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Talk

Classical

Motivation ATTACH

• Decomposition of finite group representations

• For dim(λ), check out the character tables for the symmetric groups,
or use the hook length formula.

for n in [1 .. 4]:
print(n);
SymmetricGroup(n).character_table();
print("");

1
[1]

2
[ 1 -1]
[ 1 1]
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3
[ 1 -1 1]
[ 2 0 -1]
[ 1 1 1]

4
[ 1 -1 1 1 -1]
[ 3 -1 -1 0 1]
[ 2 0 2 -1 0]
[ 3 1 -1 0 -1]
[ 1 1 1 1 1]

Schur-Weyl duality (classical) ATTACH

• The above statement can be refined to be a duality statement between
the symmetric groups Sk and the reductive algebraic groups GL(n;C)
or SL(n;C).

This is the classical Schur-Weyl duality

• Note that when n ≥ k, all irreps of Sk show up in the direct sum!
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Sketch of proof ATTACH

• As the proofs of the quantum cases all seem to based on this fact, I
figure it would be nice to know a sketch of its proof.

• The idea is to use a general duality theorem, that requires the two
algebras to be double commutant to each other.

Double Commutant + Duality

• First, we have the classical Schur’s double commutant theorem:

• This allows us to use the following general duality theorem.
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• Indeed,

• Aside

1. If you see an essentially different proof, please let me know.

2. Before preparing this talk, I hoped the quantum cases can be
proved by some very (more) general duality theorem. But all
accounts I have do not mention such method.
The general duality theorem I have here does require one side to
be a reductive group, and the vector space to be a locally regular
representation.

Remarks

• We have a coincidence - Sk is the Weyl group of type A.
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This is merely a coincidence, as in type B, C, D, we don’t have W
on the other side. Instead, one should look for Brauer algebras and
partition algebras [Halverson - 1605.06543].

• To pass to the quantum case, we first replace G = SL(n;C) by sln and
then by U(sln) – This does not change the representation theory.

Then we deform and get the quantum group Uq(sln), for q not a root
of unity.

Quantum (finite type)

In this section, we follow Yi Sun’s note on Schur duality.

Uq(sln) and Hecke algebra ATTACH

• Upshot

Schur-Weyl duality extends to Uq(sln)!

• Compare the Rep(U(sln)) and Rep(Uq(sln))

1. They are both monoidal, with isomorphic Grothendieck rings.

2. However, they differ as monoidal categories (c.f. 6j symbols or
F-symbols).

3. As braided categories, they differ even more.
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4. The fact that R2 6= 1 stops Sk from acting on ⊗k(Cn).. instead,
we have a Hecke algebra action:
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Double commutant for Uq(sln) and Hq(m) ATTACH

Proof ATTACH

• notation

• 1. Bq = Aq’
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– dim(Aq) = dim(A1)

henry: Uq(sl2) is not semisimple take evaluation representations. . .
etc
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– dim(Bq) = dim(B1)

• 2. Aq = Aq”

Duality for Uq(sln) and Hq(m) ATTACH

• q-Schur-Weyl Duality
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Proof ATTACH

11



Corollary ATTACH

• Proof

Quantum (Yangian) ATTACH

• reference
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Yangian of type A ATTACH

• Yang Baxter equation (with a spectral parameter)

• Y(gln)

• Theorem Y(gln) solves the YB equation with one spectral parameter.

• Some remarks

1. Y(gln) has a Hopf algebra structure
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2. U(gln) embeds into Y as a Hopf algebra

3. For type A, there’s an exceptional algebra morphism going the
other side.

4. Y(gln) is a deformation for the current lie algebra U(gln[x]).

• Y(sln)

• Remarks
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1. We have compatible embeddings

2. Representations of weight m

3. Structure of Y(gln)

Schur-Weyl duality for Y(sln)

NONE. See the final section.
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Beyond (conclusion) ATTACH

• The stories that follow

• Reference
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• In the rest of this talk, we will give the Drinfeld functor that embeds
Rep(degenerated AHA) into Rep(Y(gln)).

1. (Degenerated AHA)

For a review of its representation, see [A. section 1.4.]

2. (Drinfeld functor)

3. Y(gln) action
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4. “State of the proof/theorem”
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