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1 Formal group laws

Definition 1.1. Let A be a ring. A commutative formal group law is an element F' in the
ring of formal power series A[[X,Y] satisfying:

1. F(X,0)=X and F(0,Y) =Y,
2. F(X,F(Y,Z2))=F(F(X,Y),2),
3. F(X,Y)=F(Y,X).
In | ], there are two more axioms:
a) F(X,Y)=X+Y + (degree 2 and higher terms)
b) there exists a unique G € A[X] such that F(X,G(X))=0=F(G(X),X).
It is obvious that a) is a consequence of 1. We show that b) is also a consequence.

Lemma 1.2. Let F' be a commutative formal group law. There exists a unique G €
A[X] such that F(X,G(X))=0=F(G(X),X).

Proof. Since F(X,Y) =X +Y + (degree 2 and higher terms), F/(X,G(X)) =0 means
X +G(X)+ higher terms =0

Therefore the the degree 0 part of G(X) must be 0 and the degree 1 part of G(X) must
be —X. We will inductively construct G(X). Let G; denote the degree <d part of G. So
assume G4(X) is known and satisfies

F(X,G4(X))=0 mod X%+,

This means
F(X,G4(X))=c4:1 X% mod X9+2



for a unique cg41 € A. Let Gg.1(X) =Gy(X) — cg-1X%L. Then
F(X,G411(X)) = F(X,Gq(X) — cg 1 X4H1)
=X +Gg(X) —cgn X+ H(X,Ga(X) —cg 1 X4

where H(X,Y') has no linear and constant terms. Modulo X2, H(X,G4(X)—cq.1X%1)
is just H(X,G4(X)) since other terms has degree at least d +2. Thus

F(X,G411(X))=F(X,Gg) —cgn X' =0 mod X2,

This completes the inductive step. [ |

Definition 1.3. Let F',G be commutative formal group laws. A morphism of formal
group laws h : FF — G is a formal power series h € A[X] such that h € XA[X] and
h(F(X,Y))=G(h(X),h(Y)). his an isomorphism if there exist a morphism g such that
9(h(X)) =X = h(9(X)).

Note that h € X A[X] is necessary since otherwise G(h(X),h(Y)) involves a summation
of infinitely many elements in A.

Lemma 1.4. Let h:F — G be a morphism of formal group laws, so h(X)=aX +---.
It 1s an 1isomorphism if and only if a; 1s a unit in A.
Proof. Suppose h(X) has an inverse g(X)=5b;X +by,X2+---. Then

h(9(X)) =a19(X)+--=a1b1 X +--

All terms in --- are of degree 2 or higher. Thus a;b; =1 so a;,b; are units in A. Conversely,
if a) isa unit in A, let by =a 1. Now inductively construct coefficients b,,---: suppose we
want to construct b,,. The coefficient before X" is of the form

albn_.l_... :O

So we let b, be the unique solution to the above equation, which exists since a; is a
unit. [ |

Let K be a local field, O its valuation ring, my the maximal ideal and k the residue field.
Let g = |k|.

Definition 1.5. Let 7 be a uniformizer of O. A Frobenius power series is a power series
f € Ok X]l such that
f(X)=nX modX?

and
f(X)=X? modrn.

Definition 1.6. Let f be a Frobenius power series. The unique formal group law F such
that f is an automorphism of F's is called the Lubin-Tate formal group law (for f).

It is unclear such a formal group law exists. Our next goal is to prove this existence.
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2 Lubin-Tate group laws

Proposition 2.1. Let f,g be Frobenius power series. Let F; be a homogenous linear
polynomaial in variables Xq,---,X,, over Ok. There exists a unique F' € Og[[ X1, -+, X ]
such that F' = F; modulo degree 2, and

f(F(Xla'”:Xm)) :F(g(X1)19(X2)7"'ag(Xm))'

Proof. We construct F' degree by degree. In this proof, when we write mod X" we mean
to mod out by the ideal of homogenous pieces of degrees at least n. We will construct a
sequence of polynomial F,, of degree at most n such that F,; = F,, mod X"}, F, = F,
mod X2, and

f(Fn(le"'xXn)) :Fn(g(xl)rg(XZ))”'79(Xn)) mod X" 1.

For n =1 we take the given F';. The first two conditions are vacuous, and for the third
one we have

f(Fl(Xl7'”1Xn)) :7TF1(X1,“',Xn) :Fl(TEX]_,“',T[Xn) :Fl(g(Xl)J:g(Xn)) mod X 2.

Now assume that we have constructed F'y,:--,F,,. We know that foF,, —F, og is zero mod
Xn+1, SO
foF,—F,og=P, ; modX""?

for a unique homogenous P, ., of degree n + 1.

Suppose F, .1 —F, = E, ., where F, ; is homogenous of degree n+1. What should E,
be? We have

fo n+1 :fo(Fn‘I'En—i—l)

Modulo X™*2, this is equal to foF,, +nE, 41 since any non-constant term multiplied by
E, 1 1s killed. Also,

Foo9+E, j09=F,og+n""E, ; modX""?
because in F, ., og only the degree 1 terms of g survive. So we must have
foF,+nE, 1=F,og+r""E,,; modX""?

This means we must take E,,,; = %. By the Frobenius property, we have that

fOFn_Fnog :Fn(X17"':Xn)q_Fn(Xg:"';Xgl) mod 7.

In k, (a+b)? =a?+0b9, so the above difference is 0. This implies r divides P, ;. Therefore
E, . is well-defined since n divides P, ,; and 1 —n" is a unit.



Proposition 2.2. Let f € Og[[X] be a Frobenius power series. There ezxists a unique
formal group law F; € Og[[X,Y] such that f is an automorphism of Fr.

Proof. By Proposition 2.1 applied to F; = X +7Y, we know that there exists a unique
F € Og[[X,Y] such that F = X +Y mod X? and f(F(X,Y))=F(f(X),f(Y)). It remains
to check that F'is a formal group law, namely it is associative.

We want to prove an equality of formal power series F(F(X,Y),Z) = F(X,F(Y,Z2)).
Notice that both of them are a formal power series G(X,Y,Z) satisfying G(X,Y,Z) =
X +Y +Z mod degree 2, and foG =G o f. Such a power series is unique by Proposition
2.1, so F'is indeed a group law. [ |

Let f, g be Frobenius power series. For any a € Ok, by Proposition 2.1 there exists a unique
formal power series [a]; , € O[X] such that [a]f , = aX mod X?, and fo[a]s , = [a]s 404
When f = g we simplify the notation to be [a];.

Lemma 2.3. Let f,g be Frobenius power series. [a]f, 15 a homomorphism of formal
group laws Fy— F'y.

Proof. We want to show that [a]f 0 Fy = Ffola]s,. Note that both side are equal to
aX 4+ aY modulo degree 2. Moreover, we have

f(lalg,goFy) = f(lal4(Fy)) = lals,e(9(Fy)) = [alf,4(Fyg(9(X), 9(Y)))

and similarly

f(Fyolaly,g) = Fy(f olals,o(X), folals,o(Y)) = (Fyolalf,g)(9(X), 9(Y)).

However by Proposition 2.1, there is only one formal power series with these properties.
Hence [a]f j0 Fy = Fola]f o |

In particular, [a]f, is an isomorphism whenever a is a unit in Og. So for any Forbenius
power series f,g, there is a canonical isomorphism Fy — F, given by [1]; ;.

Let L /K be an algebraic extension. Let m;, my be the maximal ideals in O;, and Oy. They
consist of elements with absolute value less than 1. Therefore, if F'is a formal group law,
and z,y € my, then F(z,y) converges. This turns m, into an abelian group. We denote
this abelian group by F(my).

Now let m be a uniformizer of O and f a Frobenius power series for 7. We have the
Lubin-Tate formal group law Fy. The abelian group Fy(my) is an Og-module: the action
is given by a -z = [a]¢(z).

Now we take L = K*° the separable closure of K. Let E; be the torsion submodule of the
Og-module F¢(my). Note that any element in O is of the form ur™ for some unit u and
n >0. So if z is an torsion element, then it is killed by some n". Hence if we denote by
B, the kernel of [n"]f, we have B¢ = Up~oB,.
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We saw above that any Frobenius power series give the same formal group law. Therefore
we might as well choose f =X +X9. Then f commutes with itself, and f =X mod X?2.
Hence f = [r]s. It follows also that ) = [x"]. Thus @ € E, if and only if Ff™(a)=0.

We first focus on EF;. By the above discussion it consists of element o € m;, such that
f(a) =0. What are these zeroes?

Lemma 2.4. For any z € my, the polynomial nX + X?— z 1s separable, and its roots
have absolute value less than 1.

Proof. The derivative is 1 +¢X971. If y is a root of the derivative that has absolute value
less than 1, then

m|=lally?~* <lal.
But g is 0 mod =, so |g| < |r|, a contradiction. This means any root y of the derivative
satisfies |y| > 1. If y is also a root of X + X9 — 2, then reducing mod m; we know that
y?=0,s0 y=01in Op/m;, i.e. y has absolute value less than 1. Therefore nX + X?—z is
separable and its roots have absolute value less than 1. [ |

This implies that F; is a submodule of Ff(m;) that has g-elements, so it is isomorphic to
k= Oy/(r) as Og-modules. Note that this also means F(my) is a n-divisible Ox-module:
for any z € Ok that is not a unit, there exists some y such that

[7]f(v) = 2.
Proposition 2.5. We have E;= K /Og as Og-modules.

Proof. Each F,, is a finitely generated Og-module, so by the structure theorem of finitely
generated modules over PIDs, and the fact that E,, is torsion, we know that E,, must be a
direct sum of modules of the form O /(™). Multiply the generators by suitable powers
of m, we would get linearly independent elements in E;, so we conclude that each F, is
generated by 1 elements. Thus they are of the form O/(7™).

Multiplication by r gives a surjective map from £, to E,,_, because for any z € E,,_{, there
exists y such that [r]¢(y) = 2, and clearly [r" !|;(z) =0 implies [1"]¢(y) = 0. Therefore
we have the short exact sequence

0O—F —FE,—E, ;1—0.
Counting cardinality shows that F, =~ Ox/(r™). Hence
Ef: ]ﬂ)ﬂ TT_nOK/OK%K/OK

n—oo

Let K7 = K(E,) and let K; = K(Ey). Then the extensions K7 /K are all Galois since they
are splitting fields of f(*). We have that Gal(K,/K) = lim Gal(K,/K).
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Lemma 2.6. We have Aut(Ef) = Oy and Aut(E,) = (Ok/(r"))* = O /(1+1"Ok).

Proof. For notational ease let A = O. First note that since E; =~ K /A, the A-linear maps
E; — By are A-linear maps K /A — K /A. For such a map f, we know that 1 must be
sent to some element a € A, and then f(z~!) must be some element in 7~'A such that
nf(r~!) = f(1) mod A. Namely, f(1/nr~!) is a uniquely determined element in 7~1A/A.
Continuing, f(r~") is a uniquely determined element in n~™"A/A. This sequence is then
an element in the inverse limit

limr "A/A=limA/n"A=A
i— i

n n

since A is complete. Such a sequence uniquely determines f, and conversely multiplication
by an element in A gives a map K /A — K /A, so we see that Endy(K/A) =~ A. It then
follows the automorphisms are Aut (K /A) = A*.

Recall that E, = A/(n"™), so Aut(E,) = (A/(r™))*. A unit in A/(n") is an element a € A
such there exists some b with ab =1 mod n”. Certainly a unit in A satisfies this condition,
and if a,a’ are units and a = (1+bn")a’, then a =a’ in A/(n™). On the other hand, if a is
not a unit in A, then a = br for some b € A, so there is no b such that ab =1-+cn™ because
|l14+cn™| =|1| =1 but |ab| < 1. |

Proposition 2.7. We have Gal(K,/K) = O /Uy and Gal(K,/K) = Aut(Ey) = O,
where Ug =14+ 1" O.

Proof. If 0 € Gal(K,;/K), then o] E; is an automorphism of E;. This gives an injection
Gal(K,/K)— A*. Similarly, if 0 € Gal(K,/K), then o|g_ is an automorphism of £, and
if o is the identity on E,, then it fixes K,,, so 0 =1 in Gal(K,;/K). Therefore for each n
we have injections Gal(K,,/K) — Aut(E,).

Let &, =X, and &, = f(»)/f(»~1) = (f(»=1)(X))?" 1+ 7. Then f(® =&, ...$,. Notice that
®,, has degree (¢—1)g™ !, and is irreducible since it is Eisenstein. A primitive element for
K, is a root of &, since it is killed by 7™ but not by 7™, so the degree of K, is (q—1)g"*.
On the other hand, Aut(E,) = O /U%, and we note that O /U} = (A/rn)* has size ¢ — 1,
and UR/Up™ = A/m has size q (14 un™ goes to 1+ u is surjective with kernel Ug'™), so
O%/UZ has size (g —1)g" !. Hence we see that the injection Gal(X,/K) — Aut(E,) are

all isomorphisms. Passing to the inverse limit gives Gal(K,/K) = Aut(Ey). |
Corollary 2.8. The eztensions K,,/K are totally ramaified.

Proof. We saw in the proof above that K,, = K(«) where « is a root of $,, which is a
Eisenstein polynomial. Thus K, /K is totally ramified (proved in class). [ |



3 Local class field theory

We want to study the field L, = K, K, where K,,,. is the maximal unramified extension of

K. Let I/{; be its completion and Z\m. be its valuation ring. There is a Frobenius element
o € Gal(K,,/K), lifted from the Frobenius for the residue field extension. Suppose 7 is a
uniformizer of K, and w = nmu is another uniformizer. Let f be a Frobenius power series
for m, and g a Frobenius power series for w. Then

Lemma 3.1. There exists a power series ¢ € Z,;[[X]] such that ¢ = aX where a is a
unat, and

1. o(¢) =¢oluls
2. poF;=F,0¢

3. ¢pola]f=la]go¢ for allac A. Here A 1is the valuation ring for K.

Proof. We will inductively produce ¢,,. Let ¢y =aX. We have that
(¢10[ulf)(X) =auX modX?

so a must satisfy o(a) =au. It is a fact that z — o(z)/z is a surjection onto the group

of units in Zn\r, so there exists a that satisfies this equation. Now suppose we have a
compatible sequence ¢, such that o(¢y,)= ¢, 0[u]f mod X n+1 We want to construct

¢n+1 (X) = (pn(X) + C'thl*Xn—i_1

satisfying the same condition. Namely, modulo X"*2

Gt ([l (X)) = ([l (X)) +ena ([ul{(X)* ) = 0 () (X) + 71 XM e qu X

So we require o (cp 1) = Tpi1 +Cpiru™ L. Let ¢, =c'a™", so it suffices to solve for ¢’

since a is a unit. The equation becomes
0(c)o (@)1 =y +¢(@u) L = 1y +Co(a)
le. (e oy
" o(a)r ]

But o —1 is surjective on ZE’, so such a ¢’ exists. This completes the construction of ¢,,,
so we obtain a series ¢ satisfying the requirement 1.

What about conditions 2 and 37 Note that since a is a unit, the series ¢ is invertible. Let

h:cr(gb)ofogb*l:gbo[u]fofogb*l:(,bo[a)]foglfl.

The series h is in A[[X] since it is fixed by o. The trick is to define let ¢ = [1], . The
degree one coefficient is unchanged, and 1 is still satisfied because o commutes with series
(simply by definition). Then

o(¢)ofodt=[lgnoo(Pp)ofod o1l =[Ugnoholll1 =g
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Then 2 and 3 are verified via the uniqueness of series satisfying commuting properties with
g. [

The extensions K, and K, are linearly disjoint: K, is Galois over K, so to test linear
disjointness we just need to check that K,,, N K, = K. This is true because K, is totally
ramified and K,,, is unramified. Thus the extension L, makes sense.

We would like to use the above lemma to prove that L, is independent of the choices of .
So let w = ru be another uniformizer. The lemma implies that ¢ is an isomorphism of the

group laws F; and F'y, considered as group laws over I/{n\,, Thus the torsion submodules
of F;y and F, (this really means Ff(mgs)) are the same, so I/{;,K,[ = I/{;Kw. Here are

we considering .F?,,;K,T as an extension of _F?n\r by adjoining the torsion element. Taking

—

completion, we get K, K, = K,,, K,,.

Lemma 3.2. Let E be any algebraic extension of a local field. If a € E is algebraic
and separable, then o € F.

Proof. Let E' be the closure of E is a separable closure. Then « € E'. But any Galois
automorphism fixing E also fixes £’ by continuity, so £ = E'. [ |

This means K, K, = K,,,K,, so L, =L is independent of the choice of =.

Now we define a homomorphism 7, : K* — Gal(L,/K) as follows: any element of K* is a
product un™ where u € A* and n € Z. So it suffices to prescribe what r,(u) is for u € A*
and what r,(7) is. We set

1. r;(r)=1o0n K, and o on K,
2. mp(u)=[u"']; on K and 1 on K.

We want to show that this is also independent of the choice of n. So again let w =ru be
another uniformizer. We want to show that r,(w) =7,(w). Namely, we need to compute
r.(w) on K,,.

Recall that K, = K(E,) where E, is the torsion elements of Fy(mgs). Let ¢ € Z;[[X I
as in Lemma, which gives an isomorphism between Ef and E,. For any A € Ey, there is
u € Ef such that A = ¢(u). What we want to show is that r;(w) acts as 1 on E, ie.
rr(w)(A) =A. We have

e(@)(@) = re(m)r(u)(¢) = 0(¢) = po[uly

because r;(u) is 1 on K, and r,;(n) is o on K,,. Thus

re(@)(A) = 12 (0)(9(1)) = 12 (0)(9) (e (@) (1)) = P o [u] f[u™ ] (1) = p(u)

So rp(w) =7ry(1).

I
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We also want to show that r,(u) =r,(u) on E,. We have

re(u)(A) = re(u) (@) = p([u p(1)) = [u™]4(A)

by condition 3 of the lemma. Thus the homomorphism r, = r is independent from the
choice of n. However such a homomorphism is uniquely determined, and the norm residue
symbol 6 is such a homomorphism, so r = 6.

Notice that r|4x maps into Gal(L/K,,) = Gal(K,/K), by u+ [u"'];. We proved ear-
lier that Gal(K,;/K) = Aut(Ef) = A*, so this is an isomorphism. This implies that the
composition

AX — Gal(K*/K,,) — Gal(L/Kp,)

is an isomorphism. The first step is the absolute 8, which is surjective, and the second
step is the natural surjection. Hence both 6 and the second step are isomorphisms. This
proves the theorem on norm subgroups, and that L = K.
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