ™ T o (1; ¢ K] P (B(clk]), 1,t, .5 0,¢) < o0
(6.3.28)

Here we have applied Lemma 6.3.4 and trivial bounds to the integrand, then used the
branching rule and Cauchy identity; note it is important that we have expanded the

contours, as the sum in the Cauchy identity would diverge if the variables of P, were 1
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rather than ¢~! < 1. By (6.3.28), Fubini’s theorem applies to (6.3.26) (note that we must
apply multiple times as we additionally split the sum over p, s into two sums below),

hence

(t;t)k1 / P,(1,t,...50,1)
RHS(6.3.26) = =S P.(1,t,...; t ! g ooy ,t,
(6:3.26) = Ji@miye (Lt 0.0 2 B(Lt,..0.1) 2ol 0)

KEY
b dz
X (Z (1) Qupn (=18, 0) Bz, o 2758, 0)) et T (225 1) <
HEYy 1<i#j<k i=1 "
(6.3.29)
Since len(v) < k, by the branching rule
P,(1,t,...50,t) P,(B(z1,. .., 2k), 1, t,...;0,t)
w21y 2k 6,0) = . (6.3.30
P,(1,t,...;0,1) Qu (21, 251, 0) P,(1,t,...;0,t) ( )
HEYk
By Proposition 2.2.15 and the definition of n = n(7) in terms of the L;,
i (%)
Py(L,t,...;0,t) = (6.3.31)

(t; t)nk I_If:_l1 (t; t)LfLiJrl .

Let us bring the (t;¢), ! factor inside the sum in (6.3.29) and evaluate the resulting sum

(t;t) _ _
Z (tt)quu/ﬂ<_17t70)P,u(Zl 17"'7Zk1;t70>' (6332)
,U'GYk ) Mk

By the ¢-binomial theorem,

tt M=k . .
—Eti t;“k = (L) (L) = 3 () | T (6.3.33)
3 U)mge §=0 J .

and we note that we can replace the sum by one over all 7 > 0 since the g-binomial

coefficient will be 0 when j > py — 1. We will use the identity?

Mk — Mk Mk—1 — Mk »
' Qu/n<_1§t70) = ) (_1)]Qu/(77+j€k)(_1;t’0> (6.3.34)
J J
t ¢

to simplify (6.3.32), but first we prove (6.3.34). As before, in the case k = 1 we interpret

2We observed (6.3.34) through explicit examples and are not aware of any broader context for it in
symmetric function theory, though this would certainly be interesting if it exists.
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(6.3.34) by taking n;_; = oo and

> ! (6.3.35)
j (t:t); -
t
to obtain
M1 —1h (—1)
, Q) /) (—13,0) = WQ(M)/(mH)(_l; t,0), (6.3.36)
J L)

t

which follows immediately from the branching rule Lemma 2.2.14, so we will prove the

k > 2 case. By the explicit branching rule Lemma 2.2.14,

(t;t>ll1*7]1 m — M2 . Mk—2 — Hk—1 . Me—1 — M .
(6.3.37)

while for any j such that n + jex = (91,...,Mk—1, Mk + J) < p we have

s 1 h — 12 Mk—2 — Mk—1 Me—1— M —J

Qu/rsgen (—13,0) = (=17 RCD—

GG [ Mh—2 = Hk—1| | Th-1— Mk |,
(6.3.38)
By writing out the g-factorials on both sides and cancelling a pair it is elementary to
check that
e I o el I /1 Bt/ I /S Rl | (6.3.39)
J o U1 = Bk | =1 = Me |, J .

Now (6.3.34) follows by combining (6.3.37), (6.3.38) and (6.3.39).
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By (6.3.34) (or (6.3.36), if k£ = 1) and the Cauchy identity,

o0

(6.3.32) = Y (—tm+ya) S “’“_'77’“ Qum(=1:1,0)Py(zt, .., 25, 0)
7=0 nEYy J ‘

> Y | k=1 — Tk _ _
=3 () 17N Qutnrsen (— L0 Pz 25 8,0)

j=0 J . HEY

Nh—1—"k _ .
= m+14(3) =t ‘ Tk Prije (21t ooz 5 O (=127 oy 20 ).

§=0 J .
(6.3.40)

Substituting (6.3.30), (6.3.31) and (6.3.40) into (6.3.29) and replacing II, o by its explicit
product formula (2.2.30) yields

(oo 3 teta) T (%)
RHS(6329) = 1 eT—t AT T2k 42 si=1 \ 2 H (Zi/zj§t>oo
RICm)* [Tz, (6 ) g Je 1<i#j<k
« P,(B(z1,... 2 )’1:75 nkinktj(nkﬂ)t Me—1 = M| Poije (27,2031, 0) i dz;
. k — T
P,(1,t,...;0 j t [T (=2 5 ) pell

(6.3.41)

where if K = 1 we interpret as in the theorem statement. This completes the proof. [

In the below proof we will assume the same modification as before to the sum over j

in the k = 1 case without comment.

Proof of Theorem 6.3.1. Write n(7) = (Ly +1og,-1(7) + v, ..., Ly +log,-1(7) + ). Then

ni—mn;=Li—Lj (6.3.42)
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for each 7, j, so by Lemma 6.3.3

tt k—1
Pr(N(7) = L; +log,—1 (1) + a for all 1 <i < k) = _ ( ;c)fo
k!(27”)k Hi:l (t; t)Li—Li+1
" / o (et z) S (47 H (21/2 t)OOPV(T)(B(zl, v zk), Lt 0,t)
Tk - 7 PV(T)(l,t,...;O,t)
1<i#j<k
X Z tj(nk(’f)-i-l)t(é) k=1 k 77(7')+]€k:(21 v R b ) ﬁ
- k - . . ’
j=0 J . [Tiei (== ") s i1 ~i

(6.3.43)

(Technically the above requires that 7 is large enough so n(7) € Yy, which is true as long
as Ly + log,—1(7) + a > 0). We wish to take a limit as 7 — oo of the above expression,
so to remove the 7-dependence inside the exponential we make a change of variables to

w; =t~ 5, = =Lz For later convenience we also set

Py (B g, ) 18,50,

gr(wy, ... wy) = P 0,1) (6.3.44)
This yields
RHS(6.3.43) = " (tkt_)?l / i eﬁf%f(“*"'*”k)gT(wl, W)
V2mi)k [T (6 ) by et e
e b L — L |
<y Po@+)+(3) |7 g Flomynp e wp st 0)
=0 J .
X [Ticizjer(wi/wjit)oo I, (") ﬁ dw;
H?:l(_t_nk(T)wi_IQt)oo i1 Wi ’
(6.3.45)

where we have used that P, je, is homogeneous of degree |n| + j.

By the elementary identity

(a—;b) - (;) + (S) +ab (6.3.46)

and (6.3.42) we have

-G (7)o
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Additionally, by Lemma 2.2.2 and (6.3.42),

Prijen (Wit o w5 4,0) = (wr - wi) T Py ne - Loy (W1 w5 8, 0).
(6.3.48)
Substituting (6.3.47) for 1 < ¢ < k and (6.3.48) into (6.3.45) and similarly simplifying

the t exponent in the s term yields

k‘ 1 k-1 L ) Lk+o¢
t - (w1+--.+wk) . .
RHS(6.3.45) k' 27“ - H O, /ct_wwe = Ki];Lk(wz/m,t)oo
k ILﬁ_nk(T)t(nkéT))-F(ni(T)"nk(T))Wk(T)t‘*nk(T)ni(T)
X 8! (w1 ) gr(wy, ..., wy)
Ly_1—Lg b
oy | Lk—1 — Ly, - — dw;
X t]Jr(%) . P(Ll_Lk ----- Lk—1—Lk7j)(w1 1’ e Wy 1; 2 0) H w;
= j t i=1 '
(6.3.49)
Noting that
IU;nk@ﬁt("%TU4{nAT)—nk0ﬁ)nk@?t—nk0ﬁnﬂT) B 1 (6.3.50)
(w1 ) (—wy Y o (—twi )y ) -

and shifting contours yields

L;—L
RHS(6.3.49) — (115 A et gL icigien(Wi/ W5 oo
( )= kl2mi)k L (54) ‘ ’ Ol ;
yY)Li—Liy1 JT(r)k Hi:l(_wi 7t)oo(_tw“t)77k(7—)

bl oy | Loy — Ly b dw;
X g’r(wla"‘7wk> Z t( 2 ) ) P(Ll—Lk ..... Lk_l—Lk,j)(wl_l7“'7wk;_1;t70)H w.z
j=0 J . i=1 ¢

(6.3.51)

where

N(r)={z+iy: 2>+’ =1Lz >0}U{z+i: —t Y2 <cp <0}

Ufz—i:—t D12 cp <0y u{—t ™02 1y 1<y <1}, (6.3.52)

see Figure 6-2. For the asymptotics, we will decompose the integration contour into a
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main term contour I';(7) and error term contour I'y(7). First define

241
&(r) = (log t—kl> log log 7. (6.3.53)

Here we have chosen the constant in front of loglog 7 in (6.3.53) somewhat arbitrarily so

that as 7 — oo the limits

k*—k

2
2 (logktl) (loglog 7)” — &(1)? — const - £(7) — oo (6.3.54)

and
2

hold, as these are needed to control certain error terms in the proof below.

[(7) =T1(r) Uy(7)
Dy(r)={o+i: =t <z <0}u{z—i: -t <z <0}U{z+iy: 2?2 +9°=1,2 >0}
Do(r) = {—t™OD712 iy 1<y <1}U{a+i: =t O7V2 < p < 4780

Uz —i:—t 0712 g < 40,

(6.3.56)

Im(w;)

() =1/2 4 g €0 1§

Re(w;)

—¢me(T)-1/2 4 —t¢0)

Figure 6-2: The contour I'(7) decomposed as in (6.3.56), with I';(7) in blue and I's(7) in
red, and the poles of the integrand at w; = —t% shown.
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We further define another error term contour
Ty(r)={z+i:z <t} Uu{z—i:z< -t} (6.3.57)
so that

Dy (1) Uls(7) = {z+i: 2 < 0}U{z—i:z < 0}U{z+iy: 2’ +y> =1,2 >0} =T (6.3.58)

Im (w;)

—t=&(7) +i

Re(w;)

—t=€(0) _

Figure 6-3: The contour I' decomposed as in (6.3.58), with I';(7) in blue and T's(7) in
green.

is independent of 7. To complete the proof, we must show that

L;—L
()5 T t( 2") AR g ngi;éjgk(wi/wj;t)oo
lim  RHS(6.3.51) = ' e - -
logt( ) k! (27T1) (t’ t)Li_LH»l " Hizl(—w; 7t>oo<_th7 t)oo
Li_1—Ly k
1y | Leg—1 — Ly _ _ dw;
X t(JZ ) . P(L1—Lk ..... Lk_l_Lk,j)(wll,...,wkl;t,O)H w0, . (6359)
j=0 J i=1 !

To compress notation we abbreviate the T-independent part of the integrand as

k—1 L Llc .
oy = GO L) o a0
t)L, —Liy1 Hi:1 wi(_wi_l; t)oo
Lg_1—Ly
1y | Le—1 — Lg - -
% (3 | Pyt —Logy (Wi Y w5 8,0, (6.3.60)
=0 J
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With this notation, we may rewrite the equality (6.3.59) which we want to show as

k
. 1 gT(wl,...,wk) 1
lim —/ flwy, ... wg) — dw;
T2 ()R (e Ty (—twis iy T (—twis ) H

log;(1)=

=1 =1 =1
(6.3.61)
k
+ 7_11_>I£lo — / f(wh . 'k' 7wk)g7'(w1a s ,QUk) H dwz (6362)
log,(T)=« (27T1) D(r)F\T1(7)k Hz:l(_tww t)nk () i=1
k
1 -
lim o / ACIEEECON § ) (6.3.63)
log, ()= (2m1)* Jek\py (ryx [Timi (—twis t)oo 123

We will show each of the three lines (6.3.61), (6.3.62) and (6.3.63) above are 0 separately.
For this, we first state several needed asymptotics for the functions f and g., the proofs

of which we defer to later in the section.

Lemma 6.3.5. In the notation of the above proof, for any wn, ..., wy in L or in (1) for

T sufficiently large,
k
’f(w17 o ,wk)| <C H el Re(w;)+%51 (log t 1) [log, [wi|]?+c2 [log, w;|] (6364)
i=1
for some positive constants C, ¢y, co independent of T.
Lemma 6.3.6. In the notation of the above proof,

gr(wy, ... wy) = 1 + O@mM=()=8) (6.3.65)

as T — oo, with implied constant uniform over wy, ..., wy € T'1(7T).

Outside of I'; (7) we content ourselves with a cruder bound on g,:

Lemma 6.3.7. In the notation of the above proof,
|9 (w1, ... wy)| = Ot~ DA (6.3.66)

as T — 00, with implied constant uniform over wy, ..., wg in I'(T).
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To prove (6.3.61) is 0, we claim that

gr(wr, ..., wg) 1 gr(wy, . wp) T, (=t O g 1) — 1
k e = k
Hi:l (—tw;; t)nk () Hi:l (—twist)oo Hi:l (—twi; t) oo

= O(t™(M—(M) =)

(6.3.67)

if w; € T'y(7) for all i. For such w; we have |+ ly,| < (=€) (for 7 large enough
so | =t +4] <741 Hence (—t™M ;i t) s = 14+ O™ (=4 "and combining
with Lemma 6.3.6 (which has the bigger error term that dominates) yields that
k
gr(wr, ..., wy) H(—t”k(Tlei; oo = 1 4 O(tmM=11(D=EM), (6.3.68)

i=1

Furthermore, |(—tw;;t)ss| is bounded away from 0 for w; € T and I'y(7) C T for each 7,

and combining with (6.3.68) shows (6.3.67).

Since |w;| < =41 holds for all w; € I'y(7) (for large 7 as above),
o5t (logt™h) log, |wi|]* _ O(t’%(i(ﬂ“)z) uniformly over w; € I'y(7). (6.3.69)

The other terms in the exponent of (6.3.64) are dominated by the 51 (logt™")[log, |w;|)?
term (using that Re(w;) <1 on I'y(7)), so

If(wy,...,wg)| = O(t_k%(g(T)H)Q) uniformly over wy, ..., w, € I'y1(7).  (6.3.70)

Multiplying the bounds (6.3.68) and (6.3.70) by the length of the contour I'; (7) which is
O(t=¢()), we find that the first line (6.3.61) is bounded by

Ot O=E0)y L Ok €MD) L (=€) (6.3.71)

as T — oo, and this is o(1) by (6.3.5) and (6.3.54). This shows the vanishing of the first
line (6.3.61).

For the other two integrals (6.3.62) and (6.3.63), note that [(—tw;; t)oo| and |(—tw;; )y, (]
are both bounded away from 0 uniformly over w; € I' UI'(7); here it is important that the

vertical part of I'(7) has real part not in —tZ or else the former product would vanish,
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which is why we chose it to have real part —t=%(7)=1/2 ¢ —#2+1/2 " To prove that the

limits in (6.3.62) and (6.3.63) are 0 it thus suffices to show

lim |f(w1, ..., we)| - |gr(wr, ..., w ]Hde—O (6.3.72)
log,(T)=« D(r)F\T'1(7)k

and

lim | f(wy, . H dw; = 0. (6.3.73)

logy (r)=a / T \I's (1)

We first show (6.3.72). Note that
T(r)\ Ty (r)" = [T ()" x Ta(7) x T(r)* (6.3.74)

=1

(not a disjoint union). Hence by symmetry of the integrand it suffices to show

k-1
lim (/ lg- (w1, ..., wg)| - ]f(wl,...,wk)|Hdw,-> dwp =0.  (6.3.75)
log, (T)=a 7/ I'(7) Dy(r)k=t i=1

The bound (6.3.64) on | f| factors, so combining Lemma 6.3.5 and Lemma 6.3.7 yields

LHS(6.3.75) < lim </ C et Re(w)+ 557 (tog 1) Llog, [ 2z log |“’wa>
- T—r00
Pa(7)

log, (T)=a

k—1
« ( / CeclRe<w>+’“gl(logt1>uogt|w|J2+c2Llogt|wudw) X Ot~ D40 (6.3.76)
r(r)

It is easy to see that

/ Cet Re(w)+ %5+ (log 1) [log, [w] > +c2[log, |w”dw‘ < const (6.3.77)
I(r)

independent of 7, since the Re(w) term is negative and dominates because Re(w) ~ —|w|

on the contour. Hence by (6.3.76) it suffices to show

lim (et Re(w)+55% (logt™1) log, [w]|*+e2log; [wl] 7, % Ot~ (k+1)vi (7)? )=10. (6.3.78)
T—r00
log, (T)=a 7/ I'2(7)
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Since

bl (logt™')[log, |w||* + c2|log, |w|| = o(Re(w)) as w — oo along U Lo(7),
" (6.3.79)
and
wei&fm |w| = oo as T — oo, (6.3.80)
there is a constant 0 < ¢} < ¢; for which
(et Relw)+E5% log t1) o, [wl)+callog, [wl] < o} Re(w) (6.3.81)

on I'y(7) for all sufficiently large 7. We may therefore bound

/ 0601Re<w>+’“51<1°gt1>U°gtwJ2+62U°gtledw‘g / 4Ry 4 o(1)  (6.3.82)
Ta(7) a(7)

where the o(1) corresponds to the vertical part of I'y(7). Explicitly,

_¢—&(1)
/ 2 —e(r
RHS(6.3.82) = 2/ edy = et (6.3.83)

/
—00 €1

We have thus shown that the expression inside the limit of (6.3.78) is O(e™* ") x
O(t~*+1¥i(M*) By the naive bound /(1) < log,-1 7 (for large enough 7, by (6.3.5)), we

may rewrite this as
O(e_H(T)) x Ot~ FD4?) = Oexp(—eB D 4 (k—1)(logt")e 2188 7)) | (6.3.84)

which is o(1) by (6.3.55). This shows (6.3.72), so the limit (6.3.62) is indeed 0. The case
of (6.3.73) is almost exactly the same, except that (a) the analogue of (6.3.76) yields
directly to treating a single integral over I'3(7) rather than having to reduce to this as
in (6.3.82), and (b) there is no g, so the final bound is in fact better requires only that
&(7) — oo at any rate rather than the growth rate (6.3.55) to finish. This shows (6.3.59)

and completes the proof.

Proof of Lemma 6.3.5. If k > 2 then the sum over j in (6.3.60) is a polynomial in
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wit, ... w; !, hence if [w;| > 1 for all i we have

Pyt for—Lo) (W7 oo wy '3 8,0)| < const  (6.3.85)

.....

> (t—t)jl = (—twy i) (6.3.86)

by the g-binomial theorem, and this too is clearly bounded by a constant over all |wq| > 1.

For the products in the denominator of (6.3.60),

1

1
‘ (—w; ')

14 w;

1
(t; t)oo

‘ < ‘ (6.3.87)

since |w;]™' < 1, and since out contours do not include —1 the above is bounded by a
constant. Similarly, |1/w;| is clearly bounded above by a constant along our contours.

We now treat nonconstant terms. Since |w;| > 1,
[(wi /Wi t)oo] < (=|wil; t)oe < (B Hit) . (6.3.88)
By writing

(7% oo = (13 0ot (" + (4 1)t e+ 1) < () (1502, (6.3.89)

(oo}

we therefore obtain

k
< const - H o(—log 1) (A5 Llog, fwi |2+ 2852 [log, fwil|) (6.3.90)
=1

[T Cwifwsit)

1<i#j<k

Combining (6.3.90) with the previous constant bounds and the trivial bound

th—O—a

e 1t W

— o1 Re(w) (6.3.91)

yields (6.3.64). O
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Proof of Lemma 6.5.6. First note that

PV(T)/,Q(l t,...;0 t)
C(wy, . = 1 2 IO (wy L w0
g (wh ,’LUk) Z Pz/(T)(lat;;O’t) Q (wh y Wiy Uy )

KCu(T)

F i(r) =K} ()
Z Qulwi, ..., wk,t,O)Ht(l )7 ) (v )+nk(7)ni(t1+ugm—~;;t)mi('{%
KCv(T) =1

(6.3.92)

where we have used the branching rule, the fact that @,/ is homogeneous of degree ||,

and the explicit formula (6.3.10). We wish to bound

’gT<w17 s 7wk) - 1’

k
u;(T)—kaL- _ V,E(T) ] , o
=1 > Qul wl,---,wk;t,U)Ht< D e L
KCv(T) i=1
K#D

(‘F) Ly (7') ’ ) — !
< Z Q. |w1| |wk|;t 0 H )Jrnk(‘l')ﬂi(tl-i-l/i("') Z§t>mi(n)
KCV(T) =1
K#D

< Z Qu(|wi|, ..., |wgl;t,0) H ) = () () —1,

KCV(T)

(6.3.93)

where in the last bound we used that (¢1*%(M=%i;¢), . € [0,1]. We rewrite the expo-

nential as
<VQ(T>—RQ)_(V{-(T>)+ (T)K! (k! /241 /2— 1! "(k! i
(5) DI, /2012 < 22O (6.3.94)
Then
b x|
[ sz t/2=i@rontn) — g+t o)lsl (tnk(ﬂfug(f)) Qu(L,t,...:0,1).
i=1

(6.3.95)
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Substituting (6.3.94) and (6.3.95) into (6.3.93) yields

, ||
g:(wr, ) =1 <Y (tnk<f>—w<f>> Qullwi], ... Jwil; £, 0)Qu(1, L, .0, 8) — 1

KkCv(T)

/ ||
<y (t”k(T)_”l(T)> Qullwnl, .. Jwel; £, 0)Qu(L,t, . ..:0,8) — 1

KEY

= Tou(1,t,; BE 071w, 47 ) = 1
k
_ H(_tnk(f)—'/{(f)’wi‘;t)oo —1

(6.3.96)

by the Cauchy identity. In our setting, |w;| < t~¢()~1 since w; € I';(7) for all i, so by the

g-binomial theorem

J

k 1= |y ) 1

k
H(_tﬂk(T)—Vi(T)|wi|;t)oo_l < H <Z ( (t~t) )> 1= O(t??k(T)—Vi(T)—ﬁ(T)—l)7
i=1 i=1 \j>0 0
(6.3.97)

completing the proof. O

Proof of Lemma 6.5.7. By the same manipulations as in the first part of the proof of
Lemma 6.3.6,

k
gr(wr, . we)| <Y Qe Dy, e[ 2,0) [ [ eri4/2H172700 . (6.3.98)

KkCv(T) =1
We bound this as
k
RHS(6.3.98) < #{x € Y : & Cv(7)}x sup Qu(t™uwy|,... % |wyst,0)x sup J[emt/2H20)
KCv(T) KCv(T) ;-
(6.3.99)
Since k; < vj(7) for each 1 < i < k and k) = 0, a naive bound gives
#reY:nCv(n)} < W)+ 1) (v(r)+1). (6.3.100)
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By the branching rule,

Q. (t™ )y |, ... 1"yl t,0)
i (z 1)

k
(GO t) (i)

71— 1—1
0=p(0) <p(1) <. < p(k) =/ i=1 o | pl ) — Pit

< const/*! . Z (t: )22

@:p(o) {p(1)<_,,<p(k):/g

t

(6.3.101)

where we have used that ¢"("|w;| < const on I'(7), and bounded the branching coefficients

by (t; t)gOQkQ. Similarly to the proof of Lemma 6.3.6, we bound the number of Gelfand-

Tsetlin patterns ) = p©@ < p) < ... < p*) = &' by
H#{ Clee s )i 0< G <K foralll <i<(}=(x+1)0) (6.3.102)
0 (6.3.101) becomes
Qu(Jwrl, - .., lwili,0) < constl(£; )22 (i + 1)(2). (6.3.103)
We now bound the power of ¢ in (6.3.99) as
Ht"‘/(” 2HL2-V(0) < 5T < const - R0, (6.3.104)

=1

Combining (6.3.98), (6.3.103), (6.3.104) and the fact that ] < v{ and so |k| < kvy, we

have
|g-(wy, ..., wg)| < const’ - const®™1 - (1] + 1)(15) RD? = o@D T (6.3.105)

completing the proof. O

Remark 35. We initially proved Theorem 6.3.1 and its auxiliary lemmas in the case of

trivial initial condition v(7) = () only. It was quite unexpected that the addition of an
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initial condition merely produces a simple multiplicative factor

P,(B(z1y- -y 2k), 1,t,...;0,1)
P,(1,t,...;0,t)

in the integrand of Lemma 6.3.3, which may be treated asymptotically as above.

Remark 36. Our hypothesis log,.1 7 — v4(7) > 2 (bg%)Zlog log 7 in Theorem 6.3.1,
which we believe is slightly suboptimal as mentioned in Remark 34, comes from the need
for existence of a function £(7) to split the contours as above. The requirement (6.3.55)
forces £(7) to be large, while the requirement (6.3.54) forces log,—1 7 — v{(7) to be larger

than £(7)?, so improving the bounds in either case could lead to improved versions of the

technical hypothesis (6.3.5).

The requirement (6.3.55) in the proof above essentially comes from the need to domi-
nate the error term bounded in Lemma 6.3.7. This error term came from the main term

in the proof of Lemma 6.3.7, which comes from bounding

PV(T)/H(l,t, ceey 0, t)
P,,(T)(l,t, ce ;0,t> '

(6.3.106)

and our bound on this term is essentially sharp up to unimportant constants for the case
ki =~ v]/2, v;, ~ v{. This is why it is not clear to us at the moment how the loglog 7 growth
of log,—1 7 — v{(7) can be improved beyond improving the constant in front of loglog 7.
It seems likely to us that this can be done by manipulating expressions differently before
bounding to take advantage of more cancellations, but the bound we establish suffices for

our application in upcoming work so we have not tried hard to do so.

Remark 37. It seems possible that a more involved version of the above manipulations
could yield an explicit joint distribution of A(7),..., AL(7) where the initial condition
v(7) have parts v/(7) which grow like log,—1(7) + ¢;. Such a distribution would in partic-
ular be different from the one above, since the fact that A.(7) > v/(7) would make the

conjugate parts \;(7) bounded below in the above regime.
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6.4 Residue expansions

The probability distribution in Theorem 6.3.1, which is expressed there by a contour
integral, may be residue-expanded to yield formulas for the same limiting probability in
terms of certain infinite series in e*td, d < Ly, which lead to the series formulas for S

given in the Introduction.

Proposition 6.4.1. Let A\(7) be as in Theorem 6.3.1, with or without the initial condition.
Then for any L = (L4, ..., Ly) € Sig,, we have

lim  Pr((N(7) — logy-1(7) — @)i<i<k = L)
log,—1(7)+a€Z

td+o¢ tZ1 1 (L.id)

e
X 4<Ly (t t)Lk de 1 (t t>L —Lit1

- H—l a
x ) 1)/ El=lnl=d || Qeu—ae—y (V) a(1);0, 1) (6.4.1)
HESigy_1 i=1 L — ¢
p=<L

Remark 38. By the branching and principal specialization formulas (Proposition 2.2.15

and Lemma 2.2.14), the formula (6.4.1) may also be written as

t(i+oz

> Prayua(=1;1,0)Quuay (1), a(1); 0, 1)

o d<Ly pnESigy_y
pu<L

(6.4.2)
where L(d) := (Ly —d,...,Ly — d),u(d) := (u1 — d,...,ux —d). The fact that the
final answer has such a simple expression in terms of symmetric functions seems in no
way justified by the complicated intermediate manipulations we have taken, and it would
be very interesting to find a simpler proof of Proposition 6.4.1 which explains this. We
remark also that at first glance it might appear that the branching rule (for general
specialized Macdonald symmetric functions) would simplify the sum over p in (6.4.2).
The issue is that the sum is over p € Sig,_;, which is a smaller index set, c.f. (6.3.8) and

the discussion after for a similar sum in an earlier prelimit expression which appears to

be responsible for the above.

The integrand in our previous contour integral formula (6.3.2) has poles at w; =

—t*. 2 € 7,1 < i < k, all of which lie within I". To derive Proposition 6.4.1 we wish to
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residue expand at these poles to obtain the right hand side of (6.4.1), but because T is not
a closed contour and furthermore the integrand is not meromorphic in a neighborhood of
0, justifying this takes some care. To this end we state the following lemmas. Lemma 6.4.2
is the main algebraic step of computing the residues which arise from shifting contours.
Lemma 6.4.3 shows that the contour integral appearing as an error term in Lemma 6.4.2
is indeed negligible, and hence should be thought of as the statement that the integral in

(6.3.2) is indeed equal to its naive residue expansion. Recall the function f from (6.3.60).

Lemma 6.4.2. Fix k € Z>1, and let h € Zxo and I' be a simple closed contour with
interior containing {—t* : x € Z,x > —h}. Then for any L = (Ly,..., L) € Sig;, and

any integer n > Ly,

d+a .
1 flwy, ... wg) i L e%th:I ()

(27Ti>k I'k H ( tw;; )oo E o ; t t Lk de 1(t t>L —Liy1

X Z \L| = dH — Lita (”)/(thra),Oé(l);O,t)

WESigy_1
u=<L

flwy, .
+ . dw; (6.4.3)
(27T1)k /(vt7L+1/2’]1‘)k H ( tw,“ H

where f(wy,...,wy) is as in (6.3.60). In particular, the right hand side is independent of

Lemma 6.4.3. Fiz k € Z>, and L = (L4, ..., Ly) € Sig,. Then for any n > Ly,

k-1 L
k : H ) / Gtleja (w1+...+wg) ngi#jgk(wi/wj; t)oo
k" 271‘1 k (tn+1/2T) k

()L [T (i 5 ) oo (—twis e
Ly _1—Lg k
Jj+1 Lk‘—l - Lk _ du)Z
X ZO %) ; Py —LpLn 1Ly j) (W1 Lo , Wy, 1:1,0) 11 ) =0 (6.4.4)
j= i=

t

with the sum over j interpreted as in Theorem 6.3.1 when k = 1.
We also record a certain computation used several times below in the following lemma.

Lemma 6.4.4. For any w € C* and n € Z,

(=t ) o (— " s ) oo = w ("2 ) (mw ™ 1) oo (—tw; £) e (6.4.5)
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Proof. A simple direct computation. O

Remark 39. Since
O5(t'/?w; t)

-1
—w T ) o (—twi D) = 6.4.6
()t ) = (6:46)
may be written in terms of the Jacobi theta function
O3(2t) = (tt)o [ (L4 £"T22) (14 £771/2)2), (6.4.7)
nGZZO

the above computation is in fact equivalent to the standard transformation law

O5(tz;t) = t71/227105(2; 1). (6.4.8)

It is worth mentioning that Jacobi theta functions have appeared in the related context
of periodic Schur processes introduced in [Bor07], used further in e.g. [ARVP22|, [BB19],
[IMS21b, IMS21a, IMS22|, and their above transformation law has been useful there.
We are not aware of any closer connection with the present work, however. See e.g.
[EMOTS81, Chapter 13| for more background on theta functions, though the notation
there differs from that of [Bor07] which we use above.

Proof of Lemma 6.4.2. The integrand on the left hand side of (6.4.3) is meromorphic
away from 0 and oo, and for wy, ..., w1 fixed it has poles at wp = —t™,m € Z. Of
these, —t", —t"*1 ... lie in the interior of I". Hence by deforming the wj; contour to

t"+1/2T we obtain

B 1 & o flwy, ... wg) Al -
LHS(6.4.3) = = /F (Z ReS,y,—¢m T (—twi;t)oo) Hd . (6.4.9)

m=—~h i=1

k
+—(271i)’€/r flwi, ..., wy) Hdwz’- (6.4.10)

k—lxtn+1/2 T Hle(—tw“ t)oo i=1

When w;, = —t™, the factor

H (wi/wj; oo

1<izj<k

in the numerator of f has zeros at all w; € —t%,1 <i < k — 1. Hence

flwy, ... wg)
Hf:l(_twﬁ t)oo
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is in fact holomorphic away from 0, so the contours of the (k — 1)-fold integral in (6.4.9)
may be deformed to any simple closed contours containing 0 without any additional
residue terms, in particular they may all be deformed to T. For the k-fold integral in
(6.4.10) we similarly deform the wj_;-contour to t"+/2T, yielding a term identical (by
symmetry of the variables wy,...,wy) to the (k — 1)-fold integral of (6.4.9) except that
one of the integrals is over "t1/2T. However, since we may deform to any contours around
0 this makes no difference, and so by pushing each of the k contours in (6.4.3) to t"+¥/2T
and using symmetry of the variables to equate the k sums of residues (and commuting

the finite sum with the integral) we have
k—1

1 flwy, ... wy)
LH 43) =k E —_— —_ym I I dw;
5(6-4.3) 27T1)k ! /Tk—l ReSu,—— Hk (—tw;; t) i

i=1\" 0 =1
1 / f Wi, - -
+ Wi
(27T1)k (t"+1/2T k H 71( th, [e%¢) H

Hence to show (6.4.3) we must show

(6.4.11)

Y

1 kf(wn,...ow) \ oy L= Y (e

W/ Z Reka _tm A ! H dwz = —‘ Z
(27i) Th-1 [T (—twist)oe ) 127 (t;t) oo Pt HZ ), s
1 - H—l o
“ 0 > =y dH Qu-(ar-1yy (V) a(1); 0, 1)
P bd peESigy, — M :
p=<L
(6.4.12)

(for k > 2) and

i Resuy—m flo) 1 Z efia&(—nw (6.4.13)

= —twiit)eo (L)oo T (t;t)r,—a

(for k =1). We begin with (6.4.13), where

0o j+-1
S (wi) ihate 1 (%) .
— = e 1-t w P w ,t’()
(—twi;t)so wl(—wfl;t)oo(_twl;t)m jgo (t;1); () (wy )
w1 (—wy 5 ) so(—twy; ) oo
tL1ta 1
= e 1-t w1
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by the g-binomial theorem, since P;)(w; L.£,0) = w;? by the branching rule. This func-

tion has simple poles at w; = —t~™ m € Zsq, of which —t=" —¢="*1 . —1 are con-
tained in our contour. The pole at w; = —t~™ contributes
_Litatm 1 1 _Lit+at+m t(gl) (6 4 15)
e 1—t — e 1-¢ o E.
(L—=t=m) - (L=t ) (E)(E)oe (Et)oo (5 )m

Summing (6.4.15) over 0 < m < h and making the change of variables d = L; 4+ m yields
(6.4.13) and completes the k = 1 case.

We now show the k& > 2 case, (6.4.12). It is not hard to check similarly to above (one

may use Lemma 6.4.4 to simplify the computation, though this is not necessary) that

1 —1)m
Res = —tm = (=1) ) (6.4.16)

wr(—wy s oo (—twrit)o (442, ("2

where we let (") = (m? +m)/2 even when m is negative. Lemma 6.4.4 also implies
that
£ w35 oo (w7 3o - (
( “ﬂl) "0 D00 gy ey (7F) (6.4.17)
Wi (—w; 1) oo (—twis t) o
Using (6.4.16), (6.4.17) and the explicit formula (6.3.60) for f we compute
Efon, w0t e
Reswk:ftm 7z = ‘ e 1-¢t -1
Hz:l(_twht)oo (k - 1) i=1 (t7 t)Li*LiJﬁl
Ly 1—Ly
ity | Le—1 — Ly _ _ o
< I (w/wit)e| > ¢UZ) | Ppyo (Wit wgty, —t™t,0)
1<i#j<k—1 4=0 J .
" [T+ tmwi_l)w?i"t*(m;l) bitatm
1 € -t
(=t U,
(6.4.18)
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where L = (L1 — Lg, ..., L1 — Ly, 0) as before. By the branching rule,

Lyg_1—Ly
iy [ Lr—1 — Ly _ _ .
Z (%) . Piﬂek(wll,...,wkjl,—t it,0)
=0 J .
N ) ' Li—L Lis—L
— fU3) | TR T R S (e L2 . o2 kel
=0 J , HESigy,_, Ly — Ly — s , Lj—o — Ly — pg—2 .
H=L+je
Ly y—Ly—7 _ _
X P (wil, .. w5, 0)
Ly — Ly — pg—1 ;
=Y (e brmle ) Dm0
uESige_1 Li—Ly— |, Li—o — Ly — ps—2] |
p<L -
Ly 1—Ls ) T
y Z Ly1—Li—7J Ly—1— Ly () (pmy
j=mmn | Lk—1 — L — -1 . J 1,
— Z (=t~ L=l Lo = Lo | el Po(wil,... wily:t,0)
peSigy_, Ly — Ly — . Ly—o— Ly — pip—2 .
<L -
Ly — Ly .
X (t i .
Ly — Ly — p—1
(6.4.19)
where in the last equality we used the identity
Ly 1—Ly—7 Ly —Le| Mk Ly — Ly (6.4.20)
Ly — Ly — pp—1 . J . J . L1 — Ly — pg— :

(which is the same as (6.3.39)), and then applied the g-binomial theorem. By (6.4.18),
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(6.4.19), and the fact that w; ' = w; on T,

1 k‘f(wl .. wk’) k-1 kol t(LZ;Lk) m+1 (L tatm
ﬁ/ Reka:_tm % ’ ’ ]‘_[dU}Z = (t, t)];o_?) H —(—]_)m ( 2 )6 1—t
(2mi)* =1 Jpea Hi:1<_twi;t>oo il i—1 (t;t)Li_Li+l

k—1
L; — Ly 1 tLpto
% (—t—™ )\L| \#\(t—m-H t) — / e 1o (Wit Fwg—_1)
,uESingl e H L; — Ly — p; (k - 1)'(27r1)k ! Tk-1
p<L
k—1
X H (wi/w;; t) oo P01, . . ., Wg_1;t,0) H(l + t_mwi)w;"_ltfb)dwi.
1<izj<k—1 i=1
(6.4.21)
We recognize a factor in the above integrand as
k=1,
ﬂwi —-m Liy+a m
e = (1+t wz) HOt(fY(t ) (t ) ﬁ(wlw'wwkfl))
=1 (6.4.22)
- ZQ th—i-Oz (t_m>;07t)Q>\’(w17 s )wk—l;ta())a
AEY
by (2.2.40). Note also that since w; € T, by Lemma 2.2.2
(w{” cee w?_l)PM(’J)l, e, WE_1; T, 0) = PM_(m[k_l])(wl, e, WE_1; T, 0) (6423)

If 1 —m < 0, then the above is not a polynomial but a Laurent polynomial, and by
orthogonality of the ¢-Whittaker Laurent polynomials (Proposition 2.2.5) the integral in
(6.4.21) is 0. Otherwise, if g1 —m > 0, orthogonality still implies that only the term
N = u— (m[k — 1]) of the sum (6.4.22) contributes to the integral in (6.4.21). Hence we
obtain

= =D(3) . " _ _
(l{j — ]_)!(27Ti)k_1 /Ek ) H07t(’}/(th+ ) (t ) ﬁ(wl, R ,wk,l))PH_(m[k_I])(wl, vy WE—1; t, O)

- d i _
X H (wz/wja ooH o = —(k= 1)( )Q(uf(m[kfl}))/(’Y(th—HX)’a(t m);o’t)

1<i#j<k—1

X L(ptg—1—m > 0) (Qumpp—1]) (Wi, - . ., Wk—15t,0), Py mpp—1p) (W1, - . ., w15 1, 0)>t0k L
(6.4.24)
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By (6.3.25),

1
_1;t,0), Py (mik— ye _1;t,0 .
(6.4.25)
Combining (6.4.21), (6.4.24) and (6.4.25) and writing
(= s 1
gy —m>0)—"—=1(m <0) (6.4.26)
() s r—m (t:t)-m
yields
- k-1 Li—Ly
1 k‘ 1(m <0 t( 2 )
ﬁ/ Resyy,=—tm fwi, H g H—
(271’1) Tk—1 Hl 1( tw“ p at)oo i—1 (t;t)Li_Li+1
m —(k—2) o )4+m a+m . —
(O e S () H Li = Lina
(t;t)_m HESigy_q i—1 | Li — Ly — M ;
u<L
X Qu(mpre—1py (Y(ET), a(t7);0,8).
(6.4.27)

Set L = (Ly,...,Ly) = L + (Lg[k]) and relabel i +— p + (Li[k — 1]) so that

B T | L B Litay (p-m

Z (=) H Qu—(mik—1)y (YE*FTY), a(t™™);0,1) =
HESigy_q i=1 | Li — L — p .

pu<L

—m\|L|=|ul-L TT | Li = Lia —m(|p|—(k—1)(Lx+m)) Litatm
> (b T g FTQ (L) 1)y (Y (T ), a(1);0,),
wESigy,_q i—1 | Li— :

p=<L

(6.4.28)

where we have also used homogeneity of () to scale the specializations. Setting d = Lp+m,

the power of ¢ in (6.4.27) (together with the one in (6.4.28)) is

—(k—2) (;n) +m—m(L| — [u| — L) = m(|u| — (k = 1)(Ly, +m)) = Ek: (Ll; d)
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by a tedious computation using (6.3.46). The sign in (6.4.27) is (—1)£I=IH=d Putting

this together we have

k  (Li—d
1 kf wi, . . wk tdto tzﬁl ( )
o NE—T Reswk:_tm H w; = e 1-t
(27“) k-1 Hz 1( th, 0 =1 (t;t) (t t)Lk de 1(t t)L —Ljt1
- z+1 a
X Z 1)kl dH Q a1y (V(E7F), a(1); 0, 1),
HESig_ 1 — M ¢
u=<L
(6.4.30)
This shows (6.4.12) and hence completes the proof. ]

Proof of Lemma 6.4.3. By Lemma 6.4.2, the integral which we wish to compute is inde-

pendent of n > L. Hence it suffices to show

_ L;—L
p GO T M0 [ o Tl
wee kl(2mi)k 1L (B -1y S [T, (—w; b 1) o (—tws; ) oo

beale n Ly — Ly " dw
J - _ — %
X Z t( 2 ) . P(Ll—Lk .... kal_Lk,j)(wll,...,wkl;t,O)H w0 =0.
§=0 J . i=1 ¢
(6.4.31)
To simplify expressions we will show (6.4.31) by showing
lim o (i) [h<izgen(wi/wss t)oo
ez Sy [T (s D)oo (—twi; e
b dw,
X P(Llka ..... kalka,j)(wl_lﬁ R ,wgl; t, O) H w‘l =0 (6432)
i=1 '
for each j. Letting w; = t"u; we have
Li+a+n .. U; uatoo
LHS(6.4.32) = lim o () - H1<’¢J<1’f( [us;t)
"neZ J (/2T [T (7 5 ) o (=t s ) o

k
_ du;
—LigeosLg—1— L, j) (ufla sy Uy 1; t, O) H (6433)

U;
i=1
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where we have used homogeneity of P. By Lemma 6.4.4,
(=t ) oo (" U t) oo = ui_”tf(ngl)(—ui_l; D)oo (=5 1) 0o, (6.4.34)

SO

n L +a +n
RHS(6.4.33) = lim / H ”t 3') (Il kL >) T (et (6.4.35)
nGZ tl/QT)k
H1<‘7éj<k(ui/uj; t)oo b du
X =17)= Py, _ \—Lij urt bt 0 B 6.4.36
Hle(—lb;l;t)oo(—tui;t)oo (L1—Lgye.., Li— Lk,])( 1 k ):Zl_Il Ui ( )

The part of the integrand on the second line (6.4.36) is bounded on T* and is independent
of n, while the part of the integrand on the first line (6.4.35) goes to 0 in n uniformly
over T*, showing (6.4.32) and hence completing the proof. O

Proof of Proposition 6.4.1. The idea is to take a family of simple closed contours which
approach the contour T' defined in Theorem 6.3.1 and also encircle more and more of
the poles —t*. The contours I'(7) defined in (6.3.56) work, though we write them as
['(B), B € Z to avoid a clash of notation with the 7 in Proposition 6.4.1. By Lemma 6.4.2

together with Lemma 6.4.3,

1 / f w17 .. ﬁ i pdta thﬂ (Liz_d)
e 1—t —
(2 ) )k H tha =1 d=Lj,—nx(B) (t;t)OO(t;t)Lk—d Hf:11<t;t)Li_Li+l
- z 1
<3 (cayE dH Qi (1(E7), a(1);0,6) + 0. (6.437)
HESigy, — M :
u=<L
It follows immediately that
1 .
lim ——— / S, Hdwl RHS(6.4.1). (6.4.38)
g Qri)* Jrape T (- tww %0 i1
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The limit

k
1 .
lim i k/ f}gwh ,U)k) Hdwz
Brese (2m)" ey [Ti, (—twi; t)

0 =1

A
st H 2 ") / o () [licinjcn(wi/wsi t)oo
k' 27” F t t L —Liy1 Hf:l(_wiil;woo(_twi;t)oo
Ly_1—Ly k
1y | Lg—1 — Lg _ _ dw;
X t(J2 ) ' P(L1—Lk ..... Lk_l_Lk,j)(wl1,...,wk1;t,O)H 0. (6439)
7=0 J i=1 "

follows by the estimate Lemma 6.3.5 exactly as with (6.3.72) in the proof of Theorem 6.3.1.
Combining (6.4.38) with (6.4.39) completes the proof. O

6.5 Tightness and the limiting random variable

In the Introduction, we stated that the limiting formulas on the right hand side of (6.3.2)
and (6.4.1) define a Sig-valued random variable, but Theorem 6.3.1 and Proposition 6.4.1
do not a priori imply this because mass may escape to +oo. In this section we show that

there is no escape of mass and the formulas indeed define a random variable.

Proposition 6.5.1. In the notation of Theorem 6.5.1, the sequence of Sig.-valued random

variables

(Ni(7) = loge-1(7) — @)r<ick, T €T (6.5.1)
18 tight.

Proof. We must show that for every € > 0, there exists D = D(e) such that
Pr(—D < N,(7) = log—1(7) — a < N(7) —log,-1(7) —a < D) >1—¢ (6.5.2)

for all 7 € ¢t~ For the upper bound in (6.5.2), first note that \} is Markov, and if
) (1) = x at some 7 then the waiting time before A\| jumps to z+1 follows an exponential
distribution with rate t*/(1 — ¢). This is because A} will increase as soon as one of the

clocks  + 1, + 2, ... rings, and these have rates t*,t**! . ... Hence for D € N we have

Mw

Pr(X,(7) (6.5.3)

230



where FE; ~ Exp(t'/(1 —t)). Clearly

D »
Pr(d E;<7)<Pr(Ep<7)=1—¢ 17" (6.5.4)
i=0
Hence
tlogt,1(7)+a+D (a+D
Pr(\j (1) —log,<1(T) —a < D) > e~ = = 1. (6.5.5)

Now for the lower bound of (6.5.2). Suppose that A, (7) = z at some time 7, and
consider the waiting time until A} jumps to x4+ 1. If clock x 41 rings k times then )}, will
jump, even in the unfavorable case N (1) = ... = A (7) = x; note that there are many
other ways the clocks can ring to cause A to jump, we are just choosing this one for the
lower bound. So the waiting time until A}, jumps to x + 1 is upper-bounded by a sum
of k independent Exp(t*) random variables. Denoting this sum of k£ random variables by
Ey 5, it follows as before that

H-1
Pr(X(r) < H) <Pr(>_ Ey; >7) (6.5.6)
i=0
where in contrast to (6.5.3) we have an inequality rather than an equality because we have

only bounded the waiting time rather than giving it exactly. By Markov’s inequality,

H-1 H-1 - —
ED L, Eri  kt7HTR1—tH L
P Epi>1)< =0 T — < . 6.5.7
r(; ki > 7)< T T 11—t — (1-t)r ( )
Hence
. ]{tD+2_1°gr1(T)_a 5 L2
Pr(A\,(7) —log,-1(7) —a>—-D) > 1— i =1—t - (6.5.8)

Since the bounds (6.5.5) and (6.5.8) are both independent of 7 and both go to 1 as
D — oo, together they show (6.5.2). ]

Our motivation for tightness was to show that the limit formulas of Theorem 6.3.1 and
Proposition 6.4.1 actually define a random variable, which was stated as Theorem 1.4.1
in the Introduction.

Proof of Theorem 1.4.1. For any x € R.q, taking o = log,((1 — t)x) in Theorem 6.3.1
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and combining Proposition 6.5.1 with Prokhorov’s theorem shows that the formula (1.4.1)
defines a valid random variable. By Theorem 6.3.1 and Proposition 6.4.1, the right hand
sides of (1.4.3) and (1.4.1) are equal, completing the proof. ]

From now on we state limit results in terms of the random variables L, , rather than

limit probabilities, which substantially declutters notation.

6.6 Examples of residue formula for £; ,

In this section we compute more explicitly the infinite series formula in Theorem 1.4.1

for k =1, k = 2, and an example case of k = 3.

Corollary 6.6.1. In the notation of Theorem 1.4.1, for any x € Rsq the Z-valued random
variable L, is defined by

o (—1)m2 (%)
Pr(L,,=L)= (t;i)m mzme—xt % (6.6.1)

for all L € 7.

Proof. Follows immediately from Theorem 1.4.1, by noting that the sum over u € Sig,_,

L—d

has only one term p = () and is equal to (—1)"~¢, and changing variables tom = L—d. [

In the case k = 2, Theorem 1.4.1 has the following reduction.

Corollary 6.6.2. In the notation of Theorem 1.4.1, for any L € Z and x € Z>o,

t<2) Z e_XtL—m<_1)mtm2+(x_1)m

(t)oo m>0

© (1 fmki] g (gt m )
; GRS i ( (i +m)! + (t+m—1)!

Pr(Loy = (L+,L)) =

) (6.6.2)

t

Proof. Follows by substituting the branching rule definition Lemma 2.2.1 of Q(,—(4)y into
the formula in Theorem 1.4.1 and making the change of variables m = L—d. Since k—1 =
1, the @ polynomials appearing are all of the form Q1mi) (Y(t* ™ (1 —1t)x), (1);0,t) for
0 <1 <z, which may be simply expanded by the branching rule to yield the above. [J
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Example 6.6.3. In the notation of Theorem 1.4.1,

Pr(ﬁg,x - (L + 2; L7 L))
- 1(t;t)z ((e_tLXt) ((t;m(t ;!() e tQ)tl_’X i t2)

(t;t)oo
T tE=1y)4 +L=1,)3
_ elj ((1 — t)4(1 +t>(3 + 2t+t2)% + (1 _ t)3<1 +t)t3(1 _ ot t2 B t3)<TX)
tLil 2 thl
+(1 - t)2t(—1 +t 4+ t%% —(1- t)2t - X . t)>
_tL72Xt8 tL—Q 6
T ((1 — (L 1)°(9 + 138 + 126 4 76 4 3" + t%%
sy U)2 '
1 5(1 204 _ 9 42— 6t% — 4t — 9p5 6(tL72X)5
th2 4
+ (1 =)' (1 = 6)t(=3 + 3> + 26° + tﬂ%
)3 . L—2.\2
Ha-pi -2 -p¢ 3>,() + (-1 - t)%)
o—th X416 o—tE g2
- (). )+ ],
(t;t)z ( ) (t;t)4 ( )
(6.6.3)

where we have only computed the first three terms in the series.

We now show the computation. By Theorem 1.4.1 with a change of variables L —d =
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m,

1 _
LHS(6.6.3) = o > e Py giar-ar-ay(Lit,...;0,t)
y U)oo a<I,
X Z Plr-di2,0-d,L-d)/(u—dpz—d) (=13, O)Q(m—d,uz—d)'(”Y(td(l —1)x), (1);0,)
HESigy_q
p=(L+2,L,L)
1 L—m t(m;2)+2(7;) 2
= e_Xt (_1>mQ m+2,m ’(' o 707 t)
(tt)oo mZ:O )2ttt t)m \ |0 t ( )
2 2
+ (=)™ Q1 my (- 30,8) + (=)™ 2Qpmmy (- -+ ;0,1)
1 t 2 t
1 7tL*th%m2+%mH
e (=)™
(t: ) (5 )2 mz>0€ o, Y
X (Q(m+2,m)’(' o 707 t) - (1 + t)Q(m+1,m)’(' v 707 t) + Q(m,m)’( o 707 t))7

(6.6.4)

where we have used Lemma 2.2.14 and Proposition 2.2.15 and written - - - for the special-
ization y(t*~™(1—1)x), a(1). It remains to compute the three Hall-Littlewood polynomials
in the last line of (6.6.4), and since there is not a closed form we compute the first few

terms m =0, 1.

For any A € Y the branching rule yields

M IA|—c
A(v(9),ala)ia, ) =) dle.ha Y % (6.6.5)

BeSYT()\/(c))

Here SYT(A\/(c)) is the set of standard Young tableaux corresponding to this skew shape,
and for a tableau B identified with a sequence of partitions (c) = A0 < ... < XIAI=e) = )

we use the shorthand N

¢5(g; 1) = H Pre a6-1 (g, 1) (6.6.6)
i=1

where ¢y a1 is as in Definition 6. It follows from Lemma 2.2.14 that

$(0)(0,8) = (1 —t°), (6.6.7)

so it remains to compute the sum in (6.6.5). For each Hall-Littlewood polynomial appear-
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ing in (6.6.4) with m = 0,1,2 we will enumerate the pairs (¢, B) with B € SYT(\/(c))
and give their coefficients.

m=0: We compute the coefficient of e™*"X in (6.6.3). Trivially Quoy(---;0,t) = 1.
For Quoy(---;0,t) we may either take c = 0 or ¢ = 1: in each case there is one tableau,
and the cases contribute (1 —t)(t*x)'/1! and 1 — t respectively. For Qoy (- ;0,t) we

again may either take c = 0 or ¢ = 1, and in both cases have one skew tableau?,

1 and , (6.6.8)
;

yielding coefficients (t;t)2(t"x)?/2! and (t;t)o(tPx)/1! respectively in (6.6.5). Summing

these yields the desired coefficient.

m=1: We obtain

o (7 1x)?
21

(X))
1!

(X))
0!
(6.6.9)

Q(l,l)’("' ;O,t):Q(Q)(--- ;O,t):(l—t) +(1—t) —|—(1—t)

with the three summands coming from the three skew tableauz

and -I and - (6.6.10)

Similarly
(L-1,)3 L—1,)2 (L1 1
Qeay (- 50,t) =1 -1’2+ t)% +(1 12+ 75)( 2|X) +(1- t)2( 11X)
(6.6.11)
with tableaux
2 3
and (6.6.12)
3 2
contributing (1 —t)> and (1 — t)%(1 — t?) respectively to the degree 3 term,
1 and 2 (6.6.13)

3Here and elsewhere we denote the missing boxes, referred to as (c) above, by colored boxes.
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also contributing (1 —t)> and (1 — t)*(1 — t?) respectively to the degree 2 term, and

(6.6.14)

contributing (1 —t)? to the degree 0. Finally,

2 NGk
Qeay(+30,8) = Qein(---30,8) = (1= 1)°(1 = 7)==
thl 3 thl 4
(=P =)+ (1= 021 =22 + (1= 021 — 2)(1 — %)) << 3|X) y 4,X) ) .
(6.6.15)
m=2: Here the three relevant tableaux for the degree-4 term are
2| 3] 114 (6.6.16)
2
4 3

in the same order as their coefficients in (6.6.15). The skew tableaux for the degree 3
term are the same as for m = 1, but with the [1] box replaced by M and the other indices
shifted down by 1 to yield a skew standard Young tableau, and their coefficients are exactly

the same. Only one tableau contributes to the degree 2 term, namely

e (6.6.17)
1

Summing the above and simplifying yields the coefficient of the et" X term in (6.6.3).

One may, either by hand or by computer, generate the coefficient of any given re-

maining e "X term for m > 2, but the number of tableauzr grows with m and there

L—m .
YUX shrinks very fast as

1s no closed form of which we are aware. However, because e~
m increases (particularly if t is not close to 1), it is in fact quite easy to compute good
approzimations of this probability for any given values of t,x, L by computing a small

number of terms.
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6.7 The case of pure a specializations

For concreteness we did the computations in Section 6.3 for the Plancherel process A(7),
but for matrix products it is desirable to compute a similar limit distribution of Hall-

Littlewood alpha Cauchy dynamics

P,(1,t,...;0,t)

6.7.1
Py(1,t,...;0,t) g ¢(cur,...;1,¢,...)] ( )

Pr(A = v) = Qua(ai, as,...;0,t)

see Proposition 6.8.1 below. Luckily our computations from Section 6.3 generalize straight-

forwardly. We use the power sum symmetric polynomial

pi(an, az, ... Z@z (6.7.2)

i>1

in that result to highlight the similarity with Theorem 6.3.1, where the Plancherel-

specialized p; also appears in the formulas.

Proposition 6.7.1. Let k € Z>; and oo € R, and let ¢ be a pure alpha Hall-Littlewood
nonnegative specialization determined by o parameters aq > ag > ... with 0 < ay < 1.

Let A(s), s € Z=q be distributed by the Hall-Littlewood measure

t...50,1)
t,...) '

_ Qxlonls], o], - )PAF (6.7.3)

o4 (as[s], []

Let (Sp)nen be any sequence with s, —— oo such that log, s, converges in R/Z, and let

a be a lift of this limit to R. Then

(Ni(sn) — [logy-1(s) + a])1<ick = Litop (a1,00,.) (6.7.4)

where [] is the nearest integer function.
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Proof. Since Sig,, is a discrete set, it suffices to show convergence of probabilities

lim Pr(S\’.(sn) — [log,-1(sn) +a] = L; for all 1 <i < k)

n—o0
= (Bisk)

H / o1 (01,2, JER w1 ) H1gi;ﬁj§k(wi/wj3 t)oo
k:' 27r1 k Hi-c:l(_wi_l;t)oo(_twi;t)oo
Ly 1—Ly

sy | Lr—1 — Lg _ dw;
X Z t(2) . P(LI*LI@ ..... Li_1— ij)(wll,...,wkl;tOle, 675

j=0 J . i=1

ttL —Lit1

where if £ = 1 we interpret the sum on the last line as in Theorem 6.3.1.

Lemma 6.3.2 holds with A(7) replaced by A(s) on the left hand side and (7) replaced
by ¢[s] (i.e. ¢ repeated s times, recall Definition 10) on the right hand side, by the exact
same proof. Similarly, Lemma 6.3.3 holds with A(7) replaced by A(s) on the left hand
side and

eﬁ(ZHFMJer) - HO,t(’y(T); /B(Zlu cee 7Zk>> <676)

on the right hand side replaced by

o (@[s]; B(21, - -5 21) = H (1+ ;). (6.7.7)

We now explain how the asymptotic analysis used to prove Theorem 6.3.1 carries over.

Let
a=> aj (6.7.8)

and
n(s) = (Li + [log,;-1(s) + o )1<i<k (6.7.9)

and make the change of variables w; = t ™) z; = st~ L* ;. (1 +0(1)), where o(1) comes
from (log,~1(s) +a) — [log,-1(s) + . Fix a constant § > 0 with oy < (1+§)~! < 1. Then

the same manipulations as in the proof of Theorem 6.3.1 to consolidate the powers of ¢
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after the change of variables give

~ k-1 k-1 (Lz;Lk)
Pr((A() rcscs = n(s)) = =TT 1 /F( TT @+ e agu, /(1 + (1))

= k'(27T1)k paiey (t;t)Li—Li-H 8% 1 i<k
7>1
Li_1—L
y [icizjar(wi/wjit)o o kt(agl) Ly — Ly
k _
Hi:1<_wi 1;t)00(_twi;t)"7k(s) §=0 J
t
o dw
X Pry -1, Lk,l—Lkg)(Uh ) wk’l;t,O)H w'la
=1 v

(6.7.10)

where the contour I"(s) is given in Figure 6-4, and is similar to the one I'(7) from the

proof of Theorem 6.3.1 with 7 = s but lies slightly to the right of it in general.

Im(w;)

— (14 &)™) i €0 4

Re(w;)

—(1 4ot — 4 €0

Figure 6-4: The contour I''(s) with the analogous decomposition to (6.3.56) into I';(s) in
blue and I';(s) in red.

The reason for the slightly different contour from earlier is that now
Re(t* T aw; /s,(1 + 0(1))) > —(1 + 8)a;(1 + o(1)) > —1 (6.7.11)

for all w; € I'(s,) and n large enough that the o(1) term is sufficiently small. This implies
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that

4 0(1))‘ - \/(1 el ) I C e )
. ‘1 . ta+Lkajil + 0(1)) Re(wi) n tO‘+Lkaji1 + 0(1>)Im(w¢)
< 14 ) (e 4 ),
(6.7.12)

where the last line follows by (6.7.11) (to remove the absolute value on the first factor)
and the bound Im(w;) < 1.

To simplify notation we express the integrand in terms of

1 k-1 L,—L )
flwy, .. wy) = (0 1T (02 Ticigin(wi/ w5 t)oo
k! paiey (t5t) Li—Li Hle wi(—w; )
Lg_1—Ly
j+1 kal - Lk B -
8 t(]2 ) . P(Ll_Lk ””” Lk—l_Lkvj)(wl 17 cee, Wy 1; tu O)a (6713)
j=0 J

t

which is the function f of (6.3.60) without the exponential factor. Then similarly to
(6.3.61), (6.3.62) and (6.3.63), we must show

] fwy, ... we)gs, (Wi, ..., wy) Hl%glk(l + tT e, /5,(1 + o(1)))*n
lim / I=
T1(sn)k

noo (2mi)* T (—twis ) s

(6.7.14)
B f(wl, Co,WE)eE

Hk (—tw;; t) oo H ( )

i=1

wia_a+L Sn
L o) Thsise (1 5y ) g, me)
)® S (s (50

+ lim dw;
n—oo (271 [T (—twi; ), s 11
(6.7.16)
1 f . o+ e Z§:1 wi k
— lim —— / f s, : L We)e [ dw: = o, (6.7.17)
n—o00 (27T1) * \I'1(sn)* Hz’:l (—twi; t)oo i1

where g is as in (6.3.44). We will show each line is 0 separately. The third line (6.7.17)
is exactly the same as (6.3.63) and has been shown in the proof of Theorem 6.3.1. For
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the first line (6.7.14), we have

IT 0+t B ajwi/su(1 + (1)) = et By witOlwi/sn)
1<i<k

i1 (6.7.18)
= "I (14 O(w]/50)

as n — oo. Combining with the estimate Lemma 6.3.6 and using that w?/s is o(1)

uniformly over w; € I'1(s), (6.7.14) follows exactly as earlier with (6.3.61).

For the second line, we need an analogue of Lemma 6.3.5. By (6.7.12) and the ele-
mentary inequality

(1 + f)” < e, (6.7.19)

we have

H(l + ta—i—Lkaj,wi/S(l + O(l)))s < Heta+Lkaj(Re(wi)+1) — eata-‘rLk(Re(wi)-‘rl)’ (6720)

g2l j=21

for all large enough s so that the (14 o(1)) factor may be neglected. Hence

flwy, ... wy) H (1 + t“T R aw; /s(1 + o(1)))*

<O T e Retuwor g toge ) Liog il *+ezliogi il (6.7.21)

1<i<k
where we have bounded f as in the proof of Lemma 6.3.5. The rest of the proof of the
vanishing of (6.7.16) is the same as for (6.3.62), with (6.7.21) in place of Lemma 6.3.5. [

Remark 40. One may try to carry through the above argument with dual 5 parameters

in the specialization, but the Cauchy kernel

1
B ngigk(bﬂi; t)oo
j>1

HO,t(ﬂ(bl7 bz, .. ), 5(21, . ,Zk)) = Ht,0<bla N R I Zk:) (6722)
creates extra poles in the integrand, in contrast to the alpha and Plancherel cases treated
in Theorem 6.3.1 and Proposition 6.7.1. These probably can be dealt with, but we did
not attempt to carry this out since we only need the alpha and Plancherel cases for our

random matrix results.
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6.8 From S to matrix bulk limits

In this section we deduce for the limiting distribution of singular numbers in the bulk for
the processes X (7) of Section 6.1 and for products of additive Haar matrices. We begin

with the first, which is slightly easier.

Proposition 6.8.1. Let ¢ € Ry, and for each N € Zs; let X(1)™), 7 € Ry be the
stochastic process xW of Definition 45. Fiz o € R, and let 7y € t*T2. N > 1 be a

sequence of real numbers such that
1. v = 00 as N — 00, and
2. N —log, 1 Tv — o0.

Then for any k € Z>1,

(SN(X(r)™M); —log,—1 v — @)1<ick — L eo (6.8.1)

i distribution.

Proof. By Proposition 6.5.1, it suffices to show that for any k € Z>; and integers L; >
.= Ly,

lim Pr((SN(X (7)™ —log,— v — a)1<ick = (L1, ..., L))

N—oo
k—1 L;—L
(t t) —1 H t( 2 k) / eCth+a(wl+---+’LUk) HlSl#]Sk(wZ/wj’ t)oo
CK@m)R L (), S 1 (w5 oo (—twis t)oc
Li_1—Lyg k
i1y | Lgk—1 — L _ _ dw;
X #(2") . Py Lty (Wi w5 2,0) H . (6.8.2)
§=0 J i=1

where if £ = 1 we interpret the sum on the last line as in Theorem 6.3.1. By Theorem 1.4.4

and Corollary 6.2.5,

SN(X (1)) = AW (c Lt r) (6.8.3)

1—tN

in (multi-time) distribution, where A is as in Definition 47. We claim that it suffices
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to show

lim Pr(()\(N) (Tn); —log1 TN — @)1<i<k = (L, . .., Ly))

N—o0
k—1 L —L .
= H - / o () [icizjan(Wi/wsi oo
k' 27n ALt L, T, (—w; b5 1) so(—twis )

Ly 1—Lyg

g1y | Lr—1 — Ly _ _ i dw;
X Z t(2) j P(LI*LI@ ..... kal,LkJ)(wll,...,wkl;t O H . 684
j=0 =1

t
First note that replacing 7y by ¢(1 — )7y and «a by a — log,—1(c¢(1 — t)) in (6.8.4) yields
(6.8.2). Furthermore, since N — log, 1 Tnv — 00 as N — oo, we have that

1-1t

CTNTN = c(1—t)y +o(1), (6.8.5)

and \") is a Poisson jump process with the exit rate from any state bounded above, hence
if (AM(c(1 —t)7y); —log,—1(Tn) — a)1<i<k has a limiting distribution then (A" (c(1 —
t)rn /(1 — V) —log,-1 (Tn) — @)1<i<k must have the same limiting distribution. Thus it
suffices to show (6.8.4), and the remainder of the proof consists of doing so by arguing
that the Hall-Littlewood processes A™)(™) and A\(7) (the latter of which was analyzed in

Theorem 6.3.1) are not so different on the timescale we consider.

Define stopping times

T(N) inf({7 € R>y : )\(N)(T)'l = N})

Ty :=inf({r € Rso: A(7)] = N}) (6.8.6)
En = jzljr\lferl(tlme at which clock j rings for A(7)).

Conditionally on the event that clocks N + 1, N + 2,... do not ring on a given time
interval, both )\Z(N)(T), 1 << N and \(7),1 < i < N have the same local dynamics
controlled by N Poisson clocks on that interval, by Corollary 6.2.5. Taking the time
interval [0, 7y, since min(7y, TJS,N)) and min(7y,Ty) are measurable with respect to the

o-algebras generated by AN ([0, 7x]) and ([0, 7y]) respectively, this implies that

Law(min(TN,TJ(\,N))) = Law(min(ry, Tn)|Exy > Tv) (6.8.7)
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and

Law((A™M (73)}, ., X (m))IT) > 7y) = Law((A(7w)}, - - .. A(rw 1) [T > 7w and Sy > 7).
(6.8.8)

The explicit description of our dynamics implies the distributional equality

N-1
Law(Ty) = Law (Z Yy /(”)> (6.8.9)
=0

where Y, is an exponential distribution with rate . Because N — log,-1 Ty — o0,
ElYiv-1/0_9) = (1 = )" > 7, (6.8.10)
and the fluctuations of Y;n—1,;,_) are of lower order than its mean, hence
A}l_I}I(l)O Pr(Ty > 7n) = 1. (6.8.11)

Furthermore, since the first time one of the clocks N + 1, N + 2,... rings follows an
exponential distribution with rate t¥*1/(1 — t), the hypothesis N — log,-1 Ty — o0 is
exactly what is needed to guarantee that the probability that any of clocks N+1, N+2, ...

rings on the interval we are concerned with is asymptotically negligible, i.e.

lim Pr(=Zy < 7y) =0. (6.8.12)

N—oo

From (6.8.11) and (6.8.12) it follows that

lim Pr(Ty > 7y and 2y > 7v) = 1. (6.8.13)

N—oo

By (6.8.7) follows by (6.8.12) and (6.8.13),

lim Pr(T]S[N) > 71y) = lim Pr(Ty > 7n|2En > 7v)

N—oo N—o0
— lim PI‘(TN >T£ and N >TN) (6814)
N—oo PI‘(:N > TN)

=1
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From (6.8.14) it follows that

LHS<684) = lim PI‘(()\(N) (TN)g — logtfl(TN))lgiSk = (LZ + Oé)lgigk‘T](VN) > ’TN) . PI‘(TJ(VN) > TN)

N—oo
+ Jim Pr((A™(r); = loger (m)hrsish = (Li + i TR < ) - Pr(Tg" < 7)

= lim Pr((A™(7x)) —log,—: (7w))1<ich = (Li + Q)1<ici| T > 7).

N—o0

(6.8.15)

By (6.8.7),

RHS(6815) = J\}I—I;%o Pr(()\(TN); — IOgt_1 (TN))lgigk = (LZ + Oé)lgigﬂTN > TN and =N > TN)
1

_ 3 r_ . — . .
= lim. Pr(Ty > 7 and Ey > ) (Pr((A(7av); — loge—1 (7w ) )1<i<k = (Li + a)1<i<k)

— PI'(()\(TN); — 1Ogt—1 (TN))lgiSk = (Lz + Oé)lgigk and (TN S TN Or EN S TN)) .

(6.8.16)

Since Pr(Ty > 7y and Ey > 7v) = 1 — o(1) by (6.8.13), we have

RHS(6816) = lim PI‘(()\(TN); — lOgt71(TN))1Si§k = (LZ + Oé)lgigk)- (6817)

N—o0

By Theorem 6.3.1, the above is equal to the right hand side of (6.8.2), and this completes
the proof. O

For matrix products, the constraint that the number of matrix products is an in-
teger rather than a real number forces us to make a slightly messier statement (recall
Theorem 1.4.2) than with continuous-time processes, but it is essentially the same, and
the argument likewise goes by matching to a Hall-Littlewood process with one infinite
principal specialization (though in this case the other specialization is alpha rather than

Plancherel).

Proof of Theorem 1.4.2. To control subscripts we abuse notation we write N for N; be-

low, so all limits should be interpreted as along our subsequence (IN;);>;. By Proposi-
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tion 6.5.1 it suffices to show

lim Pr((SN(AM ... AN — [log, 1 (s) + al)1<ick = (L1, - ., L))

N—o0

k L —L
£k 1_[1 S) p et ) [icizjn(wi/wjit)
k' 27r1 k i

-1 (1), —Lipa Hf:1(_wi_1§t)00(_twi;t)oo
Ly 1—Lg

i1y | Ly—1 — Ly _ _ £ dw;
< Y lE) | Pri-tina-rop(wi w5800 T ] ., (6:8.18)
j=0 J =1

t

where if £ = 1 we interpret the sum on the last line as in Theorem 6.3.1. For any s € N, let
A(s) be a Hall-Littlewood measure with one specialization 1,¢, ... and one a(t,12,...)[s].

Then Proposition 6.7.1 applies with a =t + > +... =¢/(1 — t), yielding

lim Pr(N(sy) — [log,—i(sn) +a] = L; for all 1 <i < k)

N—oo
_1 k-1 Li—L .
_ (t;t)’;.o1 1 (73") / ethltj“(wﬁerwk) kngi;éjgk(wi/wj7t)Oo
Li—1—Ly k
1y | Lg—1 — Ly _ _ dw;
x ¢(73") | Pyt (it w56, 0) T . (68.19)
=0 J =1

t

Let A(N)(s), s € Zo be a Hall-Littlewood process with transition probabilities

P,(1,...,tN710,t)
os(t, 22,51, N O)Bu(L,.... N 50,0)
(6.8.20)

PrOAM (s41) = v AN (s) = k) = Q,/u(t, t%,...;0,1)

(and initial condition () € Y). By Proposition 5.2.2, both A and A have a sampling
algorithm? for which we briefly recall the important points. First, the random step
A(s) — A(s + 1) involves an infinite number of substeps, indexed by the alpha variables
t,t2, ..., of which with probability 1 only finitely many are nontrivial. Second, each such
substep involves sampling random variables X1, ..., Xy (for A\™)) or X1, X5, ... (for \)

and applying an ‘insertion map’

(next state) = ¢y (X7, ..., Xy; (initial state)) (6.8.21)

41t was stated for simplicity in the case where the fixed principal specialization is finite, but holds for
an infinite principal specialization—and hence A—as well.
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(for AV or
(next state) = too(X1, Xo, .. .; (initial state)) (6.8.22)

(for 5\) These insertion maps have the property that for any k € Yy, if 0 = Xy =
Xniyo = ..., then

LN<X1,...,XN;K,):LOO(X17X27...;/£). (6823)

Now define stopping times

T .= min({s € Zso : \M(s), = N})

Tn :=min({s € Z>o : \(s)] = N}) (6.8.24)

Zy = min{s € Zs : at some substep of A(s) — A(s + 1), max X; > 1}
B J2N+

The rest of the proof proceeds exactly as for Proposition 6.8.1 by showing that the
variables Xy 1, Xn4o,... will all be 0 with high probability on [0, sy], hence X,(sy) =
AN (s5)! by the properties of the sampling algorithm outlined above, and then using
(6.8.19) in place of (6.8.4). O

Remark 41. The results of Chapter 5 show that the singular numbers of N x N products
of corners of Haar-distributed elements of GLp(Z,), D > N also form a Hall-Littlewood
process, and Theorem 1.4.2 carries over mutatis mutandis to that setting with no changes

other than the parameter of Ly ..
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Chapter 7

Universal local limits for p-adic matrix

products

7.1 Constructing the limit process

In this section we construct the bulk and edge limit processes mentioned in the Introduc-
tion, by coupling together many copies of the process §*>°(T") discussed in the previous
section. We will give a uniform construction with general initial condition which includes
both the bulk and edge cases, and to set up this formalism we define an extended version

of earlier signature notation. Throughout this section, t € (0, 1) is a fixed real parameter.
Definition 48. Let Z = Z U {£occ0}. We define
Slgn = {()\1,,)\n) GZHI>\1 > Ay >l Z)\n}

and

Sig, == {(A\1,.. s M) €EZ7 A > A > . > A b

where we take co > x > —oo for any = € Z. Furthermore we define the infinite versions

Sig., = {(Mn)nezs, € 7221 2 iy < p, for all m e Z1}

and

gi?ogoo = {(ttn)nez € Z5>1 - piny1 < p, for all n € Zs1},
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and the bi-infinite versions

Sigo := {(ttn)nez € ZF : i1 < iy, for all n € Z}
and

S/’\1g200 = {(ttn)nez € Z" : piny1 < iy, for all n € Z}.
For z € Z, we write (z[200]) = (2)nez. For any finite interval I C Z, define

Ty . SngOO — Slgu‘
= (pi)ier

and for a half-infinite interval I = [a,00) define 7} : S/i\g200 — S/'\lgoo in the same way.
We refer to the elements \,, i, above as parts, as is standard terminology with integer

partitions. Finally, we use Sig;, Sig, , Sigd_, Sig,., to denote the subsets where all parts

are either > 0 or equal to —oo.

Definition 49. Given pu = (tn)nez € S/izf,%o, we define p/ = (u)))nez € S/'\l,gz;%o by

the unique index j such that p; >4, pj0 <@ limg, o0 pip > 7 > limy, o0 fin

/ . .
Ky = § —o0 1> limy, oo fin

\

Though in Theorem 1.5.1 we stated that the limit process $*2?* is a bulk limit of the
processes S¥" with n particles, for the construction it turns out to be much better to
work with the ‘half-infinite’ version S*°°(7) defined previously in Definition 2. To couple

many such processes together, it is helpful to define notation for certain shifted versions.

Definition 50. For p € S/'\lgoo and t € (0,1), we define the stochastic process

SH(T) = (SMNT), S* (T, . .) = (S I1T), St 'T),...).  (7.1.1)

Strictly speaking, the description in Definition 50 only make sense if finitely many
Poisson clocks ring on any interval. This is simple to show, and we do so in Lemma 7.1.1

once we have set up the relevant probability space. We also emphasize that S“’"(T) is
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merely a notational shift of S#°°(T') as defined in Definition 2, where we make the indices
start at —n rather than 1, and speed up time by a factor of t7="~! so that Sf ™(T) has
jump rate ¢, similarly to S}""(7T") and S{"*°(T)).

Definition 51. Define the probability space

Q= HR§0

1EL

with the obvious product o-algebra. Define the probability measure

Poiss := H Poiss;: € M(2)

1EL

where Poiss, € M(RY,) is the product over the N factors of the distributions of rate-r

exponential variables.

Clearly Poiss, may be identified with the law of a rate r Poisson jump process on
time 7' > 0 by viewing each R factor as specifying the waiting time between adjacent
jumps (or in the case of the first factor, the waiting time between time 7" = 0 and the
first jump). Heuristically, S#2°°(T') is defined by giving each S***(T') an independent
exponential clock with rate ¢, and having SZ”’%O(T) jump when its clock rings; here, €2
is exactly the space of possible sequences of ring times of all of the Z-many clocks, and
the measure Poiss is exactly the desired Poisson measure on the ring times. The main
difficulty consists in making sense of this when lim,, ., . i, is finite, i.e. when infinitely
many particles with rates in increasing geometric progression are all located at a single

point and so infinitely many of their clocks ring on any time interval.

However, we first make formal the above claim that with probability 1 only finitely
many clocks with indices belonging to any half-infinite interval [i, c0) ring on a given time

interval, which was necessary for Definition 50 to make sense. First define notation

jumps : R5¢ X (Rgo) — Z>o

n (7.1.2)
(T, (a1,02,...)) = sup({n>0:) a; <T})

i=1

i.e. jumps(T,-) tells how many times the clock parametrized by the element of RY, has

rung by time 7.
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Definition 52. Denote

Q:={weQ: Zjumps(T, 7;(w)) < oo holds for every T'> 0 and i € Z}.

j=i

Lemma 7.1.1. The set Q C Q has full measure.

Proof. 1t is an elementary computation with exponential random variables that for any

T and 1,

o0

Zjumps(T, m;(w)) < o0 (7.1.3)

j=i
with probability 1. Hence the set of w € §2 for which (7.1.3) holds for all 7" € [0, T is full
measure, and the complement 2 \ Q) is therefore a union over i € Z,T € N of measure 0

sets. It therefore has measure 0, so Q has full measure. O

We may couple the processes S~“[—"v°°>(“)’"(T ) on the probability space Q as follows.

H)T G n,00) (1)s1 .
() ,S_[n+’1 o ,..., viewed

Simply note that any sequence of clock ring times for S’E{"‘”
as an element of [];° | RY,, determines (Sf[g"’“’)(u)’n(T), Si;ﬁ‘fw(u)’n(T), ) forallT >0
by the jump rules of Definition 2. The random variable S™-m)(*)}"(T") is then a function

on this probability space,

Sﬂ—[*n,ooﬂu)yn(T) . H RI;O — S/\lgoo

for any T' > 0. Therefore

H Sﬂ'[,n,oo)(,u,),ﬂ(T> o PI'Oj[_npo) . ﬁ — H S/\lgoo

n>1 n>1

defines a coupling of all random variables { ST #):"(T) : n > 1} on €, where Proji_,, «)
denotes projection onto coordinates —n,—n + 1,.... For each w € Q) we denote by
(Sﬁf"’w)(u)’n(T))(w) € 7 the corresponding coordinate of S ®:"(T) under w. Fi-

(2

nally, we may define the desired object.

Definition 53. For any p € S/iTgZOO, we define the continuous-time stochastic process
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S T >0 on E‘Ti\g%o by setting

S"2(T) : Q = Sige,
(7.1.4)

W (hm (STt (T))(w))

n—o0 =y

for each T' > 0.

We note that the limit must be taken along n € Z>_;, as S, """ (T))(w) is only

well-defined if n > —1.

Proposition 7.1.2. For any T > 0 and w € Q, the limit (7.1.4) exists and defines a
S/i\gzoo—valued random variablet. Furthermore, the resulting stochastic process in T > 0 is

Markov.

We first establish a preparatory lemma. This

Lemma 7.1.3. For everyn € Z>y,w € Q,T € Rug,t € Z>_,,, the inequality

(ST (w) = (ST (D) (w) (7.1.5)

3 7

holds.

Lemma 7.1.3 is a purely deterministic/combinatorial fact, and the idea behind it is
that S}nﬂ has an extra particle in front compared to S’T", which may block the others
but will never bring them further ahead. It holds for the half-infinite processes S but
not for the finite n approximations S™-=n(" as these do not account for pushing by
higher-indexed particles. This is the main reason we use the former process rather than

the latter in our construction.

Proof of Lemma 7.1.3. Since w € (NZ, the clocks —n — 1, —n,—n +1,... only ring a finite
number of times in any interval [0,7]. Additionally, the lemma clearly holds at time
T = 0. Hence it suffices to show that if (7.1.5) is true for each ¢ before a given clock
rings, then it is also true for each ¢ after that clock rings, for then we may induct on the
(finite, by above) number of rings. Let 7" > 0 be such that (7.1.5) holds at time 7', and

under the event w exactly one clock rings on the interval [T',T" + €.

1i.§. it is measurable in the o-algebra on S/\iggoo C 7Z” inherited from the product c-algebra, where
each 7Z factor has the discrete o-algebra
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If the strict inequality case of (7.1.5) holds for a given i before the clock rings (i.e. at
time 7'), then clearly (7.1.5) still holds after at time 7" + € because the S, o (07 o
change by at most 1 when any clock rings. So it remains to consider the case where the
equality case

(ST WD) () = (ST (1)) W), (7.1.6)

(2 (2

of (7.1.5) holds for some index ¢ at time 7', and the (n + 1) approximation has a jump
at the same index,

(ST =TT 4 ) w) = (ST T (W) + 1. (7.1.7)

K3 K3

To show that (7.1.5) continues to hold at time 7'+ ¢, we must show that this jump occurs
at the same location for the n'* approximation,

(ST (T 4 ) (w) = (ST (1) (w) + 1 (7.18)

The clock that rings to induce the jump (7.1.7) must be the 5 clock, for some j > i

for which (3;[_"_1’“)(H)’n+1(T))(w) = (SNT[‘”‘L‘X’)(”)’"H(T))(w), by the definition of our

7

dynamics. Since (7.1.5) held before the jump, we have

(ST 0 (7)) () >

7

(7.1.9)

(using (7.1.6)), so all above inequalities must be equalities. It follows that the particle
of S;7*"™ which jumps on [T, T + €] began at position (5:[7"‘°°>(”)’n(T))(w) rather than
some other one. Hence one of the following must be true: (a) (7.1.8) holds, or (b)

i > —n and (SZ[_”’m)(“)’n(T))(w) = (gji_l"’w)(“)’n(T))(w) (for then Szr[_"’w)(”)’n is blocked

ST [—n,00) (1)1
by 82'7[1 s )

Suppose for the sake of contradiction that (b) holds. Then since (7.1.5) holds for ¢ — 1
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at time T by inductive hypothesis,

81N (M) (e

(S0 (7)) (w)

(S )
Z SNl —n—1,00) /") n+1 T
( ) -
zw@"m””*@m>
= (ST (T)) (W),
so again all inequalities must be equalities and
(ST =T (w) = (ST T (W), (7.1.11)

Since only one jump occurs on the interval [T, 7 + ¢, (7.1.7) and (7.1.11) imply that

(ST WD 4 ) w) = (ST + ) (@) + 1, (7.1.12)

)

which violates the weakly decreasing order. Hence (b) cannot hold, so (7.1.8) holds,
which completes the proof. O]

Proof of Proposition 7.1.2. We show that for any w € Q,z’ € Z,T € R, the limit

lim (S] 7 ®™(T))(w) (7.1.13)

exists.

The sequence ((S; ™ w)(“)’n(T))(w))W ; is bounded below by (S " o) () (0))(w) (which
is independent of n > —i), because coordinates of Sjl are nondecreasing in time. Since
((5:[_"’“)(“)’71(T))(w))nz_i is also decreasing in n by Lemma 7.1.3, it is immediate that
the limit (7.1.13) exists. Hence §*?*°(T) is well-defined. Furthermore, each coordinate
S**°(T) is a limit of measurable functions S; [7"’“’)(”)’n(T) . Q0 = Z and hence measur-

able, so 8*2%(T) is measurable with respect to the product o-algebra on ZZ.

We now show S§*2°(T') is Markov, which holds by the following facts:

e For any fixed T > 0, $#2°(T) is determined by (ST-m)()m) .\ (T) by the above.

e For s > 0 and for each n > 1, ST W"(T 4 s) is determined by ST-me) ) (T)

together with the complete data of which clocks ring when on the interval [T, T+ s],
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by definition.

e The complete data of which clocks ring when on the interval [T, T+ s] is independent

of everything earlier, by the memoryless property of exponential distributions.

This completes the proof. O

We now prove that our construction satisfies the property stated in the introduction
as Theorem 1.5.1, that it is the bulk limit of the processes §*". We in fact prove a slightly
more general statement which allows arbitrary initial conditions and gives almost-sure

convergence, from which Theorem 1.5.1 follows by taking p = (0[200]).

Proposition 7.1.4. For any i € S/\ig%o, there exists a stochastic process S**>*(T), T > 0,
with SM*°(0) = p, which is a bulk limit of the processes S*™ above in the following
sense. The processes SWi—rnrstn—rn)™(T) 1 > 1 may be coupled on Q such that for any
D e N, T} € Rsy and sequence of ‘bulk observation points’ r,,n > 1 with r,, = oo and

n—r, — 00,

(Sygrrtinrn M=) [ St S (7)) (SEPR(T), L, S(T))
(7.1.14)

almost surely for all 0 < T < T7.

Proof. We couple SHi=rntn—ru):®(T) n > 1 on Q in the obvious way, namely by defining

S(Hlfrn,..qltnf’rn)vn(T) LT ) (Q) = S/l\gn (7.1.15)

by identifying the n coordinates of W[l_rnyn_rn](ﬁ) with the clock times of the n particles

of SWi=rnswtn—ru)m - Similarly, we have the coupling

Stttz )=V (T) -y () : Sig, . (7.1.16)
For each w € ﬁ, there exists an index jy such that clocks jg, jo + 1, ... do not ring on the

interval [0, 71]. Hence as long as n —r, > jo,

S(pl,rn,...,yn_rn),n<T>(w) — ﬂ-[l,n} (S(/‘l—rn’/‘4277‘71"")’74”71(T)(w)) (7117)
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for any T' € [0,T;]. Because n — r,, — o0, this is true for all sufficiently large n. Since

Tn — 00,
lim St l Iy = iy Sttt (Y = §200(T), (7.1.18)
n—oo n—o0

Combining (7.1.18) with (7.1.17) completes the proof. O

Definition 54. One may identify the set Sig,,,, of (1.5.2) with
{VES/iTgQOO:yiEZforiSOandyl:yzz...:—oo}. (7.1.19)
For any 1 € Sig, ., letting fi € S/i?g%o be its image under the above map, we define

SHedse(T) = Sh2(T). (7.1.20)

Some properties of S#?>°(T') will be useful later.

Definition 55. For any d € Z we define F} : S/i?g%o — S/i\g200 by

Fd((ﬂn)nez) = (min(:um d))nez-

We define Fj; on S/\igoo and S/;gn in exactly the same way.

Proposition 7.1.5. For any d € Z and u € S/'lz{oo, Fy(8"2(T)) is a Markov process.

Proof. It is clear from Definition 2 and Definition 50 that Fy(S"(T')) is a Markov process
for any v € S/iTgoo. Clearly Fy(S*?°(T)) is a limit of Fy(S™-n1)"(T)), by the same
proof as Proposition 7.1.2, and the Markov property is inherited by the limit as in that
proof. ]

Note that if x4 has a part p; > d, then only the parts Fy(S*?*);,j > i can evolve,
leading to a much simpler process because the sum of their jump rates is finite. The
following result, which we have stated in terms of Markov generators because we will
need this later, says informally that if g has a part > d, then Fy(S*2?>) evolves by the
same reflecting Poisson dynamics as the prelimit process. This will be extremely useful
for random matrix results, as for such p we may check convergence to Fy(S*2>°) by taking

asymptotics of generators/transition matrices.
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Proposition 7.1.6. Let d € N and let ;1 € S/';g%o be such that
io:=p,+1=inf({i € Z: pu; <d}) > —o0, (7.1.21)

and let

00 Wi > —oo for all i
N = (7.1.22)

max({i: u; > —o0}) else

Let Q : Fd(S/i\gQOo) — Fd(S/\ngOo) be the matriz defined by

(
1/+1 N+1
d —
e T 1 ; R =V

Qv k) = < w there exists i € Z such that k; = v; + 1(j =) for all j € Z

0 else

\

(7.1.23)
for all v,k € Fd(S/\ngOo). Then the matriz exponential eT@ : Fd(SAngOO) — Fd(S/'\lg%o) is
well-defined, and

Pr(Fy(S8"*°(T + Tp)) = k| Fy(S"*®(Tp)) = v) = (") (v, k). (7.1.24)
Proof. Applying Fy to Definition 53,

Fy(SP2°(T)) = lim Fy(S™-reo W (T7)), (7.1.25)

n—oo

For all n > —ig, it is clear from the definition of S that the (multi-time joint) law
of Fy(S™-mWn(TY) is independent of n. Note that for any v as above all entries
Fd(S”[*"W(”)’”(T))j,j < v/, never change because they are already equal to d. Addi-
tionally, if N is finite the entries Fy(S*?>(T'));,j > N do not change because they are
equal to —oo. Meanwhile, all entries Fy(S™-m0W™(T)); iy < j < N jump according
to Poisson clocks of rate t/ as before, until they reach d, at which point they jump no
longer. It follows that Fy(S™-m))"(T")) has Markov generator given by (7.1.23), after
identifying the state space with Fd(S/i\gQOO) by padding with entries d on the left. Hence
by (7.1.25), F;(S***°(T)) also has Markov generator Q. O
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Definition 56. Define the forward shift map

S S/.\lg200 — S/i\g2oo

(:un)nEZ = (/vbn+1 )nGZ

Because the i'" coordinate u;(T) of S*2>(T) behaves as a Poisson jump process
with rate t* (neglecting interactions with the other coordinates), the " coordinate of
s(8*2°(T)) has rate t'™! =t - t', i.e. s has the effect of slowing down each jump rate by

a factor of t. Heuristically this justifies the following.

Proposition 7.1.7. Ifa € Z and p = (a)ez, then
s(S*2° (71 T)) = 8,000 (T) (7.1.26)

i distribution as stochastic processes.

Proof. Define a map

£:Q—=Q

((an,i)ien)nez — ((t - @nt14)ien)nez

The map & scales the waiting times a,; by t and shifts which coordinate p, they cor-
respond to. Since these waiting times are exponential variables with rates in geometric
progression with common ratio ¢ under the measure Poiss € M(Q) defined in the proof

of Proposition 7.1.2, it follows that
¢.(Poiss) = Poiss . (7.1.27)

It is also immediate from the definition of £ that for any 7' > 0 and w € ﬁ,

~7r7n,oo( )TV Nﬂ—fnfl,oo( )TV 1 —
(ST (T)) (w) = (ST T (g (w)). (7.1.28)
Hence clearly

Tim (8771 (w) = lim (ST ) (E(w), (7.1.29)
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and in view of the construction in Definition 53 this implies (7.1.26). [

For completeness, we record how the results proven above yield what was stated in

the Introduction.

Proof of Theorem 1.5.1. In Proposition 7.1.2 we show that S?°* is a well-defined Markov
process, and the properties (1), (2) and (3) stated in Theorem 1.5.1 follow from Propo-
sition 7.1.4, Proposition 7.1.7 and Proposition 7.1.5 respectively. O]

—

7.1.1 Convergence of measures on Sig,.,

Having constructed the putative universal object S#2> and shown some basic properties,
we now set up what is needed to prove convergence to it. To speak of weak convergence of
S/\ngOo—\falued random variables, we must at minimum equip S/i\g200 with a topology. The
space Z has a natural topology with open sets generated by finite subsets of Z together
with intervals? [—oo,n] and [n,oo] for each n € Z. For concreteness later we note that
the closed sets in this topology are those which, if the contain arbitrarily large positive

(resp. negative) finite integers, also contain oo (resp. —oo).

We now give S/iTgQOO the topology it inherits from the product topology on ZZ, where
each Z factor has the topology above. Equivalently, this is the topology of pointwise
convergence on Z%. When we speak of measures on S/\ig%o, we will always mean measures
with respect to the Borel o-algebra determined by this topology. Note that this is just
the product o-algebra of the discrete o-algebras on each Z factor, which is the one we

took earlier in Proposition 7.1.2.

The space Z is second-countable and separable, hence metrizable by Urysohn’s theo-
rem, hence the product Z# (and therefore gi\g%o) is metrizable as well. This makes the

following two definitions of weak convergence equivalent by the portmanteau theorem.

Definition 57. A sequence of probability measures (M,,),>1 on S/'\1g2C>O converges weakly
to M if, for every S C S/\ngOO which is a continuity set of M (i.e. M(0S)=0), M,(S) —

M(S) as n — oo. Equivalently, for every continuous f : S/\ig%O — R,

| fdM, — | fdM.
7% /s

2In both cases, the interval includes the infinite endpoint, as indicated by the square braces.
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We reduce weak convergence to a more checkable, combinatorial condition, which is

what we will actually show. For I C Z let 7r; : Z* — Z! be the projection.

Lemma 7.1.8. A sequence of probability measures (My)n>1 on S/\ngOO converges weakly
to a probability measure M if, for every finite I C 7Z and d € 7Z, the convergence of

pushforward measures

(1)« (M) ({0}) = (1)« (M))({0})

_ —~k
holds for every b € Z'. The same statement holds for measures on Sig,. and finite sets

I cZk

Proof of Lemma 7.1.8. We prove the k = 1 case, as the general case is exactly analogous.

Let

U= {r;"(A):J CZ finite, and A C 7;(Z”*) a product of singleton sets} U {(}.
(7.1.30)

We note that (i) U is closed under finite intersections, and (ii) every open set in ZZ
is a countable union of elements of U, which follows since Z is countable. By [Bil68,
Theorem 2.2, the two properties (i), (ii) imply that for weak convergence M,, — M, it
suffices to check that

M, (U) — M(U) (7.1.31)

for every U € U, this captures the intuitive notion that U is a ‘large enough’ collection

of sets to determine weak convergence. For a set 7, '(A) as in (7.1.30), by definition

(w1 (M) (A) = My (757 (A))

and similarly for M, therefore our hypothesis implies (7.1.31), which completes the proof.
O

We note that the converse of Lemma 7.1.8 is not true. For instance, the Dirac delta
measure at (D),cz converges weakly as D — oo to the Dirac delta measure at (00),ez,
but the set ;' ({oc}) (which is not a continuity set of the latter measure) has probability

0 under the former measures and probability 1 under the latter measure.

261



7.2 Main theorem statement and comments

We wish to talk about random finite-length partitions—singular numbers of the matrix
product process—converging to random elements of S/'\lg%o, so it is convenient to define

an embedding of Y into S/';g%o.

Definition 58. For A\ € Yy define

and let

LYy — S/i\g%o

s A) = (0N nez.

We are now able to state the main dynamical result, which in the bulk case we will
later augment to include the single-time marginal as well. It applies to both the bulk and
edge: the sequence (rn)n>1, which represents ‘observation points’ of the matrix product
process, may be taken such that 0 < ry < N for a bulk limit, or ry = N — k for fixed

k for an edge limit.

Theorem 7.2.1. For each N € N, let AZ(N),i > 1 be an iid sequence of GLy(Z,)-bi-
invariant random matrices in Maty(Z,), and let ry be a ‘bulk observation point’ such

that rny and the random wvariable
Xy = corank(AEN) (mod p)) (7.2.1)
satisfy
(i) ry — 00 as N — oo,
(i1) Pr(Xn =0) <1 for every N, and
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(11i) Xy is far away from ry with high probability, in the sense that for every j € N,

Pr(Xy >ry —j| Xy >0) =0 as N — o0. (7.2.2)

Let 1 € S/\lg;_oo be such that lim,_ . i, = 00, and let BN € Maty(Z,), N > 1 be any

fized matrices with singular numbers around ry matching p, i.e. for every i € Z

(5™ 0 uSN(BM)))i = uy

for all sufficiently large N. Define the prelimit matriz product process 1N (1) = SN(A&N) e

for T € Z>q, and the shifted version on S/ié%o
AMN(T) := ™ o o(TIMN) (|enT ), T € Rsg

with time change given by

¢
CN = N=12,... 7.2.3
N E[tflen(SN(AEN))) — 1] ( )
Then we have convergence
A (1) B2y gu2eo () (7.2.4)

n finite-dimensional distribution.

Many remarks on Theorem 7.2.1 are in order. First of all, the hypothesis (7.2.1) is
not the same as what was given in the Introduction. The latter was in fact a stronger

hypothesis, as we show now.

Proposition 7.2.2. Let (ry)nen be a sequence with vy — oo and ry < N. For each N

let Xy be a random variable taking values in [[N]], such that for every j € Z we have
Pr(Xy >ry+j) =o(Pr(Xy > 1)) as N — o0. (7.2.5)

Then
Pr(Xy > 7y +7) = o(E[L( Xy < ry) (NN — V) (7.2.6)

for every j € Z.
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Proof. Since (t"™V"X~¥ —¢"™~) =0 when Xy = 0,

L Xy <ry)E™ Y —¢'V) <1(1 < Xy <ry) < 1(Xy > 1), (7.2.7)

hence
E[1( Xy < ry) (™5 — ™)) < Pr(Xy > 1). (7.2.8)
O

Proof of Theorem 1.5.2. By Proposition 7.2.2, the hypothesis in Theorem 1.5.2 implies
the one in Theorem 7.2.1, and the convergence (7.2.4) clearly implies the version in

Theorem 1.5.2. ]

Proof of Theorem 1.5.3. Exactly as for Theorem 1.5.2, taking ry = N in Theorem 7.2.1

and using the natural inclusion Sig,,,, < S/iTgQOO taking (p1:)iez_o t0 (- -+, pt—1, fto, —00, =00, .. .).

]

One might also wonder where the definition of ¢y came from; why 1(Xy < ry) rather
than, say, 1(Xy < ry —1)7 We show that this is simply a matter of convenience and our

hypothesis guarantee that any cutoff near ry will give the same result.

Proposition 7.2.3. Suppose ry and Xy are such that for every j € 7Z,
Pr(Xy > ry +J) = o B[L(Xn < ry) (™%~ — ™)) as N = oo.  (7.2.9)
Then for every j € 7Z,
EL( Xy <7y + )5 — )] = (14 o(1)E[L( Xy < ry) (™Y — ™)), (7.2.10)

Proof. We will prove the case j > 0, as the case j < 0 is the same after replacing ry by

ry — J. It suffices to show

E[l(ry < Xy <7y +5) VY — ")) = o()E[L(Xn < ry)(#¥ XY — V)] (7.2.11)
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Since

E[l(?"N <Xy <ry —f—j)(tTN_XN —tTN)] < t_‘j PI’(TN < Xy <ry —f-j) < t_j PI"(XN > T‘N>,
(7.2.12)
which is o(E[1(Xy < ry) (™~ N —¢"™~)]) by (7.2.9), (7.2.11) follows. O

7.3 Reducing Theorem 7.2.1 to Markov generator asymp-

totics

Our goal is to understand the asymptotic dynamics of singular numbers II™V)(7) =
SN(A;---A;) under matrix products Aj, As,... € Maty(Z,) in an ‘observation win-

dow’ around some 7y, i.e. HEN) (1) where i = r + const. It is helpful to view the HEN) (1)
as a collection of particles on Z, which may inhabit the same location, and which ‘jump’
in discrete time 7 by HZ(»N) (14+1)— HEN)(T) at each ‘time step’ 7 +— 7+ 1. To establish a

continuous-time Poisson-type limit of this evolution, we show the following:

1. With probability 1 —O(p~""), none of the singular numbers HZ(-N)(T),i ~ ry change
under the time step 7 — 7+ 1 (and in fact, we see this is true for all i > ry as

well).

2. For each i ~ ry, we show the probability HEN)(T) jumps at a given time step is
cp~t + O(p~?™) for ¢ independent of 7 which we explicitly compute, in the case
when HSN) (1) is not equal to any other part of A(7), and otherwise is given by a
slightly different formula since multiple parts may push one another. This leads to

the jump rates of the continuous-time process seen in Theorem 7.2.1.

3. We show that the probability that more than one jump occurs among ¢ ~ ry is

O(p~?"~) and hence may be discounted.

This section contains the abstract nonsense portion of the proof of Theorem 7.2.1.
We first state three lemmas about random matrices, which correspond to (1), (2) and
(3) of the above sketch and contain all of the needed hard computations, and then show
how they imply Theorem 7.2.1. The proofs of the lemmas themselves will be deferred to
Section 7.5.
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Definition 59. Let d € N and let A be a random element of Maty(Z,) with law invariant
under GLy(Z,) on the right. Then we define the Markov transition matrix on pairs
k,v € Fy(Sig},) by

Pag(v, k) == Pr(Fy(SN(AMB)) = k), (7.3.1)

where B is any matrix with SN(B) = v.

Lemma 7.3.1. Let (ry)nen be a sequence with ry < N and ry — o0, and for each
N € N let AN be a GLy(Z,)-right-invariant random matriz in Maty(Z,) with Pr(AN) €
GLn(Z,)) < 1 and

Pr(corank(A®Y)  (mod p)) > ry — 7) = o(cyt) forallj >0 (7.3.2)

eyt = E[1(corank(A®)  (mod p)) < TN)(tTN_Corank(A(N) (mod p)) _ ¢ra)], (7.3.3)

Fizx d € N and let Py 4 be as in Definition 59. Then as N — oo,

t(V(N));c+1 _ tN7TN+1

1—-1

Py g™ /M) =1 — ey Fo(eyh). (7.3.4)

Furthermore, for any L € Z the implied constant is uniform over all v™) € Fy(Sigk)

with (V) > L+ ry.

Remark 42. Note that we do not require the asymptotic in Lemma 7.3.1 and below
to be uniform over choices of the distribution of AN) or the sequence (ry)yen which
we assume to be fixed. Also, we will not need the uniformity of implied constants for

Theorem 7.2.1, but we will need it for upcoming results, so we prove it here.

Lemma 7.3.2. Assume the same setup as Lemma 7.3.1. Then for any sequence of pairs

v kWM e Fy(Sigh) with v™) < k™) and [x™) /)| =1,

1=t ®)

Py g™ kM) =1 ey +o(cyt) (7.3.5)

(N) (N)

where j = j(N) is the unique index such that k;  =v; '+ 1, and implied constant in

(7.3.5) is uniform over all such sequences of pairs v™), kM) with (V™) > L +ry.
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Lemma 7.3.3. Assume the same setup as Lemma 7.3.1. Then
PA(N)’d<V(N), {k € Fd(gi\gN) kD v and |k/v™| > 2}) = o(cyt) (7.3.6)
uniformly over all sequences v™N) € Sigh, N > 1 with (vW™)), > L.

Now we show Theorem 7.2.1 conditional on the above lemmas. As a technical conve-

nience, we work with slightly different prelimit processes.

Definition 60. In the setting of Theorem 7.2.1, define the (shifted) discrete-time singular

number process II™) (1) = (IIM(7),)icz, T € Zso on S/\ngQO by

)
00 1<1l—ry
H(7) = STM(7) iy 1—ry i< N -7y (7.3.7)
i 1> N—ry
\

Define the continuous-time version by

AM(T) = (AM(T))sez = T ([enT])). (7.3.8)

In other words, II™) agrees with II™ on all coordinates i < N — ry, and all later
coordinates are the same as those of u and do not change as time T increases. The
process AN)(T') has the advantage that Fy(A®)(0)) = F,(11) whenever N is large enough
so that SN(B™)) has at least one part > d (of course, the fact that this is true for large
N requires the hypothesis lim,_,q fi—n = 0o of Theorem 7.2.1), hence Fy(A™)(T)) and

Fy(8*%°(T)) have the same initial condition.

Lemma 7.3.4. To prove Theorem 7.2.1, it suffices to prove that under the same hypothe-

ses,

Fy(A™(T)) T2 Fy(8#2(T))

i finite-dimensional distribution for any d € N.

Proof. To show Theorem 7.2.1 it suffices to show that for any sequence of times 0 < 77 <
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. < T}, we have convergence of random vectors
(AN(TY), ..., AN(TL)) — (S%2°(Ty), ..., 8P (T}))

in distribution. By Lemma 7.1.8 it suffices to check convergence of measures on sets
e, 7 ({b:i}) with b; = (bi1,...,by,)) € Z%. For any projection 7 to finitely many
coordinates, m;(AM) = 7;(AM) for all sufficiently large N in terms of .J. Hence it

suffices to show
(AT, ..., AN(T})) — (S"*°(Th),...,S"*(T}))
in distribution. Letting d be some integer satisfying

d> sup sup b,
1<i<k 1<<|I|

it therefore suffices to check Fy(A™N)(T')) converges in joint distribution at Ty, ..., T} to

Fy(S#2(T)). O

We now wish to prove the desired convergence in finite-dimensional distribution by
analyzing the transition matrix and generator, respectively, of the discrete-time process
Fy(TI™N)(7)),7 = 0,1,... and the continuous-time process Fy(S*2>(T')). For these con-

siderations it is natural to consider a restricted state space, 3(d, 1), which we now define.

Definition 61. Define a partial order C on S/i?g%o by

vCk << 1;<k; foralli. (7.3.9)
For v C k, we define
|k/v| = Z Ki — Vi € ZLso U {00}, (7.3.10)
i€EZ

where in the sum we take the convention that co — oo = (—00) — (—00) = 0 and co —n =

n — (—oo0) = oo for all n € Z. Finally, we set

S(d, 1) = {v € Fa(Siggeo) : v D p1, |1/ p| < 00}
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Lemma 7.3.5. For u € Sji\g%o with lim, ,oo iy, = o0 and any d € N, the Markov
process Fy(S*2?°(T)) remains on X(d, p) for all time with probability 1, and its transition
matriz Q) (restricted to X(d, ) is upper-triangular with respect to the partial order C of
Definition 61.

Proof. By Proposition 7.1.6, the sum of transition rates of Fj(S*?>) out of any state is
bounded above by the sum of transition rates out of state u, which is (t% —¢tN+1) /(1 —t)
and hence finite. Therefore with probability 1, Fy(S*?>(T)) stays on X(d, u). Upper-

triangularity follows from the explicit definition in Proposition 7.1.6. O

Lemma 7.3.6. In the setting of Theorem 7.2.1, for any d € N, Fy(II™) (7)) is a Markov
chain. Furthermore, the set S/iTgQOO \2(d, ) is absorbing for this process, so it projects
to a Markov process on X(d, ) U {R} by identifying all states in S/\ngOo \X(d, p) with X.
Finally, the transition matriz Py of this Markov process is upper-triangular with respect

to the partial order C of Definition 61.

Proof. The diagonal entries of the Smith normal form of any A € Maty(Z/p?Z) will lie
in {1,p,...,p? 1,0}, and so we define SN(A) € Sigy to have all parts in {0,1,...,d},
where all 0 entries in the diagonal of the Smith normal form correspond to parts d. It is

then clear that for any A € Maty(Z,),
Fy(SN(A)) = SN(A (mod p?)). (7.3.11)

Since A(LZV)TJ --‘AgN)B(N ) (mod p?) is a product of independent matrices over Z/pZ,

Fy(TM) (7))
s™ 0 L (SN(AM ... AN BN (mod p?))) (7.3.12)

is a Markov process. Because II'V)(7) is the same as above except on coordinates i >
N — ry, which do not evolve in time under either process, II™(7) is also a Markov
process. Clearly Fy(II™)(7)) has upper-triangular transition matrix with respect to D,
since multiplying matrices over Z, can only increase their singular numbers. Hence if it

ever leaves X(d, pu), it will not return, so it projects to a Markov process on X(d, ) U

(R} O

Note that if d > lim,, . pt_p, then Fd(ﬁ(N)(T))i = d > p; for all sufficiently large
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negative i, hence in fact Fy(II") (7)) lives on S/\ngOO \X(d, ). When d < lim, o0 ft—p,
however, it is not hard to see that F;(II™V)(7)) will remain on ¥(d, j1) with probability
1, though we find this fact as a consequence of later statements rather than explicitly

deriving it. Finally, we may prove the desired result.

Proof of Theorem 7.2.1, assuming Lemma 7.53.1, Lemma 7.3.2, and Lemma 7.3.3. By Lemma 7.3.4,

it suffices to show for any sequence of times 0 < 7T7 < ... < T}, that
(Fa(A™(T3))1<is — (Fa(S™*(Ti)h<ic (7.3.13)
weakly as N — oo. It follows from Proposition 7.1.6 that

Pr(S*%°(T;) = v for all 1 < i < k)

= (") (Fy(p), V(l))(e(TrTl)Q)(y(l)7 V(2)) e (e(Twkal)Q)(y(kfl)J V(k)) (7.3.14)

when all v lie in X(d, i), and (7.3.14) is 0 otherwise. Hence to show (7.3.13), by (7.3.14)

we must show
p]bCNTiJ_LCNTi—IJ (V(i—l)’ V(z‘)) N—o0 (e(Ti—Ti_l)Q)(V(i—l)7 l/(i)). (7.3.15)

Let PNJ and Q; be the restrictions of Py and Q@ to the finite poset interval [0~ )] C

¥(d, pt). Then by upper-triangularity (see Lemma 7.3.6 and Lemma 7.3.5 respectively),

~]\VC’§\ITiJ_|_CNTi71J (V(z'—l)7 V(i)) _ P]kaNTiJ_l_cNTi—lj (l/(i_l), V(z')) (7.3.16)
(e(T"_Ti‘l)Q")(y(i_l), V(i)) = (e(T"_T"‘l)Q)(V“_l), V(i)). (7.3.17)

This implies that in order to show (7.3.15), it suffices to show
pﬁ?TiJ—LcNTi_lj (=D, ) N—roo, (eTi=Tim0Qu) () =1) (@) (7.3.18)
The latter is an equality of finite matrices, and because they are finite it suffices to show

pN,z‘ =1 + C]_VlQi + O(CJ_VI). (7319)
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For any 7, x € [V, v®] C ©(d, u), we have

Pri(n,5) = Py(n, k) = Py (i) 1-ry<isn—ry, (Ki)1-ry<ish-ry) (7.3.20)

and @Q;(n, k) = Q(n, k). We recall from Proposition 7.1.6 that
_t”:pLi:zNJrl k=1

i(1—gmn; (M) . . . . .
Qn, k) = % there exists i € Z such that x; =n; +1(j =) forall j € Z -

0 else

(7.3.21)
The asymptotics of Lemma 7.3.1, Lemma 7.3.2, and Lemma 7.3.3 for (7.3.20), which
correspond to the three cases of (7.3.21), yield (7.3.19) in these three cases and hence
complete the proof. O

7.4 Nonasymptotic linear-algebraic bounds

The purpose of this section is to prove three nonasymptotic statements about random
matrix products, Lemma 7.4.1, Lemma 7.4.2, and Lemma 7.4.3. In the next section we

will use these to prove Lemma 7.3.1, Lemma 7.3.2, and Lemma 7.3.3 respectively.

For the remainder of this section, we fix the following notation: Let N € Z>; and
A € Yy be fixed partitions, let A = (a;j)1<ij<n be a Haar-distributed element of
GLx(Z,), and let v = SN(diag(p*) A diag(p")) (a random partition). We write col;(A) =

(aij)1<i<n € Z)) and similarly for other matrices.
Lemma 7.4.1. In the setting of this section, for any 1 <r < N

— ¢i—len(}) B (t;t)Nflen()\) (t;t)r—1
1 — ¢ (t; t)r—l—len(/\) (tt)n

N
1
Pr(v; = pj for all j >r) > H

j=r

(7.4.1)

with equality if p,.—1 > .

We remark that the right hand side of (7.4.1) is 0 when r <len(\). If u,_1 = p, the

statement becomes trivial, but if p,_; > p, it is a useful statement.
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Lemma 7.4.2. Iflen(\) +1 <r < N is such that p1,_1 > p, and my,, (1) = m, then

(1 — 12N (r, Nym, A) < Pr(vy = pir + 1 and v; = py for all j > 7) < C(r, N,m, \)
(7.4.2)

where
L—t"™ (t;t)r—1 (L) Noten(n)

C(’n N7m, )\) — (trflen()\) — t'f') [ —¢ (t t)N(tt) len(\)

Lemma 7.4.3. For any len(A\) +1<r <N,

N
(&5 )r—1 (£ 1) N—ten(n) 1 _ ] = len(V)
P R . > 2 < 1_ ’ 1) 1 _ t’r‘ en()\) tT len()\) 1 _ tN r+1 .
i (Z & = > B (tat)N tvt r—len(\) + ( ) 1—+¢

j=r

Proving Lemma 7.4.1, Lemma 7.4.2, and Lemma 7.4.3 requires many auxiliary steps,
which we begin proving. The following fact will be useful in proving Lemma 7.4.1 and

later.
Lemma 7.4.4. In the setting of this section, let
v; = (@) )ien(n)<i<y  (mod p) € IE‘%’)V—IGH(A)'

Then the following implication and partial converse hold:
1. If the set {v; : r < j < N} is linearly independent, then v; = p; for all j > r.

2. Suppose that additionally pi,—y > pu. If v; = pj for all j > r, then{v; :r < j < N}

18 linearly independent.

Proof. Let
A" = diag(p) A diag(p*) = (0™ i 5)1<i j<n- (7.4.3)

First, suppose that {v; : » < j < N} is a linearly independent set. Then the coly(A’)

X

»» and all other entries

has an entry p"Na,; y with valuation py, equivalently a; n € Z
of A’ have valuation at least uy. Hence by row and column operations we may cancel

all entries in the same row and column as p"Va; y and multiply its row by a; N € L,
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obtaining a matrix

A ~ A 15
PTGy pUTENay Ny 0
(7.4.4)
AN— ~ AN 15
N 1+'LL1(IN—1,1 pN 1+uN 1aN—1,N—1 0
0 oo O pMN

for some a; ; € Z,,.

By the linear independence assumption we may then find an entry p*¥-'a; y_; in the
(N — 1) column of the matrix in (7.4.4), and cancel again, etc. Continuing, we obtain

a matrix

A1+p1

A~ )\ _;’_ 1A
p a1 P Ay .y

0 N—r+1)xr
(N=r+l) : (7.4.5)
Ar—1+p1 5 Ar—1+pr—1 5

p ! ular—l,l p LT 1ar—l,r—l

O'r><(N—'r+1) diag<pﬂr, s 7pMN)

for some a;; € Z,, with the same singular numbers as A’. Its top left (r — 1) x (r — 1)
submatrix A = (Pt a; j)1<i j<r—1 lies in pir—t Mat(,—1)x(r—1)(Zp), so all parts of SN(A)

are at least p,_1, hence

SN(A/) = (SN(A)a s P15 - - >IU/N>-

Now for the reverse implication, let us assume that u,_; > pu, and suppose that the set
{(aijheny<i<n : 7 < j < N}is not linearly independent modulo p. Let &’ be the largest
index for which {v,...,vyx} is linearly dependent, and k& < &’ the largest index such
that additionally pu; < pr—1. By the assumption p,_; > p,. it follows that & > r. We

claim v > py. By definition of &', there must exist a relation
Cp'Vkr + ...+ CNUN = 0

with ¢ # 0 in Fj "V so without loss of generality take ¢, = 1. Letting C; be a lift
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of ¢; to ZP, we therefore have that
val, (coly (A") + Crry1 colpry1(AY) + ... Cncoly(A) > e + 1.

The matrix A”, obtained from A’ via column operations replacing coly (A’) by coly (A’) +
Crr1colpi1(A) + ... Cncoly(A’), thus has the same singular numbers as A" and fur-
thermore has val,(col;(A”)) >y, +1for j =1,...,k— 1,k It follows immediately that
v has at least k parts > p, + 1, and since v; > pu; for all j this implies v, > p, + 1. This

proves the reverse implication. O

The forward direction of Lemma 7.4.4 is a corollary of the following inequality, though
we are not sure how one would establish the backward direction through the considera-

tions used in the proof below.

Lemma 7.4.5. Let \,pp € Yy, 1 < r < N with len(\) < r, and k > 0. Then for any
B = (bijh<ijen € GLn(Zy),

‘SN ((bij)len <Z<N)‘ ZSN (»*Bp"); (7.4.6)

T'<j<N

Proof of Lemma 7.4.5. Let

B' = (bij)len()\)<i§N-

r<j<N
Since 7 > len(\), by Corollary 2.1.4
N—r+1
Z SN(p*Bp"), Z SN(B'pltr-#n)); = | SN(B'plHr-#n))|. (7.4.7)
By Proposition 2.1.5,
N
| SN(B'plrr#n))| = Z’uj + | SN(B")|. (7.4.8)
Jj=r

Combining (7.4.7) with (7.4.8) and subtracting Z;V:T pj from both sides yields (7.4.6). O

Proof of Lemma 7.4.1. In light of Lemma 7.4.4, we must show (in the notation of that
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result) that

N p] _ len())
Pr({v; : r < j < N} is linearly independent) = H _ (7.4.9)
j=r

—p

p—1
When r < len(A) this reduces easily to 0 = 0, so suppose r > len(A). The columns
col,.(A),...,coly(A) are chosen independently from the Haar measure, conditioned to
be linearly independent modulo p. This implies that the columns col;(A) (mod p) are
chosen from the uniform measure on IF;,V , conditionally on being linearly independent.

Therefore
#S5

Pr({v; : r < j < N} is linearly independent) = 75
1

(7.4.10)

where

Sy :={B = (bij) € Matyy(v—rt1)(Fp) : B is full rank}

SQ = {B = (bi’j) € MatNX(N_r+1)(]Fp) . (bi,j1i>len(A))1§i<N iS qu rank} C Sl.

1<j<N—r+1

Computing the number of possible first columns, then second columns, etc. of B yields

#5 =" =1 (" =p"7) (7.4.11)
Since the condition
(bijListen(n))1<i<N is full rank
1<<N—r+1

is independent of the upper submatrix (b;;)i<i<ien(r) , counting the number of possible
1<j<N—r+1
first, second, etc. columns we have

#Sy = (p" —p' V) (p =PI (7.4.12)

Computing the RHS of (7.4.10) via (7.4.11) and (7.4.12) yields (7.4.9) and hence com-
pletes the proof. n

For the proofs of Lemma 7.4.2 and Lemma 7.4.3 we will use the following auxiliary

computations over [F,,.
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Lemma 7.4.6. For 0 <r <k <n,

(g (g a7 e

#{B € Mat,,«x(F,) : rank(B) =r} = q”“”"k_r2 .
{ <+(Fo) (B) J (O T P (/e ) PO (4 e e

Proof. The group GL,(F,) x GLi(F,) acts on Mat,,«x(F,) by (z,y) - B= 2By, and by
Smith normal form orbits are parametrized by their coranks. Letting B, € Mat,,x(F,)

be the matrix with " entry 1 for 1 < i < r and all other entries 0, we therefore have

# GL,(F,) x GLi(F,)

LHS(7.4.13) = 7.4.14
( ) # Stab(B,) ( )
Explicitly,
XY X 0 X€EGL,(Fy),ZEGLy_r(Fq),QEGLy,_r(Fy
#Stab(B’") - 0z ) P Q : PEEM&E(I@—);)fT(Fq)vy(eM)z;g‘i(n—kr)(Iéq)) )
therefore

# Stab(Br) — <qr_1) . <qr‘_qr71>qr(n77‘)(qn77‘_1) . (qnfr_qnfrfl)qr(kfr)<qk7r_1) . (qkfr_qkfrfly
Combining this with
# GLa(Fy) x GLi(F) = (¢" = 1)+ (¢" =" )(¢" = 1)+ (¢" = ¢" )

and (7.4.14) yields (7.4.13). O

Lemma 7.4.7. Let d and n > k be three nonnegative integers, let B € Mat(,1q)xk(Fq)
be a uniformly random full-rank matriz, and let B' € Mat,«(F,) be its lower n x k

submatriz. Then for any 0 < r <k,

d n
k—r Ll
Pr(rank(B’) = r) = ¢~ ("= ‘ . (7.4.15)
n+d
k
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Proof. We first compute
#{B € Mat(n+a)xk(F,) : rank(B) = k,rank(B’) = r}

where B’ is the truncated matrix as in the statement. The number of possible B’ is
computed in Lemma 7.4.6, so for each B’ we must count the number of d x k matrices

B” such that
B/I
€ Mat(n—l—d)xk(Fq)
B/
is full rank. By change of basis, the number of such B” is the same for any B’ of rank r,
so without loss of generality take B’ = B, € Mat,,«x(F,), the matrix with 7" entry 1 for
1 <4 < r and all other entries 0. Then the first r columns of B” may be anything, and

the last k& — r columns must be linearly independent, so there are

¢ (q? — 1) (qd — g (7.4.16)

possibilities for B’. The result now follows by combining (7.4.16) with Lemma 7.4.6,

dividing by the number of full rank (n + d) x k matrices, and cancelling terms. O

Remark 43. We note that (7.4.15) is a g-analogue of the probability that a uniformly
random k-element subset S C AL B has #5 N B =r, when #A = d and #B = n.

Lemma 7.4.8. Let A € GLx(Z,) be distributed by the Haar measure and A" be an n xm

submatriz with n < m < N. Then

(&5 ) N (& ) (85 D) (£ 1) v
O N1 ()1 () monia ()N

Pr(SN(A4') = (1,0,...,0)) = ™ "H

Proof. Follows immediately by combining Theorem 1.3(1) and Proposition 2.9 of [VP21].
]

We note that Lemma 7.4.8 can also be established by a (longer) direct proof not going
through the general results of [VP21].
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Proof of Lemma 7.4.2. First write

Pr(v, = p + 1 and v; = p; for all j > r)
=Pr(y, =p,+1and v; = p; forall r < j <r+mly; = p; for all j > r+m)

x Pr(v; = p; for all j > r+m).

(7.4.17)
The second term on the RHS is
N .
. 1— tj—len()\)
Pr(v; =p;foral j >r+m)= 11 5 (7.4.18)
j=r+m

by Lemma 7.4.1, so it suffices to compute the first term on the RHS of (7.4.17). By
Lemma 7.4.4,

W(A) = (G )len(r)+1<i<N (7.4.19)

rrm<j<N

is full rank modulo p if and only if v; = u; for all j > r 4+ m. Therefore

Pr(v, = p + 1 and v; = p; for all r < j <r+m|v; = p; for all j > r+m)

=Pr(v, = p, +1 and v; = p; for all r < j < r+ m|W(A) is full rank modulo p).

(7.4.20)
We claim that
RHS(7.4.20) = Pr(v, = pp + 1 and v; = p; for all v < j <7 +m|W(A) =1) (7.4.21)
where
Fo O (r fm—len(\)—1)x (N (r+m)+1) ‘ (7.4.22)

IN—(r+m)+1
First note that any matrix H € Mat(y_ien(x))x(N—(r+m)+1)(Zp) which is full-rank modulo
p is in the same GLy_jen(r)(Zp)-orbit as I (here we use that len(\) < r and simply apply
the necessary row operations to H). This, together with the explicit description of the

Haar measure in Proposition 2.1.7, implies that

Law(A|W (A) is full rank modulo p) = Law(BA|W (A) = I) (7.4.23)
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where
I 0 I 0
(7.4.24)

B = | e
0 B 0 GLy_ten(n)(Zp)

and B is Haar-distributed independent of A, because B mixes I to a matrix distributed

by the additive Haar measure conditioned on being full rank. By (7.4.23),
Law(SN(p*Ap*)|W (A) is full rank modulo p) = Law(SN(p* BAp")|W (A) = I)
= Law(SN(Bp*Ap")|[W(A) = I) (7.4.25)

= LaW(SN(p’\Ap“)|W(A) =1),

which shows (7.4.21).
For convenience define A = (@, ;)1<ij<y to be a random element of GLy(%Z,) dis-

tributed by the Haar measure conditioned on W(A) = I, so that

RHS(7.4.21) = Pr(SN(p*Ap); = p; + 1(i =) for all 7 < i < N). (7.4.26)

For any deterministic matrix V = (v; ;)1<; j<n with W (V') = I, first note that SN(p*Vp*); =

y; for all r +m < i < N by Lemma 7.4.4 as before. We make the following additional

claims, which will be used for our upper and lower bounds:

(i) If
SN ((Uhj)len()\)—l-léiﬁr—i-m—l) =(L,0,...,0) (7.4.27)
r<j<r+m-—1
then
SN "Vp")i =i + 1 =7r) forallr <i <r+m— 1. (7.4.28)
(i) If (7.4.28) holds, then
(Vij )len(\)4+1<i<r+m—1 (mod p) has corank 1. (7.4.29)
r<j<r+m-—1
Let us first show (i), so suppose (7.4.27) holds.
pAM(l) pAM(2) pAM(S)
PVt =1 M® M0 0 , (7.4.30)

MO M@ diag(ptrem, L pv)
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where M () are the appropriate submatrices of Vp# and SN(M®)) = (1,0[m—1]). Here the
blocks of (7.4.30) in first, second and third column have widths r—1, m and N —(r+m)+1
respectively, and the blocks of the first, second, and third rows have heights len(\),
r+m—len(A) — 1, and N — (r+m) + 1 respectively. Hence by further column operations
which subtract units times powers p(”i*“‘f), 1<i<r+m-—1,r+m </{ <N times the

¢*" column from the " column, we obtain

i M(l) P M(Q) PME
MG e 0 (7.4.31)
0 0 diag(ptr+m, ..., phN)

and because of the p(*i—#¢) powers the matrices 1\7[(1), 1\~/[(2) still lie in Matien(x)x (r—1) (Zp) diag(pHt, ..., pH !
Matien(x)xm (Zp) diag(phr, ..., ptr+m-1) respectively. We clearly may further cancel to ob-

tain
by M(l) p)\ M(Q) 0
MWD 6 0 . (7.4.32)
0 0 diag(ptr+m, ..., phN)
Note that since p, = ... = prrm-_1,
M® = py, (7.4.33)
where V = (Vij len(\)+1<i<r+m—1 is the matrix for which we have assumed SN(V) =
r<j<r+m-—1
(1,0[m — 1]). Hence
SN(M®) = (u, + 1, o [m — 1]). (7.4.34)
By Corollary 2.1.4 and (7.4.34),
Z SN ((p’\i+”jvi,j)1<i<r+m1) < Z SN(M®), = mp, + 1. (7.4.35)
—1 r<j<r+m-—1/, —
Since the matrix (p*v; ;)1<i<r+m—1 is not full rank modulo p by (7.4.27),
r<j<r+m-—1
’SN ((p)\ivi’j)lgigr—&—m—l)’ > 1, (7.4.36)
r<j<r+m-—1
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hence by Proposition 2.1.5 we have
LHS(7.4.35) > mu, + 1, (7.4.37)

so in fact

LHS(7.4.35) = mu, + 1. (7.4.38)

Since every entry of (p*t#iv; )i<i<rim—1 is divisible by p*r each singular number is at
1,5)1si<Sr+ )
r<j<r+m-—1

least -, and combining this with (7.4.38) yields

SN ((p’\i+“jvi,j)1gigr+m—1) = (pr + 1, prfm —1]). (7.4.39)

r<j<r+m-—1

Since all entries in columns 1 through r — 1 of (7.4.32) are divisible by ptr—1, (7.4.39)
together with the equivalence of p*Vp# with (7.4.32) imply (7.4.28). This shows (i).

Now we show (ii), so suppose V' is such that (7.4.28) holds. If (v;;)ien(x)+1<i<r+m—1

r<j<r+m-—1 B

(mod p) were full-rank, then (v; ;)ien(x)+1<i<y (mod p) would be full rank since W (V') = I
r<j<N

is full-rank, and by Lemma 7.4.4 this would contradict the fact that SN(p*Vp*), = p,+1.

Hence (Vi )ien(z)+1<i<r+m—1 (mod p) has corank k£ > 1, and it similarly follows that

r<j<r+m-—1
corank ((Uz‘,j)len()\)—o—lgz‘SN (mod p)) =k (7.4.40)
r<j<N
as well. Hence
SN ((Ui,j)len(k)—i-lgiSN) Z 1 for 0 S ) S k—1. (7441)
r<j<N i
By Lemma 7.4.5, (7.4.41) implies that
N
> SNV - >k, (7.4.42)

which contradicts (7.4.28) unless & = 1. Therefore k = 1, proving (ii).

281



Using (i) and (ii) for the lower and upper bounds respectively, we have

Pr (SN (s cicrom ) = (1,00 = 1))

r<j<r+m
< Pr(v, = pp + 1 and vj = p; for all 7 < j < r+m|W(A) =) (7.4.43)
< Pr (corank ((5i,j)1en(>\)<i<r+m (mod p)> - 1) )
r<j<r+m
By applying Lemma 7.4.7 with r =m — 1,n =r+m —len(\) — 1,d = len(\), k = m, we
obtain
len(A)| |r+m—len(\) —1
1 m—1
RHS(7.4.43) = " 1o L ¢
r+m-—1 (7.4.44)
m
t
_ trflen()\) (]‘ — tlen()\))(l — tm) (t7 t)Ter*len()\)*l(t; t)T’—l
1—t (t; t)r—len()\) (t; t)r—O—m—l

By applying Lemma 7.4.8 with » +m — 1,7 + m — 1 — len(\), m substituted for N, m,n

respectively,

L=t (t; t)r—l(t; t)r—‘rm—len(/\)—l

LHS(7.4.43) = (77 47 : 7.4.45
( ) ( ) 1=t (t; t)r+mfl(t; t)r—len(/\)—l ( )
Hence
(tr—len()\) . tr) 1= (t; t)?"*1<t; t)r—i—m—len()\)—l
I—t (t, t)r—i—m—l(t; Zf)rflen()\)fl
< Pr(v, = pp + 1 and v; = p; for all 7 < j < r+m|W(A) =1I) (7.4.46)
< trflen()\) (1 — tlen()\))(l — tm) (t’ t)T-f—m—len(/\)—l(t; t)’/‘—l .
B 1—t (t; t)'r—len(k) (t; t)rerfl

Combining the reduction (7.4.17) with the computation of (7.4.18) and the bound on the
conditional probability coming from combining (7.4.20), (7.4.21), and (7.4.46) completes
the proof. n

Proof of Lemma 7.4.3. For any matrix B = (b; j)1<ij<nv € GLn(Z,), we define B’ =
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((bi,j)len()\)-i-lgiSN) as before. By Lemma 745,

r<j<N

Pr (Z v — ;> 2) < 1—Pr(|SN(A)| < 1). (7.4.47)

j=r

Since | SN(A’)| = 0 if and only if A’ (mod p) is full rank, Lemma 7.4.7 yields that

(ta t)r—l (t, t)N—len(k)
(tv t)N(t> zf)rflflen()\) .

Pr(| SN(A')| = 0) = (7.4.48)

By Lemma 7.4.8,

£ )1 (656) N—ton 1 — flen()
PI’(| SN<A/)| _ 1) _ ( ) ) 1( ) )N len() t'l’—len()\)(l o tN—?”-i—l)t— ) (7449)
(tv t)N(ta t)r—len()\) 11—t
Combining (7.4.47) with (7.4.48) and (7.4.49) completes the proof. O

7.5 Asymptotics of matrix product transition proba-
bilities

In this section, we use the nonasymptotic bounds of the previous section to establish
asymptotics for the matrix product process stated earlier as Lemma 7.3.1, Lemma 7.3.2,
and Lemma 7.3.3. The technical work of this section essentially amounts to computing
the relevant terms of bounds which were left as prelimit explicit formulas in the previous
section, with the additional complication of randomizing those bounds over the singular
numbers of one of the matrices; we also phrase everything in terms of truncated signatures

F,(v), which was not done in the previous section.

Definition 62. In the proofs of Lemma 7.3.1, Lemma 7.3.2 and Lemma 7.3.3, we write
Ounif(+) to indicate any quantity which is o(-) as N — oo with constants uniform over all

vV € Fy(Sigh) with (vN), > L +ry.

Proof of Lemma 7.53.1. To simplify notation, let

jo = Jo(N) := (™, +1 = min{i : vV, < d}. (7.5.1)

ry+i
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By hypothesis, jo > L. By the equality case of Lemma 7.4.1, we have

Pr(Fy(SN(A™ diag(p”™))) = Fa(v™)|SN(AM) = 1)

= Pr(SN(A™ diag(p”"™")); = v for all jo +ry < i < N|SN(AN)) = ¢)
(7.5.2)

J=jotrn 1-tJ

I L2 0<l<jo4rn

0 Jo+rn </

For notational convenience, here and in the rest of the proof we define the random variable

Xy :=len(SN(AM)). Taking an expectation over Xy in (7.5.2) yields

N

1— 7%
Pr(Fu(SN(ANU diag(p”™))) = Fa(v™) =B |1(Xx <jo+rv) [[ =
J=jotrn B
(7.5.3)

Note that (7.5.3) depends on ™) only through jy, so to establish uniform asymptotics

over V) we simply need them to be uniform over j,. To show Lemma 7.3.1, we therefore

must show
N . .
' 1 — XN o — ¢N—-rn+1 B B
E [1(Xy < jo+7n) | H —— | =1 Tch + ounig(cyt)  (7.5.4)
J=Jjo+rN

(recall the notation 0y, ; from Definition 62 and the definition cy := (E[1(Xy < ry)t"™~ v —

t"~])~1). Since
Pr(Xy > jo+ry) < Pr(Xny > L+ 7n) = ounif(cy) (7.5.5)

by hypothesis, we may write

E[1(Xy < jo+7rn)(1 — o) (1 — ¢N)]
(1 — tiotr) .. (1 — ¢N)

=1+ ounif(cy'), (7.5.6)

and using this we rearrange (7.5.4) to obtain that it is equivalent to show

E[l(XN < jO + TN) ((1 _ tjo-i-T’N) . (1 _ tN) _ (1 _ th+TN—XN) ... (1 _ tN—sz))}
(1 — tj0+TN) ... (1 _ tN)
tjo _tN—rN-H

= oy (T5.7)
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This is what we will show.

We write

E[L(Xy < jo+rn) (1 — 7)o (1 — V) — (1 — gotrn=Xn)y (1 — ¢V =X )]
N—ry—jo+1 .
AN =N =Jo+ 1|y ,
=E 1(XN < jO + TN) Z (_1)J N Jo t(%)JrJ(JOJrTN)(l _ t—]XN)

7=0 J ‘

(7.5.8)

by expanding both factors inside the expectation via the ¢-binomial theorem and con-
solidating term-by-term. Note that the j = 0 term of (7.5.8) is 0. Since the summands
satisfy

(_1>j N—ry—jo+1 t(g)+j(jo+m)(1 _ t—jXN) <

J ' J t

N=ry=jo+1 t(g)+j(jO+TN)

(7.5.9)
because Xy > 0, and the right hand side of (7.5.9) is integrable, Fubini’s theorem implies
N—-ry—jo+1

RHS(758) = > (-1)'" .
Jj=1 J

N — TN — ] -+ 1 j . .
VIR IR (X < o) (1N

t

(7.5.10)
The contribution of the j =1 term of (7.5.10) to (7.5.7) is

(1—tirn) .- (1—N) 1-¢ NN

1 t]o - tN*TN+1 t]o - tN*TN+1
N =y (T + oumf(1)> (7.5.11)

where we use that ry — oo so (1 — #°+"~)...(1 — ") — 1. The asymptotic (7.5.11)

is uniform over v(™ satisfying our hypotheses, since it depends on v) only through jo,

and is uniform over jo > L.

Hence to prove (7.5.7) it now suffices to show

N—rny—jo+1 .
. N — TN — + 1 j . .
Y (- MR R HOEL Xy < o) (1—45Y)] = 0unss(cR),

—
J J .

(7.5.12)
where we have used the fact that (1 —#0F~) ... (1 — V) = 1 + 0yp;¢(1) uniformly over

Jo > L to remove the denominator of (7.5.7). We rewrite the asymptotic (7.5.12) which
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we wish to show as

N—ry—jo+1 . . . .
- NX:M (cay [V T TR ) RN < o+ )N ) (1)
J E[L(Xy < )t Xy — )] e
t
(7.5.13)
To show (7.5.13), it suffices to show that for all 6 > 0,
El(X ; tirn—XN) _ irN
i XN < Jo + o) Vo5 foranj>2 (7.5.14)

E[1( Xy < ry)(trv—Xy —¢rv)]

for all N sufficiently large independent of j. Since both numerator and denominator in

(7.5.14) are 0 when Xy = 0, by clearing factors of Pr(Xy > 0) we have

E[].(XN < Jo + TN)(tj(TNfXN) — terﬂ B tjjoE[l(XN < Jjo+ TN)(tj(erxN) — thN)|XN > 0]
E[L( Xy < ry)(trv—Xy —¢rn)] n E[L(Xy < ry)(trv=—2y — ') | Xy > 0]
E[L(Xy < jo + ry) iy —5n)]

o

< ddo ~ _ ’
- E[1(Xy < ry)(trv=—Xy —¢rn)]
(7.5.15)
where to simplify notation we let Xy be a random variable with
Law(Xy) = Law(Xy|Xy > 0). (7.5.16)
For any b > 0,
P o—b< X jo)t 770
RHS(7.5.15) < o LXv +Jo = b < Xy < 1y + Jo)
E[L( Xy <ry)(trv—Xy —¢rn)]
CEM( XN < )N —XN)
1 o X S 7w+ o = b) L (7517)
E[L(Xy < ry)(trv=—Xy —trv)]
The first term in (7.5.17) is
PI(TN+j0—b<XN<TN+]O>< PI‘(XN>TN+L—b) 7 (7518)

E[l(XN < T’N)<trN_XN — trN>] - E[l(XN < T‘N)(tTN_XN — tTN)]

which by the hypothesis (7.2.1) is 04pi¢(1) (it is uniform over jo, since jo does not appear).
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Note next that for any j and any function f: R — R with f([1,7x + jo — b]) C [0, 1],

E[l(XN < N +]0 — b)f(XN)t](TN+]0*XN)]

< tUDPE[1(Xy < ry + jo — b)EN T XN (7.5.19)

because all nonzero terms come from values of Xy with ry + Jo — Xy > b, and so

#irntio=Xn) < 4(G=1b . yrv+io=XN with probability 1.

Applying (7.5.19) to the numerator and a trivial bound to the denominator of the
second term of (7.5.17) yields

E[l(XN <ry +]0 _ b)tj(rNJrjofXN)] - t(jfl)bE[l(XN <ry +]O _ b)tTN+j0*XN]

E[l(XN < T’N)(tTN_XN — tTN)] - (1 — t)E[l(XN < T‘N>tTN_XN]
$G=Db
< 170
— 1t
(7.5.20)
Hence for any 6 > 0, by choosing b so that %t’: < 0/2, we have that (7.5.14) holds

for all N large enough that the left hand side of (7.5.18) is < §/2. As we had previously
reduced to (7.5.14), this completes the proof. O

We will prove Lemma 7.3.3 before Lemma 7.3.2 since the former is needed for the

latter.

Proof of Lemma 7.5.3. Let Xx be a random variable with Law(f(N) = Law(Xy|Xn > 0)
as before, so

E[1(Xy < ry) (X5 — )] = % (7.5.21)

(recalling that Xy > 0 always, and Xy > 0 with positive probability by hypothesis).
Using the same notation jo = jo(IV) defined in (7.5.1), for the proof it suffices to show

N
Pr( S SN(AM diag(p"™)); — v > 2

i=jo+rNn

Xy > 0) = Oumf(E[l(XN < ’I“N)(trN_XN—tTN)]).

(7.5.22)
For each 0 < = < ry + jo, by applying Lemma 7.4.3 with 7 = jo + 7y, A = SN(A™), and
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N)

= v in the notation of that result, we have

N
Pr( S SN(AM diag(p”™)); — vV > 2

)

XN:I>

(1 — th-‘r'r’N—a: —+ tj0+7'N_I(1 _ tN—jO+TN+1) 1 - tx))

i=jo+rN
< (1 . () jorra—1(E N2
N (EONE D jotry—a

1—t
(7.5.23)

Fix an integer b > 1 independent of N, and let N be large enough so that ry+ jo—b0 > 0
holds (this holds for all sufficiently large N since ry — oo and jo(N) > L). Then taking

a (conditional, given Xy > 0) expectation of (7.5.23) when 0 < x < ry + jo — b and

XN>O>

- tit)iorv—1(tt) v %
(N E ) jorry— %

. S . S . 1— tXN
% 1 — t]O+T'N_XN + t]o-H“N—XN(l _ tN_]O+TN+1) .

naively bounding when x > ry + jo — b yields

N
" ( > SN(AM diag(p™)); — v > 2

i=jo+rN

SPT(XN>TN+jO—b)+E

1—t

(7.5.24)

We first rewrite the expression inside the expectation on the left of (7.5.24) (without the

indicator function) as

(t; t)J'oJrTN*l(t; t)NfXN
(t; t)N(t; t)jo-i-rN—f(N

(B ey ( 1 — ot
[

1—

N . X
<1 _ tjo-H"N—XN + tjo-H"N—XN(l _ tN—jo-H"N-&-l)ﬂ)
1-—t¢

Xn—1

(t’ t)j0+TN_XN i=0

(1 —ti - tiotrn—Xn+1)

]' j0+T‘N7XN _] “+r 7}2 N*X —+1 ]' - tXN
— o : - 1—t + (t 0tTrN N _ ¢t N )—
Hi:]\é (1 i tN—XN+1) 1—1¢

(t§ t)jo+rN—1 | Xy =144

=~ JJOTINTZ (tf(jo-i-TN—XN-H)(l _ tj0+TN)
(t’ t)jo-‘r -X g
rN=XN 4= .
- N N - X
_tZ(N*XNJrl) (1 _ thJFTN*XN T (t]’O‘FT'N*XN _ tN*XN‘Fl) 1 1_ t tN >)

(7.5.25)

288



where in the second equality, we have expanded both of the 1/(]]---) terms into infinite
sums by the ¢-binomial theorem (here it is important that Xy € Z>1) and then combined

the sums. We further split the sum to write
RHS(7.5.25) = S7 + Sy + S, (7.5.26)

where we define

. 3 . 5 X
S| = M 1 — oty _ 1 + tlotrn=Xn _ (tj0+TN_XN _ tN—XN+1) L -t~
(t; t)jo-i-TN—XN L—t
Xn| . .
+ (ot TANEL _N=ENED | = (7.5.27)
1

t

(the £ = 0 term in (7.5.25) together with a part of the £ = 1 term chosen so that they
exactly cancel),

X % o - - X
Sy = <_t2(j0+7’N)—XN+1 — N XN+ (—th—H"N_XN + (tj0+7‘N_XN — tN—XN-‘rl) 1=ty >)
1-1t

) jprn -1 | X
XM N (7.5.28)

(t’ t)j()—i—'I‘N—XN 1 .

(the rest of the £ =1 term), and

(t; 2f)joJrTNfl - XN —1+/

S3 =
(t;t>jo+er)~(N =2 14

(tﬁ(jo-H"N—XN) (1 _ tjo-H"N)

t
- . - . . . 1 — Xn
_ fN=Xy+1) (1 — plotrn=Xn | t]o+TN—XN(1 _ tN—Jo—TN‘H)—)) (7.5.29)
1—1

(the rest of the sum, i.e. the ¢ > 2 terms). We have observed that S; = 0, and now argue

that Sy and S3 are small asymptotically. The ¢-Pochhammer prefactor

(t5 1) jotrn—1

(t7 t)jo—‘—TN—XN
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lies in [0, 1], and the summands making up Ss satisfy the bound

. . . . N X
te(jo+rN—XN)(1 o tjo—i—rN) o tf(N—XN—l-l) (1 . tjo—l-rN—XN + (tj0+7‘N—XN . tN_XN+1) 1—1¢ N) ‘
1—1

Xy—1+4+¢ Xy—1+47¢

x <3 ¢lotrv=Xn)  (7.5.30)
¢ i

t t

hence

|Ss] < 3§: A [TUSEREE S
=0 ¢ .
_a 1 (7.5.31)
Hfi%_l 1 —¢i . plotrn—Xn
__3
T (Ht)eo

for all Xy < jo+ 7 (using that N +1 > jo+ry). Similarly to (7.5.30), we may split S,
into three terms with a power of t at least 2(jo + rn — X ~), yielding

S < —— AV 2ok, (7.5.32)
=t

Below we use shorthand

1y = 1(Xny <7y +jo—b) (7.5.33)

to minimize equation overflow. Multiplying (7.5.25) by 1,, taking an expectation, and
applying Fubini’s theorem (the hypotheses of which we checked in (7.5.31)) to pull it

inside the sum yields

N . . ~ B X
1, (1 (B oy 1B D) vz (1 _ poben g giotrn—Xn (1 _ tN—jo—i-TN—l-l)l —t N))]

EONE) jorry— % 1—1

E

(i) jorrn1 | XN =1+

—E[L,S)]+ > E |1,
; <t; t)j0+7'N*XN 12

(tf(joJrTNXN) (1 _ tj0+7”N)

t

¢ oty X ot ¢oan 1 — 5N
— UN=XN+1) (1 — lotrn—XNn (t]()-H"N—XN . tN—XN-H) ))
1—1¢ ’

(7.5.34)
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where we have also used that S; = 0 to throw away those corresponding terms of the
sum. To argue that the remaining terms are small, we first note that by the first bound

in (7.5.31), the naive bound

(7.5.35)

the bound (7.5.32) on Sy, the nonnegativity of the arguments of all expectations, we have

[IRHS(7.5.34)| < E[lbtz(rzv-i-jo—f(]v)]

T 1=ttt

3 > : ;
4+ —— ) E[1,ttUotrv XN (7.5.36)

Applying (7.5.19) and collecting terms yields

o 3 -
RHS(7.5.36) < B{Ly#™ ™) gy (tb : thb) (7.5.37)
) /)00 (=2 e

— O’th[lthN-l-jo—f(N]

for an explicit constant C’ independent of b and N. If jo — b > 0 then (recalling the
shorthand 1, from (7.5.33)) we have

RHS(7.5.37) < C't" (tLE[l(XN < VTN L B[ (ry < Xy < Ty jo — b)t”NﬂO_XN])

<C't (tLE[l(XN < )TN 4 P Pr(Xy > rN)> :

(7.5.38)
while if jo — b < 0 then
RHS(7.5.37) < t"E[1(Xy < ry )t ¥~], (7.5.39)
so the bound (7.5.38) actually holds independent of b and j, > L. Since Xy > 1,
frv—Xn < L(tTN’XN — "), (7.5.40)

1t
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and combining with (7.5.38) yields

C'tE . . -
RHS(7.5.37) < : tth[l(XN <rn) (NN )] O Pr(Xy > ry). (7.5.41)

Substituting (7.5.41) into (7.5.24) and multiplying through by Pr(Xy > 0) to convert
the Xy back to Xy yields

N
Pr ( > SNAM diag(pr™)); — Y > 2)

i=jo+rN (7.5.42)
C'th .
< PI‘(XN >ry + j() — b) + 1 ttbcj_vl + C/t2b PI'(XN > T'N).
To show the right hand side is small, we let b depend on N as follows. Since
PI‘(XN > TN +j0 - b) S Pl"(XN >ry + L — b) = Oumf(cfvl) (7543)

for any fixed b, by a diagonalization argument there exists a slowly growing sequence

b = b(NN) not depending on j, such that
Pr(Xy > ry + jo — b(N)) = ounip(cy). (7.5.44)

Since (7.5.42) holds for any b > 0, it holds with b replaced by b(N). Then the first term
on the right hand side is 0,if(cy') by (7.5.44), the second term is oumf(c]_vl) because

b(N) — 0o, and the third term is o,nif(cy') as well by hypothesis. Hence
N
Pr ( > SNAM diag(p”™)); — v > 2) = Ounis (), (7.5.45)
1=jo+TN

so we are done. O

Proof of Lemma 7.3.2. First, since |[x™) /v™)| = 1 we may rewrite

LHS(7.3.5) = Pr (SN(A® diag(p")); = ™) for all i > j + ry ) -
Pr (SN(A(N) diag(p”(N)))i = /{l(-N) for all i > j 4 7y, and | Fy(SN(A®) diag(p”(N>)))//-€(N)| > 2)

(7.5.46)
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By trivially bounding the second term in (7.5.46) by
Pr(| Fy(SN(A™) diag(p”™))) /™| > 2) (7.5.47)
and applying Lemma 7.3.3, (7.5.46) yields
LHS(7.3.5) = Pr (SN(A(N) diag(p”™")); = k™ for all i > j + rN) + Ouig () (7.5.48)

uniformly over ™) as in the statement. For any integer b > max(0, L), we may therefore
write

LHS(7.3.5) = 0unif(cy')

+Pr (SN(A(N) diag(p"™"))i = k™ for all i > j +ry and Xy > ry + L — b> (7.5.49)

+ Pr (SN(A(N) diag(p”™)); = 6™ for all i > j +ry and Xy < ry + L — b)

For the first summand in (7.5.49) a naive bound gives

Pr (SN(AUV) diag(p"™)); = &™) for all i > j + ry and Xy > ry + L — b)

<Pr(Xy >ry+L—b). (7.5.50)

Substituting this and applying Lemma 7.4.2 (with » = ry + L,len(\) = Xy) to the

second summand in (7.5.49), we obtain upper and lower bounds

, 1 —tm )iy (B )N
E {(1 _ t]JrT‘N*XN) . 1(XN < rN + L — b)tj—(trN*XN . t'r'N)( ) )j-‘r N( )N XN}
1—t ()N (5 ) jry Xy

+ PI'(XN >ry+ L — b) + 0un7lf<C]_V1>

< LHS(7.3.5)

1=t Et) iy (6 1) N
SE|:1(XNSTN+L—b)t]—(tTN_XN_tTN)( ) )]+ N( )N XN:|
-t (t; t)N(t; t)j-‘rrN—XN

+Pr(Xy > 1y + L —b) 4 ounis(cy)
(7.5.51)

for any b > 0 (this condition is required since Lemma 7.4.2 only applies when Xy <

j+rn). We will show both bounds have the same asymptotic to obtain the asymptotic
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for (7.3.5). The difference between the two bounds in (7.5.51) is

E 1(XN < N + L — b)l_—tth(jJrTN*XN)(l _ tXN) (t, t)j—l—'rN (t, t)N—XN
< 1—t (G ONE ) jrry—xn
1 .

>~ (1 t)(t t) E[l(XN S ry + L — b)t2(]+rN—XN)(1 . tXN)]
1 A |

>~ (1 t)(t t) t]"_TN_(TN-i-L—b)]E[l(XN S N —f— L — b)t]+TN—XN(1 _ tXN)] (7552)
1 A

= (1 — t)(t' t) tb+2]—LE[1(XN < TN)(tTN_XN . tTN)]
1

tb+L -1
T (1=t ‘N

where we used (7.5.19) in the second bound, and the fact that b > L and j > L in the

penultimate and last bounds respectively. Plugging (7.5.52) into (7.5.51) yields

1 — ™ Et) i ()
E[1(XNSTN+L—b)tJ—<tTN—XN_tTN)(’ )]+ N( )N XN:|
1=t (t58) 5t 1) -

1

— mtb—i_[/c&l -+ PI'(XN >ry + L — b)

< Pr <SN(A<N> diag(p*™)); = ¥ for all i > j) (7.5.53)

1= Et) iy (6 1) N
<E {1(XN <ry+L-— b)t]—(tTN_XN _ trN>( J )J+ ()N XN}
1—t (t;t>N(t;t)j+rN—XN

—|—P1"(XN>T’N+L—b).

We now wish to show that the El- -] in the lower and upper bounds is uniformly asymp-

totic to ¢y /(1 — #™)/(1 —t). Note that the g-Pochhammer quotient in (7.5.53) is

XN

)4y (GO N-xy 11

1 — pitrn—Xn+i

(7.5.54)

For Xy < ry + L, the above is < 1 since ry + L < j 4+ ry < N, and furthermore it is

decreasing function of Xy € [[ry + L]]. Hence since b > 0 we have

XN

1 — pJrrN—XN+i
0<1UXy<ry+L-0) (1-1‘[ e >

i=1

TN+j—b 1 — ¢b+i
< 1(XN <ry+L-— b) (1 - ]1 1— tb+(NTNj)+i> )

(7.5.55)
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A naive bound gives

TN+j—b 1 — bt TNHI—b
— b+ b. b
1- |1 o S [T a-¢)<1-(tte<Ct’.  (7.556)

i=1 =1

for some constant C' and all large b. Hence

() 4 () N—x ) b
0<1Xn<ry+L-0|1- N N < (Ot 7.5.57
<UXy <rw ) ( N o ) = (7.5.57)

Plugging in the formula for cy' and (7.5.57) yields the bound

1t () j4rn () N-x 1—tm,
ElX < L—bt‘j tTN XN tTN ) Y)JTTN N—t 1
‘ |:( N Try+ ) l—t( >(,t) (t;t)]-i-rN—XN —1—t N
1—tm . (it )
< ) E{l(XNngJrL—b) (1 (£ 1) j4rn (G )N - XN) (& XN_trN)H
—t (& 6)w (5 8) -
1—tm .
+ 1 ; t7 |E [1(7“N—|—L—b < XN S rN)(tTN_XN _tTN):H
1—¢m .
<Ot VE [L(Xy Sy + L= )™~ —1™)]
1—tm .
+ T PE[Ln+ L b < Xy < ry)(EV TN — )]

(7.5.58)

using that b > L (otherwise the bounds in the last indicator function would be reversed).

Since ry + L — b < ry and the argument of the expectation is nonnegative,
E[1(Xy <ry+L—b)([E~ ¥ —t™)] < ey (7.5.59)
Furthermore,
E[l(ry+L—b< Xy <ry)t™"*¥ —¢'™V)] < (1—t")Pr(Xy > ry+L—b). (7.5.60)

We thus obtain

toti J
RHS(7.5.58) < Cl tcjvl + 1 Pr(Xy >ry+ L —0). (7.5.61)

Finally, we let b depend on N as follows. Since
Pr(Xy > ry + L —b) = oynif(cy') (7.5.62)
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for all b, by a diagonalization argument there exists a slowly growing sequence b = b(V)
such that
Pr(Xy > 7y + L —b(N)) = 0unis(cy') (7.5.63)

(the uniformity over j is obvious here but we keep the 0,,;s notation anyway). Substitut-
ing (7.5.58), (7.5.61), and (7.5.63) to simplify the upper and lower bounds in our original
inequality (7.5.53) thus yields that the inequalities

1 ,
Oum’f (tb(N) C]_Vl) + Ounif (C]_Vl) + t! C]_Vl

1—-1
< Pr <SN(A(N) diag(p”m)))i = K,Z(-N) for all 7 > j) (7.5.64)

—tm

et

< Ounig (V) + ounig (') + T e,

with implied constants which are uniform over all 7 > L, hold for all N sufficiently large

that ry + L — b(N) > 0. Since b(N) — oo, this shows that

11—t .
Pr <SN(A(N) diag(p*™)); = /{EN)> = 1—tt]cz_v1 + Ounif(cy')- (7.5.65)
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Chapter 8

The p — 1 limit

In Section 8.1 we introduce discrete-time Markovian dynamics on the boundary, and
prove that their continuous-time Poisson limit is equivalent to slowed t-TASEP. In Sec-
tion 8.2 we state a contour integral formula for observables of this process. We use these
in Section 8.3 to prove the law of large numbers Theorem 1.6.1 as t — 1. In Section 8.4
we show Gaussian fluctuations, and the long-time simplification of covariances Proposi-
tion 8.4.2 which is half of Theorem 1.6.2. The probabilistic justification of this additional
limit via the SDEs in Theorem 1.6.2 is shown in Section 8.5. In Section 8.6 we prove the

bulk limit to the Gaussian process given in Theorem 1.6.3.

8.1 Between the slowed t-TASEP and Hall-Littlewood

processes

In this section we formally define slowed ¢-TASEP, and show in Theorem 8.1.1 that it is
equivalent (in the case of packed initial condition) to a Hall-Littlewood process with one

Plancherel specialization and one principal specialization 1,¢, .. ..
Definition 63. Let
X:={(z1,29,...) €ZN : 2y > 29> -}

be the space of particle configurations on Z, where the x; is the position of the i*" particle
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from the right, and

Xo = {(z1,22,...) € X: x; = —i for all sufficiently large i}.

We denote particle configurations (x1,zs,...) by x, and if z;,_; > x;, + 1 we write x* :=

(xlv ce s Th—1, T+ 17'Tk+17 - )

Definition 64. Slowed t-TASEP with initial condition xy € X is the continuous-time
stochastic process x;(7) = (x1(7), z2(7), ...) on X in which x;(0) = x¢ and the particles at
positions x, k > 1 each have independent Poisson clocks with rates ¢+ T#(1 — ¢#x-172k=1),

and jump to the right by 1 when they ring. Equivalently, it is defined by the Markov

generator
(
t;kark(l _ tqufﬂﬁk*l) y = xk for some k’ S Z>0
d
p Pr(x/(T+7) = y|x(T) =x) = { -1 y=Xx
Tlr=o0
0 otherwise

\

(8.1.1)
We refer to the initial condition (—1,—2,...) as packed.

Recall the notation of the Plancherel /principal Hall-Littlewood process A(*)(7) from

Definition 47. For this section we write A\(7) = A\(®)(7) to pare down notation.

Theorem 8.1.1. In the notations of Definition 47 and Definition 64,

x4(7) = ()‘2:((1 —1)7) — k)kzl

in (multi-time) distribution, where x;(T) is a slowed t-TASEP with packed initial condition

and parameter t.

Proof. Follows by comparing the generator of slowed t-TASEP in Definition 64 with that

of A(7), computed in Lemma 6.2.2, and appealing to Proposition 6.2.1. O]
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8.2 A contour integral formula for t-moments

In this section we we prove contour integral formulas for certain t-moment observables of
this particle system, which will be the main tool in subsequent asymptotic results. We

again take ¢ € (0,1), and denote the Weyl denominator/Vandermonde determinant by

1<i<j<n

Proposition 8.2.1. Let \(7) be distributed as a Hall-Littlewood measure with specializa-

tions 1,t,... and y(7), as defined in Chapter 2. Then for any positive integers ry,...,ru,

E [t— YIS DALPY (7)}

(17 =0t d T e (L 12
(L) o I (e [T

m=1 s=1

X H H 1 1= Zjﬁ/zz'ﬂ le,l s erM,M'

—t= 1. 2
1<a<B<M 1<i<rq 5.8/ %
1<j<rg

(8.2.1)

with all contours encircling 0 and satisfying

|Zj”8’<t’Zi’a’f0Tall1§a<ﬁ§M71§i§TQ,1§j§rﬁ

25,0 <t lforall<a<M1<s<r,.

Proof. First consider a partition (D, 7) distributed as a Hall-Littlewood process with
alpha specializations 1,¢,... and (1%1:%) [D], where again [D] denotes D copies of the
same specialization. We recall that this latter specialization is an approximation to

the Plancherel specialization y(7) and converges to it as D — oo by Lemma 2.2.7.
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Specializing [BM18, Thm. 2.12] to our case' yields

_ M m ’ M Tm)
E [t 2 m=1 Zj:pu T) ] H f . %
Tm 2m Tm

=1

T (Moscizraim - ol 75 TN B Ny s
1+ tzem— AT L (8.2.2)

(Zl7m e Zrm7m)7’m e

Zjﬁ/zia
dor o d
H H — 1 1Z] 5/21 «a 11 FraM

1<a<pf<M 1<7,<ra
1<j<rg

m=1

with all contours encircling 0 and

IN
IN
<
2
—
IN
<
IN
=
@

|zi.al < t|2;4] for all g
M, 1

I/\
I/\
I/\
<
0

T 1 1
for all 1<
. tD<]zsa]<t or a

provided such contours exist. We note that for any fixed ¢t € (0,1) and 7 > 0, such

contours exist for all D sufficiently large. Picking a choice of contours, we have

1+ tlz&;)e”&m>

Mo(—)(7) M i
lim RHS(8.2.2) = H %7{% 11 (A(zl,m,---,zrm,mPH( &2

s=1
— 258/ %0
| | | | dor - d
1 —¢ 1Z]ﬁ/zza Z11 Zrag,M

1<a<f<M 1<i<ry
1<j<rg

(8.2.3)

where the limit commutes with the integral because the integrand remains bounded as

D — oo and the contours are compact.

It now suffices to show convergence of the left hand side of (8.2.2) to that of (8.2.1),

i.e. we must show

1 T 1 M Ty
lim Q)\(l,t,...)P)\ ( —[D]) t_ZmzlzJ 1)‘9
D=0 11 (1,1, . Tt%[D])g{ 1—tD
] e (8.2.4)
= Q)\(l,t,...)P)\(’}/(T))t_zmzlzJ 145

M in the fourth line of

|/\v

U the notation of [BM18, Thm. 2.12], we are taking N = M, X; = (—
(0%

1
D
and Y7 =---=Yy_1 =0,Yy = 1,t,.... Then the product over 1 < a < f3

(2.22) of [BM18] only gives nontrivial terms when av =1 or § = M.
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It follows simply from the definition by (2.2.30) that

Dlgréo II(1,t,...; = 5[D]) B (1,¢,...;9(7))’
so it suffices to show that the sum on the LHS of (8.2.4) converges to the one on the RHS.
We may write the sum on the LHS (resp. RHS) as an integral of the function fp(\) =
Qr(1,t,.. ) Pr(Z5[D]) (resp. f(A) = Qr(1,¢,...)Pr(v(7))) with respect to the measure
on the discrete set Y determined by meas({\}) =t~ T DY By Lemma 2.2.7, fp(\)
converges monotonically from below to f(A), hence the monotone convergence theorem
yields the desired convergence of sums, and (8.2.4) follows.

The limit D — oo also makes the contour condition Lt% < |2zs.q| automatic, so

combining (8.2.3) and (8.2.4) completes the proof. O

8.3 Law of large numbers

In this section we establish the law of large numbers for particle positions as ¢t — 1,

recalled below.

Theorem 1.6.1. Let (x1(s), z2(s),...),s € Rsq be the particles of slowed t-TASEP with

t=ec Then for any 7 >0 and k € Z~y,

ko k
€ xp(7/€) — log (Z ) log <Z T—‘> in probability as ¢ — 07,
g!

§=0 0

We begin with a straightforward heuristic derivation by taking a continuum limit of
jump rates to obtain an ODE for particle positions, then give a rigorous proof using the

observables in Proposition 8.2.1.

First, we wish to see the scaling of ¢ = ¢, space and time such that both the particle
positions and jump rates converge to nontrivial limits. The first particle z1(7) jumps as a
rate-1 Poisson process as t — 1, so for it to converge to a nontrivial limit, we should wait a
long time (take time to be ~ 7/¢) and rescale space by ¢, i.e. we should consider ex; (7/€).

For the first particle, the law of large numbers guarantees concentration, though arguing
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for the others would be slightly more involved; however, let us suppose
exy(T/€) = cp(T)

for some functions ¢y, cs, . . ..

Then we have convergence of jump rates

txk('r/e)—i-k(l . t(Ek_l(T/G)—Ik(T/E)—l) N e—ck('r)(l . eck_l(T)—Ck(T)) _ e—Ck(T) . 6—Ck_1(T)

where when k = 1 we take e=%*-1(") = (. Because we are scaling time as e ' and then

rescaling space by €, by concentration of Poisson variables we should have

_— _ deg(7)
61_1}131+ (jump rate of zx(7/€)) = I
Hence the functions ¢x(7) should satisfy
d‘;’;—m = e~ _ gmer1(7) for all k > 1, (8.3.1)
-

where when £ = 1 we take ¢y = oo so the second term on the RHS is not present. It is

easy to verify by inspection that the limits given in Theorem 1.6.1, namely

koo k=1

7 7

= (S5 - (1) 532
=0 =0

satisfy (8.3.1), and furthermore have initial conditions ¢;(0) = 0 as they should. This

concludes the heuristic derivation of Theorem 1.6.1, and we move on to the proof.

Proof of Theorem 1.6.1. We first claim that it suffices to show the same limit as in Theo-

’
l—e—¢€

rem 1.6.1 for the slightly different quantity exy, ( ) Assuming this result and setting

¢ = —log(1 —¢) so that e = 1 — e™¢, we have

exp(r/e) = (1— e ™) ay (1 _T€_€> — (+0(®)) m <1 _Te_g) :



hence convergence in probability for ez (1_276) implies the same for exy(7/€). Since

T, (1 i t) = \(7) — k in distribution

by Theorem 8.1.1, it suffices to show that
ko k1
eAe(T) — log (Z 7 > log (Z —|> in probability as € — 0. (8.3.3)
J=0 =0

It therefore suffices to show the convergence of Laplace transforms

r ! ']
e€2i=12 (1) Z % in probability as € — 0" (8.3.4)

for each r, as then 62;21 A;(T) converges in probability, and taking differences yields
(8.3.3). Let Y,(t) = eZi=1%() (recall t = e™). By Chebyshev’s inequality, to show
(8.3.4) it suffices to show

)] - Z;—J‘ (8.3.5)

and
Var(Y,(t)) — 0 (8.3.6)

as e — 0.

By Proposition 8.2.1,
e B
E )2 2 3.
Y, (t) W | == (8:3.7)

1<z<]<r s=1

where all contours are circles around the origin of radius < 1, and

1—2‘2/Zi1
EY; t 2 ]7 i
Y(0)7] = 7“')2 (27i)? f j{ H 1 —t7120/2i1
2

1<4,5<r

8.3.8
) T 1 +t 128—; - leSVZ ( )
JI| I Gee=z0 ] —=
7 - Zgp Zsh
/=1 1<i<j<r s=1 S,

where we take the 2, ; and 2, » contours to be circles of radii 1 and R respectively, for some

0 < R < 1 fixed independent of € (for all € sufficiently small that such contours satisfy
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the conditions in Proposition 8.2.1). It follows by combining two instances of (8.3.7) that

1+t7'2  dzyy
E\Y,(t 2 || 0= 2 2|| sl TZs0 5
e ()2 ]{ f <1<z<]<r ) o e ) 2ot

with the same contours as in (8.3.8), and combining with (8.3.8) yields

Ver(¥:(8)) = 7“')2 (2mi)? % j{ ( 1_;_21]2/;/’;1 _1>

1<4,5<r (8 3 9)
2 14+t 127} d o
2 st Tz Z&f
. (Z J— z ) —e 5,0 7
il 3,0 Zr_l 5 .
=1 \1<i<j<r s—1 5,0 s,

The contours in (8.3.9) are compact and independent of ¢, and due to the

H 1 —72']'72'/21'71' 1

1— 1
g LT 02/

term the integrand converges to 0 as ¢ — 1, which yields (8.3.6). It remains to show
(8.3.5). Taking all contours in (8.3.7) to be the unit circle so z; ' = %, by rewriting the

Weyl denominator

H zi—zj:(—l)(§)< H Zi—Zj>Hz§_1

1<i<j<r 1<i<j<r

we have

E[Y,(1)] —zj|2H(1+t '7)e ”Sd—. (8.3.10)

1<i<y<r

It is a classical fact, which follows from the Weyl character formula, Weyl integration for-
mula and character orthogonality (or from the generalization to Macdonald polynomials
in [Mac98a, Chapter VI.9]), that the Schur polynomials sy(z1, ..., 2,) = Px(21,..., 2t =

0) are orthonormal with respect to the inner product

-9 = 7{ ]f T 15— %P2 )(21,...,zr)ﬁ6lzzs

1<i<j<r s=1 7%

where the integrals are over the unit circle in C. Hence to compute (8.3.10) it suffices to

304



expand e”2s=1% and [1._, (1 +¢'%) in terms of the Schur polynomials. We have

ﬁ1+t %) Zt w210 2) (8.3.11)
s=1

where ey (21,...,2) = sap) (21, .., %) is the elementary symmetric polynomial, and
e i1 % = Z T—]el(zl ozl (8.3.12)
~ ‘ Y Pl &
J=

It follows from the classical Pieri rule for Schur functions, see for example [Mac98al, that
for1<j<r

er(z1, ..y z) = sapp(F1s .oy 2r) + o (8.3.13)

when expanded in the basis of Schur functions, where the other terms on the RHS of

(8.3.13) are Schur functions s, where |A\| = j and X # (1[j]). We therefore have

<€k,61> .k - (8314)

Combining (8.3.11), (8.3.12) and (8.3.14) yields that

r Tj A
— __47J
RHS(8.3.10) = ) j!t .
=0
Sending t — 1 and tracing back the chain of equalities, this shows (8.3.5) and hence
completes the proof. O

8.4 Gaussian fluctuations

In this section we move on from the law of large numbers to study the fluctuations
of the particle positions (7). Proposition 8.4.1 uses general machinery of [BG15| to
show Gaussian fluctuations for the particle positions xy (ﬁ) and gives a formula for
their covariance, but the number of contour integrals in the formula grows with the
particle index, making it intractable asymptotically. Taking a further 7 — oo limit, this
covariance converges (without rescaling) to an expression which can be simplified to a

double contour integral with the aid of orthogonal polynomial techniques similar to those
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used in [BCF18, §5.1].

Definition 65. Letting x; be the position of the i'* particle of slowed t-TASEP with
parameter t = e~¢, we define X" by

T T :
; =F |x; —1/2 x(ie)

Proposition 8.4.1. For any n € Z>1, the random vector (XT(LE) ...,Xf(n’e)) converges

Y

in distribution as € — 07 to a mean 0 Gaussian random vector (XS), o ,Xﬁn)). The

covariances of these Gaussian random vectors are determined by the formula

Cov(XW + ...+ X0, x1) ¢ (s)
z
7{(1221 7{(12257461211 %dz” Z S - 221,-~~722,3)FT(21,1,---,Zu)
\<i<r FLi T 2
1<j<s
(j{ de,l T 7{ dZZ,SFT(22,17 cee Z2,s)> (7{ d21,1 s 7{ dzl,rFT<Zl,17 e 721,7"))
(8.4.1)
for allr > s > 1, where
b e (14 z)
FT(Zl,...,Zk) = Zl, 2H k+l ’ (842)
=1

and the contours are all positively oriented, encircle 0 and satisfy |zo;| < |21,| for all

1<i<rl<j<s.

Remark 44. We note that the integrand in the formula for covariances (8.4.1) is not
symmetric in 7, s, and in fact the formula is not valid if » < s. The same is true of the

simplified formula (8.4.11) which will be derived from it below in Proposition 8.4.2.

Proof of Proposition 8.4.1. Since x; ( = ) = Ni(1) —
X0 =2 (Xj(r) = E [X(7)])

Clearly it suffices to show that the family of random variables (X" + ...+ X9,
converge jointly to the Gaussian family (Xﬁl) +...+ Xy))rzl. We will first show that
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another family of random variables
Vi(e,7) 1=t~ MH40 ) >

converges jointly to the Gaussian family (Xﬁl) +...+ X@)@ after appropriate scaling,

and then argue this suffices.

Proposition 8.2.1 gives us contour integral formulas for all joint moments of these
random variables, so it is a matter of analyzing these integral formulas. We will use the
general Gaussianity lemma given as Lemma 4.2 of [BG15|, which has a self-contained

presentation in Section 4.3 of the same paper.

Let
Cr(ras fizai s, i28) = || 1~ 2j5/%ia (8.4.3)
e\ o ay By B A 1—t_1zjﬂ/zia 2N
1<i<rq ’ ’
1<5<rg
. (—1)(%) L R
(T 12m) = ——————A(Z1ms -+ s 21 m —— R 8.4.4
s ( /JL ) rm'(Qﬂ—Z)T'm ( 1’ mo ) H g;r?n ( )
where [iz, is shorthand for the tuple of variables 2 4, ..., 2., .4, SO that Proposition 8.2.1

reads

k
BV () Vo) = § o § TT Cralraizai v izs) T8l )iz
1<a<f<k s=1
(8.4.5)

We have

Cre(ra, fiza;rp, i2g) = 1 + €€t (14, iZa; T8, 125), (8.4.6)

and uniform convergence €t. — €t and §. — § along the contours of interest, where

Ct(ra, fizai o fizg) = Y — 20 (8.4.7)
1Si<ra Jb0 T B
1<<rg
) (_1)(7"?) Ta €TZS’D‘(1 + Zs,a)
S(T‘a, ,UZa) = WA(ZLQ, R ,ZTQ,Q)Q ol . (8.4.8)
m: s=1 s,
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By [BG15, Lemma 4.2|%, this implies that the random variables

Vi(e,7) —E[Vi(e, 7)]
e

Y. (e,7) := (8.4.9)

converge jointly to the mean 0, jointly Gaussian family (Y,(7)),>1 having covariance

Cov(Yr(7); Y,

j{dzz 1 j{d@s?{dﬁ 1 ?{dzl,rQ:t(ﬁ fiz1; 8, fi22)§ (1, fiz1) S (s, fizg) (8.4.10)

( f dzg - - f dzo. 43 (s, ,122)) ( 7{ dzyp -+ 7{ dzy 8, ﬂz1)>

Tm

After cancelling the % terms in the numerator and denominator this is exactly the

RHS of (8.4.1), hence we indeed have that (Y;.(e,7)),>1 converges jointly to (XT(l) +...+
X7('T)>r21~

It remains to show that (X" + ... + X"9),.5; also converges jointly to (X" +
.+ Xi’”))@. At a heuristic level this makes perfect sense by Taylor expanding the
exponential in

Vi(e,r) = 66<E[)\’1(T)+...+)\’T(T)]+61/2 (X$1’6>+...+X$T’E>>>

n (8.4.9), as the leading-order nonconstant term is const - (XT(I’E) +...+ XT(T’G)) and the
others are small in €. To make this rigorous one uses (joint) tightness in € of the random
variables Y,.(¢, T) to show joint tightness of the random variables x4y .+X§T’6), which
are related by a simple transformation, and then argues using Prokhorov’s theorem, the
convergence of Y, (e, 7) and the previous Taylor expansion. The details are given in the
proof of Proposition 4.1 in [BCF18|, where our Y,(e,7) corresponds to their Y, the
analogue of the Gaussian convergence for Y, (e,7) is Lemma 4.4 of [BCF18|, and with

these two substitutions the proof carries over mutatis mutandis in our setting. O

We note that for a family of random variables with an only slightly different integral
formula for covariances, the analogue of the above Gaussian convergence argument is
written in a self-contained manner in the proof of [BCF18, Proposition 4.1]. For a reader
wishing to understand all the details of the proof, this might be easier to read than the

proof in [BG15] of the general Gaussianity lemma used in our condensed version.

2In the notation of [BG15] one should take e = L™! and v = 1.
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Returning to our setting, the formula in Proposition 8.4.1 simplifies greatly upon
taking another limit 7 — oo. As was argued in the introduction, and will be fleshed out
in the next section, this limit reflects convergence to stationarity of the original particle

system (with an additional time change).

Proposition 8.4.2. As 7 — oo, the random variables Xﬁi) converge in distribution to a

Gaussian random vector ((;)i>1, with covariances given by

15! dz d
Cov(cr;cs):ﬁﬁj{ = %ez+W( — /)1 —w/s )—ZE‘” (8.4.11)

Z—WwW=z
w

for each r > s > 1.

Proof. First note that by symmetry of F,, we may replace

} : 52

2il — Zj
1<i<r 1,1 7,2
1<5<s
by
21,2
r§—mmm—
21,1 — 21,2

n (8.4.1). Now, changing variables to z; = 72;1,w; = 72,2 and cancelling the factors of

7 that appear, (8.4.1) becomes

Cov(XW + ...+ X0, x4+ X))

T S

wy oyt (I +z/T) oy re(l4wi/T)
A I S VAR ATAN — U gnad
]{ 7{21 —wy (12) 1111 ZZH (fiw) 1 w;f“ nzdpw
1+ZZT _ 5 ewj 1+w7- _ '
(]{ ]{ (z’”H/ )duz> (%"'%Aww)QH—(wsH]/ )d,uw>
' j=1 J
(8.4.12)
Since
Ler(14 2/ e
A(zl)"'azr>2 %%A(zl,...,afﬂﬁ
i=1 i i=1 "1

uniformly on the contours of integration, the RHS of (8.4.12) converges as 7 — oo to

the same expression with the (1 + z;/7) and (1 + w;/7) factors removed. In particular,

because the X are Gaussian, this implies convergence in joint distributions X9 G,
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where the (; form Gaussian random vectors with covariances given by

Cov(CGi+ ..+ GG+ + ()

8 i 2
% %zl—wl Zl;...,Zr) HFA(UM,...,U)S) st—i_lduzduw

S(f...jmh..., [T %) (f- f oo T )

Rewriting the above as

Cov(Gi+ ...+ GG+ +¢) = (2;)2 j{j{ = ﬁlwl pr(21)ps(wr)dzdwy — (8.4.14)

TW%"'%AZD..., H T+1d2’2

pr(21) , (8.4.15)

27r7, % % 217"'7 r Hzr+1d21d22 d

=1

where

we recognize p.(z) as the 1-point correlation function of the orthogonal polynomial en-
semble on the contour I'y with weight A(z,...,2.)?[]_, ;;%
Let p? be the (monic) orthogonal polynomial of degree k with respect to the inner

product

=5 j[ flz (8.4.16)

Then by the classical theory of orthogonal polynomials, see e.g. [Dei99], one has

z 7“+1 )

Pr Z = S+l E : r+1 r+1

» P, >r+1'

(8.4.17)

This reduces the computation of (8.4.14) to understanding the orthogonal polynomials
pitt. For the observation above that p,(2) is a 1-point correlation function we followed a
similar argument in [BCF18|, and in fact our orthogonal polynomial ensemble is a special
case of the one in that paper. They prove? the following explicit formulas by relating the

Py to the classical Laguerre polynomials, for which similar explicit formulas are classically

3To be specific, one must specialize T = 1 in the notation of [BCF18, Lemma 5.3] to arrive at Lemma
8.4.3.
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known.

Lemma 8.4.3 ([BCF18, Lemma 5.3|). Let p} be as above. Then

k
n o n_l_ N 1 > Nk, n—1-k _—y
(8.4.18)
Furthermore
k!
oty = (=1 )f——— 4.1

We rewrite (8.4.17) as

7“+1 ) e? pr—i—l( )
po(2) = - - 8.4.20)
(ZrJrl Z 7“+17 pk+1>7~+1> o+l <p77:+1’p;+1> (

r+1

and treat the two terms on the RHS separately. We first treat the sum on the RHS of
(8.4.20), which will end up not contributing at all. By Lemma 8.4.3,

TJrl . (_1>k > k k > k k
: =2 T (y —2)"y" e dy / (x — 2)* 2" e Ydx
Z “,pk“%ﬂ ZO (r — k)k! /0 0

= Tl, /OOO /OOO Z (;) (—(y = 2)(& = 2))"(zy) P W dady

1 (oo} o0
= / / 2z +y)—z ) @) drdy
o Jo
_z / / u— 2)"e “dudy
o Jo

T

= Z (e ((r + 1)+ r12) + Oz .

rl

Hence

e? r+1 ) 7“ +1 .
oS Z 1’+1 7 e +1+0(2"). (8.4.21)
'k r+1

By (8.4.18),

'r+1 | Z £| — 7“' fr+1 (z)) , (8422)

where f41(2) == > 0 1 ;, s just the sum of terms of degree > r + 1 in the Taylor
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series for e *. Hence

(e — frﬂ(z))2 =e 27 f1(2) + O(z*1?)

_ (i(_1>1(4>r+1)(_€_!2)Z + O(er+2)> , (8.4.23)

=0
SO
e’ Py (2)? rl - 1(>r+1) (_z)e +1
= (=)= O(2"). (8.4.24)
G T :
Substituting (8.4.21) and (8.4.24) into (8.4.20) yields
r+1 7! > B (—2)*
(2) = —— 41— — ) (=)D 4 0. 8.4.25
(&) = T L e D =4 0(") (5425

Recall that
1 w
Cov(Ci+ ...+ GG+ +¢) = W ]{ ]{ mpr(z)ps(w)dzdw. (8.4.26)
ToJTow ~

Since |w| < |z| in the region of integration we may expand -2 = >°° (%)" in the

integrand, and then interpret the integral as the j term of the resulting Laurent series

expansion for the integrand (this may be justified by applying the residue theorem first

to the z integral, then the w integral). Since n is positive in the terms (%)n, this yields

that only the terms of ps(w) of degree < —2 in w contribute, and only the terms of p,(2)
of degree > 0 contribute. The terms of degree < —2 in p,(w) match those of (_ws—!sﬂe_“’,
so we may substitute this for ps(w) in (8.4.26) without changing the integral. Because all
terms in the Laurent expansion for ps(w) have degree > —(s + 1), we additionally have
that only the terms of p,.(z) of degree < s — 1 contribute. Because r > s, we may thus
ignore the O(z") terms in (8.4.25). The terms of degree 0 < d < s — 1 in the Laurent
expansion for p,(z) in (8.4.25) are the same as those in the Laurent series expansion of

— " __¢=% 4+ 1. Therefore

=)+

le—w l
Cov(Cit. . . +G; G+ . 4+() = ﬁf; 75 , iuw (ij)sﬂ <—<_§)'T+1ez + 1) dzdw.
o (8.4.27)

Denoting the RHS above by C(r,s), we have Cov((,;(s) = C(r,s) — C(r — 1,s) —
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C(r,s—1)+C(r—1,s —1). Writing

s! w 7!
C(r,s) = 2m 7{750 o )sHe (—w )dzdw

s!
- “dzd 4.2

we see that the second integral on the RHS is independent of 7, hence its contribution

cancels in C(r,s) —C(r—1,s) —C(r,s — 1)+ C(r —1,s — 1). Thus

C(r,s)—C(r—1,s) = C(r,s—1)+C(r—1,s—1) = f}g
27m To JTo.0 Z
Il — 1)ls! —1 S )(s—1
(( 7~+T1€ I (_(Zr)r( ) §s+1 - (_Z;f—&-l( )w)s - (r(_z)r(iw) ! ) dzdw
=1 ]{O ]{“0 o r+r1'€'_w)s+l e Y1+ z/r)(1+w/s)dzdw. (8.4.29)
Changing variables to —z, —w yields (8.4.11), completing the proof. m

8.5 Long-time SDEs and stationarity of fluctuations
In the limit t = e, time = 7/(1 — t), we previously derived Gaussian fluctuations pel
for the particle positions, with explicit covariances which simplify in the large-time limit
7 — 00. In this section, we consider the probabilistic meaning of this limit. For particle
systems such as ours, one may rigorously show convergence of the multi-time fluctuations
to the solution of a system of SDEs as in [BCT17, Theorem 1], but we will instead give
a (simpler and more intuitive) formal derivation of such a system of SDEs which closely
follows that of [BCF18, Proposition 4.6]. After making a time change

Z:(r ). X(;f)

el =1’

this yields a system of SDEs for the Z;’“) with time-dependent coefficients. As T" — oo

these coefficients converge to nontrivial limits, yielding the system of SDEs

7P = ((k 1z - kZ;’“>> T + dw k=1,2,... (8.5.1)
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Though the derivation of the SDEs satisfied by the X% consisted of formal algebraic
manipulations and is certainly not a rigorous analytic proof, we will check rigorously
in Proposition 8.5.2 using contour integral formulas that the unique Gaussian stationary
distribution of the system (8.5.1) is in fact the single-time limit of the fluctuations derived

in the previous section.

We now proceed to the heuristic derivation of SDEs for Xﬁk), k =1,2,.... Because
each particle jumps according to an independent Poisson clock with rate depending only
on its position and that of the particle in front, the fluctuations should satisfy an SDE of

the form

dX®) = f(r, X*V X dr + g(r, XFD X*)aB®),

and it remains to compute the drift and diffusion coefficients. To find the drift term
f(r, Xﬁk_l),Xﬁk)), we take expectations of both sides to eliminate the diffusion part.
Hence we must compute the € — 0 limit of the O(dr) term in

E[xE9 — x#9| = — 207+ dr) — eu(r)) + B Nu(r + dr) — M(7)], (85.2)

where ¢ (7) is the limit of exy(7/€) given explicitly in (8.3.2). The jump rate of Aj(7) is

approximately constant on the interval d7, and equal to

% (W(T) _ WH(T)) ~ el (6—(ck(7)+e1/2X£’“)) _ e—(ck71(7)+e1/2X$’“‘1’6))) as € — 0
(8.5.3)
where to obtain the RHS we use that 1 — ¢ =~ €. Therefore
61/2E [)\;C(T + dT) — /\§C<7')] ~ 671/2d7’ (e*(ck(‘r)Jrel/QXﬁk’E)) _ ef(ck,1(7)+61/2X$k_1’6)))
(8.5.4)
~ e Y2 (6—%(7) _ 6_0’“*1(7)) _ (e—Ck(T)ng,f) _ e_ck—l(T)X_l(_k_l’E))
as € — 0. The other term on the RHS of (8.5.2) is
—671/2(01{(7 +d71) — (7)) = —6’1/262(7)(&' + O(d7?) ( )
8.5.5

= —¢ /2 (e_c’“(ﬂ - e_c’“—l(T)) dr + O(dr?)

by the differential equation (8.3.1). Combining (8.5.4) and (8.5.5) yields a term which
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converges as € — 0, hence the drift coeflicient is
fr, X%D x®)y = lim RHS(8.5.2) = — (em*MX P — gmerm1(m) x (k1)) (8.5.6)
We now compute the diffusion coefficient, which is the O(d7) term in
Var(Xii’Z)T — X% = e Var( N, (7 + dr) — X, (7). (8.5.7)
We approximate the jump rate to be constant as before, so that

Ne(T+d7) — N (7)

is a Poisson random variable with parameter equal to the time step dr times its jump

rate approximated earlier in (8.5.3). Since variance of Pois(r) is 7,
RHS(8.5.7) = (™ — e7=1(7)) dr 4 o(1). (8.5.8)

Hence

g(T,X(kfl),X(k)) — Ve — g=cr1(n), (8.5.9)

T T

Combining (8.5.6) with (8.5.9), we have derived (again, at a heuristic level) that the
¢ — 0 limits X" satisfy the system

dXW = — (e DX W _emaa M x 1) gr 4 \femen) — ema10dB® | =1,2,...

T

(8.5.10)
where as before we take cy(7) = oo identically in the case k = 1.
Exponentiating the explicit formula (8.3.2) for ¢ (7) yields
T4+
et 2T DY (8.5.11)
I+...+2

Naively taking the 7 — oo limit of the diffusion coefficient in (8.5.10) yields 0, which
reflects the fact that particles’ jump rates go to 0 as their positions go to oo due to the
position-dependent slowing. However, the prelimit system also suggests a natural time

change to obtain time-independent diffusion rates. The jump rate of A} is t*, so to make
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this jump rate independent of time one must speed up time by a factor of t~*1—which,
note, depends on the random position of \]. More precisely, if s is the time variable in
the original particle system, then letting h(s) be the piecewise-linear random function
with A/(s) = t=21(%#)one has that X, (h(s)) jumps according to a rate 1 Poisson process.
Hence its position is a Poisson random variable with mean s. Since it concentrates around

its mean at large s, we have h'(s) ~ t~* and hence

t—s
hls) ~ —logt

for large s. This suggests that the random time change by t~* can be approximated at
large times by a deterministic exponential time change, so we make an exponential time
change 7 = e’ in the limit SDEs (8.5.10). For notational convenience let us instead shift
slightly and take 7 = e — 1 so that T begins at 0. Setting Z:(Fk) = Xe(f“)—1 in (8.5.10),

one has dr = e’dT and dB(Tk) =V erW}k) for W}k) independent standard Brownian

motions, yielding

dz® = — (B—Ck(eT—l)Z:(Fk) _ e_Ckfl(eT_l)Z;k_l)) erT+\/eT (een(e™=1) — e—Ckfl(eT—l))dW}k)
(8.5.12)
Plugging in (8.5.11) we obtain

dzy? = (—/«2}’“’ +(k—1)Z8 Y 4 0(1)) dT + (1 +o0(1)dwy”  k=1,2,...

which converges to (8.5.1). This mirrors the convergence of the covariances of particle
fluctuations without rescaling as 7 — 0o, shown in Proposition 8.4.2, and the main result
of this section is that the SDEs (8.5.1) indeed have a stationary solution with the exact

covariances of Proposition 8.4.2.

We note also for concreteness that the SDE for Z;l) is exactly that of an Ornstein-
Uhlenbeck process, and the mean-reversion reflects the fact that the jump rate of A} is
smaller when it is further ahead and larger when it is further behind. The dependence
of the drift term on Z;k), Z;kil) likewise reflects the prelimit dependence of a particle’s

jump rate on its own position and that of the particle in front.

Let us now proceed rigorously. We first check that it makes sense to speak of the

solution to (8.5.1).
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Lemma 8.5.1. Strong existence and uniqueness hold for the system of SDFEs
dz® = ((k; 1)z k;Z;’“)) dT + dw P T>0k=1,2,...
stated earlier as (8.5.1).

Proof. Note that for each n > 1, the coefficients in the SDEs (8.5.1) for (Z;k))lgkgn
depend only on (Zf(pk))lgkgn, ie. (Zf(pl), e ZC(Fn)) satisfies an SDE

az? = ((k =02 — kz) a1 + awil k=1,...,n. (8.5.13)
in R™ driven by noise (W}l), c Wj(,n)) We claim it suffices to prove strong existence

and uniqueness of (8.5.13) for each n, which we recall means that given (Zék))lgkgn and
a fixed Brownian motion (er(wk))lgksn, there is a process solving (8.5.1) which is unique
up to almost-everywhere equivalence. The claim holds because the resulting n-indexed
family of solutions is clearly consistent under forgetting the last coordinate Z;"), hence

the consistent n-indexed family defines a solution (Z:(Fk)) k>1 to the infinite system (8.5.1).

We now argue for fixed n by applying off-the-shelf existence and uniqueness theorems.

To aid in matching notation, let

bk(T, ﬁl’) = (k’ — 1)93k:—1 — kxy,

ﬂb(Tv /JZE) = (bl(Ta /jL:L‘)7 BRI bn(Ta ﬂl‘))

for T'> 0, ux € R™, so that (8.5.1) takes the form

Az = o (T, (2, .. Z8)AT + 3" 0T, (2. 287 ))awy?.
/=1

For strong uniqueness, by [KS14, Chapter 5.2, Theorem 2.5] it suffices? to show the
Lipschitz property that there exists K for which

17b(T, i) — fib(T )| + ||o/(T, fiz) — o(T, py)|| < Kl — iyl (8.5.14)

4We here state stronger and easier-to-state hypotheses than in [KS14, Chapter 5.2, Theorem 2.5],
which suffice for our purposes.
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. . . . . 2
Here the norm is the standard Euclidean one, viewing o as a vector in R"". For strong

existence, by [KS14, Chapter 5.2, Theorem 2.9] it suffices to show (8.5.14) in addition to
ab(T, )12 + o (T, )12 < K31+ ||z ). (8.5.15)

A crude bound shows

1b(T, fu)|[* < An?[||*.

Take K? = 4n3. Since o is constant and jb(T), fiz) is linear in fiz, (8.5.14) holds. Since
\|o(T, gz)||* = n, (8.5.15) holds as well, completing the proof. O

We now find that the explicit Gaussian vector derived in Proposition 8.4.2 describes
the stationary distribution of the above system of SDEs.

Proposition 8.5.2. Let (Z;l), %2), ...) be the vector-valued stochastic process satisfying

the system of SDFEs
dz® — <(k ~z%Y /gZ;’”) dT + dw. P (8.5.16)
where Wiﬁk) are independent standard Brownian motions, with initial distribution (Zék))kzl

giwen by a Gaussian vector with covariances

dz dw

1 w  rls!
Cov(z") 7)Y = j{ 7{ ztw(] _ 1 — )
(20 7 = g f f e - S

Then (Z;k))kzl is stationary, i.e.
(Z5 ko1 = (237 )i (8.5.17)

in distribution, for any fived time Ty > 0.

Remark 45. A natural further question is whether the finite-7 SDEs (8.5.10) admit a
Gaussian solution with fixed-time covariances given by our finite-7 formula in Proposi-
tion 8.4.1. This seems more difficult to address without the large-time simplification of

Proposition 8.4.2, and we have not attempted to pursue it in this work.

To prepare for the proof, we first give two computational lemmas, which will be proven

at the end of the section.
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Definition 66. For r,s € Z>1, let

(r.s) == 1 jéfg L1 = ) (1 — w/s) 2 (8.5.18)

z—szwS Z W

By Proposition 8.4.2, when r > s one has D(r,s) = Cov((.,(s), but as noted in

Remark 44 this is not true when r < s. This will be important in computations below.

Lemma 8.5.3. For anyr > s> 1,
(r—=1)D(r—1,s)+ (s —1)D(r,s — 1) — (r+ s)D(r,s) = 0. (8.5.19)

Lemma 8.5.4. For any r > 2,

1
D(r—1,7r)—D(r,r—1) = T (8.5.20)
r —
Proof of Proposition 8.5.2. It suffices to show
(Zj(-{;))lgkgn = (Z(()k))lgkgn in distribution (8521)

for each n > 1 and T > 0. First note that the solution (Z;k)>1§k§n is a Gaussian process,
so its distribution at time T is determined by its covariance matrix, i.e. it suffices to
check

Cov ( 70, 78 ) Cov ( Zin, Z(S)) (8.5.22)

for each 1 < s <r. Let

Ay () = Cov (2, )
for r, s > 1. It follows by applying It6’s lemma that

d

T A(T) = 1 = 5) + (7 = DA 1u(T) + (5 = DArga(T) = (r 4+ ) A, (T)  (8.5.23)

(this computation can be done for quite general systems of SDEs, see [BCT17, (4.3)]).
Hence to check (8.5.22), it suffices to check that the RHS of (8.5.23) is 0 when the constant
solution

Ar,s (T) = D(T, S)



is plugged in. When r > s, this follows directly from Lemma 8.5.3. When r = s, since
Ay =Arpy = D(r,r—1)
we have
RHS(8.5.23) = 1+(r—1)D(r—1,r)+(r—1)D(r,r—1)=2rD(r,r)+(r—1)(D(r,r—1)—D(r—1,r))
which is 0 by Lemma 8.5.3 and Lemma 8.5.4. This completes the proof. O

Proof of Lemma 8.5.3. We obtain that

1 7{ ?{ W iy —a pdzdw 1 [ % w (z4w)* ™ dzdw
—_— —e T T —— = 2w
(2mi)2 [y Sy 2 — W zw  (2m)? J )., 2 —w (a+D) z w

(8.5.24)

for a,b > 0, by expanding

()

(using that |w| < |z| along the contours) and taking the residue expansion of both sides.

Using (8.5.24) to convert the integral in (8.5.18) to one with integrand of the form

(Laurent polynomial in z, w),
z—w

and combining the three integrals in (8.5.19) into a single double contour integral, it is

easily verified (by a computer) that the integrand is 0. ]

Proof of Lemma 8.5.4. One has

Z—Ww

1
D(r—l,r)—D(r,r—l):—Qj{ ]{ ad (r —Dl(r —2)le”™™
47T Yo Y Y0,w
1

1

err—l

dz dw

z w

)

: (ZT_W(T— 1—2)(r —w) +

Since

( R 1_1(r—z)(r—1—w)) — L e (=) r—w)—r)

T lwr 2"
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which cancels the ﬁ in the integrand, the only poles in the integrand are at w = 0 and

z = 0. The result (8.5.20) now follows by taking this residue. O

Proof of Theorem 1.6.2. Uniqueness of the stationary solution to (1.6.2) was shown in
Lemma 8.5.1. In Proposition 8.4.2 we showed that the X converge to a jointly Gaussian
vector with the explicit covariances given in Theorem 1.6.2, which is the second half of the
theorem. In Proposition 8.5.2 we showed that this jointly Gaussian vector also describes

the unique stationary solution to (1.6.2), which accounts for the first half. O

8.6 Bulk fluctuations

In this section, we gather the random variables (; into a single stochastic process, and
compute its covariance in Theorem 1.6.3 by analysis of the contour integral from Propo-

sition 8.4.2.

Definition 67. Let Y7,T € R be the stochastic process for which Yy = 0, Y;, = (, for

all n € Z>, with ¢, as in Proposition 8.4.2, and
Yiia =1 —a)Y, +aY,

forn € ZZl,Oé € (0, 1)

Finally, we recall the main result.

Theorem 1.6.3. The process
R =TV, &

converges in finite-dimensional distributions asT — oo to the unique stationary Gaussian

process Rg, s € R with covariances
Cov(R,, Ry) = / er_yQ_w_a‘ydy.
0

Proof. Before getting to the main computation, we must take care of some technical de-

tails. Firstly, we are justified in speaking of the unique Gaussian process with covariances
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as in the theorem statement, because a Gaussian process is determined by its (jointly
Gaussian) finite-dimensional distributions, and these Gaussian vectors are determined by
their covariances. Rgf“) is a Gaussian process; when k + TVk € Z, Rgg) = k1/4<k+T\/E is
Gaussian, and for other values of T’ R¥ ) is a convex combination of Gaussians and hence
also Gaussian. Hence to show convergence of finite-dimensional distributions to Rr, it
suffices to show convergence of pairwise covariances of R¥ ) to those of Ry, i.e. we must
show

Cov(RM, Rl()k)) — / yre v =alvgy as k — oo, (8.6.1)
0

where without loss of generality a > b.

Since RY is in general a convex combination p(a, k)Copravi + (1= p(a k)G ravimy)
with some p(a, k) € [0, 1], and similarly for Rl()k), to show (8.6.1) it suffices to show

k2 Cov(CrravE) St (i) = / yre V' Palvdy as k — oo, (8.6.2)
0

along with the same convergence where one or both floor functions are replaced by ceiling
functions. We will show (8.6.2) by steepest-descent analysis of the integral formula for
covariances (8.4.11), and the versions with one or both floor functions replaced by ceilings

are exactly analogous.
Let r =k + |avVEk], s =k + [bVE].

First change variables in (8.4.11) to Z = z/r,w = w/s to obtain

Z — Swrrsszrws zZ W

VE Cov(¢,, C) = f; " \/_r rls! ST 5)(1 — )dfdiﬂ (8.6.3)

Using Stirling’s approximation n! = v/2mn(n/e)"e’™, the above equals

— % Vi) — (1= 51 — m)erFOF@eom Z 40 g6
To

To s rZ — sw z

where here and henceforth F'(z) = z —logz — 1. It is easy to check that F(z) has a
unique critical point at z = 1 which is second-order, and our steepest descent will consist

of zooming in on this critical point.

For the contours I'y and I'gs above, we will use the (counterclockwise-oriented)

contours C; = C;(k) and Cy = Cyz(k) which are pictured in Figure 8-1 and which we
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now describe. First fix any § with 1/3 < § < 1/2. Let

Cs; = {min(z,1) +iy: 2> +y*> = 14+ k~ 2} (8.6.5)

Cy = {min(z,1 — k™Y +iy: 2% +¢° = (1 — k71/2)? 4 =2}, (8.6.6)

Each contour has two parts, one a subset of a circle and one a vertical line; call the

circular parts C%, C and the vertical parts C%, C.

A
v

Figure 8-1: The contours C; and Cy (figure not to scale).

We first claim that only the integral with (w0, 2) € CI; x CL contributes asymptotically,

1.e.

0 v er(a) o) A diT
44 VEQ@my/rs) (1= 5) (1 - @) O F@rem 28 o (8,6.7)
(CaxC)\(ClxCY) rz — sw T
as k — oo.

It is clear from the definition of the contours that the distance between them is

const -k~ /2 + o(k~'/?). Since r > s, we therefore have

— < const -kY?/s. (8.6.8)

rZ — SW
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Hence

VE(2m\/rs) s _(1=21 =) < const - k? (8.6.9)

rzZ — sw ZW

for some constant, for all large enough k. We have

1
sup Re(F(2)) < —log|z| = —logV/ 1+ k=20 = —5143_2‘S + o(k™%)

zeCy

and similarly

1
sup Re F'(w) < —Ek_z‘s + o(k™%).

wely
Hence for such Z € C% and @ € C}}, we have Re(rF(Z)), Re(sF(w)) < —3k'% +o(k'~%).
On the vertical segments C% and C7, Re F' is maximized at the unique real value, so

supzecr Re F/(Z) = 0 and

sup Re F(w) = —k~Y2 —log(1 — k~/%) = O(k™Y). (8.6.10)

wely;

Thus if Z € C;, @ € Cy and at least one of Z € CY or w € C}, holds,

erF(Z)+sk(w) < 6—%7617264‘0(’“1725). (8.6.11)

It follows that the integrand in (8.6.7) is bounded by
const ke~ 2k T ok ) (8.6.12)

uniformly in k& over the domain of integration (which, recall, also depends on k). Since
the lengths of the k-dependent contours C3, C; are bounded over all k, and the above
bound converges to 0 since 1 — 2§ > 0, we have established (8.6.7).

Now we consider the remaining part of the integral,

rz — SwW zZ W

1 . ) ) < -
—f Virs—22_ (1 Z 5)(1 = @)erF@+sF@o) 40 (8.6.13)
2m Jey, Je

We have F'(Z) = 1 —1/Z and F”(Z) = 1/z%, so Taylor expanding about 1 we have

F(2) =(2-1)2/2+ 0O((2 = 1)). Since CL = {1+ iy :y € (=k~°,k7°)}, for Z € C~ one

has |7 — 1|* < k7% and similarly @ — 1> < k=3 for @ € C%. Because § > 1/3, we have
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|F(2) — (2 — 1)?/2| = o(1) as k — oo uniformly over C%, and similarly for w.
Let us change variables in (8.6.13) to u,v, defined by 2 = 1 4+ ik~"/?y and w = 1 —
k=12 4 ik='/2y. The condition that z € CL,w € C’; translates to —k'/>70 < u,v < k¥/?79,

and by the previous paragraph

F(2) =~ + (1)
F(w) = —%(v +1)% + 0,(1)

where the error terms depend on u (resp. v) but are bounded uniformly on the domain

of integration. Thus we may write (8.6.13) as

L ul v 1/2-6 s(1L+E'2(=1 4 )
5 L 1101 < >\/_(x/E+La\/_j VD) - Vhin — Vi - o(VR)

X (—@—) (1 —z“) 3 )2 2o o (1) R P ik~ 2dy
VE) \ vk 1+zu/\/_1+7f_1/2(—1+iv)
// (Jul, Jo] < kV/2-oy SV Rrs 1+ E2 (=1 + i)
k5/2 1+a—b+iu—iv+0(\/E)
7u2/2 (v+4)2 /2400, (1) u(l + U) dudv
(14 k=12(=1 + iv)) (1 + iu/VEk)

(8.6.14)

Recalling that r and s are k + o(k) and u,v = o(k'/?) in the domain of integration, we

see that the integrand in (8.6.14) converges to

1
14 (a—0b)+iu—iv

u(v + i) 2= Ry dy (8.6.15)

as k — oo, and furthermore that there exists a constant C' such that it is dominated by

the integrable function

— 1 ; —u?/2—(v+i)?
1 (Jul, o] < k2 ’) Py +Z.u_wu(v—|—zc)e /2= (v40)%/2 (8.6.16)

for all u,v € R and all large enough k. Hence by dominated convergence, (8.6.14)

converges to

1 1 /2oy
1 Neu/2— (022 10 8.6.17
ﬂ/ﬂ{/Rl%—(a—b)—i—iu—ivu(v—i_Z)e - | |
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Note that the convergence above would be exactly the same if |av/k| and/or |bv/k| had

been replaced by ceiling functions, as mentioned earlier.

Using the identity
1 [ee]
1_ / eV dy (8.6.18)
o 0

if Re(a) > 0, since 1 +a — b > 1 the above integral is equal to

/ / (/ e y(1+ab+i“i”)dy) w(v 4 i)e~ 22 gy dy (8.6.19)
€_y *~y(a—b) (/ e_é(“2+2iy“_y2)du) (/ e~ 2 (v =2iy(v+i)- dv) dy. (8.6.20)
T o 0 R R

Since

/e‘é(“2+2iy“ vy = —/2 Y
R

and

/ e 2 (v 2ot —v) gy — /oy
R

(for the latter we must shift contours from R to R — ¢ before evaluating the Gaussian

integral), we have that (8.6.19) is equal to

/ yre v uat) gy (8.6.21)
0

completing the proof. O
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